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We classify all cocompact torsion-free derived arithmetic Fuch-
sian groups of genus two by commensurability class. In par-
ticular, we show that there exist no such groups arising from
quaternion algebras over number fields of degree greater than 5.
We also prove some results on the existence and form of max-
imal orders for a class of quaternion algebras related to these
groups. Using these results in conjunction with a computer
program, one can determine an explicit set of generators for
each derived arithmetic Fuchsian group containing a torsion-
free subgroup of genus two. We show this for a number of
examples.

1. INTRODUCTION

It is a well-known result that there are finitely many con-
jugacy classes of arithmetic Fuchsian groups with a given
signature [Maclachlan and Rosenberger 83, Takeuchi
83]. Extensive work has been done classifying the set
of PGLy(R)-conjugacy classes of various two-generator
arithmetic Fuchsian groups: triangle groups [Takeuchi
77], groups of signature (1;e) [Takeuchi 83], and groups
of signature (0;2,2,2,q) [Maclachlan and Rosenberger
92, Ackermann et al. 03]. In this paper we make progress
in classifying arithmetic Fuchsian groups of signature
(2; —), i.e., genus-two surface groups. This is a signif-
icantly more difficult problem than the two-generator
case, since these groups have much larger coarea.

An arithmetic Fuchsian group is described by the (pro-
jectivized) group of units I'}) in a maximal order O of a
quaternion algebra over a totally real number field. A
derived arithmetic Fuchsian group is a subgroup of such
a I'y. Our first main result is the classification by com-
mensurability class of derived arithmetic Fuchsian groups
of genus two, and this is summarized in Theorem 4.10.
There is a finite list of signatures of groups that contain
a subgroup of signature (2; —).

Following [Maclachlan and Rosenberger 92], we clas-
sify all commensurability classes of derived arithmetic
Fuchsian groups of the form I'{y with one of these signa-
tures by invariant quaternion algebra. Furthermore, we
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determine all PGLy(R)-conjugacy classes of the groups
I'l. Sections 3 and 4 of this paper are devoted to this
result and its proof.

Section 5 contains our second main result, a tech-
nique for finding all PGLy(R)-conjugacy classes of de-
rived arithmetic Fuchsian groups of signature (2; —). In
general, the number of conjugacy classes of a subgroup
of '}, is not necessarily equal to the number of PGL2(R)-
conjugacy classes of the group F%). However, if I‘}D has
signature (1;2,2), (0;2,2,2,2,2,2), or (2;—), then the
index of the genus-two subgroup I' is 4, 2, or 1, respec-
tively. In these cases, we can use a fundamental region
along with our results from Theorem 4.10 to determine
an explicit set of generators for I'f) (using a computer
program). This ultimately pins down the PGLy(R)-
conjugacy class of the genus-two subgroup I', since this
is determined by the traces of certain products of the
group generators. Although our methods are essentially
computational, we also prove some general results on the
structure of maximal orders for a class of quaternion alge-
bras associated with arithmetic Fuchsian groups. In the
last section, we use our results to explicitly determine a
set of generators for a few examples of derived arithmetic
Fuchsian groups of signature (2; —).

2.  PRELIMINARIES

In order to state and prove our main results, it is neces-
sary to give a brief overview of the theory of arithmetic
Fuchsian groups. This includes a small section of num-
ber theory consisting of definitions and results that will
figure prominently in our proofs.

2.1 Fuchsian Groups

In this section we collect some standard results concern-
ing Fuchsian groups. A Fuchsian group is a discrete sub-
group of PSLy(R) that acts properly discontinuously on
the hyperbolic plane H?. Fuchsian groups of the first
kind have a presentation of the form

<a17b17"'aagabgvclv"'vcrapl -y Ps
g

r S
m M
H[ai,bi]ch Hpk,cl Lo >,
=1 k=1

=1

where the ¢; represent the r conjugacy classes of maximal
cyclic subgroups of order m; for i = 1,...,r. A Fuchsian
group I' with the above presentation has signature

(2-1)

(g;ma,...,mp;8).

Note that I' is cocompact if and only if s = 0. Since we
will be concerned only with cocompact groups, we will
abbreviate the signature to (g;mi,...,m,). A finitely
generated Fuchsian group I' of the first kind has finite
coarea, i.e., H? /T has finite hyperbolic area, and its area
can be computed using the Riemann—Hurwitz formula

L 2 - " m; — 1
w(T) := area(H*/T") = 277(29 -2+ ; - + s)
(2-2)
Furthermore, if Ty C T are Fuchsian groups and |T" :
1| =M, then pu(Ty) = M - u(T).

Also, recall that two Fuchsian groups I'; and I'y are
commensurable if they share a finite-index subgroup, i.e.,
Ty : T1NTy] < oo and T2 : Ty M| < 0o. The commen-
surability class of a group I' is the collection of groups
with which I' is commensurable.

2.2 Arithmetic Fuchsian and Derived Arithmetic
Fuchsian Groups

An arithmetic Fuchsian group has finite coarea and there-
fore is necessarily of the first kind. Arithmetic Fuchsian
groups are defined via quaternion algebras over totally
real number fields. If k is a number field and A a quater-
nion algebra over k, i.e., a four-dimensional central sim-
ple algebra over k, then any quaternion algebra has an
associated Hilbert symbol

a,b
A‘(?)’

where i? = a, j2 = b, ij = —ji for some a,b € k*.

The algebra A is ramified at a real infinite place o of
kif A @y R = H, where 3 denotes the Hamiltonian
quaternions, and unramified at o if A ®, ) R = My(R).

Similarly, if v is a finite place of k and k, the comple-
tion of k corresponding to v, then A is ramified at v if
A®y ky is a division algebra. Otherwise, A is unramified
at v and A ®y, k, = Ma(k,).

The ramification set of A will be denoted by Ram(A).
Furthermore, Ram(A4) = Ramy(A4) U Ramy(A), where
Ramy(A) (respectively Ramq(A)) denotes the set of fi-
nite (infinite) places at which A is ramified. We will
denote the product of the primes at which A is ramified
by A(A).

We will use the following standard results on quater-
nion algebras (see [Maclachlan and Reid 03]):

(i) Let A be a quaternion algebra over a number field
k. The number of places at which A is ramified is of
even cardinality.
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(ii) Given a number field &k,
{o1,...,0.} of real infinite places of k, and a collec-
tion So = {P1,..., P} of finite places of k such that
r—+s is even, there exists a quaternion algebra defined
over k with Ramo.(A) = 51 and Ramy(A4) = S,.

a collection S; =

(iii) Let A and A’ be quaternion algebras over a number
field k. Then A = A’ if and only if Ram(4) =
Ram(A").

An order O of A is a complete Ry-lattice that is also
a ring with unity, where Ry is the ring of integers in the
number field k. Furthermore, an order O is mazimal if it
is maximal with respect to inclusion.

Let k be a totally real field with |k : Q| =n, and A a
quaternion algebra over k that is ramified at all but one
real place. Then

AR = My(R) @ H" 1.

If p is the unique k-embedding of A into M(R) and
O is a maximal order in A, then the image under p of
the group O! of elements of norm 1 in O is contained
in SLy(R) and the group Pp(0') C PSLy(R) forms a
finite-coarea Fuchsian group. A subgroup I' of PSLy(R)
is an arithmetic Fuchsian group if it is commensurable
with some such Pp(O!). In addition, I is derived from
a quaternion algebra or is a derived arithmetic Fuchsian
group if ' C Pp(O!). We will denote Pp(O') by I'y,. The
area of H?/T'y) can be computed by the following formula
[Borel 81]:

8rdy* o (2) g  a () (N(P) — 1)

area(H?/T') = (472)1k:Q]

) (273)

where dj, is the discriminant of the number field k& and
( is the Dedekind zeta function of the field k defined for
R(s) > 1 by Cu(s) =>; ﬁ (the sum is over all ideals
in Rk)

Notation. 2.1. Throughout the remainder of the article,
we will use DAFG to denote a derived arithmetic Fuchsian

group.

If T is an arithmetic Fuchsian group, then the corre-
sponding quaternion algebra AT is uniquely determined
up to isomorphism and is called the invariant quaternion
algebra of T'. Moreover, two arithmetic Fuchsian groups
are commensurable if and only if their invariant quater-
nion algebras are isomorphic [Takeuchi 77].

2.3 Number of Conjugacy Classes

The number of PGLy(R)-conjugacy classes of an arith-
metic Fuchsian group depends on the infinite places of
the number field k and the number of conjugacy classes of
maximal orders of the quaternion algebra A. We will be
concerned solely with PGLo(R)-conjugacy classes here,
so throughout the text, conjugacy class should be inter-
preted as PGLg(IR)-conjugacy class. Most of what follows
can be found in [Vignéras 80].

For any maximal order O of A, I'g will denote the
arithmetic Fuchsian group

o ={z e A*z02"" = O}.

Let O and O’ be two maximal orders in quaternion alge-
bras A/k and A’/k', respectively. If the groups I'g and
o are conjugate, then k and k' are isomorphic and

aLhr~t =T

A result in [Vignéras 80] states that two groups I'
and T'y, are conjugate if and only if there exists a Q-
isomorphism 7 such that 7(A) = A’ and O’ = 7(a0a™1)
with a € A.

The class number h = h(k) of k is the order of the class
group I/ Py, where I is the group of fractional ideals of
Ry, and Py the group of nonzero principal ideals of Ry.
Let

kX ={x€k]|o(k)>0forall c € Rams(4)}.

The restricted class group, whose order we will denote by
hs, is the group

It/ P oo,
where Py, o is the group of principal ideals with generator
in k% . We also have that

~ han!
R RENEE|

(oo}

heo (2-4)
where R} is the group of units of R;. The number of
conjugacy classes of maximal orders in a quaternion al-
gebra A defined over k, denoted by t = t(A), is finite
and is called the type number of A. It is the order of the
quotient of the restricted class group of k£ by the sub-
group generated by the squares of the ideals of Ry and
the prime ideals dividing the discriminant A(A); so we

have
1,

IZDPy
where D is the subgroup of prime ideals dividing the
discriminant A(A). It follows that ¢ divides hs. In many

t= : (2-5)
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cases, hoo = 1, and we will use this to show that ¢t = 1.
Also, in the case that Ramy¢(A) = @ and h = 1, from the
definitions above one can deduce that ¢t = hoo.

2.4 Torsion in Arithmetic Fuchsian Groups

Throughout this section and the remainder of the text,
Com will denote a primitive 2mth root of unity. Also,
km will denote the field Q(cos(7)), which is the unique
totally real subfield of Q((a,,) of index 2. Note that when
m is odd, Q(Cam) = Q((m). The existence of torsion in
an arithmetic Fuchsian group I'yy defined over a number
field k depends primarily on the subfields of k of the form
k., and the existence of embeddings of suitable quadratic
extensions of k into the invariant quaternion algebra A.
A more detailed treatment of this topic can be found in
[Maclachlan and Reid 03, Chapter 12].

