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Grothendieck Groups of Poisson Vector Bundles

VIKTOR L. GINZBURG !

A new invariant of Poisson manifolds, a Poisson K-ring, is intro-
duced. Evidence is given that this invariant is more tractable than
such invariants as Poisson (co)homology. A version of this invari-
ant is also defined for arbitrary Lie algebroids. Basic properties of
the Poisson K-ring are proved and the Poisson K-rings are calcu-
lated for a number of examples. In particular, for the zero Poisson
structure the K-ring is the ordinary K°-ring of the manifold and
for the dual space to a Lie algebra the K-ring is the ring of virtual
representations of the Lie algebra. It is also shown that the K-ring
is an invariant of Morita equivalence. Moreover, the K-ring is a
functor on a category, the weak Morita category, which generalizes
the notion of Morita equivalence of Poisson manifolds.

1. Introduction.

Poisson manifolds have a wide variety of invariants, almost all of which,
with few notable exceptions, are extremely hard to compute. For instance,
Poisson (co)homology and its various “derivatives” are not calculated ex-
plicitly even for dual spaces to semisimple Lie algebras of non-compact
type. (In fact, it is not even clear in what terms the result should be ex-
pressed.) The goal of this paper is to introduce a more tractable invariant
of Poisson manifolds, a Poisson K-ring. Alternatively, this paper is de-
voted to the study of representations of the algebroid of differential forms
on a Poisson manifold, albeit the study is oriented toward a very specific
and narrow objective. This work fits in the subject of Poisson topology
which we loosely define by simply listing some of the relevant publications:
[Be, Crl, Fel, ELW, GG, GL, Wel, We2, Xul].

!The work was partially supported by the NSF and by the faculty research funds
of the UC Santa Cruz.
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1.1. Poisson K-theory.

Poisson geometry occupies an intermediate place between geometry of
smooth manifolds and non-commutative geometry. The K-theory, the most
robust and algebraic of all geometric “cohomology theories”, is fairly easy
to define in either smooth and non-commutative settings, and it should also
have an analogue in the context of Poisson geometry.

Leaving for a moment the question of its construction aside, we note
that it is reasonable to expect a “correct” Poisson K9-functor K, to satisfy
the following three conditions:

(K1) When P is a Poisson manifold with zero Poisson structure, the Poisson
K-ring of P is equal to the ordinary topological K-ring of P, i.e.,
K,(P) = K(P). Moreover, K.(P) = K(B), if P = B x F with
7 = 0@ w™!, where B is a manifold with zero Poisson structure and
(F,w) is a simply connected symplectic manifold.?

(K2) When P is symplectic with a sufficiently nice (e.g., finite) fundamental
group, K(P) = R(m1(P)), where R denotes the ring of representa-
tions. In general, in the symplectic case, K, (P) should lie in the range
between R(m1(P)) and the Grothendieck ring generated by the semi-
ring of path-connected components of Rep(mi(P)). (Here Rep stands
for the space of representations.)

(K3) Let g be a Lie algebra. The ring K,(g*) should reflect representa-
tion properties of g and one should have K, (g*) = R(g), when g is
sufficiently nice, e.g., semisimple. In general, K (g*) should lie in
the range between R(g) and the Grothendieck ring generated by the
path-connected components of Rep(g).

These three requirements deserve some discussion.

Note that the requirement (K1), which we accept in this paper uncon-
ditionally, is incompatible with the requirement that K (g*) = R(g) for all
g. Indeed, for g = R, we have K (R) = Z by (K1), whereas R(R) is a free
group generated by R. This simple observation is indicative of the difficul-
ties arising in the definition of a Poisson K-ring and is the main reason that
the third condition is stated somewhat vaguely.

2Here we adopt the standard topological convention that a simply connected
space is by definition connected. We also consider only the K°-functor: K(B) =
K°(B) and K(P) = K°(P).
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Furthermore, we emphasize that in (K1) we do not require that K, (P) =
K (B), whenever the symplectic foliation of P is a fibration over B with
simply connected fibers. In fact, Poisson K-rings defined in this paper are
sufficiently sensitive to detect whether or not the Poisson structure on P
varies from fiber to fiber.

The similarity between the requirements (K2) and (K3) arises from one of
the main principles of Poisson geometry. In this connection we simply quote
Alan Weinstein, [We3]: It is tempting to think of the symplectic manifold N
as the “dual of the Lie algebra of m1(N)”. Conversely, a simply connected
group with Lie algebra g can be viewed as the “Poisson fundamental group
of g*”. In fact, K-rings considered in this paper should be thought of as
“the rings of virtual representations of the Lie algebra whose dual is P”.

A Poisson structure gives rise to a (singular) foliation on the manifold. A
K-theory of foliated manifolds is defined in the context of non-commutative
geometry, [Conl, Con2]. This suggests that a “correct” Poisson K-ring
should also be constructed using non-commutative geometry techniques.
However, this idea encounters a number of technical problems.

Here we take a more naive approach, introduce Poisson vector bundles,
and define two versions of a Poisson K-ring as the Grothendieck rings for
suitable classes of vector bundles and their equivalences. As a consequence,
the resulting K-rings cannot be expected to give meaningful results for Pois-
son manifolds with severely non-Hausdorft spaces of symplectic leaves. On
the other hand, for manifolds whose spaces of leaves are only mildly non-
Hausdorff, these rings appear to be “correct”. (This is the case, for example,
for g*, when g is semisimple.) In brief, the K-rings introduced in this paper
are related to the “correct” one, which may fail to exist, in the same way as
the classical K-theory is related to the non-commutative one.

The objects we refer to as Poisson vector bundles are well known in a dif-
ferent context as representations of Lie algebroids. Already in the simplest
examples, they form too large a semi-ring to produce a Grothendieck ring
satisfying (K1)-(K3). We deal with this problem in two ways: by impos-
ing an extra condition on representations and by relaxing the equivalence
relation. The resulting semi-rings are then suitable for our purposes.

1.2. Organization of the paper; conventions.

In Section 2 we define Poisson vector bundles and K-rings, prove their basic
properties, and examine a number of examples. No reference to algebroids
and groupoids and their representations is made here. In Section 3, we put
the constructions of Section 2 in the context of representations of algebroids
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and groupoids. We also recall the definition of secondary characteristic
classes due to Fernandes, [Fel, Fe2|, and Crainic, [Crl], and establish their
properties important for what follows. Section 4 is entirely devoted to the
calculation of the Poisson K-rings for the dual space to a Lie algebra. In
Section b we prove Morita invariance of Poisson K-rings. In Sections 6
and 7 we partially generalize this result to representations of algebroids and
introduce a new category (the weak Morita category) on which algebroid
cohomology and one of our K-rings are functors.

A few meaningful questions and calculations are entirely left out in the
present account. Among these are the calculations of K-rings for Bruhat—
Poisson structures and for irrational affine Poisson structures on tori. In fact,
getting explicit answers in these examples would be the ultimate validity
test for K-rings as tractable invariants of Poisson manifolds. Neither do we
touch the problem of finding an analogue of the Bott periodicity or defining
K™-functors. We only consider Poisson and algebroid versions of K°. Note
also that our K-rings are defined using a very narrow class of vector bundles
over a Poisson manifolds or representations of an algebroid. There are some
indications that more general objects, representations up to homotopy, are
at least as natural in the context of Poisson or algebroid geometry as genuine
representations; see [Cr2, ELW, Fel, Fe2|. We do not work with this bigger
class, for the resulting Grothendieck rings appear to be more difficult to
calculate even in simple examples.

Much of what follows holds simultaneously for real or orthogonal or
complex or unitary vector bundles with obvious modifications. Hence, we
only specify the class of vector bundles when the distinction is relevant.
The reader may view the case of complex vector bundles as the “default
setting” throughout this paper. All algebroids and groupoids are assumed
to be smooth, i.e., Lie algebroids and groupoids.

Acknowledgments. The author is grateful to Rui Loja Fernandes, Steve
Ferry, Leonid Polterovich, and Alan Weinstein for useful discussions. He
would also like to express his gratitude to the EPFL for its hospitality during
the period when some parts of this paper were written.

2. Poisson Vector Bundles.

2.1. Definitions.

Let P be a Poisson manifold with Poisson structure .
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Definition 2.1. A Poisson vector bundle E — P over P is a vector bundle
together with a bracket { , }: C*°(P)xI'(E) — I'(E) which turns I'(E) into
a Lie algebra module over C*°(P) and such that the following two Leibniz
identities hold

(L1) {f,hs} ={f,h}s+ h{f,s} and
(L2) {fh,s} = f{h, s} + h{f, s}
for all f and h in C*°(P) and all s € T'(E).

Isomorphisms of Poisson vector bundles are defined as isomorphisms of
ordinary vector bundles preserving the Poisson vector bundle structure. We
denote the semi-ring of isomorphism classes of Poisson vector bundles over
P by Vectr(P).

The restriction of a Poisson vector bundle to a symplectic leaf does not
have, in general, a natural structure of a Poisson vector bundle. For example,
consider the zero Poisson structure on P. The fiber E, over p € P is the
restriction of E to the leaf p. The action of f € C*°(P) on E, depends in
general on the differential df at p and is not determined by f(p). (In fact,
this action is independent of f(p).) This shows that E, does not naturally
inherit the Poisson vector bundle structure from E. More generally, the
pull-back of a Poisson vector bundle under a Poisson map does not naturally
receive the structure of a Poisson vector bundle, i.e., Vect, is not a functor
for Poisson maps.

The two Leibniz identities in the definition of Poisson vector bundles play
very different roles. The identity (L1) appears to be absolutely necessary and
can be thought of as the definition of a Poisson module over C*°(P). The
second identity (L2) is more technical as the following obvious observation
indicates:

Proposition 2.2. The second Leibniz identity (L2) is equivalent to requir-
ing that {f, s}(p), for all points p € P, depends only on the differential df (p)
(and, by (L1), on the 1-jet of s at p). The second Leibniz identity is also
equivalent to the following two conditions:

(1) {1,s} =0 forall sel'(E)
and
(2) {f,s}(p) =0 forall seTI(E),

whenever [ vanishes at p up to second order.
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Example 2.3. Let E be the trivial vector bundle P x C* and let us identify
['(E) with C°(P,CF). By setting the bracket { , }: C®°(P) xI'(E) — I'(E)
to be the component-wise Poisson bracket on P, we turn E into a Poisson
vector bundle, which we refer to as Poisson—trivial. A Poisson vector bundle
FE is said to be locally Poisson—trivial if E is locally isomorphic to a Poisson—
trivial vector bundle. Poisson vector bundles are rarely locally Poisson—
trivial (see examples below).

Remark 2.4. A complex Poisson vector bundle F is said to be Hermitian
or unitary if E is equipped with a Hermitian inner product ( , ) such that

{fv <817 32>} = <{f7 51}7 52> + <517 {fTa 52}>

for all f € C*°(P) and all sections s; and sz of E. In contrast with ordinary
vector bundles, not every Poisson vector bundle can be made Hermitian;
see Examples 2.6, 2.7, and 2.19. The definition of Euclidean Poisson vector
bundles is similar.

We emphasize that unless stated otherwise Vect, means either one out
of four semi-rings: complex, real, Hermitian, or Euclidean Poisson vector
bundles. Of course, in every formula or equality vector bundles or represen-
tations are assumed to be in the same class.

Let us illustrate these definitions by a series of examples.

2.2. Basic examples.

Example 2.5. Assume that the Poisson structure on P is zero. Then every
vector bundle over P with trivial bracket is a Poisson vector bundle.

