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S-ROCK METHODS FOR STIFF ITO SDEs*

ASSYR ABDULLE' AND TIEJUN LI#

Abstract. In this paper, we present a class of explicit numerical methods for stiff It6 stochastic
differential equations (SDEs). These methods are as simple to program and to use as the well-known
Euler-Maruyama method, but much more efficient for stiff SDEs. For such problems, it is well
known that standard explicit methods face step-size reduction. While semi-implicit methods can
avoid these problems at the cost of solving (possibly large) nonlinear systems, we show that the step-
size reduction phenomena can be reduced significantly for explicit methods by using stabilization
techniques. Stabilized explicit numerical methods called S-ROCK (for stochastic orthogonal Runge-
Kutta Chebyshev) have been introduced in [C. R. Acad. Sci. Paris, 345(10), 2007] as an alternative
to (semi-) implicit methods for the solution of stiff stochastic systems. In this paper we discuss a
genuine It6 version of the SSROCK methods which avoid the use of transformation formulas from
Stratonovich to It6 calculus. This is important for many applications. We present two families
of methods for one-dimensional and multi-dimensional Wiener processes. We show that for stiff
problems, significant improvement over classical explicit methods can be obtained. Convergence and
stability properties of the methods are discussed and numerical examples as well as applications to
the simulation of stiff chemical Langevin equations are presented.

Key words. Stiff stochastic differential equations; Multiscale Systems; Explicit stochastic meth-
ods; Runge-Kutta Chebyshev methods; Stiff chemical Langevin equation
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1. Introduction

For the numerical solution of many biological, chemical, physical and economical
systems modeled by differential equations, the use of explicit methods is often expen-
sive because of time step reduction due to stability issues. Such systems are called
stiff. Stiffness is concerned with (local) properties of a differential equation which can
affect the stability of a numerical method [10, 14]. The stability concept under con-
sideration in this paper is mean-square stability. Stiff stochastic systems are usually
solved numerically by (semi-)implicit methods, since classical explicit methods, for ex-
ample the well-known Euler-Maruyama method, face severe time step reduction. This
comes at the cost of solving linear algebra systems at each step. It can be expensive
for large systems and complicated to implement for complex problems. Furthermore,
one faces issues with the convergence of numerical methods for nonlinear systems.
Of course for many problems, stiff solvers can be efficient. We show in this paper
that whenever implicit computations are to be avoided, one can handle stiff problems
much more efficiently than with the classical explicit methods proposed so far in the
literature.

We propose a new family of explicit methods for stiff Itd stochastic differential
equations (SDEs) with extended stability properties based on the recently developed
S-ROCK methods for Stratonovich SDEs [4, 3]. We consider a stiff system of SDEs

M
dY = f(t,Y)dt+ Y _g(t,Y)dW(t), Y(0)=Yy, (1.1)
=1
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846 ITO SSROCK METHODS

where Y (t) is a random variable with value in R?, f:[0,7] x R — R? is the drift term,
g:[0,T] x RY —R? is the diffusion term and W;(t) are independent Wiener processes.
We will assume usual conditions on f and g (continuity, uniform Lipschitz continuity
with respect to the second variable and a linear growth condition) and on Y, (inde-
pendence of the Wiener processes and finite second order moment) to ensure existence
and uniqueness of a (mean square bounded) strong solution of (1.1) (see for example
[20, Chapter 5.2] for details). For the numerical solution of (1.1), we consider one-step
linear methods of the form

Yor1=2 0, I0nyye o Inyy), (1.2)
where I,, =W(tp+1) —Wi(t,) are independent Wiener increments drawn from the
normal distributions with zero mean and variance h=t,,1 —t,. In this paper, we are
interested in mean-square stable stiff SDEs. We notice, as observed in [16], that stiff
solvers can perform poorly for fast/slow stochastic systems with nontrivial invariant
measure for the fast system. These problems are not mean-square stable and other
approaches are needed for their numerical solution as, for example, the multiscale
methods developed in [25] and [7].