Let Al denote the elements of norm 1 in A, and P(A?)
its projectivization. Let O be a maximal order in A and
suppose the group 1"%) contains an element of order m.
Then P(A!) contains an element of order m and A' con-
tains an element u of order 2m. This implies that tru € k
and hence k,, C k. Furthermore, k((2,,) is a quadratic
extension of k that embeds in A.

Conversely, using the following theorem, one can show
that if k(Capm)/k is a quadratic extension that embeds in
A, then I‘}D necessarily contains elements of order m.

Theorem 2.2. [Chinburg and Friedman 99] Let k be a
number field and A a quaternion division algebra over k
such that there is at least one infinite place of k at which
A is unramified. Let Q be a commutative Ry -order whose
field of quotients L is a quadratic extension of k such
that L C A. Then every mazximal order in A contains a
conjugate of Q except possibly when both of the following
conditions hold:

(a) L and A are unramified at all finite places and ram-
ified at exactly the same set of real places of k;

(b) all prime ideals P dividing the relative discriminant
ideal doyg, of Q are split in L/k.

The order Q = Ry[(2m] is a commutative Rg-order
whose field of quotients is L = k((2,,). In the case of
arithmetic Fuchsian groups, the field k is totally real and
the field k(Car) is a totally imaginary extension of Q.
Therefore, all real places of k are ramified in k((om)/k;
however, the algebra A is ramified at all real places but
one. So condition (a) of Theorem 2.2 never holds. Thus,
if L C A, then every maximal order O of A will contain

elements of order 2m. Therefore, if P(A!) contains ele-
ments of order m, then so will I‘%) for any maximal order
O of A. We have just proved the following result.

Theorem 2.3. An arithmetic Fuchsian group I‘}D contains
an element of order m if and only if the field k(Cam)
embeds in A.

The following theorem gives necessary and sufficient
conditions for the embedding of the extension k({2 )/k
into the quaternion algebra A.

Theorem 2.4. [Maclachlan and Reid 03] Let A be a
quaternion algebra over a number field k and let £/k be
a quadratic extension. Then ¢ embeds in A if and only if
LRy ky s a field for each v € Ram(A).

We can use this theorem along with Theorem 2.2 to
give a characterization of the existence of torsion in the
groups I'yy. This result will be used frequently in the
proof of Theorem 4.10:

Lemma 2.5. Let k be a totally real number field such that
km C k, A is a quaternion algebra ramified at all but one
real place over k, and O is a maximal order in A. The
group Ty will contain an element of order m if and only

if P does not split in k(Cam)/k for all P € Ramy(A).

Proof: Let (o, be a primitive 2mth root of unity. By
Theorem 2.4, the quadratic extension k((a.,) of k embeds
in A if and only if k(Cam) ®k ky is a field for each v €
Ram(A). Since k(C2pm) is totally imaginary, k(Com) @k ke
is always a field for all v € Ramy(A). Moreover, for
P € Ramy(A), k(Com) ®k kp is a field if and only if P
does not split in k(C2pm,)/k. Theorem 2.3 now gives the
desired conclusion. O

If k is a totally real field, the relative class number h~
for the extension k(o )/k is defined as

- _ h(k(CZm))

h h(k)

€z,

where h(k((2m)) is the class number of k((2m)/Q and
h(k) is the class number of k (see [Washington 97, p. 38]).

If a maximal order O in A contains elements of finite
order, then we can calculate the number a,, of conju-
gacy classes of maximal cyclic subgroups of order m in
'y, provided that {1, (2, } is a relative integral basis for
the quadratic extension k((apm,)/k [Schneider 75]. If this
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assumption holds, then

h~ k(Cam
e (1 (M)
|Rk(<27n) : Rk(sz)|
(2-6)

) is the Artin symbol (which is equal to 1,

where (—k(%?“)

0, or —1, according to whether P splits, ramifies, or is
inert in the extension k((2.,)/k) and

*(2) _ * *(2)
Riom) = {x € R (on) | Nk(cam) 16 (7) € Ry, }

In some cases, we can use the following lemma to sim-
plify formula (2-6).

Lemma 2.6. Let k be a totally real number field of odd
degree and suppose {1,(am} is a relative mtegml baszs
for k(Com)/k - If h™ is odd, then |Ry ., - k(sz)|

Proof:  Both quantities h(k((zm))/h and |Rj .,

Rk(g )| depend only on the number field k£ and hence
are independent of the quaternion algebra A. Since
‘Rk(@m) : Rzgzm)‘ is a finite 2-group, its order is 2",
for some nonnegative integer n. If |k : Q| is odd, then let
A be a quaternion algebra unramified at all finite places.

Since
h(k(Cam
o hHGn)

BB B
and h™ = h(k({am))/h is odd, we must have

* Cpr2) |

Recam) * Bi(gomy| = 1

completing the proof of the lemma. O

Since (3 will arise frequently in our calculations, we
will fix the notation w = (3. Furthermore, the following
lemma can often be used to simplify formula (2-6).

Lemma 2.7. Suppose that k is a totally real number field
and that 2 is unramified in k/Q. Then

|Riy « R k(l | =1

Likewise, if 3 is unramified in k/Q, then
|Riw)  Byoh| = 1.
The proof of Lemma 2.7 requires the following two

general facts (see respectively [Ribenboim 72, Chapter
10] and [Parry 75]).

Fact 2.8. Let k be a totally real number field such that
dy, is not divisible by 2. Then {1,i} is a relative integral
basis for k(i)/k. Likewise, if di is not divisible by 3, then
{1,w} is a relative integral basis for k(w)/k.

Fact 2.9. Let k be a totally real number field and K a
totally imaginary quadratic extension of k. Then every
unit € of K has the form e = ( -n, where ¢ is a root of
unity with (2 € K and n is a real unit with n* € k.

Proof Proof of Lemma 2.7.: Let us first consider the case
k(7). Since 2 does not divide the discriminant of k, {1,4}
is a relative integral basis for the extension k(z)/k. Sup-

pose that
s . s
cos (—) “+1281n (—)
m m

is a root of unity in k(7). Since this is also an algebraic
integer, it can be written as a+ bi, where a,b € Rj,. Now,
the only solutions of

™ A .

cos (—) + i sin (—) =a+b

m m

correspond to the units £1 and +i. By Fact 2.9, any unit
€ of k(i) is of the form € = ( - n, where (? = 41, +i and
n € k is a real unit. Again, using the relative integral
basis, let € = a + bi for some a,b € Rj. Any unit € € k(7)
must satisfy the equation

e =(*n® = (a+bi)*> = (a® — b?) + 2abi.

There are two possible cases to consider:

Case 1: +in? = (a® — b?) + 2abi.

Case 2: +n? = (a® — b?) + 2abi.

In Case 1, we must have a = +b and in? = +-2a?%i. Since
a is real, this implies 7 = 2a2.
gebraic integer, 2a? is not a unit. Therefore, no unit e
corresponds to this case. In Case 2, either a = 0 or b = 0.
Hence, £7? = a? or b%. Therefore, the units in k(i) are
of the form € = 4a or € = +bi. Since € is a unit, this
implies a € R} or b € R} and hence n* € R;?. In either
case, we have

But since a is an al-

Niiy/i(€) = Nigayyu(£n) = 1.

This means that every unit of k(i) has norm lying in R}?
and so

w Lop*(2)

‘Rk(i) PRyGy =

The proof for k(w) is similar. 0
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It will be necessary for us to determine which periods
can arise in the various number fields k. First, If k,,, C k,
then |k, : Q| divides |k : Q| and dj,, divides dj. With
this in mind, we will require the following properties of
the cyclotomic field Q((2p) = Q((p) and its proper sub-
field k, = Q(cos(w/p)) when p > 3 is a prime.

Proposition 2.10. Let p > 3 be a prime. Then:
(i) [kp: Q=257

(i) do,) = PP~ %

p—3

(iii) dy, = p"= .

Proof: This first part follows from the fact that |Q((,) :
Q| = p—1 and that k, is a proper subfield of index two.
The second and third parts can be found in [Washington
97, pp. 9, 28]. O

3. BOUNDS ON THE DEGREE OF THE
NUMBER FIELD K

In this section, we classify commensurability classes of
DAFGs of signature (2; —) by invariant quaternion alge-
bra. First, we determine all possible signatures of Fuch-
sian groups that can contain a subgroup of signature
(2;—). Then, using arithmetic data, we show that all
arithmetic Fuchsian groups 1"%) with one of these signa-
tures are defined over number fields of degree less than
or equal to 5.

The following theorem gives necessary and sufficient
conditions for the existence of torsion-free subgroups of
a given index in a Fuchsian group:

Theorem 3.1. [Edmonds et al. 82] Let T' be a finitely
generated Fuchsian group with the standard presentation

<alabla'"aagvbgacla'"ac’l“vpl---aps|
n

T S
H[ai,bi] H ¢j, Hpk,c’l’“, . .,c’r’“>.
k=1

i=1 j=1

Then T' has a torsion-free subgroup of finite index k >
1 if and only if k is divisible by 2°\, where X =
lem(my,...,m;), and ¢ = 0 if T' has even type, while
e =1 if T has odd type. (T’ has odd type if s = 0, X\ is
even, but A\/m; is odd for exactly an odd number of m;;
otherwise, T' has even type.)

We will use this result to prove the following lemma:

Lemma 3.2. Let I' be a cocompact Fuchsian group con-
taining a genus-two surface group. Then I' has one of
the following signatures:

(0;2,3,7), (0;2,3,8), (0;2,3,9), (0;2,3,10),

(0;2,3,12), (0;2,4,5), (0;2,4,6), (0;2,4,8),

(0;2,4,12), (0;2,5,5), (0;2,5,6), (0;2,5,10),

(0;2,6,6), (0;2,8,8), (0;3,3,4), (0;3,3,5),

(0;3,3,6), (0;3,3,9), (0;3,4,4), (0;3,6,6),

(0;4,4,4), (0;5,5,5), (0;2,2,2,3), (0;2,2,2,4),

(0;2,2,2,6), (0;2,2,3,3), (0;2,2,4,4), (0;3,3,3,3),

(0;2,2,2,2,2), (0;2,2,2,2,2,2), (1;2), (1;3), (1;2,2).

Proof: If T'1 is a genus-two surface subgroup of I', then
Mup(T) = p(T'1) = 4w, where M = |I' : T'y|. This implies
w(I'y) < 4. In particular, the genus g of I must be less
than or equal to 2.

Furthermore, by Theorem 3.1, depending on the sig-
nature of the group I', either A or 2\ divides the index
M, where A = lem(my, ..
on the possible torsion of I'. In particular, for fixed g,
this gives us an upper bound on the number of conjugacy

.,my). This gives us bounds

classes of elliptic elements:

(1) If g = 0, then I has at most six conjugacy classes of
elliptic elements.

(2) If g = 1, then T has at most two conjugacy classes
of elliptic elements.

(3) If g = 2, then I" has no elliptic elements and I" = T';.

For example, suppose g = 0 and I' has four conjugacy
classes of elliptic elements x; of order m;, 1 <i < 4. By
the Riemann—Hurwitz formula (2-2),

L m— 1
u(F):27r(—2+Z — )
i=1 ‘

Therefore, if I contains a torsion-free subgroup of genus
two, then

-1

m;
m;

4
Mu(T) = 2M7r( 2+

=1

) =4r = p(T).