Example 2.6. Let E be a bundle with a flat connection V over a Pois-
son manifold P. Then F is a Poisson bundle over P with {f,s} = Vx;,s.
This Poisson vector bundle is Hermitian if and only if V is a Hermitian
connection.

Example 2.7. Let g be a finite-dimensional Lie algebra and let P = g* with
the standard Poisson structure. Let V be a finite-dimensional representation
of g. Set £ = g* x V and {f,s}(p) = df(p) - s(p) + (Lx,s)(p). Here the first
term denotes the action of df (p) € T;g" = g on s(p) € V and the second
term is just the Lie derivative of the vector valued function s. It is easy
to see that E is a Poisson vector bundle over g*. This bundle is (locally)
Poisson—trivial if and only if V is a trivial representation; F is Hermitian if
and only V' is a unitary representation.
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The next two examples are more interesting from the Poisson geometry
perspective.

Example 2.8. Let G be a Poisson Lie group and let G* be its dual, which
we assume to be simply connected. Then every representation of G gives rise
to a Poisson vector bundle over G* similarly to Example 2.7. For instance,
when G is compact semisimple, G* is isomorphic to g*, [Al, GW], and Ex-
ample 2.7 applies. For an arbitrary G we give an explicit construction of
this Poisson vector bundle in Example 2.15.

Example 2.9. Let K be a compact Poisson Lie group with the standard
Poisson structure 7 and let T" be the maximal torus in K such that 7 vanishes
along 7. The Poisson structure 7 descends to the quotient space P = K/T
making it into a Poisson manifold; see [LW]. Let V be a representation of T'.
The vector bundle £ = K X1 V over P is Poisson with the bracket defined
as follows. Let us identify I'(E) with the space of T-equivariant functions
K — V and C*°(P) with the space of T-invariant functions KX — C. Then
{f, s} is just the bracket of f and s thought of as functions on K, i.e., Lx,s,
where Xy is the Hamiltonian vector field of f on K. (It is not hard to see
that {f, s} so-defined is again T-equivariant and hence a section of E.)

The next two examples illustrate what happens when the requirement
(L2) is omitted. (See also Example 3.7 below.)

Example 2.10. Let E = TP and {f,s} = [Xy, s], where X is the Hamil-
tonian vector field of f. This is not a Poisson vector bundle unless 7 = 0.
The bracket satisfies (L1), but not (L2): the condition (2) fails if = # 0.

Example 2.11. Let P be symplectic with integral symplectic form w. Let
L — P be a pre-quantum complex line bundle over P, i.e., a line bundle with
c1(L) = [w] and let V be a Hermitian connection on L with curvature —w.
Set {f,s} = —Vx, s+ v/—1fs. Then, L is not a Poisson vector bundle. The
bracket satisfies (L1) but not (L2): the condition (1) fails. The construction
of pre-quantization generalizes to Poisson algebras associated with closed
two-forms or Dirac structures (see [GGK, Chapter 6]) and to some Poisson
manifolds, [Hu, Va]. However, Poisson manifolds which are pre-quantizable
in this sense are rather rare: the line bundle L over (P, ) exists if and only
if 7 is the image under 77 of an integral closed two-form on P, [Hu, Val.
For example, the dual space of the Lie algebra of a compact semisimple Lie
group is never pre-quantizable.
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Remark 2.12. Example 2.11 shows that the class of vector bundles over
a Poisson manifold satisfying less restrictive conditions than (L1) and (L2)
may also be of interest. For instance, to include pre-quantization of Poisson
manifolds, one should keep (L1), but replace (L2) by the weaker condition
(2), which guarantees that {f,s}(p) is determined by the 1-jet of f at p.
It is also interesting to extend Vect,(P) by adding to it representations up
to homotopy, [ELW]. However, for our purposes the class of Poisson vector
bundles is already too broad and we do not consider these larger semi-rings.

Remark 2.13 (Terminology). We emphasize that neither the total space
of a Poisson vector bundle E nor E* nor their fibers carry a natural Poisson
structure. The condition that F is a Poisson vector bundle can be expressed
in terms of a certain tensor field with values in £ and compatible with the
Poisson structure on P (cf., Section 3.3). However, here we prefer to think
of this condition as that I'(E) is a Poisson module over C*°(P).

2.3. Poisson vector bundles as 2!(P)-modules.

Recall that the space of one-forms Q!(P) on a Poisson manifold (P,7) is a
Lie algebra with the bracket

(3) [a7 B] = _Lw#aﬂ + Lw#ﬁa - d’fr(a718)7

where o and 3 are in Q'(P). This bracket is a natural extension (via the
graded Leibniz identity) of the bracket on closed one-forms locally defined
by [df,dg] = d{f, g}-

For a € Q'(P) and s € I'(E) we set

(4) [, s](p) = {7 s}(p),

where f € C*(P) is an arbitrary function function with df (p) = a,. From
Proposition 2.2 it is easy to see that in this way we obtain a well-defined
action of Q!(P) on I'(E). The following result is an immediately consequence
of the definition:

Proposition 2.14. The bracket (4) turns I'(E) into a module over the Lie
algebra QY(P) such that [, s] depends only on oy, and the 1-jet of s at p.
Conversely, let a vector bundle E be equipped with a bracket [ , |: Q' (P) x
[(E) — I'(E) satisfying these conditions or, equivalently, such that

(5) [fo, 8] = flo 8]
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and

(6) o, fs] = fla s] + (Lp#af)s

for all one-forms ., sections s, and smooth functions f. Then E is a Poisson
vector bundle with {f,s} := [df, s].

Example 2.15 (Continuation of Example 2.8). Let G be a Poisson Lie
group, G* its dual, and V a representation of the Lie algebra g of G. Let
E = G* x V. Identifying o € g with a left-invariant one-form on G*, we set
[a, s](p) = ap - s(p) for a constant section s and extend this bracket to all
one-forms and all sections via (5) and (6). As a result, £ becomes a Poisson
vector bundle.

Alternatively, we can think of the bracket [, -] as a vector field on E:

Proposition 2.16. For every a € Q'(P) there exists a unique vector field
Zq on the total space of E such that

(1) The projection of Z, to P is equal to 7 and hence the (local) flow
oL, of Z, sends fibers of E to fibers of E. Furthermore, @', is fiberwise
linear and commutes with the action of the structural group of E in-
corporated in the definition of E as a Poisson vector bundle (e.g, U(n)
if E is Hermitian).

(2) Let Z;, be the vector field induced by Zo on E*. Then Lzxs = —[a, 5],
where s on the left hand side is viewed as a fiberwise linear function
on E*.

(3) Ziap) = [Za, Z5] for all a and B in Q'(P).
(4) If v is closed, ¢!, preserves the structure of a Poisson vector bundle.

(5) L, is defined on the same interval of time as the (local) flow of T a.

Proof. The first and the second properties of Z, comprise the definition of
this vector field. The third property is equivalent to that ['(E) is a Q!(P)-
module; the fourth property is clear. Finally, the last property follows from
the first (see, e.g., the proof of [Gi, Theorem 3.4]). We leave out the details
of the proof for the sake of brevity. O
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Corollary 2.17. Let E be a Poisson vector bundle over a symplectic man-
ifold P. Then E is locally Poisson—trivial, and, as in Example 2.6, {f,s} =
Vx;s, where V is a flat connection on E. As a consequence, Vecty(P) is
in a one-to-one correspondence with Rep(my(P)).

Corollary 2.18. Denote by N, the co-normal Lie algebra to the symplectic
leaf through p € P. (By definition, N, is the dual of the normal space to the
leaf through p.) The bracket (4) restricts to a well-defined representation of
N, on Ep. For all p in the same leaf these representations are equivalent to
one another,

2.4. Homogeneous Poisson vector bundles and homotopy
equivalence.

The class of Poisson vector bundles is too broad for our purposes as the next
example indicates. (See also Example 4.7.)

Example 2.19. Let E be an ordinary vector bundle over a trivial Poisson
manifold P (i.e., 7 = 0) and let o be a family, parameterized by p € P,
of representations of commutative Lie algebras Ny = T;P on E,, ie.,
o €e'(TP®(E*®E)). Then {f,s} = o(df)s or, equivalently, [a, s] = o(a)s
makes F into a Poisson vector bundle. This Poisson vector bundle is Her-
mitian if and only if all operators o(«) are anti-self-adjoint with respect to
some Hermitian metric on E.

We propose two essentially different ways to reduce the class of Poisson
vector bundles: by imposing an additional constraint to eliminate undesir-
able ones and by introducing a new equivalence relation which is weaker
than isomorphism.

Definition 2.20. Poisson vector bundles Ey and E over P are deformation
equivalent or homotopic if Ey and E; are isomorphic to vector bundles that
can be connected by a family E; of Poisson vector bundles, smooth in ¢ €
[0,1]. This is equivalent to requiring that Ey and E; are isomorphic to the
restrictions of some Poisson vector bundle E over P x [0,1] to P x {0} and
P x {1}, respectively.

We denote the semi-ring of deformation equivalence classes of Poisson
vector bundles over P by Vectd® (P). In the Hermitian or Euclidean case,
the vector bundles E; (or, equivalently, F) are required to be in the same
category as Ey and F;.
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Definition 2.21. A Poisson vector bundle E is homogeneous if every
smooth family ¢;: P — P of Poisson diffeomorphisms with ¢ = id ad-
mits a lift to a family I;t of automorphisms of F as a Poisson vector bundle
with 1/~10 =1d, i.e.,

(7) Pi{f, s} = {7 f,dfs}.

(These lifts are not a part of the structure of a homogeneous vector bundle.)
This is equivalent to that for every Poisson vector field X on P, there exists
an R-linear operator Dx: I'(E) — I'(E) such that

(8) Dxla,s|=[Lxa,s|+[a,Dxs] and Dx(fs)=(Lxf)s+ fDxs
for all s € I'(E), all f € C*°(P), and all a € QL(P).

Note that when ) is given by a family of closed differential one-forms,
the existence of the lift 1;,5 is guaranteed by Proposition 2.16. The essence
of Definition 2.21 is that a homogeneous Poisson vector bundle over P is
as homogeneous as P itself. For example, when E is homogeneous, the
representations Ej, of N are equivalent to one another for all points p which
can be obtained from each other by families of Poisson diffeomorphisms. We
denote the semi-ring of isomorphism classes of homogeneous Poisson vector
bundles over P by Vectt*™(P).

Example 2.22. By Corollary 2.17, every Poisson vector bundle over a sym-
plectic manifold P is homogeneous. Two such vector bundles are homo-
topic if and only if the corresponding representations of 1 (P) belong to
the same path-connected component of Rep(wi(P)). Hence, Vect (P) =
Vectt*™(P) = Rep(r1(P)) and Vectd® (P) = mo(Rep(1(P))).

Let us now classify Poisson vector bundles over a Poisson manifold with
trivial Poisson structure.

Proposition 2.23. Every Poisson vector bundle over a trivial Poisson
manifold P arises as described in Example 2.19 and all such vector bundles
are homotopic to one another: Vectd®(P) = Vect(P). The only homoge-
neous Hermitian (or Euclidean) Poisson vector bundle over P is the one
with the trivial bracket | , | =0 as in Example 2.5.

Proof. The first assertion is clear by Proposition 2.14. If F is homogeneous,
the representations o(p) are equivalent to each other for all p € P. Further-
more, by applying diffeomorphisms fixing p, we conclude from (7) that the
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operators op(a): E, — E,, a € T*P, are conjugate to each other for all
a # 0 and, hence, have the same eigenvalues. In particular, the operators
op(a) and op(ac) have the same eigenvalues for all constants a # 0. Since
op(aa) = aop(e), these eigenvalues must be zero. This implies that o}, = 0,
when E is Hermitian or Euclidean. Hence, [, | = 0. O

Proposition 2.23 does not extend to all homogeneous vector bundles. In
other words, for a Poisson manifold with zero Poisson structure the semi-ring
Vect2°™(P) is in general bigger than Vect(P).