Clearly any It6 stochastic differential equation can be converted into Stratonovich
form. Thus, the numerical methods proposed in [4] apply to general SDEs. This
conversion, however, requires to differentiate the diffusion terms, which can be cum-
bersome. For many problems modeled by [t6 SDEs, for example chemical reactions,
dynamical systems used in finance, or stochastic partial differential equations (SPDEs)
discretized by the method of lines, it is preferable to have a scheme available directly
in the It6 form. It is thus of interest to develop the S-ROCK methods directly for the
1t6 calculus. We emphasize that the It6 S-ROCK methods are not a straightforward
adaptation of the Stratonovich S-ROCK methods [4, 3] and new family of schemes
need to be derived and analyzed.

This paper is organized as follows. In section 2 we recall the needed convergence
and stability concepts. We then discuss briefly the (deterministic) Chebyshev methods
in section 3. In section 4 we introduce the It6 S-ROCK methods, and study their
convergence and stability properties. Finally, we present a numerical study of the
new methods and applications to the simulation of stiff chemical Langevin equations
to illustrate their performance.

2. Classical methods for SDEs
In this section we recall briefly basic concepts about numerical methods for SDEs,
important for the derivation of our new methods.

2.1. Convergence. A method is said to have a strong order p, respectively
weak order of p, if there exists a constant C' such that

E(Yy-Y (1)) <Ch,  [E(G(Yn))~E(G(Y(r))| <CW* (2.1)

for any fixed 7=Nh€[0,T], with h sufficiently small and for all functions G: R? —
R, that are 2p+1 times continuously differentiable with partial derivatives with
polynomial growth.

The following two fundamental theorems derived by Milstein set the relation
between local and global order of convergence.

THEOREM 2.1. [19, Chapter 1.1] Suppose that f and g, the drift and diffusion of the
SDEs (1.1), are continuous on [0,T] x R%, sufficiently smooth, and satisfy a uniform
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Lipschitz condition
[F(ty) = f(t,2)|+1g(ty) —g(t.2)| < Lly 2|, V¢ €[0,T], y,2€ R (2.2)

Suppose further that the one-step method (1.2) satisfies the following strong and mean
local order conditions

E(|Y:—Y(h)]) <Cho+Y/2, (2.3)
[E(Y1) —E(Y (h))| <ChP*. (2.4)

Then the method converges with a strong global order p.

We note that this theorem has also been discussed in [6] in the framework of tree
theory and B-series, originally developed for ODEs [10] .

THEOREM 2.2. [19, Chapter 2.2] Suppose that f and g, the drift and diffusion of
the SDEs (1.1), are continuous on [0,T] x RY, satisfy the uniform Lipschitz condition
(2.2), and have uniformly bounded moments E(||Y,,||*"), 1<n< N with respect to N
for suficiently large r. Suppose further that f and g have partial derivatives with
respect to y of order 2(p+1) with a polynomial growth and that for all functions
G:R? =R, that are 2p+1 times continuously differentiable with partial derivatives
with polynomial growth we have

[E(G(Y1)) ~E(G(Y (h)))| < C(Yo)h*, (2.5)

where C(y) has a polynomial growth. Then the method converges with a weak global
order p.

2.2. Stability. Stability analysis for numerical methods is motivated by the
question of the choice of the stepsize h for (1.2) in order to reproduce the characteristic
dynamics of the true solution. In order to investigate such a question for numerical
schemes, we consider a linear test problem with multiplicative noise [23]

dY = \Ydt+pYdW(t), Y(0)=Y, (2.6)
where A, € C. The solution of (2.6), Y (t) =Yyexp((A— 3u2)t+uW (t)),
is mean-square stable if and only if

Jim B(Y (1)) =0 <= () € Ssppi={(A) €CRe() + 5P <0}, (27)

where the right-hand side of (2.7) will be referred as the stability domain of the test
equation (2.6). This test problem gives insight of the behavior of (1.1) by linearization
around fixed points. Applying the numerical scheme (1.2) to the test problem (2.6),
squaring the result, and taking the expectation, we obtain

E([Yn+1*) = R(p, ) E( Y2 ), (2.8)

where p=h\,q=vhu and where R(p,q) is a polynomial in Re(p), Im(p), Re(gq), Im(q).
The numerical method is mean-square stable for this test problem if and only if

lim E(]Y,[?) =0 < (hA,Vhp) €S :={p,q€C;R(p,q) <1}. (2.9)

n—oo
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Examples. A well-known method for the solution of (1.1) is the Euler-Maruyama
scheme, given by

M

Yop1 =Y +hf(t,Yn)+ Y Ingi(t,Yn), (2.10)
=1

where I, =W(tn+1) — Wi(t,) are independent Wiener increments.  This method
has strong order 1/2 and weak order 1 [14]. Applied to the test problem (2.7), we
obtain

R(p,q)=[14p]*+¢* (2.11)
and thus it is mean-square stable if and only if
(WA, Vhp) € Spmt = {p,q € C;[1+p|* +¢* < 1}.