This translates to the existence of integers M,m;, 1 <
1 < 4, satisfying the equation
4

mg; — 1 2
= — +2. 3-1
2wt o
In addition, A\ = lem(mg,...,my4) divides M. Since

w(T) > 0, there exists at least one x; with order m; > 2.
Also, we can deduce the following two facts:
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(i) There cannot exist more than two distinct m; corre-
sponding to the x;.

(ii) fm; >2forall 1 <i<4,thenm; =---=my =3.

If (i) does not hold, then my > 2, my > 3, mg > 4, and
M > )\ > 6, and this gives the following contradiction:

4
29 m; — 1 2 28
— < = —42< —.
127,Z m; M+ 12

Similarly, if (ii) does not hold, then M > A > 4, and we
arrive at the contradiction

1 mi—1 2

9
— 42—
M+ — 4

i

4
<

m;

i=1

Without loss of generality, suppose z1 < x9 < -+
We then have the following four cases:

S Zy.

Case 1: m; = mo = mg = 2 and my = m > 2. In this
case, equation (3-1) becomes

3+m—1_ 2 +2<:)m—1_ 2 +1

2 m M m M 2
The solution m = M = 6 gives the maximal value of
m. The only other solutions in this case occur when

(m, M) = (3,12), (4,8).

Case 2: m; = mo = 2 and m = m3g = my > 2. Again,
equation (3-1) becomes
2(m—1) 2 2(m—1) 2

=— 424 —F=—+1.

1
+ m M m M

The case m = N gives the maximal value for m,
and this occurs when m = M = 4. The only other
possible solution occurs when (m, M) = (3, 6).

Case 3: m; = 2 and m = my = m3z = my > 2. Equa-
tion (3-1) translates to
1 3(m-1) 2
R AT 7 A
2 + m M +
and one can easily verify that there exist no integer
solutions to this equation.

Case 4: m = mqy = mg = m3 = my > 2. In this situa-
tion,
4(m —1) 2

= — 42
m M—’_7

and m = M = 3 is the only solution.

The existence of a torsion-free subgroup of index M
for a group of fixed signature is guaranteed by The-
orem 3.1.
signature (0; x1, x2, x3, x4) containing a torsion-free sub-
group of genus 2 are those with signatures (0;2,2,2,3),
(0;2,2,2,4), (0;2,2,2,6), (0;2,2,3,3), (0;2,2,4,4), and
(0;3,3,3,3). In this manner, we analyze torsion in groups
of a fixed signature to obtain the list in the lemma. [

Therefore, the only Fuchsian groups with

Proposition 3.3. There exist no DAFGs of signature (2; —)
arising from quaternion algebras over number fields of
degree greater than 5.

Proof: If Ty contains a genus-two surface group I' of
index M = |T'§ : T, then

() = 4r = Mu(T'h) (3-2)
_ Mgﬂdi/ng(2)Ho>|A(A)(N(?) -1)
o (47r2)|k5Q| ’
In particular, this implies
8mdy/ (e (2)1 (N(P) = 1)
> b ok (4:2‘;‘“(;3 . (3-3)
Note that
(N(P))?
Ck(2) (N(P)—1) > ~o o (34)
fPlA_!A) TEA) (N(@)+1)
if |k : Q] is odd,

1
2 4
3

Using HT\A(A)(N(?) —1) > 1 and (x(2) > 1 in the
above inequality gives

if |k : Q] is even.

87Td2/ ’
We now use Odlyzko’s lower bounds [Odlyzko 75] on the

discriminant of a totally real number field to get an upper
bound on the degree of k:

(3-9)

|d| > (2.439 x 107%)(29.099)",

where n = |k : Q|. Using these estimates in inequality
(3-5) gives n < 8.

However, the smallest discriminant of a totally real
field of degree 7 or 8 is 20,134,393 or 282,300,416, respec-
tively [Cohen et al. 95, Pohst et al. 90]. In each case,
inequality (3-3) is violated:

- 3/2
P grds/? 8@0(+4)393>/z 15.1925 > 4,
T (m?) kAl ) IO & 90,2036 > 4.



354  Experimental Mathematics, Vol. 17 (2008), No. 3

Hence, there cannot exist a DAFG of signature (2;—) if
|k:Q|>71.

To eliminate the case |k : Q] = 6, we again exploit
the area formula (2-3) and inequality (3-4) to get the
following inequality:

u(l) = 4m
> 0L T 8rdy > ¢ (2)p a4y (N(P) — 1)
Y (4m2)0
32nd>/
= 3{@Em2)

This gives us the following upper bound on the discrim-
inant dj:

(3-6)

216\ 2/3
dp, < <@> < 1,263,165.
According to the lists from [Cohen et al. 95], there are
20 number fields & of degree 6 satisfying the above in-
equality. For each field k, we investigate the behav-
ior of small primes and, if necessary, estimate (x(2) us-
ing PARI. Since n = 6, |[Ramy(A)| # @. Therefore,
H(P|A(A)(N(:P) — 1) > N(fpo) — 1, where Pg is the prime
of smallest norm in k.

For example, consider the totally real field k& of degree
6 and discriminant d = 722,000. A minimal polynomial
for kis f(x) = 2% —2° — 621+ 723+ 422 —5x+1. By PARI,
the prime of smallest norm in Ry is the unique prime P
lying over 2 with N(P) = 4. This implies that any group
I'y defined over k has area at least

srdy/*Cu(2)-3 21w A

T @ s
Hence, there exist no DAFGs of signature (2; —) defined
over k. In this fashion, we obtain a contradiction to the
inequality p(I") < 47 for each totally real field k of degree
6 with discriminant dj, satisfying (3-6). O

4. CLASSIFICATION BY COMMENSURABILITY CLASS

In this section, we classify DAFGs of signature (2;—)
by invariant quaternion algebra. All the groups in
Lemma 3.2 except those with one of the three signa-
tures (1;2,2), (0;2,2,2,2,2,2), and (2; —) have commen-
surability classes that have already been classified; i.e.,
they are all commensurable with an arithmetic Fuch-
sian triangle group or one having signature (1;e) or
(0;2,2,2,€). So it suffices to classify the commensura-
bility classes of the groups I'ty of these remaining three

types and to extract the relevant results from [Acker-
mann et al. 03, Maclachlan and Rosenberger 92, Takeuchi
77, Takeuchi 83].

The proof classification is exhaustive. For each fixed
degree |k : Q|, we use equation (2-3) to get upper bounds
on the discriminant of the number field k. Then we deter-
mine the existence of all quaternion algebras whose unit
groups have one of the above three signatures. Rather
than go through an analysis of each number field that can
correspond to such an arithmetic Fuchsian group, we give
an idea of the overall approach by a few illustrative ex-
amples. Our argument will be organized by the degree
of the number field.

We will make extensive use of the following lemma,
which is particularly useful in the case |k : Q| odd (since
we can have Ramy(A) = @ in this case):

Lemma 4.1. If A is a quaternion algebra defined over a
totally real field ramified at all but one infinite place and
unramified at all finite places, then T'¢y contains elements
of orders 2 and 3. Furthermore, if I' is a genus-two sur-
face group contained in Ty for O a mazimal order in A,
then 6 divides |[I'¢, : I'|.

Proof: Since Ramy(A) is empty, by Lemma 2.5, there is
no obstruction to embedding £ in O, where £ = Q(i) or
Q(w). Therefore, any order O in A will contain elements
of orders 2 and 3. By Theorem 3.1, if I'}} has signature
(g;21,...,2,) and ' C I'}y is torsion-free, then 6 divides
A, which in turn divides [T}, : . O

4.1 Quintic Number Fields

Lemma 4.2. For |k : Q| = 5, the only DAFGSs of signature
(2; —) arise from quaternion algebras over the totally real
fields of discriminants dy = 38,569, 36,497, and 24,217.

Proof: Suppose there exists a DAFG I' < T'fy of genus
two that is torsion-free and defined over a totally real
quintic number field k. Using the inequalities (;(2) > 1,
[Tpjaca)(N(P)=1) = 1 in conjunction with (2-3), we get
that

dy < 131,981.

However, if Ram(A) = @, the index M = [I'}, : T is
greater than or equal to 6 by Lemma 4.1. Substituting
back into the area formula (2-3) gives dj, < 39,970. For
those fields with 39,970 < di < 131,981, we analyze the
behavior of small primes in k£ to determine the possible
ramification sets for each field k. According to [Cohen et
al. 95], there are 15 number fields with dj < 131,981. In
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a few cases, small primes do exist, but we can eliminate
these cases using torsion.

For example, let k£ be the number field with discrim-
inant dy = 106,069. Using the minimal polynomial
f(z) = 2° — 22* — 423 + T2% 4 32 — 4 to generate the
k in PARI, we compute that

8 - 106,0693/2(,(2)
(4m2)5

= 4.

Furthermore, there exists a unique prime P of norm 2 in
Ry,. Together with the fact that | Ramy(A)]| is even, this
implies that Rams(A) = @. So, by (2-3), u(T'y) = 4w
for any maximal order O in A. However, by Lemma 4.1,
I‘}D contains elements of orders 2 and 3. Hence, F%) is not
torsion-free, and since p(I'}) = 4, it is not a genus-two
surface group, nor does it contain a genus-two subgroup.

The case di, = 38,569 yields a positive result. By PARI,
using the minimal polynomial f(z) = 2° — 523 + 42 — 1,
we compute that

8 - 38,569%/2¢,(2) 27
I'y) = : = .
,LL( O) (47‘(‘2)5 3

So if I' C I'y has signature (2;—), then the following
equation must be satisfied:

4 = p(T) = Mu(Ty) = T H9>|A<A)3(N(ﬂ’) - 1)’

(4-1)

where M = |T' : T|.

Again the only solution to the above equation occurs
when M = 6 and Ramy(A) = @. Since d = 38,569
is prime, k£ contains no proper subfields other than Q.
Thus, the only possibilities for elements of finite order in
O are 2 and 3. By Lemma 4.1, any group F%) contains
elements of orders 2 and 3. So, in this case we get

M(rg):%” :2w(2g—2+a—;+%>.

We see that the only solution to this equation is ay =
as = 2. Hence, I' has signature (0;2, 2, 3, 3) in this case,
and Theorem 3.1 guarantees the existence of a torsion-
free subgroup of index 6.

The totally real number fields of degree 5 with dis-
criminants 36,497 and 24,217 are the only other fields
that yield positive existence results. O

4.2 Quartic Number Fields
For |k : Q| = 4, Ramy(A) # @. Using Proposition 2.10
to analyze the cyclotomic extensions with degree dividing

8, one can easily show that 2, 3, 4, 5, 6, 8, 10, 12, 15 are

the only possible cycles for elliptic elements in this case.
Using equation (3-2) in conjunction with inequal-

ity (3-4), we obtain the following inequality when

|k: Q| =4:

32nd>/

47 > .
"= 3(an2)

Therefore,

4 2\4 2/3
dy < (3(;;)) < 9397.

There are 48 number fields with discriminants satisfying
the above inequality given in [Cohen et al. 95]. Again, we
eliminate all fields except those listed in Theorem 4.10 by
estimating ((2) and examining the factorization of small
primes using PARI.