Example 2.24. Let P = Rand E = Rx C". Denote by A the n x n-Jordan
block and set [dz,s] = o(dx)s = As, where z is the coordinate on R. We
extend the bracket to all one-forms on P by (5). It is easy to see that the
resulting Poisson vector bundle is homogeneous.

Proposition 2.25. Let F' be a simply connected symplectic manifold, B a
Poisson manifold, and let P = B X F be equipped with the product Pois-
son structure. Then there is a one-to-one correspondence between Pois-
son vector bundles over P and Poisson vector bundles over B. The same
holds for deformation equivalence classes. Thus Vectr(P) = Vect,(B)
and Vectd®(P) = Vectd®{(B). If the Poisson structure on B is zero,
Vecthom(P) 2 Vecthom(B).

Proof. Proposition 2.25 is a particular case of Propositions 5.9 and 6.5. Let
us outline a direct proof, leaving entirely aside the question of homogeneity.

Denote by p: P = B x FF — B the natural projection. Fixing the
direct product structure on P, we embed C*°(F) into C*°(P) as a Poisson
subalgebra. (Here we use the fact that the symplectic structure on F, =
p~!(y) is independent of y € B.) Clearly, for a Poisson vector bundle E over
B, the pull-back p*FE is a Poisson vector bundle over P, where the action
of QY(F) on p*E is given by the natural flat connection on p*E along the
fibers of p. It is easy to see that deformation equivalent vector bundles have
deformation equivalent pull-backs.

Let us now construct the correspondence inverse to the pull-back.

Let E be a Poisson vector bundle over P. The restriction E|f, to a fiber
F, inherits the structure Poisson vector bundle. Namely, for h € C*(F)
and s € I'(E|F,), we set {h,s} = {h,5}|F,, where 5 is an arbitrary extension
of s to a section of E. To verify that this bracket is well defined, we need
to show that if s is a section of E vanishing along F, and h € C*°(F'), then
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{h, s} vanishes along F,. To this end note that locally s = > f;s;, where
fj are some functions on P vanishing along F, and s; are some sections.
Hence,

{h,s} =Y ({h, fi}sj + fi{h,s5})-

Clearly, every term on the right hand side vanishes along Fy and hence so
does the left hand side.

By Corollary 2.17, E|F, is a trivial vector bundle with the Poisson vector
bundle structure arising from a flat connection. In other words, we obtain a
flat p-fiberwise connection V on E. Let Ep(y) be the space of flat sections
of E|F,. The spaces Ep(y) form a vector bundle Ep over B. The sections of
Ep can be identified with a subspace of I'(E) formed by sections which V-
horizontal. It is easy to see that I'(Eg) is invariant under the bracket with
elements of p*C>(B) and thus inherits the structure of a Poisson vector
bundle via the embedding p*: C*°(B) — C*°(P). Therefore, E = p*Ep. It
is clear that the correspondence E — Ep preserves deformation equivalence.
This completes the proof of the proposition. O

In Sections 5 and 6 we will prove some variations on the theme of Propo-
sition 2.25. Here we mention only the most obvious one.

Proposition 2.26. Let P be a Poisson manifold whose symplectic foliation
s a fibration P — B with compact and simply connected fibers. Assume also
that the cohomology class of the symplectic structure on the fibers does not
vary from fiber to fiber. Then there is a one-to-one correspondence between
Poisson vector bundles over P and over B. The same holds for homogeneous
Poisson vector bundles or deformation equivalence classes.

Proof. The argument is similar to the proof of Proposition 2.25 with Moser’s
theorem used to introduce a local (in B) direct product structure on P. [J

This result does not generalize to the case where the cohomology class
of the symplectic structure on F' varies from fiber to fiber; see Example 4.6.

Remark 2.27. In this paper we do not attempt to introduce the “Poisson
fundamental group”, or groupoid, of a Poisson manifold P. However, on the
conceptual level, Vect,(P), or rather Vect}*™(P), should be thought of as
the space of representations of such a group be it defined.
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2.5. K-rings.

Definition 2.28. The homotopy Poisson K-ring, K (P), of a Poisson
manifold P is the Grothendieck rings associated with Vectd®!(P). The ho-
mogeneous Hermitian Poisson K -ring, KUP™(P), is the Grothendieck ring
associated with the semi-ring of homogeneous Hermitian Poisson vector bun-
dles over P. The homogeneous orthogonal Poisson K-ring, KO™(P), is
defined similarly.

We emphasize that K3 denotes one of the four deformation K-rings:
complex, real, Hermitian, or Euclidean. Likewise, K is either complex
(or equivalently, Hermitian) or real (equivalently, orthogonal) ordinary K°-
functor. In the homogeneous case, we consider only the Hermitian ring
KUP™ and the Euclidean one KO2°™. In every formula, all K-rings are to
be understood in the same category. Note that none of the Poisson K-rings
is functorial with respect to Poisson maps.

From the results of the previous section we conclude that these K-rings
satisfy (K1) and (K2):

Corollary 2.29. 1. Let, as in Proposition 2.25, F' be a simply connected
symplectic manifold, B a Poisson manifold, and let P = B x F be
equipped with the product Poisson structure. Then K3(P) = K%f(B)
as rings. If B carries the zero Poisson structure, we also have
K3f(P) = K(B) and KUM™(P) = KU(B).

2. Let P be symplectic. Then KUM™(P) = RU(m1(P)), where RU stands
for the ring of virtual unitary representations, and K3°'(P) is the
Grothendieck ring generated by mo(Rep(m1(P))).

Of course, similar results hold in the Euclidean case.

Example 2.24 readily implies that for the zero Poisson structure the
Grothendieck ring associated with Vect?®™(P) can be strictly greater than
K(P), i.e., (K1) fails for this ring. This is the reason that we do not “nomi-
nate” the Grothendieck ring of Vect2°™(P) to be a Poisson K-ring. Nor do
we consider the Grothendieck ring associated with Vect,(P), for this ring is
enormous as Example 2.19 shows.

3. Representations of Lie Algebroids and Groupoids.

The goal of this section is to illuminate the connection between Poisson
vector bundles and representations of Lie algebroids and groupoids. We
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begin by recalling in Sections 3.1 and 3.2 the necessary definitions and known
results important for what follows. We refer the reader to [CdASW, Ma]
for a general introduction and original references; additional references are
provided in the text as needed. In Section 3.3 we outline the construction of
secondary characteristic classes of algebroid representations, due to Crainic,
[Crl], in a way suitable for our exposition and in Section 3.4 we prove that
for a homogeneous vector bundle these characteristic classes are invariant
under the action of H}(P) on H}(P).

3.1. Representations of Lie algebroids.

Let A — P be a Lie algebroid over a manifold P with anchor map s and
bracket [, ].

Definition 3.1. A representation of A or an A-equivariant vector bundle E
over P is a vector bundle E equipped with a bracket [, ]: T'(A) x I'(E) —
I'(E) turning I'(E) into a Lie algebra module over I'(A) and such that

9) [a, s](p) depends only on «
and
(10) [Oé, fS] = (Ln(a)f)s + f[Oé, 8]

for all sections « of A, all sections s of E, and all smooth functions f on P.

Note that the condition (9) is equivalent to (5). Equation (10) guarantees
that [«, s](p) depends only on the 1-jet of s at p and expresses the fact that
the bracket [, ] is a lift of k to E via infinitesimal automorphisms of E.

Remark 3.2 (Terminology). Calling E a representation of A is consis-
tent with regarding an algebroid as a generalization of a Lie algebra. The
name an “A-equivariant vector bundle” comes from a different perspective:
we view an algebroid as a generalization of a Lie algebra action on a mani-
fold; see Example 3.3. The same applies to equivariant vector bundles over
groupoids considered later on.

In the terminology of [Fel, Fe2], representations of A are vector bundles
with flat connections over A.

Example 3.3. Let A be the action algebroid P x g for an infinitesimal action
of a Lie algebra g on P. Then a representation of A is just a g-equivariant
vector bundle over P. (See, e.g., [CdASW] for the definitions.)
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Example 3.4. Let A be the algebroid of vector fields tangent to a regular
foliation F on P. Then a representation of A is a vector bundle equipped
with a partial flat connection along F. An example of such a vector bundle
is the normal bundle to F with the Bott connection.

Remark 3.5. Proposition 2.16, with obvious changes of notations, holds
for representations of algebroids.

Remark 3.6 (Holonomy, [Fe2]). Let 7: [0,1] — A be a mapping with
the property that x(y) = (p o), where p: A — P is the projection and
the prime denotes the derivative with respect to time. Following Fernandes
[Fe2], we refer to such a path as an A-path. There is a well-defined holonomy
map h(y): E,) — E,); see [Fe2] (and also [Fel, GG] in the Poisson
setting). This concept arises naturally when we interpret E as a vector
bundle with A-connection. (Alternatively, pick a time-dependent section oy
of A such that a4(py(t)) = v(t) and let, in the notation of Proposition 2.16,
¢ be the time-dependent flow of Z,,. Then h(y) = <p1|E7(0); see [GG].)
Holonomy is defined in a setting more general than for representations of A,
but only for representations it is in some sense homotopy invariant. We will
use this notion in the proof of Theorem 5.3.

Example 3.7. Unless k = 0, the original bracket [, ] on A does not make
A a representation of A on itself: the bracket [, s](p) of two sections o and
s of A depends on the values of o and s at p. In other words, (5) and (9)
fail. Likewise, when P is a Poisson manifold, the bracket {f, s} = [df, s], for
f € C®(P) and s € Q!(P), satisfies (L1), but not (L2).

Recall that the algebroid 7 P is canonically associated to every Poisson
manifold (P,7); see, e.g., [CASW, Section 13.3]. As a vector bundle, this
algebroid is T* P, the anchor map is 7, and the bracket is given by (3). As
an immediate consequence of Proposition 2.14, we obtain

Corollary 3.8. There is a one-to-one correspondence between Poisson vec-
tor bundles over P and representations of T*P.

Example 3.9 (The canonical line bundle, [ELW]). The canonical line
bundle L. = A™T*P, where n = dim P, is a Poisson vector bundle over P
with the action of o € Q'(P) on s € Q*(P) given by Lo#(a)s + (m,da) s =
a A (dirs). The canonical line bundle is homogeneous. (Set Dx = Lx in
(8).) Furthermore, LL is trivial as a Poisson line bundle if and only if P is
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unimodular, i.e., P admits a volume form invariant under all Hamiltonian
flows.

More generally, for an arbitrary algebroid A, there is a canonical line
bundle @ introduced in [ELW], which is also a representation of A. These
line bundles are important for the definition of the modular class.

Clearly, the definition of deformation equivalence extends to representa-
tions of algebroids and groupoids, considered in the next section.

Remark 3.10. The notion of a homogeneous Poisson vector bundle does
not readily generalize to representations of algebroids: it appears to be
essential that in Definition 2.21 X is both a one-cocycle on T*P and a
vector field on P. For example, as observed in [Fe2, Gi], every section of A
integrates to a (local) flow of algebroid automorphisms on A and one can
then require these flows to “lift” to E. However, in the Poisson case this
requirement is, in general, weaker than that of Definition 2.21. Indeed, such
flows form a group which in many cases is strictly smaller than the connected
component of the identity in the group of all Poisson diffeomorphisms of P
considered in Definition 2.21. Perhaps, the right criterion for the “correct”
generalization is to have Theorem 6.2 hold for the semi-ring of homogeneous
vector bundles.