The domain Sgy is plotted in Figure 2.1 in the (p,q) = (hA\,vhp) plane (for A, u€R).
The left part of the parabola with a boundary given by a dotted curve represents the
stability region of the test equation (2.6). We observe that for |A],|p|>>1 (stiffness),
severe stepsize reduction occurs for these methods to be stable. For SDEs with a
one-dimensional Wiener process, higher (strong) order methods can be obtained as,
for example the Platen method [14] which has strong order 1 and is given by

Kn :Yn'i_hf(tvyn)"_\/gg(tayn)

}/nJrl:Yn+hf(tvyn)+lng(t>yn)+ (g(Kn)_g(Yn))(IrzL_h) (212)

1
2vh
We note that higher weak order methods in the framework of the Runge-Kutta meth-
ods have been studied in [22].

Applying the method (2.12) to the test problem (2.7) we obtain its stability
domain Spy, similarly as explained above for the Euler-Maruyama method. We see
again in Figure 2.1 that the stability region covers only a small part of the stability
region of the test equation.

-4 35 3 25 2 15 -1 08 0 -4 35 3 25, 2 -5 -1 05 0

F1G. 2.1. Mean-square stability domains for the Euler-Maruyama method (left figure) and the
Platen method (right figure).

REMARK 2.3. We notice that some other authors use the representation (p,q)=
(hA,hu?) for plotting stability domains. With this scaling, the stability region for
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the test problem becomes a wedge. For the class of methods we are constructing
this scaling has some drawback: the stability domains of our new methods increase
quadratically along the p axis (see Figure 4.1) and this remarkable property is somehow
hidden (in the plots) with stability domains scaled as (p,q)= (h\,hu?) instead of

(p,q) = (hA\,Vhy).

To describe more precisely the mean square stability region of a numerical method,
we define a “portion” of the stability domain (2.7) by

Sspr.r ={(p,q) € [~7,0] x R;[q| < v/=p}, (2.13)

where > 0. We then consider two parameters [ and d related to a numerical stability
domain § by

l=max{|p|;p<0, [p,0]CS}, d=max{r>0;Sspg,,rCS}. (2.14)

Clearly, d<I. We notice that [ is a parameter of the stability which corresponds to
the noise-free behavior. For SDEs, the parameter d is thus the relevant quantity to
optimize. For the Euler-Maruyama and the Platen methods we have gy =2,lpr, =
2,dgym ~1/4,dp1, ~1/4. The goal is to construct a family of numerical methods with
d much larger than the above values, typical for any “traditional” explicit methods.

3. Chebyshev and ROCK methods

The stochastic methods proposed in this paper are special families of (1.2) based
on Chebyshev methods. In this section we briefly review Chebyshev methods, origi-
nally proposed for stiff ordinary differential equations.

Chebyshev methods. The idea behind our stochastic methods is to extend a class
of stabilized numerical methods introduced by Saul’ev, Franklin and Guillou & Lago
(see [10, Section IV.2] and the references therein) for the numerical solution of ODEs

Y/ = (1Y), Y(0)=Yo

with a Jacobian matrix having negative eigenvalues with large magnitude. Such meth-
ods, further developed in [1, 2, 15, 24] have proved to be very efficient for large stiff
systems of deterministic differential equations. They rely on stability functions given
by shifted Chebyshev-like polynomials R, (2)=T,,(1+2/m?), where T,,(z) is the
Chebyshev polynomial of degree m. The polynomials R,,(z) equi-oscillate between
—1 and 1 and have the property that |R,,(2)| <1 for z€[0,2m?]. The related sta-
bility domains are therefore extended along the negative real axis and they increase
quadratically with the degree m of R,,(z). The degree m of the stability functions in-
dicates the stage number of the associated Runge-Kutta method, while the property
Ry (2)=1+2+0(2?) ensures the first order convergence of the numerical method.
These methods have been originally developed for problems with eigenvalues along
the negative real axis. A typical stability domain S, is sketched in Figure 3.1, where

Sm:={2€C;|R(2)|<1}.