Lemma 4.3. There exist no DAFGs of signature (2;—)
defined over the totally real field k with dy, = 5744.

Proof: The minimal polynomial for k is f(z) = x* 522 —
2z + 1. Using PARI, we compute that

8m - 5744%/2¢;(2) 5w
) = = .
,LL( O) (471_2)4 3

Hence, a torsion-free genus-two subgroup I' of index M =
I : I'| corresponds to a solution of the equation

oM II ™v@) -1 =4
PIA(A)

But since M, N(P) € Z, this clearly has no solution. [

We now list some positive results for the case
|k: Q| =4.

Lemma 4.4. Let k be the totally real number field with
di = 3981. Then the only DAFG of signature (2;—)
defined over k has invariant quaternion algebra A with
Ramys(A) = P3, where P3 is the unique prime in Ry
lying over 3. Furthermore, there is only one conjugacy
class of DAFGs of this signature defined over k.

Proof: The number field & is equal to Q(«), where « is
a root of the polynomial f(z) = 2* — 2% — 422 + 22 + 1.
Since d = 3 - 1327, k contains no other proper subfield
other than Q; the only possible nontrivial elements of
finite order of I'}; are those of order 2 or 3. By PARI, we
compute

87 -3981%/2(;(2)

,u(]:%)) - (47‘(‘2)4 =m.
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Therefore, if '}, contains a subgroup I of signature (2; —)
of index M = |I'}, : I'|, then

M I v ) =4.

PIA(A)

(4-2)

This implies that N (P) < 5 for any prime P € Ramy(A).
By PaARI, we find that there are only two primes in Ry
with norm less than 5: P35 and P5 with N(P3) = 3 and
N(P5) =5.

Therefore M =1, Ramf(A) = {P5} is a possible solu-
tion to (4-2). However, P5 is inert in k(w)/k, which, by
Lemma 2.5, implies that ag # 0. However, by Theorem
3.1, 3| M =1, which is a contradiction.

We also have M = 2 and Ramy(A) = {P3} as a pos-
sible solution to (4-2). Furthermore, 6 does not divide
dy, so by Lemma 2.8 we can calculate as and az using
(2-6). Using PARI, we compute that P3 is inert in the
extension k(7)/k, that h(k(i)) = 3, and that h(k) = 1
Also, since 2 does not divide dj, by Lemma 2.7 we have
that [Ry ;) : R *(2 y| = 1. Therefore

h~ k(G
as = WHMA(A) <1 - <%>> =3-2=06.
By + By |

The prime P3 splits in k(i), so by either Lemma 2.5 or
equation (2-6), ag = 0.

Since these are the only possible periods for this num-
ber field, I'yy must have signature (0;2,2,2,2,2,2). Fi-
nally, 't contains a torsion-free subgroup I' of index 2
by Theorem 3.1; since u(T") = 47, T must have signature
(2-).

Since the extension k/Q is not Galois and k contains
no proper subfields other than @Q, the groups correspond-
ing to the various infinite places of k will each contribute
at least one conjugacy class. For each of these quaternion
algebras, we determine the type number by analyzing the
embeddings of the units. By PARI, a fundamental system
of R} is {—1,a,a — 1,a* + a — 1}. The signs of these
generators at the various embeddings are shown in the
table below:

|a a—1 ?2+a-1

o ~ —1.7508 | — — +

g~ —0.3184 | — — —

as ~0.7853 | + - +

g 222840 |+ + +
For each choice of unramified real place o;, hoo = 1.
Hence, there are four distinct conjugacy classes of groups
of signature (0;2,2,2,2,2,2) defined over k. O

Lemma 4.5. Let k = Q(\/ﬁ, \/5) be the number field with
di, = 2304. The only DAFG of signature (2;—) arising
from a quaternion algebra A over k has Ramy(A) = Ps,
where Pg is the unique prime of norm 9 in k.

Proof: The periods 2, 3, 4, and 6 are all obvious possibil-
ities for torsion, since Q, ko, k3 are proper subfields of k.
The fact that 52304 = 2832 implies that these are the
only possibilities. In this case, k = Q(«), where « is a
root of the polynomial f(z) = x* — 422 + 1. Using PARI,
we compute that

8m-2304%/2¢,(2) 7

(472)4 T2

Therefore, the existence of a torsion-free genus-two sub-
group amounts to the existence of a solution to the equa-

tion
M I (N@)-1) =8
PlA(A)

The only primes P in Ry with (N(P) — 1) dividing
8 are the unique primes P> and P3 of norms 2 and 9,
respectively. Since |Ramy(A)| is odd, the only solution
to (4-3) is M = 1 and Ramy(A) = {Ps}. The prime P3
splits in both k(i)/k and k(w)/k. So, by Lemma 2.5, for
any maximal order O, the group I'j)
of order 2 or 3. This also implies that I',
elements of order 4 or 6; therefore, I'fy is torsion-free
and has genus 2. Since k/Q is Galois, there is only one

conjugacy class of arithmetic Fuchsian groups I'yy defined
over k. 0O

(4-3)

contains no elements
contains no

Lemma 4.6. Let k be the number field with dj = 1957.
Then the only DAFGs of signature (2;—) arising from a
quaternion algebra A over k containing genus-two sub-
groups are those listed in Theorem 4.10.

The number field k£ with discriminant dj is equal to

Q(a), where « is a root of the polynomial f(x) = 2% —

42?2 — 2 4+ 1. Since dj, = 1957 = 19 - 103, k contains no
proper subfields other than Q. Using PARI, we compute

that
8m-19573/2¢;(2)

(472" 3
Again, we consider solutions to the equation
A= M [Lpjacay(N(P) = 1)
3 )

or equivalently,

M1

PIA(A)
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by analyzing the primes in Rj. In particular, any prime
P in the ramification set of A has norm at most 13. The
rational primes 2, 5, and 13 remain prime in the extension
k/Q, so they cannot lie in Ramy(A). By PARI, there
are two primes P3 = (o — 2)Ry, and P4 lying over 3,
with norms N(P3) = 3 and N(P) = 9, respectively.
There also exists a prime Pz = (2o 4+ 1)Rj, of norm 7.
Combining this with the fact that | Ramy(A)| is odd, we
get that the only possible solutions (M, Ramg(A)) to the
above equation are (6,P3) and (2,P7). The quaternion
algebras with Ramy(A) = {P3} appear in the lists of
[Maclachlan and Rosenberger 92], and the unit groups
'y have signature (0;2,2,2,3) in this case.

Let us consider the algebra with Rams(A) = {P7}.
Since 6 1 1957 and k contains no proper subfields other
than Q, I'yy can have elements only of orders 2 and 3.
Moreover, we can compute the number of elements of
orders 2 and 3 using formula (2-6). Since P7 splits in
k(w)/k, T'§ contains no elements of order 3. Since P7 is
inert in k(7)/k, and h(k(i)) = 1, there are two conjugacy
classes of elements of order 2. Therefore, any group I',
arising from A has signature (1;2,2).

In order to determine the number of conjugacy classes
of the groups I'yj, we again analyze the behavior of
the units R; at the various embeddings o;. The set
{-1,a,a — 1, + 2} is a fundamental system of units
for R}, and the following table lists the signs of the gen-
erators:

| a a—1 a+2
a; ~ —2.0615 | — —
as ~ —0.3963 | — —
az ~ 0.6938 | + —
a4 ~ 1.7640 | + +

~
~
~
~

+++

Since the extension k/Q is not Galois and k contains
no proper subfields, we again get at least one conjugacy
class corresponding to the algebra unramified at the place
a;, 1 < ¢ < 4. The class number of k is 1, so hy =
23/|R;/R; N k% |. By the table above, we see that for
each choice of 0;, hoo = 1 for the algebra unramified at
oi. Therefore, there are exactly four conjugacy classes
of groups of signature (1;2,2) arising from quaternion
algebras defined over k.

4.3 Cubic Number Fields

Lemma 4.7. The only possible periods of elements of finite
order that can arise in F(lg defined over fields k with |k :
Q|=3are2,3,7, and 9.

Proof: Since k contains no proper subfields other than
Q, 2 and 3 are the only possible periods than can arise
from proper subfields of k. By Proposition 2.10, 7 is
the only prime for which |k, : Q| = 3. In fact, k7 =
Q(cos(%)) is the totally real cubic field with discriminant
49. For prime powers m = pF, the only field Q((om)
with |Q(Cam) : Q| = 6 is m = 9. This corresponds to
the totally real field of discriminant 81. There are no
composite m for which |Q(C2y,) : Q| = 6; this finishes the

proof. O

If [k : Q] = 3, it is possible that Ram;(A) = @. As
in the case [k : Q] = 5, this helps to simplify the process
immensely, since this implies d < 297. If Ramy(A) #
@, then dj, < 981. In the lists [Cohen et al. 95], there
are 25 number fields k with discriminants satisfying the
latter inequality (see [Macasieb 05, Appendix A]). The
cases k = Q(cos(5)) and k& = Q(cos(%)), in which 9
and 7, respectively, are possible periods, require special
examination. We analyze the latter case in detail below.

Lemma 4.8. There exist no DAFGs of signature (2;—)
arising from a quaternion algebra defined over the totally
real cubic number field of discriminant 361.

Proof: The field k has minimal polynomial f(z) = 23 —
22 — 62 + 7. Using PARI, we compute

. 3/2
p(Ty) = o ?)(ijrz):fk@) =7

By the preceding comments, Ram¢(A) # @. The equa-
tion

dr = p(T) = Mu(Th) = Mx [] (N(@) - 1)
PIA(A)

has no solutions, since 2, 3, and 5 are inert in k/Q.
Therefore, there are no DAFGs of signature (2; —) defined
over k. 0O

Lemma 4.9. For k = Q(cos(Z)), the only possible T'ty con-
taining a subgroup I' of signature (2;—) are those listed
in Theorem 4.10.

Proof: Fix f(z) = 2® — 22 — 22 + 1 as the minimal poly-
nomial for k. Again, using PARI, we compute

8 - 493/2¢;(2
U(Fgo) = 7T(4ﬂ_—2)3k() = %
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F:Q] [ dp [ AA) [ ITL T Ty c
1 1123 6 0;2,2,3,3) 1
1 1] 25 3 (0;3,3,3,3) | 1
1 1| 2.7 2 (1;2,2) 1
1 1213 1 (2;-) 1
2 5 1 P, 20 (0;2,5,5) 1
2 5 | s 15 (0;3,3,5) 1
2 5 | P 6 (0;2,2,3,3) 1
2 5 | P, 6 (0;2,2,3,3) 1
2 5 | Pa 2 (1;2,2) 1
2 5 | P, 2 (1;2,2) 1
2 5 | P 1 (2;-) 1
2 5| P, 1 (2:-) 1
2 8 | P 24 (0;3,3,4) 1
2 8 | P, 4 (0;2,2,4,4) 1
2 8 | P 3 (1;3) 1
2 8 | Ps 1 (2;-) 1
2 12| P 12 (0;3,3,6) 1
2 12| Py 6 (0:2,2,2,6) 1
2 12 | Pis 1 (2 -) 1
2 12| P, 1 (2 -) 1
2 13| P, 6 (0;2,2,3,3) 1
2 13| P 6 (0;2,2,3,3) 1
2 13| P 4 (1;2) 1
2 13| Pis 1 (2;-) 1
2 17| P 6 0:;2,2,3,3) |1
2 17 | P 6 (0;2,2,3,3) 1
2 20 | Po 1 (1;2,2) 1
2 2% | Py 2 0;2,2,2,2,2,2) | 1
2 28 | P, 3 (0;3,3,3,3) | 1

TABLE 1. DAFG of signature (2; —).