3.2. Representations of Lie groupoids.
Let G be a smooth groupoid over a manifold P.

Definition 3.11. A representation of G or a G-equivariant vector bundle
over P is a vector bundle E equipped with linear maps ®(g): E, — E, for
all g € G, where « and y are the source and, respectively, the target of
g, such that ®(gh) = ®(h)®(g) whenever gh is defined. These maps are
assumed to depend smoothly on g.

Example 3.12. Let G be a Lie group acting on a manifold P and let G =
P x G be the action groupoid. Similarly to Example 3.3, representations of
G are simply G-equivariant vector bundles over P.

Let A be the algebroid of G. Every representation of G is naturally a
representation of A. As in the case of actions of Lie groups, the converse is
also true under a suitable simply connectedness hypothesis. The following
result is a consequence of, e.g., [MM, Theorem 3.6].
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Proposition 3.13. Assume that the source—fibers of G are simply con-
nected. Then every representation of A integrates to a representation of
G. As a consequence, there is a one-to-one correspondence between repre-
sentations of A and G.

This proposition is not very hard to prove directly using, for example,
the notion of holonomy; see Remark 3.6.

In what follows, we denote the semi-rings of isomorphism classes of rep-
resentations of A or G by Vecty (P) and Vectg(P). Passing to infinitesimal
actions gives rise to a homomorphisms Vectg(P) — Vecta(P), which is
an isomorphism under the hypotheses of Proposition 3.13. The resulting
Grothendieck rings, for homotopy classes of representations, are denoted
by K$(P) and K (P), respectively. We also assume the other notation
conventions of Section 2.5.

With a topological groupoid G over a manifold P, one can associate the
classifying space BG. The construction of the space BG is similar to Milnor’s
construction of the classifying space BG for a group Gj; see [Bol, Se].

Example 3.14. Let G = P x G be the action groupoid for an action of a
group G on a manifold P. Then BG is the homotopy quotient (P x EG)/G,
where EG is a contractible space with a free action of G and BG = EG/G
is the classifying space for G-principal bundles.

An analogue of Borel’s construction shows that every representation of
G gives rise to a vector bundle over BG. Thus we have

(11) Vectg (P) — Vect(BG),

where Vect(BG) is the collection of isomorphism classes of ordinary vector
bundles over BG.

In general, the map (11) is not a bijection even when G is compact;
see [Ol]. However, as is the case with actions of compact groups, for a
Hausdorff proper groupoid the cohomology H*(BG) is exactly the space
where the characteristic classes of representations of G belong. In particular,
the completion H**(BG;R) is the target space for the G-equivariant Chern
character. With the exception of some (important) examples, groupoids are
rarely proper (and sometimes not even Hausdorff), and Borel’s construction
we have just described appears to be of little use when applied directly and
naively to non-proper groupoids. (See, e.g., [Bo2] for more elaborate appli-
cations of Borel’s construction in the non-proper case.) In the non-proper
setting, the corresponding K-ring is usually defined using non-commutative
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geometry techniques; see [Conl, Con2] and also [He| for an excellent brief
introduction. As we have pointed out above, it is unlikely that K-rings
considered in this paper give meaningful results for seriously non-proper
groupoids. (See, however, Section 4.) Yet it would still be interesting to see
the exact relation between K&ef and its “non-commutative” counterparts.

In any case, for a Poisson manifold P, the algebroid 7% P may not inte-
grate to a groupoid and the constructions of this section apply only when
integration is possible. (See, e.g., Section 4.)

3.3. Secondary characteristic classes.

The construction of secondary characteristic classes of representations of A
is similar to that of characteristic classes of vector bundles with flat con-
nections (see, e.g., [KT]) or g-structures, [Fu]. In this section we recall the
basic definition, focusing on the case where F is trivial, for only this case is
used in the subsequent sections. We refer the reader to [Crl] for a detailed
treatment of the general case. (See also [Fel, Fe2] for a different construc-
tion of these characteristic classes and [Cr2] for a comparison of the two
methods.) We also restrict our attention to complex vector bundles. After
suitable modifications, analogues of the results proved below hold for vector
bundles with other structural groups, with gl(n) being replaced by the Lie
algebra of the structural group.

Let A be an algebroid over P and F a complex representation of A which
is trivial as an ordinary vector bundle. Fix a trivialization £ = P x C".
Then, for every section o of A, the vertical component of Z, becomes a
gl(n)-valued function on P (see Proposition 2.16 and Remark 3.5). Thus,
we obtain a C*°(P)-linear mapping =: I'(A) — C*°(P, gl(n)), which we view
as an element in I'(A*) x gl(n). In other words,

(12) [Oé, 8] = Ln(a)s + E(Oé)s,

where we have identified I'(E) with C°°(P,C") using the trivialization. It
is easy to see that = satisfies the Maurer—Cartan equation

S T
(13) daZ + 5[:7 E]Lie =0,
where dy is the differential in algebroid cohomology (see, e.g., [CdSW]) and
as usual [E, E]pie(a, ) = 2[E(a),E(H)] in gl(n). (Here and in what follows,
we use the subscript “Lie” to distinguish this bracket from the Schouten
bracket.)
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Remark 3.15. It is easy to see that every = satisfying the Maurer—Cartan
equation determines the structure of a Poisson vector bundle on a trivial
vector bundle E.

From this remark we immediately obtain

Corollary 3.16. The isomorphism classes of one-dimensional representa-
tions of A on the trivial line bundle are in a one-to-one correspondence with
the first algebroid cohomology H'(A;R) for real or Hermitian representation
and with H'(A;C) for complex line bundles.

Let ¢ be a cocycle ¢ of degree k in the Chevalley—Eilenberg complex and
let E. = coZ € I'(AFA*). The proof of the following proposition is standard;
see, e.g., [Crl, Fu, KT].

Proposition 3.17. The section Z. is dp-closed: dp=. = 0. The cohomology
class [Zc] € H*(A) in the algebroid cohomology of A is determined on the
cohomology class of ¢ in H*(gl(n)) This class depends of the trivialization of
E. If P is contractible, [Z.] is independent of trivialization. Alternatively,
when the trivializations used in the construction of Z are unitary and [c] €
H*(gl(n),u(n)), the class [E¢] is independent of trivialization.

Remark 3.18. The dependence of Z. on the trivialization is only up to
the pull-backs of the cohomology class of ¢ in H*(GL(n)) by all elements
of [P,GL(n)]. This justifies the last assertion of the proposition since the
inclusion U(n) < GL(n) is a homotopy equivalence.

Example 3.19. Assume that P = g* and E = g* x C" is a Poisson vector
bundle corresponding to a representation of g in C" as in Example 2.7. Since
g* is simply-connected, the class [E.] is well defined. Let us describe the
characteristic class homomorphism [c] — [Z] explicitly. The representation
map g — gl(n) gives rise to a homomorphism H*(gl(n)) — H*(g). Then
[c] — [E] factors as follows

H*(gl(n)) — H*(g) — H*(g;C*>(g%)) = Hz(g")-

In the last identity we use the canonical identification of the cohomology
which holds already on the level of complexes; see, e.g., [Co2, Lu]. The same
holds for the action algebroid on g* associated with the coadjoint action.

As usual, characteristic classes do not determine the representation. For
example, vanishing of all characteristic classes, even for H*(gl(n)), does
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not guarantee that a representation is trivial; see, e.g., Example 2.24. The
secondary characteristic classes defined via elements of H*(gl(n),u(n)) carry
even less information than those arising from H*(gl(n)). For instance, if the
representation is unitary, for [¢] € H*(gl(n),u(n)) all characteristic classes
[Ec] vanish and, in fact, these characteristic classes are some obstructions to
making a representation unitary.

Remark 3.20 (Rigidity, [Fu]). Most of the characteristic classes defined
above are in fact invariants of homotopy equivalence. For the sake of sim-
plicity let us focus again on trivial vector bundles. Denote by h the Lie
algebra of the structural group. Then [E.] is an invariant of homotopy of
E, provided that [c] € ker(var: H*(h) — H*~1(h;h*)), [Fu]. For instance,
in the Hermitian case, i.e., when h = su(n), every class is an invariant of
homotopy. For h = gl(n), the invariants of homotopy are described as fol-
lows. Denote by ui,...,u, multiplicative generators of H*(gl(n)) so that
deguy = 2k — 1. Then [E.] is an invariant of homotopy equivalence if and
only if the factorization of [c| in these generators does not involve u; see
[Fu].

Example 3.21 ([Crl, ELW]). Let L be the canonical line bundle of a
Poisson manifold P; see Example 3.9. Then the characteristic class of L
corresponding to ¢ = tr is the modular class of P. This class is not rigid.

3.4. Secondary characteristic classes of homogeneous Poisson
vector bundles.

Let now P be a Poisson manifold. A special feature of homogeneous Poisson
vector bundles is that their secondary characteristic classes belong to a much
smaller space than those of general Poisson vector bundles. Recall that the
first Poisson cohomology H!(P) is a Lie algebra (with the bracket induced
by the Lie bracket of vector fields) and H}(P) is a module over H1(P).

Proposition 3.22. Assume that E is homogeneous. Then for every cocycle
¢ the cohomology class [E.| € HX(P) is HL(P)-invariant.

Remark 3.23. Proposition 3.22 does not hold if the homogeneity assump-
tion is dropped. For example, consider a Poisson manifold P with zero
Poisson structure. In this case, H¥(P) is just the space of k-vector fields
on P and the H!(P)-action on H}(P) is given by the Schouten bracket,
[CASW]. Non-homogeneous Poisson vector bundles over P (Example 2.19)
may have characteristic classes which are not H!(P)-invariant.
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Proof. In what follows we assume that the vector bundle E is trivial. The
proof of the general case requires only superficial changes. In the calculations
below we use the sign convention of [Fu].

Fix a trivialization £ = P x C" and thus identify sections of E with
functions s € C*®°(P,C"). Let X be a Poisson vector field on P. Since
E is homogeneous, there exists a function A € C*°(P,gl(n)) such that
Dxs = Lxs + As. Combining (8) with (12), we obtain by a straightfor-
ward calculation that

(14) (LxE)(a) = Lygo A+ [E(a), AlLie
for any a € Q1(P).

Let now ¢ be a k-cocycle on gl(n). Consider the (k — 1)-vector field b on
P defined by

blag,...,ar 1) =c(4,E(a1),...,2(ax_1)).
We complete the proof by showing that d;b = —LxZ.. This equality is

verified by the following (also straightforward) calculation.
First recall that

(dab) (0, ... o) = > (1) Mb([ag, 5], 01, Gy, 85, )
1<J
—I—Z Lvlbal,...,Al,...,Oék)
_Z H—] 1 ([ai7aj])7€17“'7@7“‘7@"“75]@)
1<J
+Z LvlCAgla--'aaa"'vfk)a
where we set
Vm = T, and &m =E(am) for m=1,... k.