It can be seen in Figure 3.1 that the boundary of the stability domain along the
negative real axis is 200, for m =10. However, there are regions in [0,200], precisely
when T'(1+ 2/m?) =1, with no stability on the imaginary axis.

To overcome the aforementioned issue, it has been suggested by Guillou and
Lago to replace the requirement |R,,(z)| <1 by |R(2)| <n<1. This can be achieved
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Fic. 3.1. Stability domain of first order Chebyshev method (degree m=10).

for the polynomials T, (14 2/m?) by dividing it by the quantity T}, (wo) > 1, where
wo=1+n/m?. To obtain the correct order with this modified stability function, one
T (wotwi2) _ T (wo)
T (wo) T T (wo)
[10, Section IV.2]). By increasing the paramter n the strip around the negative real
axis included in the stability domain can be enlarged as can be seen in Figure 3.1.

does a change of variables and obtains R,, ,(z) = , where wq (see

y(m),
st
101
15¢ q 151
P . . . P . . .
-200 -150 -100 -50 0 -200 -150 -100 -50 0
x (Re) x (Re)

Fia. 3.2. Stability domain of first order Chebyshev methods (degree m=10) with variable
damping n=0.1 (left figure), n=1 (right figure).

Higher order quasi-optimal Chebyshev methods: the ROCK methods.
Higher order methods, called ROCK, for orthogonal Runge-Kutta Chebyshev meth-
ods, based on orthogonal polynomials have been developed in [1, 2]. The stability
functions are given by polynomials R, (2) =1+z+...+2?/p!+ O(2P*1) of order p and
degree m with quasi-optimal stability domains along the negative real axis. These
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polynomials can be decomposed as
Ry (2) =wp(2) Pr—p(2),

where P, _p(2) is a member of a family of polynomials {P;(2)};>0 which are orthog-

wp(z)2
1—22"
numerical method is then as follows: the 3-term recurrence relation of the orthogonal

polynomials {P;(z)},>0

Pj(2) = (ajz—Bj) Pj—1(2) —v; Pj—2(2),

onal with respect to the weight function The idea for the construction of a

is used to define the internal stages of the method
KJ = ho‘jf(KJ—l)_ﬁJKj—l _’YJK]—Qv .7:277m_p

This ensures the good stability properties of the method. A p-stage finishing procedure
with the polynomial w,(z) as underlying stability function, ensures the right order of
the method.

4. The Ité6 S-ROCK methods
In this section we construct and analyze the It6 S-ROCK methods. Inspired by
the above ROCK methods and the Stratonovich S-ROCK methods developed in [4],
we consider methods based on
e deterministic Chebyshev-like internal stages to ensure good stability proper-
ties,
e a finishing stochastic procedure to incorporate the diffusion part and obtain
the desired stochastic convergence properties.
As for deterministic methods, the use of damping plays a crucial role and allows to
enlarge the width of the stability domains.

4.1. Weak order 1, strong order 1/2 Ité6 S-ROCK methods. We
consider a family of stochastic methods for general multi-dimensional stiff It6 SDEs.
We define a m-stage method by

KOZYru
K1 =Y, +h2 f(Ko),
wo
Tj—1(wo) Tj—1(wo) Tj—2(wo)
K4:2hw1]7f(Kv_1)+2w037Kv_1737[(4_2,
! T (wo) ’ Tj(wo) 7 Tj(wo) 7
=2 m—1,
Trn—1(wo) Trn—1(wo) Trm—2(wo)
K, = 2hay ~m= 80 gy o im0 g Ime2le0) e
w1 Ton(w0) f( 1)+ 2w Ton(w0) 1 T (o0) 2
M
+ZInlgl(Kmfl)7 (41)
=1

where wozl—i—#, wy = ?,”Ezgg The approximation at step n—+1 is then defined

by Yiu41:=K,,. The follox;vning two theorems give the convergence properties of the
methods (4.1).