Thus,
T [Ipjaca) (N (P) = 1)
21 )
(4-5)
If we take Ramy(A) = @, then M = 84. So pu(I'y) = &%

Since Ramy¢(A) = @, and k = k7, we have ag,a3,a7 # 0
by Lemma 2.5. Therefore,

4 = p(T) = Mp(Ty) = M

M(I‘}g):;—l:27r<29—2+%+2;;3+6;;7>.
The only solution to this equation is as = a3 = a7 =
1, and in this case Flo is a triangle group of signature
(0;2,3,7) (see [Takeuchi 77]). Again the existence of a
torsion-free subgroup of I'}) of index 84 is guaranteed by
Theorem 3.1.

If Ramy(A) # @, then [[5p(4) (N (P) —1) > 42. This
is because the primes of smallest norm in Ry, Po and Pr,
have norms 8 and 7, respectively, in k, and | Ramy(A)| >
2. This implies M < 2. However, since I‘}D will not be
torsion-free, Theorem 3.1 implies that M > 2. Thus, the
only other possible solution to (4-5) occurs when M = 2.

In this case, Ramf(A) = {Po, P7} is a solution to (4-5)
when M = 2. Since 6 t dj, we can apply Lemma 4.1. By
PARI, we find that h = h(k(i)) = h(k(w)) = 1 and that
Py ramifies and P7 is inert in k(7)/k; therefore ay = 2.

k:Q) dy, A(A) [T T L c
3 19 Z] 84 0,2,3,7) 1
3 49 PPy 2 (1:2,2) 1
3 49 PoP13 1 (2;-) 1
3 49 | PP, 1 (2;-) 1
3 19 | PP, 1 (2; ) 1
3 81 o 36 (0;2,3,9) 1
3 148 o 12 0;2,2,2,3) | 3
3 148 | PoPs 3 (0;3,3,3,3) | 3
3 148 | PoPis 1 (2;-) 3
3 169 o 12 (0;2,2,2,3) 1
3 229 o 6 (0;2,2,3,3) 4
3 229 | Py, P, 2 (1;2,2) 3
3 257 o 6 (0;2,2,3,3) | 4
3 316 | Pa,P, 3 (0;3,3,3,3) | 3
4 725 Piy 6 (0;2,2,3,3) | 2
4 725 P, 6 (0;2,2,3,3) | 2
4 725 P, 4 (1;2) 2
4 725 Py 2 (1;2,2) 2
4 725 Pl 2 (1;2,2) 2
4 725 Per 1 (2; ) 2
4 725 | P 1 (2 -) 2
4 1125 Py 2 (1:2,2) 1
4 1957 Py 6 (0;2,2,3,3) | 4
4 1957 P, 2 (1;2,2) 4
4 2000 Po 10 (0;5,5,10) 1
4 2000 P 2 (0;3,3,3,3) | 2
4 2304 Py 1 (2;-) 1
4 2777 Py 6 (0;2,2,3,3) 1
4 3981 Py 2 (0;2,2,2,2,2,2) | 4
4 4352 Py 6 (0;3,3,3,3) 1
4 4752 P, 1 (2;-) 2
5 24217 o 12 (0;2,2,2,3) 5
5 36497 | o 6 (0;2,2,3,3) | 6
5 38569 z 6 (0;2,2,3,3) 6

TABLE 2. DAFG of signature (2; —) (cont.).

Since the ideal P7 splits in k(w)/k, we have as = 0. But

u(rg):42.2—”1 :277(29—2—!—14—6—;7),
and g = 1, ey = 0 is the only solution. Thus, F}D has
signature (1;2,2), and again by Theorem 3.1, it has a
torsion-free subgroup of genus two and of index two.
Since k/Q is Galois, there is only one conjugacy class
of groups I't, of this signature.

Similarly, Ramyf(A) = {P2, P13} and M =1 is a solu-
tion to (4-5), where Py3 is any of the three prime ideals
of norm 13 in Rj. Since each prime Py3 splits in each
of the extensions k(i)/k and k(w)/k, the group I'y is
torsion-free and therefore has signature (2;—). Lastly,
note that each of the three distinct primes of norm 13
in Ry corresponds to a distinct commensurability class
of DAFG of signature (2; —) and each contributes exactly
one conjugacy class, since k/Q is Galois. O

Johansson [Johansson 98] has determined the signa-
tures of all DAFGs of genus less than 3 arising from quater-
nion algebras over the rationals and quadratic number
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fields, so it suffices to consider those number fields of de-
gree |k : Q] > 2. Combining Lemma 3.2 and our results
with the relevant results in [Johansson 98, Maclachlan
and Rosenberger 92, Takeuchi 77, Takeuchi 83] we ob-
tain the following theorem.

Theorem 4.10. Table 1 and its continuation Table 2 give a
complete list of all groups l"%) containing a derived arith-
metic Fuchsian group T' of signature (2;—) arising from
quaternion algebras over totally real number fields. The
number ¢ denotes the number of conjugacy classes of the
group I‘}D i each case.

Remark 4.11. Using a theorem from [Greenberg 63] on
maximal Fuchsian groups in conjunction with the results
in [Ackermann et al. 03, Maclachlan and Rosenberger 92,
Takeuchi 77, Takeuchi 83] gives all the conjugacy classes
of the groups I'y) listed in Tables 1 and 2 except for those
with signatures (1;2,2), (0;2,2,2,2,2,2), and (2;—).

5. MAXIMAL ORDERS AND FUNDAMENTAL
DOMAINS

The group SU(1, 1) is the group of orientation-preserving
isometries of the unit disk U = {z € C | |z| < 1}. By em-
bedding a cocompact arithmetic Fuchsian group I' into
SU(1,1), one can determine a fundamental domain for
its image IV using a theorem of Ford. The elements of T
that give the side pairings of the fundamental domain are
generators for IV. This technique is described for the ra-
tional numbers and quadratic number fields in [Vignéras
80] and [Katok 92] and more generally in [Johansson 00].
In order to find a fundamental domain for I' using this
technique, the maximal order must be written explicitly
as an R-module, where R = Ry, is the ring of integers of
the number field k. We first state and prove some results
on the existence and form of maximal orders in certain
cases in which the Hilbert symbol for a quaternion al-
gebra A is “nice.” The invariant quaternion algebras of
arithmetic Fuchsian groups with small genus will often
fall into this class.

5.1 Maximal Orders

Recall that any quaternion algebra A has an associated

Hilbert symbol
a5
k )

where i2 = a, j2 = b, ij = —ji = k for some a,b € k*.
The basis {1,4,7,ij} is referred to as the standard basis
of A. The discriminant A(A) of a quaternion algebra A

is defined to be the product of the prime ideals at which
A is ramified. For any R-order O in A, the discriminant
d(0) is defined to be the R-ideal generated by the set
{det(tr(z;x;)),1 < i,j < 4}, where z; € 0. We will
use the following facts about orders (cf. [Maclachlan and
Reid 03)):

(i) Any order is contained in a maximal order.
(ii) An order O is maximal if and only if d(0) = A(A)2.

(iii) If O has the free R-basis {e1,e2,e3,e4}, then
the discriminant d(OQ) of O is the principal ideal
det(tr(eie;))R.

Proposition 5.1. Suppose that k has class number 1 and
that ab is square-free, where a,b € R. Let A = (%b) be
a quaternion algebra over a number field k. Suppose, in
addition, that A(A) divides abR. Let m;R = P; for each
P; ¢ Ramy(A) and

1 if A(A) = abR,
r= II m if A(A) # abR.

P, labR
PiAA(A)

If O = O'[f], where O = R[1,1,j,4j], is a mazimal order
of A for some B € A, then

1
—0.
pe 2r

Proof: By assumption, all ideals of R are principal. Since
d(0") = 16a?b*R, the order O’ is not maximal and O’ C O
for some maximal order 0. In particular, d(Q) = A(4)2.
Since ab is square-free, abR = r1A(A), up to multipli-
cation by a unit. Moreover, R is a principal ideal do-
main, so both O’ and O have free bases, say {e;}?_, and
{fi}j=1, respectively. Since O’ C O, we can write each e;

as 2?21 ai; fj, where a;; € R. We therefore have

16a%b* = d(O') = det(tr(e;e;)) = (detM)>det(tr(fi f;))
= (det M)?d(0),

where M = (a;;). Thus, up to multiplication by a unit,
detM = 4r. This implies O C ﬁ(‘)’, ie.,

1
8= E(xo + 211+ 22j + x3i]),

where x; € R, 0 < ¢ < 3. But since § is an integer,
its trace must be integral: tr(3) = 52 € R. From this
it follows that x¢p € 2R. Similarly, taking the products
i, 78, and ijf and using the hypothesis that O’[3] is
an order, it follows that 1,22, x5 € 2R. Therefore, 3 €
=0, as claimed. O
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Lemma 5.2. Let A = (a];b

a number field k and ring of integers R with a,b € R
satisfying

(i) (a,0) =1,

and either of the following conditions:

) be a quaternion algebra over

(i) 3a@,b € R such that a*> = a mod 4R and b* = b mod
AR,

(i)’ b= —1 and 3a € R such that a*> = a mod 4R.

Then there exists a nonzero solution (r,y) € R X R to
the equation x> — ay? = b mod 4R.

Proof: We need to show that under the hypotheses, there
exist 2,y € R such that 22 — ay? = b mod 4R, or equiva-
lently, such that 22 —ay?—b € 4R. Suppose conditions (i)
and (ii) hold. Then 22 —ay?—b = 0 mod 4R is equivalent
to 22 — a?y? = b2 mod 4R.

The equation

x —ay = bmod 2R (5-1)
will have a solution (z,y) € R x R provided
& — apy = bp mod Ry (5-2)

has a nonzero solution (Zs, gp) for every prime P dividing
2 in R (by the Chinese remainder theorem).

Since (a,b) = 1 implies (@p,bp) = 1, equation (5-2)
clearly has a nonzero solution (Zp,yp) for each prime
P dividing 2. Therefore, (5-1) has a nontrivial solution
(z,y) € R. Since z — ay = bmod 2R if and only if
& 4 ay = bmod 2R, it follows that (z,y) satisfies

(z — ay)(z + ay) = z> — a®y? = b® mod 4R.

If conditions (i) and (ii)’ hold, then the equation z? —
ay?> — b= 22 — @’y — b= 0mod 4R is equivalent to

—2? + ay? = 1 mod 4R.