The Maurer—Cartan equation (13) guarantees that

=((or a5]) = €02 tie + L& — Ly
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Hence,
(d""b)(a17 s ,Oék) = Z(_]‘)iijilc(A: [giagj]Lieafla s 7@7 s 75]'7 s 7&9)
1<j
(15) +Z z+] ! ALU1€]7€17"'7@7---75]'7---7§k)
1<J
(]‘6) _Z H—J ! AL’U]é.l:gla"'7@7"'75}7"'7&6)
1<J
+Z YLy c(A &1y & ).
Obviously,

Lvlc(Aagla"'agla"'agk)
= (L Abr,. o 6y &)
+Z zl ALvlglvé-la"wgiv"waw"7§k)
i<l
+Z ALvlgjagla"'757"'75}7"'7&9)-

I<j

By plugging this into (15) and (16), we eliminate these double sums from

the expression for (d;b)(a1,...,ax). Thus, as a result of these cancelations,

we obtain
(dﬂ’b)(alv v 7Oék) = Z(_l)H»jilc(Av [§i7§j]L167§17 v 757 v 757 v 7£k)
1<J
+Z LUlA 617 "767"'7§k)‘

By (14), we have L, A = (LxZ)(cq) — [&1, A]Lie- Therefore,

(deb)(ar,. .., ap)
_Z H_] 1 ’[giagj]Lieagla"'aaa""é}""’gk)

1<J

+Z A&]Lleafla “757“"5’6)
+Z E)(), €1, &y )
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The first two terms in this formula add up to zero because c is a cocycle on
gl(n). Hence,

(deb)(a1, - ar) = D (=D 'e((LxZ) (), &1, & - &)

I
= —(LxE)(a1, ., ).

4. Poisson vector bundles over g*.

In this section we study Poisson vector bundles on the dual space g* of a
Lie algebra g in connection with the requirement (K3). In particular, we
prove that every such vector bundle is homotopic to the one associated with
a representation of g as in Example 2.7. Furthermore, we prove some results
suggesting that for semisimple Lie algebras, every homogeneous Hermitian
Poisson vector bundle is isomorphic to the one associated with a represen-
tation.

4.1. Classification up to homotopy.

Let E — g* be a Poisson vector bundle. Denote by V' the representation of
g = N§ on Ej as in Corollary 2.18. Then as is shown in Example 2.7, the
trivial bundle g* x V is a Poisson vector bundle.

Theorem 4.1. The Poisson vector bundles E and g* x V are homotopic.

Proof. The argument is by “pushing the non-linearity of £ to infinity” as
one does to find a deformation between a diffeomorphism R” — R™ and a
linear map.

Pick a trivialization of E so as to identify E with g* x V as ordinary,
not Poisson, vector bundles. With the trivialization fixed, the structure
of a Poisson vector bundle on E is given by the gl(n)-valued vector field
E: QY (g*) — C*®(g*,gl(n)) on g* satisfying the Maurer-Cartan equation
(13) as described in Section 3.3.

Using the structure of a linear space on g*, we write

= =55y + R,

where Ey is the value of = at the origin. The constant gl(n)-valued vector
field Eg on g* also satisfies the Maurer—Cartan equation. In fact, Zg deter-
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mines the Poisson vector bundle g* x V associated with the representation
V. Note that the Maurer—Cartan equations for = and =y imply that

1
(17) (7, R] + [Zo0, R]Lie + §[R, Rlpie =0,

where 7 is the Poisson structure on g*.

To prove the theorem it suffices to connect Z = Z; and =y by a family
of vector fields Zy, t € [0, 1], satisfying the Maurer—Cartan equation (see
Remark 3.15). Denote by ¢!: g* — g* the dilation by factor t 1, i.e., p!(x) =
t~lz for + € g* and t € (0,1]. Let us show that =, = t@!= satisfies the
Maurer—Cartan equation.

To this end we first observe that .=, = t 1=, since Z¢ is a constant
vector field. Hence Z; = Zg + tp! R. Likewise, {7 = t~!r, for 7 is linear.
Therefore,

- 1 _ 1 _ _
[, Z¢] + 5[-:% E¢]Lie = [T, 20 + tLR] + 5[50 +tpt R, o + tol R]Lie
2

— t
= t[ﬂ-v (PiR] + t[:‘Oa SOiR]Lie + =

5 [0 R, ¢! R]Le

- ¢
= t*[plm, L R] + t*[¢' 0, ¢L R]Lie + f[wiRv ¢' R]Lie

1
= %ol ([W,R] + [Eo, RLie + §[R’ R]Lie>

=0

Here the second equality follows from that = satisfies the Maurer—Cartan

equation and the last one is a consequence of (17).
Finally, observe that =; extends smoothly in ¢ to ¢ = 0 with value Zg
and hence =, t € [0, 1], is the required homotopy between E = =; and Ey.
O

Clearly, Poisson vector bundles associated with representations in the
same path-connected component of Rep(g) are homotopy equivalent. As a
result, we conclude that the requirement (K3) holds for Kdef:

Corollary 4.2. For any Lie algebra, Vectd® (g*) = mo(Rep(g)) and, hence,
K3t (g*) is the Grothendieck ring generated by mo(Rep(g)). In particular, if
g is semi-simple, K3*f(g*) = R(g).
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4.2. Semisimple Lie algebras.

Throughout this section G is a semisimple simply connected Lie group and
g is the Lie algebra of G.

Theorem 4.3. Let g be semisimple of compact type and let P C g* be a
G-invariant open set.> Then there is a one-to-one correspondence between
Poisson vector bundles over P and G-equivariant vector bundles over P.
FEvery Poisson vector bundle over P is homogeneous and homotopic vector
bundles are isomorphic. Thus, Vect,(P) = Vect!®™(P) = Vectd(P) =
Vecta(P).

Proof. Since g is a semisimple Lie algebra of compact type, g is the Lie
algebra of a compact simply connected Lie group G. The algebroid T*P
is isomorphic to the action algebroid of the coadjoint action on P. The
latter integrates to the action groupoid P x G. By Proposition 3.13, there
is a one-to-one correspondence between Poisson and G-equivariant vector
bundles over P. Since G-equivariant vector bundles are rigid, homotopic
vector bundles are isomorphic. As is shown in [GW] (or in [Co2] for closed
balls centered at 0 € g*), every Poisson vector field on P is Hamiltonian.
Hence, a Poisson vector bundle over P is automatically homogeneous. [J

Remark 4.4. All assertions of Theorem 4.3 fail for arbitrary Lie algebras;
see, e.g., Example 2.19 (with P = g*) for g = R. Moreover, as we will
show later in this section the theorem fails for semisimple Lie algebras of
non-compact type.

Corollary 4.5. Under the hypotheses of Theorem 4.3,
KU*™(P) = K3*(P) = Ka(P),

which is also equal to the Grothendieck ring of Vectr(P). (In the real case,
one should replace KUP™ by KObRom.)

An interesting consequence of these results is that the Poisson K-rings
KUP™ and K3 really depend on the Poisson structure, but not only on
the symplectic foliation.

3To circumvent the difficulties arising in dealing with (equivariant) vector bun-
dles over non-compact spaces, we assume here that P is (equivariantly) homotopy
equivalent to a finite (G)- CW-complex. The same applies to other examples where
(equivariant) vector bundles over non-compact manifolds are considered.
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Example 4.6 (Genuine dependence on Poisson structures). Consi-
der P = su(2)* ~ {0}. In other words, P = S? x (0,00) with the foli-
ated symplectic structure depending linearly on ¢ € (0,00). By Corollary
4.5, KUP™(P) = K3(P) = Kgy(2)(S?). This ring is RU(U(1)), i.e., the
ring of Laurent polynomials in one variable of degree two. On the other
hand, for the product Poisson structure on S? x (0, 00), which has the same
symplectic foliation, KUP™(P) = K (P) = K(R) = Z, by Corollary 2.29.

The question of classification of Poisson vector bundles over g* for a
semisimple g of non-compact type is much more subtle. For instance, since
every one-dimensional representation of G is trivial, an analogue of Theorem
4.3 would imply that every Poisson line bundle over g* is Poisson—trivial
which is not true as the following example shows.

Example 4.7. By Corollary 3.16, Poisson line bundles over g* are classified
by H}(g*) = H'(g; C*°(g*)). This cohomology is infinite-dimensional when
g is not of compact type, [Wel]. Hence, the collection of isomorphism classes
of such line bundles is infinite. Furthermore, combining this construction
with that of Example 2.24, one should be able to construct homogeneous
Poisson vector bundles over g* which do not correspond to representations.
However, as in Example 2.24, these vector bundles are not Hermitian.

Conjecture 4.8. Let, as above, g be a semisimple Lie algebra of non-
compact type.

1. Every homogeneous Hermitian Poisson vector bundle over g* is trivial
as a Poisson vector bundle.

2. There is a one-to-one correspondence between germs of real analytic
Poisson vector bundles over g* and representations of G.

This first part of this conjecture is essentially based on the lack of ex-
amples. Note that since G has no non-trivial finite-dimensional unitary
representations, the conjecture implies that there is a one-to-one correspon-
dence between homogeneous Hermitian Poisson vector bundles over g* and
finite—dimensional unitary representations of G. Here the only additional ev-
idence is Proposition 3.22 combined with another conjecture, namely, that
H?*(g*) contains no non-zero H!(g*)-invariant elements.

The situation is more satisfactory in the real analytic setting. First recall
that the germ of a real analytic Poisson vector field on g* is Hamiltonian
with a real analytic Hamiltonian, [Col, Co3]. By Corollary 3.16, this implies
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that Conjecture 4.8 holds for real analytic line bundles (real, Hermitian, or
complex). Furthermore, the following result confirms the conjecture in the
category of formal power series:

Theorem 4.9. Every formal vector bundle over g* is formally equivalent
to the one associated with a representation of g.

Proof. The argument is similar to the proof of the Poincaré normal form of
a vector field and to Weinstein’s proof of the formal linearization theorem
for Poisson structures, [Wel]. Fix a (formal) trivialization of E. We write
= as a formal power series on g* and assume that this formal power series
contains only a zero order term and terms of degree greater than or equal
tor > 0:

E=Eg+E +--.

Here, as in the proof of Theorem 4.1, the zero order term =g is associated
with the representation of g = Nj on Ep and Z, is a gl(n)-valued vector
field on g* whose coefficients are homogeneous polynomials of degree r. As
usual, the dots denote terms of degree higher than .

The vector field =, can be interpreted as a cochain on g with coefficients
in S"g®gl(n). Denote by d the differential C'(g; S"g®gl(n)) — C?(g; S"g®
gl(n)), where gl(n) is turned into a g-module via Zy. The Maurer-Cartan
equation (13) implies that

(18) dET = dTI'ET + [ET7 EO]Lie = 07

i.e., =, is a cocycle.

Our goal is to find a formal change of trivialization ®, of E which elimi-
nates the r-th order term Z,.. We look for @, in the form id + A,, where A,
is a homogeneous gl(n)-valued polynomial on g* of degree r. (In the Her-
mitian case, A, is u(n)-valued and ®, = exp 4,.) Under any formal change
of trivialization ®: g* — GL(n), the gl(n)-valued vector field = transforms
to ®*= = =P~ ! + (d,P)® L. Hence,

E0 + (Er + [AT‘y EO]Lie + dﬂ'Ar) e

In other words, to eliminate =,, we need to find A, with dA, = —Z,.. Since
g is semisimple, H'(g; S"g ® gl(n)) = 0 and, by (18), A, does exist.

To eliminate all non-constant terms in the power series =, we argue
inductively. Let ®; be a change of trivialization with dA; = —=; and ®5 a
change of trivialization eliminating the second order terms in the resulting
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power series, etc. Then the composition ®,. o---o®; eliminates all terms up
to degree r+ 1. Furthermore, the terms of any given degree in the expansion
of &, 0---0 P stabilize as 7 — co. Hence, ® = lim, ,o, ®, 0--- 0 Py is well
defined as a formal power series. This is the required change of trivialization.
O

Remark 4.10. It appears plausible that by using the method of majorants
as in [Col, Co3] one can control convergence of the power series ® and
extend the theorem to the real analytic case, thus proving the second part
of Conjecture 4.8.