THEOREM 4.1. For m>2, the methods (4.1) have strong global order 1/2.
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F1a. 4.1. Stability domains of Ité S-ROCK methods (4.1) for m=3 (upper left picture), m =10
(upper right picture), m=50 (lower left picture) and m =100 (lower right picture).

Proof. The proof is obtained by expanding (4.1) in Taylor series and estimating
the local truncation errors. We first obtain for the deterministic stages (1<j<m—1)

T} (wo)
Tj(wo)

using the recurrence relation of the Chebyshev polynomials. For the last stage we
have

f(Yn)+0O(h?), (4.2)

K;=Y,+hw;

M
(wo) < Tn 1((“)0) / )
K, =Y, +hw Y, + I, n) +hwi —————=g,(Yn) f(Yn
1 ( ) lz; 2] gl ) Tmfl(wo)gl( )f( )

+O(I,,,h?) +O(h?)
M

:}/;LJ’_h’f n +ZI71191 n)+O(Inzh)a (43)
=1

where g/ (Y},) represent a Jacobian matrix and where we used that w, T’" Ewo; =1.

We compare now the expression for K,, =Y, 11 with the It6 Taylor-Platen expan-
sion of the exact solution of (1.1) after one step with initial condition Y (¢,)=Y,,

M tnt1
Y(tny1)=Yn+hf( Yn)+Zgl(Yn)/ AW, + R.., (4.4)

Jtn
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F1G. 4.2. The above four figures show the stability domains study for the It6 S-ROCK methods
(4.1). They are shown as optimal values dy), for 3<m <200 defined in (4.11) (upper left plot),

and corresponding " defined in (2.14) (upper right plot), the ratio d?,: /m representing the stability
versus work (lower left plot) and optimal values of n for m <200 (lower right plot).

where E|R.|=0O(h) and |E(R.)|=O(h?).
Defining Y (t,+1) — Yn+1 =e¢, a simple calculation shows that

Ele|=0(h) and |E(e)|=O(h?).
Using Theorem 2.1 completes the proof. ]
We next study the weak order of the S-ROCK methods.

THEOREM 4.2. For m>2, the methods (4.1) have weak global order 1.

Proof. Let Y1 be the approximation of a given S-ROCK method (4.1) and Y'(h) be
the exact solution at time h. Comparing (4.3) and (4.4) (for n=0) and using Taylor
expansion, assuming suitable smoothness of the function G (see 2.1), gives

[E(f (Y1) = E(f(Y (h)| < C(Yo)h?,

where the lower order terms either vanish because they cancel each other or become
zero after taking the expectation (any expression containing an even number of Wiener
increments vanishes after taking the expectation).

To conclude the proof, one needs the uniform bound of E||Y,||*" for any r€N.
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Here we follow the lines in [19] (Lemma 2.2, pp. 102). What we need is

“E(YnJrl_Ynlyn)|§01(1+|yn|)ha (4-5)
‘Yn-‘rl —Yn| S M(fn)ﬂ"’ |Yn|)h%

for a positive constant C;. Here &, denotes random variables related to the Wiener
increments I,, and M (&,) must have moments of all orders, i.e., E(M(¢,))! <C; for
i€N. To prove (4.5), we only need to consider the scheme (4.1) without the diffusion
terms, which vanish after taking the expectation. A straightforward mathematical
induction implies the following bounds

by utilizing the linear growth condition of f(y). The last step in the induction gives
(4.5). Note that the only difference between (4.5) and (4.6) for the scheme (4.1) is
the diffusion part, so we obtain (4.6) through direct calculation defining &, = 1I,,/v/h
and using the linear growth condition of g(y). The above choice for &, ensures that
M (&,) has moments of all orders (for a given hg and h < hg). Finally we complete the
proof by applying Theorem 2.2. O

Study of the mean-square stability. We apply the method (4.1) to the linear test
problem (2.6) and obtain

T
IQ:MYH j=0,1,....,m—1
Tj(wo)
for the internal stages and

Tm (WO + W1p)
T (WO)

Tmfl (WO +W1p)
Trn—1(wo)

Yo=K = ( + Vg he (4.8)

after one step, where V,, is a N(0,1) Gaussian random variable and where we used
the notation I, =v/hV, and q=vhpu.
Squaring and taking the expectation gives a mean-square stability function

T2 (wo+wip) | o Tp_1(wo+wip)

Rm(paq): T%(CUO) q Tsl_l(wo)

(4.9)

For a given m (stage number) we denote by S/ the stability domain (2.9) of the
related method (4.1), where we add an index 7 since the method depends on the
parameter 7 (damping) through wy and wi. Sspg,a,,(n) is then the largest portion of
the true stability domain included in S}, as defined in (2.13). Notice that d defined
in (2.14) depends now on 7. The parameter [ defined in (2.14) related to the stability
region along the p axis will depend on m and 7, and we will denote it by I,,,(n).