Again, by the Chinese remainder theorem, there exists
(z,y) € R X R such that —z + ay = 1 mod 2R, and the
proof now follows as above. O

Lemma 5.3. Let A = (“Tb) be a quaternion algebra with
a,b € R such that abR = A(A). Let O' = R[1,1,7,1ij], so
that O is an order in A. If B € 0"\ O has the form
%(xo—l—xli—l—a:zj) and is integral, then O = R[1,4, 38,i/] is
a ring of integers. If, in addition, xo € R*, then O D O’
s a mazximal order of A.

Proof: Let eg = 1, e;1 = 1, e = 3, and e3 = i. Now,
O = R[1,4,3,i3] is an order if and only if the following
conditions are satisfied:

(i) ege; is integral for 0 < k, 1 < 3;
(ii) ex + e; is integral for 0 < k,1 < 3.

The simple structure of this order makes many of these
conditions redundant. The conditions in (i) and (ii) are
conditions that the norms and traces of these elements
belong to R. Moreover, (i) and (ii) also establish that O
is closed under multiplication. The norms and traces of
these elements are listed in Tables 3 and 4. Note that
although the elements ere; and ejer, k # [, may not
be equal, their traces and norms are equal (hence, both
tables are symmetric). We have also omitted the obvious
cases, e.g., 1 and .

Since a, b,z € R, for 0 < k < 2, all of the conditions
on integrality reduce to the following conditions:

(i) 22 — ax? — ba3 € 4R;
(ii) (23 —az? —bx3)? € 16R;
(iii) 23 + ax? + bx3 € 2R.

Condition (i) implies all the others. We will show that
(i) implies (iii). The condition 23 —ax? —bz3 € 4R implies
r3—ax?—br3 € 2R, since 4R C 2R. But 2% —az?—bz3 =
23 — az? — bz mod 2R, so x3 — azx? — bzl € 2R if and
only if 3 + az? + br3 € 2R. However, condition (i) is
equivalent to the integrality of 5. This shows that the
integrality of # implies the integrality of all elements of
O = R[1,4,3,if]. Thus, if 3 is integral, then O is a ring
of integers.

We will now assume that zo € R*. In order to
show that O is an order, we must show that R[1,%, 3, /]
is a complete R-lattice with 1. It is clear that O is
an R-lattice. Since 1,7 € O, it remains to show that
j € 0. Since g = %(xo + 211 + x2j) € O, we have
j = a3 (28 — 21 — x9i) € O, and hence I is complete.
Therefore, R[1,i,3,i3] is an order. Moreover, the dis-
criminant of the order R[1,i, 3,i8] is d(0) = a*b*23R =
a’b?’R = AA?, since w3 € R*. Hence, O = R[1,1,3,i3] is
maximal. O

a,b

Proposition 5.4. Let A = (T) be a quaternion alge-

bra over a mumber field k with finite ramification set
Ramy(A) and denote the standard order of A by 0" =
R[1,i,4,ij]. Suppose that a,b € Ry satisfy the hypothe-
ses of Lemma 5.2 and in addition, that A(A) = abR.
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< 1] 3 i3
2 p = (2@ — ax? —bx3)/4 n = —a(xd — axi — bad)/4
tr = xo tr = axy
VI * n=a’(zd — ax? — bx3)/4
tr = axo
Bl *|*| n=(x—az}—-023)?/16 | n = a(zf — azx? — bx3)?/16
tr = (23 + az? + bx3)/2 tr = azox1
ig || * | = * n = —a(zd — ax? — ba3)
tr = 2ax1

TABLE 3. Norms and traces of sums of the R-basis of O in Lemma 5.3.

Tl 8 i3
1 *]* n = (4+4xo — 3 — ax? — bxl)/4 n = (4 + 4az1 — a(zd — ax? — bx3)) /4
tr =2+ xo tr =2+ ax:
i * x| = (—4a +4daxy + 2f — axt —ba3) /4 | n = —a(4+ 4z + 2} — axi —ba3)/4
tr = xo tr = axy
gl *|* n = (2% — az? — ba}) n=(a—1)(z¢ — ax? — bz3)/4
tr = 2z9 tr = xo0 + ax1
iB || x| * * n = —a(zd — az? — bzd)
tr = 2ax1

TABLE 4. Norms and traces of products of the R-basis of O in Lemma 5.3.

Then there exists [ € %O’ such that O' C O and
O = R|[1,1i,8,i0] is a mazimal order of A.

Proof: As noted previously, the order O’ = R[1,4,j, k]
has discriminant d(O’) = 16a%b*>R and is therefore not
maximal. Since any order is contained in a maximal or-
der, @' C O, where O is a maximal order. In particular,
d(0) = a*»*R = A(A)?. The ideal I = 10’ > O’ is not
an order, since its elements, % for instance, are not all
integral. But the discriminant of I is equal to a’b?R.
Therefore, O’ C O. This implies that there exists some
B € 30’ such that 8 € O.

Since a, b satisfy the hypothesis of Lemma 5.2, there
exist integers zg,z1 € R such that 3 — az? — b € 4R.
Therefore, if we take § = %(xo +xi+j) € %O’, then
is integral. Furthermore, by Lemma 5.3, I = R[1,4, 3, i/]
is a maximal order. |

If the Hilbert symbol of A does not satisfy the condi-
tions of the previous proposition, we can still use Propo-
sition 5.1 as a starting point, but the process of find-
ing a free basis for O becomes more ad hoc. One uses
an intermediate order O”, where O’ C 0” C 10’ with
d(0") = a®b?R, and searches for integral elements in the
ideal %O”, where r € R is as stated in the proof of Lemma
5.1. By testing these integral elements (§ as part of a free

R-basis of the orders R[1,i,,i5] and R[1, 7, [, 0] and
computing the discriminants of these orders, one can de-
termine a maximal order in the algebra.

5.2 Fundamental Domains and Generators

Let A be the invariant quaternion algebra corresponding
to the arithmetic Fuchsian group Flo. For any maximal
order O of A, fix an embedding p of O! in PSLy(R) and
denote the image by l"lo. Choose p such that i € H? is
not the fixed point of any nontrivial element in I't,. The
Moébius transformation

= (1)

maps H? to the unit disk U. Furthermore, the action of
SLs(R) on H? is conjugate to the action of SU(1,1) on
U, since

SU(1,1) = ¢ SLa(R)p .

This defines an embedding of I'}; into SU(1,1).
For any g € SU(1,1) or SLa(R),

[ a b
g_ Cd’

with ¢ # 0, the isometric circle Cy of ¢ is defined to be
the set of points on which g acts as a Euclidean isometry.
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The following theorem of Ford (cf. [Katok 92, Chapter 3])
characterizes a fundamental domain of I' € SU(1,1) in
terms of the isometric circles of its elements.

Theorem 5.5. Let T be a discrete subgroup of SU(1,1)
such that the origin is not a fixed point of any nontrivial
element of I'. Let Cy be the isometric circle of g. If C
is the set of all points outside Cy, then

F=un()cy
gel
s a fundamental domain of T.
Clearly, o~ 1(F) is a fundamental domain for o= (I")¢.

Let ry4 be the radius of the isometric circle Cy, where
g € T for a discrete subgroup I of SU(1,1). Since

SU(l,l):{(Z Z)

the radius r4 is equal to ﬁ From the discreteness of I'
and the additional relation aa — c¢ = 1, it follows that

a,ceC, aa—cc:l},

I'e={geTl|ry >e¢}
is finite for every €, 0 < € < 1. If for some € > 0,

Fe=Un () Cy,

gel.

Ue={z€C||z| <1—€}, FcCU,,

then ¥, will be a fundamental domain for I". This will
be the case for some sufficiently small € > 0, since I" has
finite coarea and no parabolic elements.

Using this consequence of Ford’s theorem one can sys-
tematically obtain the generators for arithmetic Fuchsian
groups if one can a find free R-basis for the maximal or-
der. We use this technique in conjunction with our results
on maximal orders to obtain generators for some of the
unit groups F(lg listed in Theorem 4.10. Our main inter-
est will be in the cases 3 < |k : Q| < 4, since examples
of this type are lacking in the literature. Although this
technique is described in generality in [Johansson 00], we
will include a description here for completeness.

Let 7, denote the radius of the isometric circle pgp 1,
where g € I’ C PSLy(R). If

[ a b
g_ Cd’

(b+c)+i(a—d) )
(a+d)—ilb—c) )~

then

L[/ (a+d)+ib—c)
vy 1_5((b+c)—i(a—d)

Therefore,
2 B 2
Via—d)2+ (b+c)?

’[”g: =

[(b+¢) —i(a—d)|
B 2
VTR +E+ R -2
Hence, the restriction r4 > € gives an upper bound on
the entries of g. Furthermore, using the fact that the
norm is positive definite in all other n — 1 embeddings of
o; : k — Q, one obtains upper bounds on the absolute
values of o;(a),0;(b), 0;(c), 0;(d) for 2 < i < n.

If we write O as a Z-module, then we use the bounds
on the o; to get bounds on the integral coefficients of the
elements of T'.

Let |k : Q] = n and suppose that k has the integral
power basis {1,q,...,a""'}. By properties of quater-
nion algebras over the real numbers, we may assume
that A = (aTb), where @ > 0 and b < 0. Fix an em-
bedding p : A < Ms(k(y/a)). Then the standard order
R[1,4,7,ij] is the set of elements

< r+yva  bi(u+vya) )
bo(u—wvya) x—yya )’

where by,bs € R satisfy b1bs = b. Now, by Proposition
5.1, a maximal order O of A is contained in %R[l, i,7,17],
for some r € R\ {0}. Therefore, O will be a subset of the
set of elements of the form

_1(A B
g_’l" C D ]

A= (szal) + (Zyzof)\/a
B = bl((Zuio/) n (Zvio/)\/a),
e (S) - (S o)),
D= (L eot) - (S0

where » € R\ {0} and the integers x;,y;, u;,v;, 0 <
1 < n—1, are in Z. The integrality of the elements
in O translates to certain congruence relations on the
Ti,Yi, Ui, 0; € Z, 0 < i < n—1. The norm of ¢ is
n(g) = % (2? — ay?® — bu? + abv?). Since norm is invariant
under each embedding o; of the number field, n(g) = 1
implies n(o;(g)) = 1, for 1 <1i < n. Therefore, for each
g€ I‘}D, we have

o(r)? = o(z)? —o(a)o(y)? — a(b)o(u)? + o(a)o(b)o(v)?.

(5-3)

(5-4)

with

Since A is a quaternion algebra ramified at all but one
finite place, we may assume that oq1(a) > 0, o1(b) < 0,
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oi(a) < 0, and o;(b) < 0 for 2 < i < n. Therefore, for
each 7, 2 <i <mn,

|oi(@)| < o(r), (5-5)
‘ o(r)? — o;(x)?
|01(y)| S —ai(a) )
< o(r)* —gi(x)* + oi(a)oi(y)?
'””<¢ a@o®)
|oi (u)] <
VUWP—UA) + 0i(@)0i(y)? — 7:(a)i(b)rs(0)?
—Ui(b) '
Substituting into (5-3), we get that r, = \/%, where
q= %2 <23:2 + 2ay® + bjabbz v?

b? — b2
—I—(b%—kb%) (u+vb2+b2 a) )

The condition r, > € is equivalent to ¢ < M, :=2+4/¢?,
and this condition implies the following set of bounds for
o, = 1d:

M,

77

M<¢iwm—m%
2a ’

b? + b3
lv] < \/ 1;22 (r2M, — 222 — 2ay?),

1 4ab?
lu| < \/— (7"2M6 — 222 — 2ay? — vz)
b3 + b3 b3 + b3

b2
b2 + bZ‘/—| ol

x| <7

(5-6)

By taking various linear combinations of these inequal-
ities, we obtain bounds on the integers x;,y;, u;, v; € Z,
0<t<n—1.