5. Morita Invariance of K-rings.
5.1. Morita equivalence.

Recall that two Poisson manifolds (Py, m1) and (Pa, m2) are Morita equivalent
if there exists a symplectic manifold W and submersions

(19) PEwAp

with simply connected fibers such that p; is Poisson, ps2 is anti-Poisson,
and the fibers of p; and py are symplectic orthogonal to each other, [Xul].*
(Note that here and in what follows all submersions are assumed to be sur-
jective.) The essence of this definition is that a Morita equivalence between
Poisson manifolds gives rise to a bijection between their symplectic leaves
and corresponding leaves have equal first cohomology and anti-isomorphic
normal Poisson structures.

Let us summarize the properties of Morita equivalence which are im-
portant for what follows. (In (M1), except the last assertion, and (M2) it
suffices to assume that p;- and po-fibers are connected.)

(M1) [Wel]. For a symplectic leaf F C Py, the projection pa(py*(F)) is
a symplectic leaf in Py. By symmetry, F ~ p2(p; *(F)) is a one-
to-one correspondence between symplectic leaves of P; and P,. The
corresponding leaves have anti-isomorphic normal Poisson structures
and isomorphic first cohomology groups.

4The original definition of Morita equivalence given in [Xul] requires the projec-
tions p; and ps to be complete, [Wel]. Following a suggestion of Alan Weinstein, we
omit this additional assumption, for completeness is immaterial for the properties
of Morita equivalence discussed below and for other results proved in this section,
cf., |GG, Remark 4.7].



150 Viktor L. Ginzburg

(M2) [Wel]. The Poisson annihilator of p;C*°(P;) in C®(W) is p5C*°(Pa),
and vice versa. The manifolds P; and P, have equal spaces of Casimir
functions, both isomorphic to p;C*°(P1) N p3C°°(Pz).

(M3) [GL]. Morita equivalent Poisson manifolds P; and P> have isomorphic
first Poisson cohomology spaces. More explicitly, there is a natural
isomorphism

(20) Iy HX(P)) 5 HLX(Py),

which is equal, up to a sign, to the one found in [Crl]. We will recall
the definition of this isomorphism in Lemma 5.7.

Remark 5.1. Morita equivalence of Poisson manifolds is closely connected
with the notion of Morita equivalence of symplectic groupoids, studied
by Ping Xu, [Xul, Xu2], and topological groupoids, [MRW]. In fact,
for integrable Poisson manifolds (i.e., those which admit global symplectic
groupoids), it is equivalent to Morita equivalence of symplectic groupoids.
In Section 6 we consider an infinitesimal version of Morita equivalence of
groupoids.

Remark 5.2. In spite of its name, Morita equivalence of Poisson manifolds
is not an equivalence relation. However, it becomes such when restricted
the class of integrable Poisson manifolds; see [Xu2] for more details. For
non-integrable Poisson manifolds, the full meaning of Morita equivalence is
not quite clear, yet in what follows we make no integrability assumptions.

5.2. Morita equivalence and K-rings.

Theorem 5.3. A Morita equivalence (19) induces an isomorphism between
semi-rings of Poisson vector bundles on Py and Py, [Crl], homotopy equiv-
alence classes of such vector bundles, and semi-rings of homogeneous vector
bundles:

(21) Vectr(P1) = Vectz(P2), [Crl],
(22) Vectd®(P) =2 Vectd®(py),
(23) Vectlom(P)) = Vect™(py).

Corollary 5.4. K3°(Py) = K& (P,) and KUM™(P)) = KUM™(P,).
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The proof of (21) is given in [Crl] in the integrable case and a more
general infinitesimal argument is also outlined there. Then (22) is an im-
mediate consequence of the proof. Let us recall some elements of the proof
which are needed to verify (23) and also used in Section 6.

We begin by recalling the notion of an inverse-image or pull-back or
induced algebroid, [HM, p. 202-203]. Let p: Q@ — P be a submersion and let
A be an algebroid over P with anchor k. As a vector bundle, the inverse-
image algebroid p*A is a subbundle in p*A®TQ formed by pairs (a, X) with
k(a) = p«X (We reserve the notation p*A for the inverse-image algebroid to
distinguish it from the pull-back vector bundle p*A.) Note that ker p, is a
subalgebroid in p*A and p*A = p*A @ ker p, as vector bundles. The bracket
on p*A is given by

[(fo, X), (98, Y)] = (f9le, Bl + (Lx f)a = (Ly )8, [X, Y]),

where f and g are smooth functions on @), « and [ are pull-backs of sections
of A, and X and Y are vector fields on ). The anchor map on p*A is simply
(o, X) — X.

Example 5.5. The pull-back p*T P is naturally isomorphic to T'Q) with the
isomorphism being the anchor map. This is easy to check in local coordi-
nates.

For a representation F of A its pull-back p*E is automatically a repre-
sentation of p*A such that, in the notations of the above formula,

[(a, X), fs] = (Lx f)s + fle, 5],

where s is the pull-back of a section of E, [HM].

Lemma 5.6 ([Crl]). Let the fibers of p be l-connected with | > 1. Then
the pull-back E — p*E induces a bijection

(24) Vecta (P) 5 Vect Q).

Furthermore, the natural pull-back homomorphism p*: H*(A) — HF(p*A)
is an isomorphism for k <.

The first assertion readily follows from the fact that the ker p,-action on
p*E coincides with the one arising from the natural flat connection on p*FE
along p-fibers. The second assertion is proved in [Crl] by using an analogue
of the Serre-Hochschild spectral sequence (see, e.g., [Fu]) for algebroids,
with the subalgebroid ker p..
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Proof of Theorem 5.3. Let us set Ay = T*P; and Ay = T*P,. By (24), to
establish (21), it suffices to show that piA; and p5A are anti-isomorphic.
The required anti-isomorphism J: pJA; — p5Ag is

(25) J: (o, X) = (txw—a,X),

where w is the symplectic structure on W. Combined with (24), this proves
(21). Moreover, it is clear that the bijection (24) induces a bijection on the
level of homotopy equivalence classes thus giving (22). Furthermore, (21)
preserves the classes of Hermitian or Euclidean vector bundles.

To prove (23), we will show that the bijection (21) sends homogeneous
vector bundles to homogeneous ones. We need the following fact, which is
implicitly contained in [GL] and explicitly in [GG]:

Lemma 5.7 ([GG, GL]). Let & be Poisson vector fields on Py. Then
there exists a Hamiltonian vector field & on W and a Poisson vector field &2
on Py such that

(p1)+£ =& and  (p2)+€ = —&o.

Furthermore, Iy ([&1]) = [&2].

Let E) be a homogeneous Poisson vector bundle over P; and let E(2)
be a Poisson vector bundle over P, which corresponds to E(!) under (21).
Denote by E the vector bundle p’{E(l) = pEE(Q) over W.

Let & be a Poisson vector field on P;. Denote by #; the (local) flow of
¢ in some time ¢, by v its lift to E1), and by 1 the (local) flow of £ in
time t on W. The flow o lifts to E. Indeed, for z and y in W such that

P(x) =y, we set

(Here we use the fact that p1y = 91.) It is easy to see that 1/~J is indeed a
lift of ¢ via automorphisms of the representation E of pjA;, which covers,
in the obvious sense, the lift ;.

By Lemma 5.7, ¥ projects to the flow ¥y of —£2 on P». To complete the
proof of (23) we only need to show that 1Z has a well-defined projection 1/;2
which is a lift of 15 to E(). Let z and &’ be two points in the same po-fiber.
Then for y = ¢(x) and y’ = ¢ (z’) we also have pa(y) = p2(y'). Our goal is
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to show that the following diagram is commutative:

E, —Y E,

hxl hyl

Ewl L) Ey/

where the vertical arrows are the identifications

= FEy and hy: By = E?

h.: E gE@)
T e p2(y)

(@) = By

These identifications can also be interpreted in terms of holonomy. Con-
nect x and ' by a path « in the ps-fiber. Then h, is just the holonomy
along v with respect to the natural flat ps-fiberwise connection on E. On
the other hand, « can also be thought of as a ker(p2).-path and hence as
a p3As-path (see Remark 3.6). Moreover, the holonomy h, is equal to the
holonomy h(y) from Remark 3.6. Similarly, hy = h()(7)).

Since 1,5 is an automorphism of E as of a pjAj-representation, 1,/1~ com-
mutes with holonomy along pjA;-paths. The anti-isomorphism J defined
by (25) interchanges (up to a sign) the structures of pjA;- and p5As-
representations on E. Therefore, 1& also commutes with holonomy along
pAg-paths. Tn particular, h(1(7y))Y = 1h(y) which completes the proof. O

Remark 5.8 (Morita invariance of the modular class). One can
show that the canonical line bundle (see Example 3.9) of P; goes to the
canonical line bundle of P, under the correspondence (21); see [Crl]. Pass-
ing to the first characteristic class turns the correspondence (21) into the
isomorphism Iyy. This shows that Iy sends the modular class of P; to the
modular class of P», [Crl]:

(26) I (mod(Py)) = mod(Ps)

in the self-explanatory notation of [GG].

Let us outline a direct proof (26). Let p; and pe be volume forms on
P, and P», respectively. Denote by D the symplectic *-operator on W,
[Br]. The forms Dpjpuy and p3u2 have the same degree dim P, and the same
null-space ker(p2).. Hence,

Dpipn = e pipuo

for some smooth function H on W. One can easily verify that (p1). Xy = v1
and (p2)«Xg = —v2, where Xy is the Hamiltonian vector field of H on W
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and vy and vg are modular vector fields corresponding to p; and, respectively,
w2 (see [We2]). By Lemma 5.7, Iy ([v1]) = [v2] and (26) follows.

Although explicit examples are still lacking, it is unlikely that the Fer-
nandes characteristic classes of degree greater than two are in any sense
invariant of Morita equivalence. This is one of the motivations for introduc-
ing weak Morita [-equivalence; see Section 6.2.

Proposition 5.9. Let P be an integrable Poisson manifold and F a simply
connected symplectic manifold. Equip P x F with the product Poisson struc-
ture. Then Vectho™(P) = Vect2™(Px F) and KUM™(P) = KUM™(PxF).

Proof. Since P is integrable, P is Morita equivalent to P x F', [Xul]. O

Of course, the assertion of Proposition 5.9 holds also for K3¢f. Moreover,
in this case the integrability assumption can be omitted; see Proposition 6.5
below.

6. Weak Morita Category.
6.1. Weak Morita equivalence.

To extend the results of Section 5.2 to algebroids we adopt the following
definition, which is a result of “axiomatization” of the proof of (21).

Definition 6.1. Let P; and P> be smooth manifolds equipped with alge-
broids A; and Ag, respectively. We say that (Pp, A1) and (P, Ag) are weakly
Morita equivalent if there exists a manifold ), submersions

P23 P

with simply connected fibers, and an isomorphism between the pull-back
algebroids p7A; and p3As.

It is clear that for Poisson manifolds weak Morita equivalence is in-
deed weaker than genuine Morita equivalence. Weak Morita equivalence has
some properties similar to (M1)-(M3). For example, by Lemma 5.6, weakly
Morita equivalent algebroids (P;,A2) and (Pe, A2) have isomorphic the ze-
roth and first algebroid cohomology spaces. The algebroids pjA; and p3Ag
have the same foliation. Hence, F' — pa(p7*(F)), where F runs through
the leaves of A, is a bijection between the leaves of A; and Ay. Moreover,
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the corresponding leaves have isomorphic first cohomology groups and even
isomorphic fundamental groups as we will soon show. Finally, if 1 € P;
and x9 € Py are such that x1 = p1(2) and z2 = pa(z) for some z € @, then
Ay at x1 and Ay at x5 have isomorphic stabilizers.