The following lemmas characterize the stability domains of our methods. Their
proofs can be obtained following the lines of [4].

LEMMA 4.3. Let n>0. For all m, the m-stage numerical method (4.1) has a mean
square stability region S7, with L, (n) > c(n)m?, where c(n) depends only on 7.

LEMMA 4.4.

lm(n)—2m  for n—oo. (4.10)
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In view of the above two lemmas we make the following important observation:
for any fixed 7, the stability domain along the p axis increases quadratically (Lemma
4.3), but for a given method, i.e., a fixed m, increasing the damping to infinity reduces
the quadratic growth along the p axis into a linear growth (Lemma 4.4). Since d,,(n) <
I;m(n) no gain compared to classical methods can be obtained in this limit case.

Optimized methods. Our goal is now for a given method to find the value of 7,
denoted n* which maximize d,,(n), i.e.,

n* =argmax{d,,(n);n € [0,00)}. (4.11)

The corresponding optimal values d,,, (7*) for m <200 have been computed numerically
and are reported in Figure 4.2 (upper right plot). We also report in the same figure
the values of L,,(n*) (upper left plot) and n* (lower right plot). We see that for n=n"*,
A (n*) >~ 1 (™). In the third picture of Figure 4.2 (lower left plot) we study the
efficiency of the method.

Since a large number of stages is allowed, the 1t6 S-ROCK methods will be efficient
only if the ratio d,,,(n*)/m (stability versus work) is larger than the corresponding
value for classical methods. We see that this is indeed the case. A comparison with the
two “classical” methods discussed in the beginning of the paper, the Euler-Maruyama
and the Platen methods, for which dgv/m=1/4,dpr,/m=1/8 (with m=2), shows
that the S-ROCK methods have a work/stability ratio up to 272, respectively 543
times larger.

4.2. Weak order 1, strong order 1 It6 S-ROCK methods for SDEs with
commutativity properties. If M =1 (one-dimensional Wiener process), for
diagonal or commutative noise, it is possible to modify the methods (4.1) in order to
obtain a strong order 1 It6 S-ROCK methods. In what follows we give the formulas
for the case M =1 and will comment on the diagonal and commutative cases.

The higher strong order m-stage S-ROCK methods are defined for m > 3 as follows

KOZY’IH
K1 =Y, +ht f(Ko),
Wo
Tj—1(wo) Tj—1(wo) Tj—2(wo)
K = 2han =10 ey o a0 g 252(80) pe
PN T ) TR Ty B T T )
j=2,...m—1,
K =K1 +Vhg(Kp-1),
To—1(wo) To—1(wo) T—2(wo)
K,,=2hov)——= f(K,,— wy—————FK,yyo1—————F K
m w1 Ton(w0) F(Km—1)+2wo To(w0) 1 T (w0) m—2
1 *
F1n0g(Km—1) + (9(K 1) —9(Km—1))(I7 = h). (4.12)

2vh
The approximation at the step n+1 is then defined by Y;, 41 :=K,,.

The case of diagonal noise. We recall that diagonal noise denotes the situation
when the dimension d of Y (t) equals M (the number of independent Wiener processes),
each component Y% () of the It6 process is only disturbed by the corresponding com-
ponent Wy, of the Wiener process W and g (¢,Y") depends only on Y}, (see [14, Chapter
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10.3] for details). In this case the last term should be understood componentwise,

1
—— (g (K, ) = gi (K1) (I2. — 1), 4.13
) (o) (12, 1) (4.3
where g, represents the k-th component of the vector g and I,,, = W (tn41) — Wi (tn)-

The case of commutative noise. Define the operator
l K O
L'=Yg 1=1,2,..., M. (4.14)