6. EXAMPLES

In this section, we use our previous results to find gen-
erators for a few examples of the DAFGs I'}) in Theorem
4.10 with signature (1;2,2), (0;2,2,2,2,2,2), or (2;—)
using programs written in Mathematica [Macasieb 05,
Appendix B]. (A complete list of generators for all the
groups I'yy with one of these signatures can be found in
[Macasieb 05, Chapter 5].) Using a standard presentation
of the group I'fy and MAGMA, we also explicitly deter-
mine generators for each subgroup I" of signature (2; —).

Here we give examples in which the Hilbert symbol of
A satisfies the hypotheses of Proposition 5.4 and exam-
ples in which it does not. All elements of I'}; will be given
as a vector of integers using an integral power basis of R
with a specified denominator r; cf. (5-4). Also, we will
abuse notation and use the same vector to describe the
corresponding matrix in SLa(R).

Example 6.1. Let k& = Q(cos(%)) = k(a) be the totally
real cubic field of degree 3, where « is a root of the poly-
nomial f(z) = 2®—2%—2z+1. The group I'}; with invari-
ant quaternion algebra A defined over k with Ram(A) =
{P2, P7} is generated by the elements shown in Table 5,
where r = 2 and <A1, Bl,X1|([A1, Bl]Xl)z,Xlz>. Here
the vectors A;, By, and X; are as described in (5-4)
with @ = 2(2« — 3) and b = —1.

Proof: The cubic field k7 has minimal polynomial f(x) =
23 — 22 — 2 + 1 and discriminant 49. By Proposition
4.10, there is only one conjugacy class of groups I'ty of
signature (1;2,2) defined over k. If we denote the three

roots of f(x) by a1, ag, and as, where a1 < 0 < g < s,
then the algebra
2(2a — 3), -1
k

has the correct ramification set. This can easily be
checked using standard results in algebra (cf. [Maclachlan
and Reid 03, Chapter 2]).

In this case, one can check that A does not satisfy the
hypotheses of Proposition 5.4. However, since Py = 2R
and P7 = (2a—3) R, we have abR = 2(2a—3)R = PoP7 =
A(A). Therefore, a maximal order O of A will nonethe-
less be of the form R[1,1, (3,43], where § € %O'\O', where
0" = R[1,4,j,ij]. The element 3 = 1(1 4 i+ j) is inte-
gral, since tr(f) = 1 € R, n(f) = —a+2 € R, and
d(0") = P3P2 = A(A)?, so that O’ is maximal. We can
write %R[l,i,j7 ij] as the Z-module

3 3 3 3
1 . . ..
{5( E xkak—i—l E ykak—i—] E ukak—i—z] E vkak)‘
k=1 k=1 k=1 k=1

Tiy Yi, Uiy Vi € Z}

Similarly, we write (‘_) (m; +mn;i+ 0;8 —|—pliﬁ) where
mi,n;, 04, p;i € Z[1,a, a2, a?]. Clearly, O C R[].,Z,],Z]]
Equating the two Z-modules yields a hnear system of
equations. Since the m;, n;, o;, p; are integers, solving the
system for these variables gives congruence conditions on
the LiyYis Ujy Vg
ditions for an element g € %R[l, i,7,1j] to be an element

These are necessary and sufficient con-
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1 | @2 | @3 | Y1 | y2 | Y3 | wr | w2 | uz | vi| v2 | w3
Ay 0 2 2| —1 2 2 0 2 2 1] -2 -2
B: -3 2 3 1] -2 -2 1| -2 -3 -2 2 3
X, 0 0 0 0 0 0 2 0 0 0 0 0

TABLE 5. Generators for the group T'y) in Example 6.1.

of O. In this particular case, O is the set of elements
of $R[1,4,j,ij] satisfying the following congruence rela-
tions:

o + up = 0 mod 2, Yo + uo +vo = 0 mod 2,

1+ 11 =0 mod 2, Y1 +u1 +v1 = 0 mod 2,

To 4+ us = 0 mod 2, Y2 + uz + v2 = 0 mod 2.

We implement the inequalities (5-5) and (5-6) with
the values r = 2, by = 2, and by = —%, and in this case,
€ = 0.15 is sufficient to obtain the Ford domain for I'f;.

The Ford domain for the group 1"}9 is shown in Fig-
ure 1. Since v and v9 are distinct fixed points of elements
of order two, I'ty has signature (1;2,2). The elements
listed in Table 6 are the generators for 1"1O corresponding
to the side pairings of the Ford domain.

The elements A; = h;l, h = hlhgl, X, = g1 are
noncommuting hyperbolic elements that satisfy the rela-
tion ([A1, B1]X1)? = —I. Furthermore, no proper sub-
relation is trivial. Therefore, if we denote the group
(A1, By, X1|([A1, B1]X1)?, X?) by I, then I has signa-
ture (1;2,2). Since hy = A7'X; and hy = A7'ByY,
we have (A, By, X;) C I'yy. But since Fuchsian groups
are Hopfian, I‘(lg cannot contain a proper isomorphic sub-
group. Therefore, ', = (A1, By, X1|([A1, B1]X1)?, X3?)
and Ay, By, X; are generators for I'y).

AN 7

an

FIGURE 1. Fundamental region for T'y, in Example 6.1.

In this case, one can easily check that the group I‘}D
has four distinct subgroups I';, 1 < ¢ < 4, of signature
(2; —) of index two. Using the standard presentation

(A1, By, X1,Y1 | [[A1, Bi]X1Y1, X1, YY)

for '), we use MAGMA to find generators for all the
subgroups of I'l) of index 2. Of these, there are four
subgroups that are torsion-free, which we will denote by
I';, 1 <1i < 4. The presentations for these subgroups are
as follows:

BiAT X1 AT AT AP,
By, X1AT AT AP,
Ay, X, By YiBT Y, B,
Iy= (A, B, X1 A1 X, X1B1 X1) .

I =(
Iy =
I3 =(

For each I';, we determine the trivial relation in the
group. After putting each group in the standard presen-
tation (a;, bs, ¢;, d;|[as, bi[ci, d;]), 1 < i < 4, we obtain
the corresponding list of generators (see Table 7).

O

Example 6.2. Let £k = Q(«) be the totally real quar-
tic field of discriminant 3981, where « is a root of
the polynomial f(z) = x* — 2% — 42% + 2z + 1. The
group '}y corresponding to the quaternion algebra A with
Ramy(A) = {Ps} that is unramified at the infinite place
corresponding to the root as, where —1 < ay < 0, de-
fined over k has generators as shown in Table 8, where
r =2 and

<X17X23 X37X4a X5 | X]?7X227 Xga X£7X527
(X1 X2X3X4X5)%).

Here a = —a(a+ 1) and b= —1.

Proof: Let a1 < —1 < as < 0 < az < 1 < ay denote
the four roots of f(x). The algebra A = (%) is
unramified at the place o9, since —a;(a; +1) < 0 for i =
1,3,4 and —as(ae + 2) > 0. There is a unique prime of
norm 3 in Ry: P3 = (3,a+1)R = (a+1)R. Furthermore,
one can easily verify that Ramy(A) = {P3}. This is a

“nice” Hilbert symbol, so Proposition 5.4 applies, and we
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T T2 T3 Y1 Y2 Ys Ui U2 us U1 V2 U3

h1 0 2 2 1] -2 -2 0 2 2 1] -2 -2

ho 0 2 2 1] -2 -2 0| —-21|-21|-1 2 2

hs —1 0 1 0 0 0| —1 0 1 1 0] —1

he || —1 0 1 0 0 0| -1 4 5 3| -4 | -5

g1 0 0 0 0 0 0 2 0 0 0 0 0

TABLE 6. Generators for I't, in Example 6.1.
T T2 T3 Y1 Y2 Y3 Ui U2 us U1 (%) U3
a —14 20 24 | —12 18 22 | —12 20 24 12 | —18 | —22
by —15 20 25 12 | —18 | —22 15| =20 | =25 | —13 18 23
c1 0 2 2 —1 2 2 0 2 2 —1 2 2
dy 30 | —42 | =52 | =30 42 53 | —32 46 58 | —26 38 47
as -3 2 3 1 —2 —2 1 —2 -3 —2 2 3
bo —14 20 24 | —12 18 22 | —12 20 24 12 | —18 | —22
c2 30 | —42 | =52 | =30 42 53 | —32 46 58 | —26 38 47
do 0 2 2 —1 2 2 0 2 2 —1 2 2
as 0 2 2 —1 2 2 0 2 2 1 —2 —2
bs —14 21 25 13 | —18 | —23 18 | =25 | =31 | —15 23 28
c3 1 —2 -3 —2 2 3 3 —2 -3 —1 2 2
ds || =37 52 65 | —33 47 59 -3 2 3 2 -3 —4
a4 0 2 2 —1 2 2 0 2 2 1 —2 —2
by -3 2 3 1 —2 —2 1 —2 -3 —2 2 3
cq 0 —2 —2 —1 2 2 0 —2 —2 1 —2 —2
dy 3 —2 -3 1 —2 —2 —1 2 3 —2 2 3
TABLE 7. Generators for I';,1 < i < 4 in Example 6.1.

T Y1 | Y2 |Ys Ya uy Uz | U3 | U4 U1 V2 U3 V4
X1l 0 —2 4 1] -1 2 —4 | -1 1 -3 4 1 -1
Xo |l O 0 0 0 2 0 0 0 0 0 0 0 0
X3 0 —2 4 1] -1 —2 4 1| -1 3 —4 -1 1
X4 0| =3 4 1] -1 —17 18 ) 36 | =39 | —15 11
X5 0 0 0 0 0 20 | =22 | —8 6 | —42 50 18 | —14

TABLE 8. Generators for I'y in Example 6.2.

find that O = R[1,1, 3,43], where § = %(1 +a+a?i+3j)
is a maximal order. The congruence relations in this case

are

o + ug + us + vo = 0 mod 2,

Yo + U2 + usg + vo + v3 = 0 mod 2,
r1 4+ up + vy =0 mod 2,

Y1 + ug +vo +v1 = 0mod 2,

To 4+ u1 + us + v = 0 mod 2,

Yo + up + v1 + v2 = 0 mod 2,

x3 + us + vz = 0 mod 2,

ys + u1 + ug + ug + v2 = 0 mod 2.

In this case, we implement inequalities (5-5) and (5-6)

using 1 = 2, by = 2, by = —%,

and ¢ = 0.15.