The following result is a trivial consequence of Lemma 5.6.

Theorem 6.2. Assume that (P1,A1) and (P, A2) are weakly Morita equiv-
alent. Then Vecty, (P1) = Vecta, (P2) and Vect&‘if(Pl) ~ Vect&‘;f(Pz).

Corollary 6.3. K{(Py) = K{(P,).

Remark 6.4 (The category of representations). In the algebraic set-
ting, Morita equivalent rings have equivalent categories of modules. The
same is true for C*-algebras, [Ri]. For a fixed algebroid A over P, let V(A)
be the category of representations of A. It is easy to see that for a sub-
mersion p: @ — P with simply connected fibers, the pull-back E +— p*E is

an equivalence of categories V(A) 5 V(p*A). Hence, weakly Morita equiv-
alent algebroids have equivalent categories of representations. It would be
interesting to check whether the converse is true or not.

A dual approach to “modules” over Poisson manifolds is developed by
Ping Xu, [Xul, Xu2], in the context of Morita equivalence of groupoids. In
particular, Xu showed that integrable Poisson manifolds which are Morita
equivalent have equivalent “categories” of symplectic realizations and “sym-
plectic left modules”, [Xul, Xu2].

Proposition 6.5. Let P be a Poisson manifold and F a simply connected
symplectic manifold. Equip P x F with the product Poisson structure. Then
P and P x F are weakly Morita equivalent. Thus Vect,(P) = Vect (P x F)
and Vectd®f(P) = Vectd®! (P x F). As a consequence, K3 (P) = Kd{(P x

Proof. Let p be the natural projection P x F' — P. It suffices to show that
p*T* P is isomorphic to 7% (P x F'). In the notation of the proof of Theorem
5.3, the isomorphism is (a, X) — o + tx,w. Here X is the F-component
of X, the form w is the symplectic form on F, and tx,w is extended to a
genuine differential form on P x F using the direct product structure. [

Although weak Morita equivalence does not enable one to handle homo-
geneous vector bundles, it is in some sense a “better behaving” notion than
Morita equivalence of Poisson manifolds:
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Proposition 6.6. Weak Morita equivalence is an equivalence relation.

We will prove this proposition in Section 6.2.

Let us now consider some examples of weak Morita equivalence. The first
two of these are simply minor variations on the theme of the Morita equiva-
lence classification of symplectic manifolds by their fundamental groups; see
[Xul, Proposition 2.1].

Example 6.7. Let Ay = TP, and Ay = T'P,. Assume that P, and P, are
connected. The pairs (P1,TP;) and (P, T P,) are weakly Morita equivalent
if and only if 71 (P;) and 71 (P2) are isomorphic (cf. [Xul, Proposition 2.1]).

Indeed, as follows from Proposition 7.1, weakly Morita equivalent man-
ifolds always have isomorphic fundamental groups. To prove the converse,
set Q = (P1 X P2) /T. Here P; and P, are universal coverings of P; and
Py, respectively, and T' is the graph in m(P;) X m1(FP2) of an isomor-
phism 7 (P1) = m1(Ps). Clearly, the natural projections p;: @ — P; and
p2: @ — P> have simply connected fibers. Furthermore, by Example 5.5,
we have isomorphisms piT P, = TQ = p5TP;.

Example 6.8. Let P; and P, be connected symplectic manifolds with alge-
broids T* Py and T™ Py, respectively. The pairs (P, T*P;) and (P, T P») are
weakly Morita equivalent if and only if 71(P;) and 71 (P;) are isomorphic.
By [Xul, Proposition 2.1], this is equivalent to that P, and P» are Morita
equivalent. Indeed, for weak Morita equivalence, algebroids matter only up
to isomorphism. On symplectic manifolds anchor maps are isomorphisms of
algebroids: T*P; =2 TP and T* Py 2 T Py. The assertion follows now from
Example 6.7.

Example 6.9. Let P; and P> be equipped with zero Poisson structures.
(Hence, the algebroids are again T*P; and T™ P, but both anchor maps are
now zero.) Then P; and P» are weakly Morita equivalent if and only if these
manifolds are diffeomorphic. Indeed, in this case the submersions of a weak
Morita equivalence P 2 Q Licd P, must have the same fibers.

Example 6.10. Let P; and P» carry foliations F; and F» and let A = TF;
and Ay = T'F,. Then (P1,A;) and (PQ,AQ) are Weakly Morita equivalent if
and only if there exist submersions P2 Q3 p,with simply connected
fibers and such that the foliations p]F; and p3F> coincide.

Remark 6.11. Weak Morita equivalence of algebroids defined above is an
infinitesimal version equivalence of topological groupoids [MRW]. It would
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be interesting to check if weak Morita equivalence of algebroids is equivalent
to Morita equivalence of groupoids in the integrable case.’ For instance, in
the above examples all algebroids are integrable and Morita equivalence for
the corresponding groupoids is obvious.

6.2. Weak Morita category.

Already the argument in [GL] suggested that Morita equivalence is an iso-
morphism in some category. In this section, we introduce the corresponding
category using weak Morita equivalence which affords more flexibility than
genuine Morita equivalence.

Fix a pair of integers (k,l) with 0 < k < I. A weak Morita (k,1)-
morphism from an algebroid (Pi,A;) to an algebroid (P, Ag) is a pair of
submersions P; 2 Q LS P such that pi-fibers are [-connected and po-fibers
are k-connected and an isomorphism of algebroids pjA; = p5Ay. (See [HM]
for the definition of an isomorphism of algebroids.)

In what follows, we identify two morphisms between the same pairs when
there exists an diffeomorphism between their middle terms, @ and Q’, and
isomorphisms between the pull-back algebroids over Q and Q' such that all
the diagrams that arise are commutative.

Let us define the composition of two weak Morita (k,[)-morphisms

(P,A) & QB (P,A) and (P,A) & S5 (Py,Ay).

Let W C @ x S be the preimage of the diagonal under (o1,02): @ X S —
P x P. It follows by transversality that W is a smooth submanifold of Q) x S.
For (z,y) € W we set \i(z,y) = p1(z) and Aa(z,y) = p2(y). It is easy to
see that the composition is well-defined. (Recall that a morphism is really
an equivalence class.)

Theorem 6.12. (P, A;) & wo s (P2, A2) is a weak Morita (k,l)-
morphism with the isomorphism A\JA; = A\5A9 given by (27) below.

A routine verification, which we omit, now implies
Corollary 6.13. The weak Morita (k,l)-category is indeed a category.

Note that the identity map in this category is P 2 p4p We call
the pairs (P1,A;) and (P2, Ag) weakly Morita l-equivalent when there is a

5The author is grateful to Rui Loja Fernandes for this remark.
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weak Morita ([,!)-morphism between these pairs (but not necessarily an
isomorphism). By symmetry, weak Morita [-equivalence is an equivalence
relation.

Proof of Proposition 6.6. Weak Morita equivalence is just morphism in the
weak Morita (1, 1)-category. O

Proof of Theorem 6.12.  We focus on the properties of A;. For Ao the
reasoning is identical.

To show that \; is a submersion, we need to verify that this map is onto
and so is its derivative (A1)«. The surjectivity is a pure set-theoretic fact.
(Let z € P;. Take any z € p; '(2) and any y € S with oy(z) = 02(y).
Then A\i(z,y) = z.) This argument uses only the assumption that all maps
involved are onto. Hence, the surjectivity also holds in the category of linear
spaces and, in particular, (\1). is onto.

A similar argument shows that the natural projections @ 2w B Sare
also submersions.

Let us check that for z € Pj, the fiber A\ '(2) is I-connected. The
projection A\[*(2) — py*(2) sending (z,y) to x is a submersion whose fiber
over x is 0, *(01(z)). Hence, all fibers and the range of this submersion
are [-connected. By Proposition 7.1, which we state and prove in the next
section, A\ (z) is I-connected.

It remains to define the isomorphism A7A; = A;Ar. First note the
factorizations

A1 =p1p1, A2 =p2p2 and o1p1 = o2p2.
Using functoriality of the pull-back, [HM], we set this isomorphism to be
(27) ATAL = pIpTA1 = ploTA = pios A = pipsAs = AjAg,

where the isomorphisms are induced by the isomorphisms of the algebroids
from the original weak Morita morphisms. This concludes the proof. O

By a straightforward inspection of the definition, we obtain
Proposition 6.14. The algebroid cohomology up to degree | and, forl > 1,

Vect, Vect®® | and K9 are contravariant functors on the weak Morita (k,1)-
category.
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In particular, weak Morita (k,!)-morphisms induce isomorphisms of al-
gebroid cohomology up to degree k and also in Vect, Vectd®f, and Kdef
when k£ > 1. Note also that the cohomology assertion in Proposition 6.14
generalizes a result obtained in [Crl] in the integrable case.

Remark 6.15. With the present equivalence of morphisms, the weak
Morita (k,l)-category has very few isomorphisms. A (k,l)-morphism is an
isomorphism if and only if both p; and ps are diffeomorphisms. (This can
be seen by a simple dimension count together with the description of A\; and
A2 in the proof of Theorem 6.12.) For example, consider the (,1)-category.
The morphisms P; 2 Q R ppand P, &2 Q 2L Py, are inverse to each other if
and only if p; and py are diffeomorphisms. This somewhat counterintuitive
property suggests that, perhaps, one should weaken the equivalence relation
defining morphisms.

Some examples of weak Morita (k,!)-morphisms can be readily found
by modifying Examples 6.7-6.10. The next three examples farther illustrate
the naturality of various constructions under weak Morita morphisms.

Example 6.16 (Weak Morita invariance of characteristic classes).
Consider the homomorphism of algebroid cohomology H*(Ag) — H*(A;) in-
duced by a weak Morita (k,)-morphism from (Py, A1) to (P2, Ag). Then the
Fernandes characteristic classes, [Fe2], of Ay up to degree [ are mapped to
the Fernandes characteristic classes of A;. This follows from the fact that the
pull-back H*(A) — H*(p*A), for a submersion p, sends the characteristic
classes of A to those of p*A.

Additionally, as is easy to see, the canonical line bundle of A; corresponds
to the canonical line bundle of Ay (see Remarks 3.9 and 5.8).

Example 6.17 (Weak Morita invariance of Poisson homology). Let
P; and P, be two weakly Morita [-equivalent Poisson manifolds. Then
the Poisson homology of P and Py are isomorphic up to co-degree l, i.e.,
Hgl_j(Pl) = H;er_j(Pg) for j < I, where n; = dim P, and ne = dim Ps.
(See [Br] for the definition of Poisson homology; see also [GG] for a much
weaker version of this result.) This follows from the duality between the
Poisson homology and the cohomology twisted by the canonical line bundle,
[ELW], and from the fact that the canonical line bundles of P; and P» are
mapped to each other by the equivalence. (The reader should be aware that
the duality is described in [ELW] in different terms.) This example also
generalizes to algebroids.
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Example 6.18. A weak Morita l-equivalence induces isomorphisms of ho-
motopy and (co)homology groups up to degree [. This is a consequence of
Proposition 7.1.

Remark 6.19. The definition of weak Morita (k, [)-category is only one out
of a few inequivalent, but similar, constructions with the same properties.
For instance, one may require the fibers to be simply connected and have
vanishing real cohomology up to degree k or [. All of the above results
would still hold for this alternative definition. Another possible modification
is to replace the isomorphism p7A; = p5Ay by a morphisms of algebroids
pTA1L — p5Ay. (See also Remark 6.15.)

This account of the weak Morita category is by no means intended to
be complete or detailed. Its only goal is to show that the concept is natural
and of some use and many questions are deliberately left out. For instance:
let 1 on P; and F, on P, be Morita l-equivalent foliations. Does the
isomorphism from Example 6.18 preserve their characteristic classes (in the
de Rham cohomology) up to degree [?

7. Appendix: Submersions with [-connected fibers.
The goal of this appendix is to prove the following

Proposition 7.1. Let p: X — Y be a submersion whose fibers are -

connected. Then p induces an isomorphism of homotopy groups m,(X) 5
T (Y) forn <.

Remark 7.2. When pis a fibration, e.g., the fibers of p are compact, Propo-
sition 7.1 follows immediately from the long exact sequence of homotopy
groups.

A statement more general than Proposition 7.1 was announced in [Me].
Below, for the sake of completeness, we prove the proposition.

Proof of Proposition 7.1. For simplicity, let us focus on the case where Y is
l[-connected. Then we need to show that X is also I-connected. The proof
of the general case requires only superficial modifications.

Let us first set notations and terminology. In what follows, B and K
will be compact manifolds possibly with boundary or even with corners. (In
fact, these will be either the sphere S™, the n-ball D", or the n-cube I™.)
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For maps f: B— Y and F: B x K — X, we say that F' covers f or that F'
is a lift of f if p(F(b,y)) = f(b) for all b € B and y € K, i.e., the diagram

Bx K - x

L

is commutative. The same applies to homotopies f; and F}, where ¢ is in
some interval.
Let us now establish some preliminary facts needed for the proof.

Lemma 7.3 (Local extensions of lifts). Let f;: B — Y, t e (—1,1), be
a continuous homotopy and Fy: B x K — X a continuous lift of fo. Then
for a small € > 0, there exists a continuous lift Fy of f; fort € (—¢,e€).

The lemma is clear: Since Fy(B x K) is compact, this set has a neigh-
borhood U such that the restriction of p to U is a trivial fiber bundle.

Lemma 7.4 (Matching homotopies). Let f;: B - Y, t € [-1,1], be a
smooth homotopy. Assume that there is

(i) a continuous lift F;*: B x K — X of f; fort € [~1,0],

(ii) a continuous lift F, : B x K — X of fi fort € [0,1]
such that these two lifts coincide on B x 0K fort =0, i.e., Fy (B X
0K) = F," (B x 0K), and

(iii) a continuous homotopy Gs, s € [0,1], relative B x 0K between F,, and
Fy covering fo. (We call G a connecting homotopy.)

Then there exists a continuous lift Fy, t € [—1,1], of f; which is equal to Fti
for t near £1.

We emphasize that this lemma is nearly obvious. In fact, by inserting
G between F~ and F'T, we obtain a homotopy which is almost a lift of f.
This homotopy requires only a re-parameterization and a minor alteration
in the middle part to be turned into a genuine lift of f. For the sake of
completeness we give a detailed proof.

Proof. Assume first that Y = B x [—1,1] and the homotopy f is just the
identity map. Let

Z= |J Gi(BxK)Cp '(Bx0).
s€[0,1]
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This is a compact set. It is easy to see that there exists a neighborhood
U of Z in p~1(B x 0), a small € > 0, and an embedding U x (—¢,€) — X
such that p(z,t) = (p(x),t), where € U and t € (—¢,€). Here and in what
follows, we identify U x (—¢,€) with a neighborhood of Z in X. For small
|t|, the homotopies Fti take values in this neighborhood.

It is also easy to see that Fti can be changed for small |t| so as to make
Fti independent of ¢t in U x (—¢,€). (In other words, the U-component of
F(y) is constant for all y € B x K and |t| < § < e.) From now on we
assume that FtjE have this property. (The resulting maps can be chosen of
the same smoothness class as the original ones.)

Let ¢: [—6,0] — [0, 1] be a smooth monotone increasing function which
is identically equal to 0 for ¢ near —9 and to 1 for ¢ near §. The required lift
is then given by the formula

F~  for te[-1,-4],
Fy=4q Gyu for te [—9, 6],
F  for tel[51].

Let us now prove the lemma for a general smooth homotopy f: B x
[—1,1] — X. Consider the pull-back submersion f*p: Y — B x [—1, 1] with
the domain

Y ={(a,y) € (Bx[-L1)) xY | f(a)=p(y)}.

By transversality, Y is smooth and f*p: (a,y) — ais a submersion. A lift of
f pulls back to a continuous lift of id. (In fact, this pull-back is of the same
smoothness class as the original lift, as one can check in local coordinates
in the domain of f). Thus F*, F~, and G pull back to maps satisfying the
hypotheses of the lemma and covering id. For these pull-backs the existence
of the lift F' has already been proved. To obtain a lift of f, it remains to
compose this lift with the natural map ¥ — Y. [l

The key step in the proof is the following

Lemma 7.5 (Fillings of lifts). Let B be the closed ball D™ or the cube I"
or the sphere S™ and K = S™. Let F: B x K — X be a continuous lift of
a smooth map f: B — Y. Then, for n 4+ m <, there exists a continuous
lift ®: B x D™ — X of f (called a filling of F) whose restriction to
B x K =BxdD™! is F.

We will need this lemma only for m = 0, but it is more convenient to
prove it for all m with n +m <.
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Proof of Lemma 7.5 for B = D™ and I". We will prove the lemma for
B = I". (This implies the lemma for B = D", for f can always be extended
from D" to some n-cube containing D" and F' can also be extended to
I" x K.) The proof is by induction in n.

For n = 0, i.e., I° = {pt}, the assertion follows from the assumptions
that the fibers of p are [-connected and m < [. Assume that the assertion is
proved for dim B < n.

Set I" = I""! x [0,1] and C; = I"! x {t} for t € [0,1]. Let also
ft = flc, and F; = F|¢,xk. By the induction hypothesis, Fy has a filling
& and hence, by Lemma 7.3, this filling extends over I" ! x [0, €) for some
small € > 0. Consider the maximal open in [0, 1] interval [0,7) (or [0, 1]) over
which a filling ®; of F; exists. If this interval is [0, 1] the proof is finished.
Hence, let us assume that the interval is [0,7) with 0 < r < 1 and arrive
to a contradiction. We will present the proof for » < 1. The argument for
r = 1 requires only minor modifications.

By the induction hypothesis, F,: C, x K — X admits a filling, which
extends to a filling &, over some small interval [r — ¢, r + €], by Lemma
7.3. Now we have two fillings, ®,_. and gr,e, of F._.. These are maps
Cr_e x D™ — X which coincide on C,_, x S™ and hence give rise to a
map Cr_e x 8™t - X covering f,_.5

The induction hypothesis applies to this map, for C,_ . is a cube of
dimension n — 1 and (n — 1) + (m + 1) = n+m < [. Thus it has a filling,
which can be thought of as a homotopy G between ®,_,. and Cfr,e which
covers fr_..

Lemma 7.4 applies to the homotopy ®; for ¢t € [0,7 — €], the homotopy
&, for t € [r — €,7 + €], and the connecting homotopy G. As a result, we
obtain a filling of F; for ¢ € [0,r + €]. This contradicts the choice of r. [

Proof of Lemma 7.5 for B = S™. As in the proof for B = D", we argue
inductively. For n = 0 and m < [, the image F(S° x S™) is comprised of
two mapped m-spheres contained in the fibers of p. Since these fibers are
l-connected, the filling does exist.

Assuming that the lemma is proved for dim B < n, we establish it for
S™. Let us think of S™ as the union of two hemispheres: S™ = D" U D".

6This map may fail to be smooth at the points of C,_. x S™ even if all the
maps considered prior to this moment are. Although a smoothing argument can be
applied here, we prefer to work with continuous lifts. In fact, this is the only reason
why we ever need to drop the smoothness assumption; the proofs of Lemmas 7.3
and 7.4 go through in the smooth category.
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Lemma 7.5 has already been proved for the discs and, hence, it applies to
F. =F| D x§m. As a result we obtain two fillings & over the hemispheres.
Along the “equator” S™"~! x §™ of S™ x S™, &, are fillings of the same map
F|gn-1,gm. Hence, ®. give rise to a continuous map S"~! x ™! - X
covering f|gn-1. By the induction hypothesis, this map has a filling and
this filling can be viewed as a connecting homotopy G between ®_|gn—1, gm
and @ |gn-14,9m. Applying Lemma 7.4 to ®_, &, and G, we obtain the
required filling for F'. O

Lemma 7.6 (Lifting discs). For every smooth map f: D™ — Y, where
n <[+ 1, there exists a continuous lift F': D™ — X.

Remark 7.7. Once a continuous lift is found, it is not hard show that a
smooth lift also exists.

Proof of Lemma 7.6. We only outline the argument, for it is very similar
to the proof of Lemma 7.5. As in that proof we replace D" by I".

Arguing inductively, we assume that the lemma is proved for the cubes
of dimension less than n. As above, we set C; = I" ! x {t} and f; = fl¢,,
where 1™ = I"~! x [0, 1], and consider the maximal open interval in [0, 1]
over which the lift exists and which contains 0. Denote this lift by F;. Let
us assume that the interval has the form [0,7) with 0 < r < 1 and arrive to
contradiction. As in the proof of Lemma 7.5, we focus on the case r < 1.
(The case r =1 is handled similarly.)

By the induction assumption, we can lift f. to X and then, using Lemma
7.3, extend it to a homotopy ﬁt, t € [r—e¢,r+¢, for a small € > 0. Thus we
have two lifts of f,_., namely, F,_. and ﬁr_e. Together these lifts give rise
to a map I" ! x SO covering f._.. Applying Lemma 7.5, we find a filling
for this map. This filling is nothing else but a homotopy between F,_. and
F, . covering fr .. By Lemma 7.4, the lift of f; extends to the interval
[0,7 + €], which contradicts the choice of r. O

Now we are in a position to finish the proof of Proposition 7.1 under
the assumption that Y is [-connected. Let Fy: S™ — X, where n <[, be a
smooth map and let f: D"*! — Y be a smooth homotopy of pFy = f|gn-1
to a point. We will find a continuous homotopy F': D™ — X of Fj to a
point. By Lemma 7.6, there exists a lift F: D" — X of f. Furthermore,
by Lemma, 7.3, Fy can be extended to a little closed collar U of S™ in D™+1,
Let F be this extension. Denote by C the inner boundary of U in D"t!.
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Thus C is the sphere S™ over which we have two lifts F|¢ and F|¢ of flc.
These lifts comprise a map C x S° — X covering f|¢, which, by Lemma 7.5,
have a filling. This filling is a homotopy G between F|c and F |c covering
flo. Applying Lemma 7.4, we obtain the required lift F. O

In Proposition 7.1 (and in Lemma 7.6) the assumption that p is a sub-
mersion is essential and cannot be replaced by the assumption that p is
onto.

Example 7.8. We start with an example where Y and all fibers are con-
nected, but X is not. Let X be the disjoint union of three copies of R which
we denote by X_, Xy, and X and let Y = R. Let f map diffeomorphically
X_ and X, onto (—o0,0) and, respectively, (0,00) and set f(Xp) = 0. Ev-
ery fiber is either a point or Xo = R and Y is also connected. However, X
has three connected components.

Next we give an example where all fibers and Y are simply connected,
but X is not simply connected. Consider a smooth map p: R?2 — R such
that p~1(0) is the strip 0 < = < 1 in R? and p~!(p) is a vertical line in R?
for every p # 0. (It is easy to see that such a map does exist.) Let now
X =R?2 < {(0,0)} and Y = R. Then a fiber of p is either a vertical line
or the strip 0 < z < 1 with one point on its boundary deleted. Hence, all
fibers of p are simply connected and so is Y. However, 71(X) = Z.
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