We

obtain the fundamental region shown in Figure 2, and
the corresponding generators are listed in Table 9. The
points w; are the fixed points of the g;, 1 < ¢ < 6, which
all have order two; this verifies that 1“}9 has signature
(0;2,2,2,2,2,2).

After putting the group in the required presentation,
we obtain the list as stated above. A group of signature
(0;2,2,2,2,2,2) has a unique subgroup I' of signature
(2; —) by [Greenberg 63]. Using MAGMA, we find that if
I‘}D is presented in the form

(X2 X1, X3X1, X4 X1, X5 X1 |
X' XX ' X X0 X5 Xo X7,

then the subgroup I is generated by

(X2 X1, X3X1, Xy X1, X5X1).
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1 T2 x3 | x4 | Y1 | Y2 | Y3 n U1 U2 u3 Ug v1 V2 V3 on
a1 0 0 0 0 0 0 0 0 —2 0 0 0 0 0 0 0
g2 0 0 0 0 -2 4 1 —1 —2 4 1 —1 3 —4 —1 1
g3 0 0 0 0 -2 4 1 —1 2 —4 —1 1 -3 4 1 —1
g4 0 0 0 0 -3 4 1 -1 —17 18 7 -5 36 —39 —15 11
gs 0 0 0 0 -3 4 1 -1 17 —18 -7 5 —36 39 15 —11
g6 0 0 0 0 0 0 0 0 20 —22 —8 6 —42 50 18 —14
h1 2 -3 —1 1 0 0 0 0 5 -3 —2 1 —10 11 4 -3

TABLE 9. Generators for T'y) in Example 6.2.

Putting these generators in the standard form
(a1, b1, c1,di|[ar, bi][cr, di])

yields the set of generators for I' listed in Table 10. O

Our last example is defined over a quartic number field
in which the Hilbert symbol of A does not satisfy the hy-
potheses of Proposition 5.4. We will show that a “nice”
symbol does not exist for A. We remark that the tech-
nique for finding a maximal order is similar to that of
the previous examples, except that in this case we can-
not take r to be a rational integer.

Example 6.3. Let & = Q(«) be the totally real quar-
tic field of discriminant 4752, where « is a root of the
polynomial f(z) = 2* — 2% — 322 4 42 + 1. The group
'y of signature (2; —) defined over k with quaternion al-
gebra A satisfying Ramy(A) = {P2} and unramified at
the infinite place corresponding to the root a;, where
—2 < a1 < —1, has the generators listed in Table 11.
Herea =1+« and b= (1 — a)(—1 + a + a?).

AL

FIGURE 2. Fundamental region for T', in Example 6.2.

Proof: Let a1 < —1 < as <0< 1< ag <2< ayq denote
the four real roots of f(z). A fundamental system for
R*is (a,a — 1,a% — 2). The signs of the generators of
R* and of the uniformizer m for Py under the different
embeddings corresponding to the «; are as follows:

| a —-l+a —-24a2 7
oy ~ —1.4955 — — + —
ag ~ —0.21968 | — — — —
a3 ~ 1.2196 + + - +
g ~ 2.4955 + + + +

From the table of embeddings, it is evident that there
does not exist a Hilbert symbol for A such that the only
primes dividing abR are in Ramy¢(A). In this case, the
algebra

<1+a, (1—(8((;)1—!—@—!-042))

is unramified at the place ;. The element 1 + « is a
uniformizer for P53 in R (since f(x) = (z+ 1)* mod 3, P3
is the unique prime of norm 3 lying over 3). But A4 is
unramified at Pz, since (1 —a)(—1+a+a?) =1 mod Ps,
which is a square mod 3. Thus, A corresponds to one of
the two conjugacy classes of I'y; defined over k.

In this case, we use an intermediate order to find a
maximal order O. The order O = RJ[1,4,7,iv], where
7=3((1+a)+ (1+ a?)i+j), has discriminant

d(0) = (1+a)* (=1 4+ a)*(-1+a+a*)?R
— PRFIR # A4,

and therefore is not maximal. Thus, O’ C O, for some
maximal order 0. Again, by arguments analogous to
those in the proof of Proposition 5.1, one can argue that
there exists an element § € O N =70"\O’. An element
in O’ written as an integral vector satisfies the following
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T T2 T3 T4 U1 Y2 Y3 Y4 (5% u2 us U4 V1 V2 v3 V4
ai 91| —11 | —4 3 67 | =75 | =28 | 31 | =35 39 15 | —11 39 | —43 | —16 12
by 2 —4 | —1 1] —10 11 4 | =3 7| 71| -3 2| —11 14 5| —4
c1 —12 14 5| —4 26 | =28 | —11 8 | —14 18 6 —5 31 | =36 | —13 10
dy —2 4 1| -1 31 | =36 | —13 10 | —14 18 6 -5 3 —4 —1 1
TABLE 10. Generators for I' in Example 6.2.

Ea! €2 €T3 | T4 Y1 Y2 Y3 Ya U1 U2 U3 Uy U1 V2 U3 V4

h1 1 0 -1 0 -1 0 0 0 0 0 0 0 0 4 1] —1

ho 0] —-2|-1 1] -1 3 1] —1 0 0 0 0 —-11| -2 1 0

hs 0| —4 0 1 1] -1 0 0 1 3 1] -1 1 21 -1 0

hy 0] —4 0 1 1| -1 0 0| —-1]-3] -1 1 1 21 -1 0

hs 1 0 -1 0 0 3| —1 0 1 1 2| -1 0 —-1| -2 1

hg 1 0 -1 0 0 3| —1 O —-1]-1] -2 1 0 —-1| -2 1

hr 1 2| =2 0 2 2| -1 0 0 0 0 0 —-11|-1 31 -1

hg 0 -1 -3 1] -1 3| —1 0 0 0 0 0 0 -1 31 -1

ho 1 1] -2 1 0 3| —1 0 0 0 0 0 0| =5 2 0

TABLE 11. Generators for T'}) in Example 6.3.

congruence relations:

To + ug + uz + vg + v1 + v2 + v3 = 0 mod 2,

r1 + ug + vo + v1 + v2 +v3 = 0 mod 2,

To +u; —ug +uz + v+ v3 = 0 mod 2,

23 +us+us+vo+vr =0mod?2, (6-1)
Yo — Uo + U2 + vg + v3 = 0 mod 2,
Y1+ u1 + usz + vy + v1 = 0 mod 2,
Ya + ug + v1 + v2 +v3 = 0 mod 2,
Y3 + u1 + v2 + vy = 0 mod 2.

Consider an element of the form

8= 72(a1_|_1)(x+yi+uj+vij) el
1
T o+ 10/\0/'
Now, [ is integral if and only if
tr(8) = Hﬂja €R,
det(B) = 4(T1a)2

X (x2 +(1+a)y® + (—1+a)(~1 +a+ a®)u?

+(1+a)(-1+a)(-1+a+ 02)02)

d
41+ a)?’

_d(z,y,u,v)

4(1+4 a)?

If we write each of x,y,u, v in an integral power basis
of R, these conditions are equivalent to the existence of

solutions (rg,71,72,73), (S0, 51, 52, 53) € Z* to the equa-
tions

= (1+a)(ro +ria+ra®+rza?)
= (ro —73) + (ro +r1 — 4r3)a + (r1 + ro + 3r3)?
+ (r2 + 3r3)a®,
d=4(1+ a)?(so + s1a + s20% + s30%)
=4(sp — s2 — 4s3) +4(2s0 + 51 — 452 — 17s3)c
+ 4(sg + 281 + 45y + 8s3)a® + 4(s1 + 459 + 1253)a’,

(6-2)

where

d:d(xﬂa'"7x47y05'"7y47u05'"au4vaa"'7U4) € R

The expressions for z and d are simplified by the relation
a* = 203 + 302 — 4a — 1. The existence of solutions to
these equations yields another set of congruences on the
i, Yi, Ui, v;. Using these in addition to the congruence
relations (6-1), we find that

1

ﬁZW((

L+a+a’+a®)+ (1+a+2a%)i+ij)
is integral, tr(3) = 1 + o? € R, and det(3) = 2a° + 1.
Furthermore,

1
2(a+1) ((

i = 1+a+2a)(a+1)

+(1+a+a®+a)i+ (a+1)j)

(1+a+2a%) + (14 a®)i+7).

N —



368  Experimental Mathematics, Vol. 17 (2008), No. 3

X 1| 4 Jo] i3

1| %] | n=3+a%+2a° n=—1—8ax+4a®+6a°

tr=34+a? tr=1—a—2a>

N I * n=1->5a+7a*+ 7a°

tr=—1—a—2a2

B x| = n = 4(1 4 2a%) n=—Ta+ 6a® 4 8a*

tr = 2(1 4 a?) tr = —a — a?

iB || o« | x| n=—4(1 +7a — 60 — 6a°)

tr = —2(1 4 a + 2a?)
TABLE 12. Norms and traces of sums of the R-basis of O in Example 6.3.
+ (| 1|z 164 i
1| * | % n=1+2a n=—1—"Ta+ 60>+ 6a°
tr=14a? tr=14a?
il % | %] n=—-1—"Ta+6a®+6a° n=1-3a+10a® + 8°
tr=—1—oa — 20> tr = —3 — 3 — 202
Bl * | = n=(1+2*? | n=-37—170a + 70a* + 108a*
tr = —2 — 4o+ 5a® — 208 tr = —3 — 5a + 30 — 2a°
B8 || * | * * n=(—1—"Ta+6a>+ 6a%)?
tr = 2(—1 4 5a2)

TABLE 13. Norms and traces of products of the R-basis of O in Example 6.3.

This implies j = 2i—(1+a+2a?)—(1+a?)i € I. The
integrality of the elements of I is verified using (6-2), and
the traces and norms of the R-basis are listed in Tables
12 and 13.

Since R[1,i,3,4] has discriminant P3 = A(A)?, it is
a maximal order, and hence O = R[1,i,3,43]. Finally,
we determine the congruence relations for O written as a
Z-module:

FIGURE 3. Fundamental region for T'y in Example 6.3.

dxo — 11 + T2 — T3 + U + 2U1 — 2u2 + 2usz — Vo
+ 3v2 = 0 mod 6,

ro — T1 + T2 — T3 — 2uo + 2u1 — 8uz — Tuz — 3v1
= 0 mod 6,

dyo — y1 + Y2 — ys — uo — 2u1 + 2u2 + uz + vo + 201 — 202
+ 2v3 = 0 mod 6,

Yo — Y1 + Y2 — Y3 + 2uo — 2u1 — u2 + uz — 2v9 + 201
— 2v3 —v3 = 0 mod 6,

—uo + u1 —u2 + u3 = 0 mod 3,

To + x3 + w1 + v + v3s = 0 mod 2,

2o + 21+ 22 +u2 +vo = 0 mod 2,

Y2 + Y3 + uo + u1 +v1 = 0 mod 2,

Yo + Y1 + Y2 + w1 + u2 +uz + v2 = 0 mod 2.

Here we use by = +by = £1/(a — 1)(a® — a + 1) and
e =0.11in (5-5) and (5-6). The fundamental region for
'y, is shown in Figure 3, and the corresponding genera-
tors are those listed in Table 11. O
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