For abitrary M, if the commutativity condition [14]
L'gk=L"gF  Yir=1,.. . M; k=1,....d (4.15)

holds for the diffusion functions, then using

1

Lo A T =In I, (1£7) and - Iy gy = 5 (15, = ), (4.16)
where I, . = ftt:“ fti dW,;(61)dW,.(0), one replaces two last stages of the methods
(4.12) by

M
K:;L71 :Km71 +Zgr(Kmfl)Inr,
r=1
K:;:lllszfl‘f'\/ﬁgl(Kmfl)a 121727~~'7M7
Tn-1(wo) Tn-1(wo) Tn—2(wo)

Yn—i—l :Km:2hw1 f(Km—1>+2WO KnL—Q

Ty (wo) T(wo) ™1 Ty(wo)

M
> (K ) = gi(Em-1)) I,
=1

N |

M
+Zlmgl<Kmfl)+
=1

M
*%Z(gl(K;:ill)*gl(Km—l))\/ﬁ. (4_17)
=1

Note that we have more intermediate steps here to avoid the computation of the

derivatives of functions g;(y). We next discuss the convergence properties of these
methods.

THEOREM 4.5. If M =1 or for diagonal or commutative noise, the methods (4.12)
have strong global order 1.

Proof. Let us first consider the M =1 case. As for Theorem 4.1, we expand the
method (4.12) in Taylor series and estimate the strong and weak local truncation
errors. Using (4.2) for the first m—1 deterministic stages, expanding K* _; and K,
in Taylor series we get

K =Yn+h(f(Ya)+O(h)) +1n(9(Yn) + O(h))

45 (6/9(¥)+ O(0) (1)~ h). (115)
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We compare now the expression for Y, ;1 = K}, with the Itd6 Taylor-Platen expansion
of the exact solution of (1.1) after one step with initial condition Y (¢,) =Y.

Y (busr) =Y+ hf (Ya) +9(Ya) / " aw o)
(¥a) / / " W (60)aW(6) + .. (4.19)

where E|R.|=O(h*/?) and [E(R.)|=O(h?). Using the property of the It6 integral,

n+1 1
/ / AW (0)dW (6) = 1 (121
A comparison of the numerical and exact Taylor-Platen series shows that
Ele| = O(h*?) and |E(e)| = O(h?).

Using Theorem 2.1 completes the proof for the one dimensional case. Exactly the
same proof can be done for the diagonal noise case. For the commutative case, one
observes that a Taylor expansion of the last stage gives

M

M
1
Y1 =Y, +hf(Y, +§ j.rmgl +5 § :ngr(yn) . § :nglh+Re, (4.20)
l,r=1 l 1

where E|R.|=0O(h%/?) and |[E(R.)|=0O(h?). Using the commutativity conditions
(4.15) and (4.16) we see that the above expression can be written as

Vo1 =Yn +hf(Y, +megl

+ Z v [ awenaw, o)+ R (4.21)
r . . 1 e .

lLr=1

A comparison of the numerical and exact Taylor-Platen series shows that
Ele|=0(h*?) and [E(e)|=O(h?),

and we can conclude as for the case M =1 by invoking Theorem 2.1. O

THEOREM 4.6. For m>2, the methods (4.12) have weak global order 1.

Proof. This can be proved by comparing the expansions (4.18) or (4.20) with the
expansion (4.19) of the exact solution, and by following the lines of Theorem 4.2 using
the Lipschitz condition and the linear growth conditions of f and g. The details are
omitted here. ]

REMARK 4.7. In general, the methods (4.12) cannot be of higher weak order since
(4.18) shows that already in the deterministic case they do not enjoy second order
accuracy.
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The study of the mean-square stability can be done in the same manner as for
the methods (4.1). We apply the method (4.12) to the linear test problem (2.6) and
we obtain
Tm, (WO +W1p)

Tm (wo)

Trn—1(wo +wip)
Tmf 1 (WO)

f Tm—l (WO + Wlp) )
ny

+(V2-1
( ) 2 Tmfl(wO)

Y11= ( +Vag

(4.22)
where we used I,, = vVhV,, and q= \/ﬁu as before. Squaring and taking the expectation
gives a mean-square stability function

T2 (wo+wip) 2 To y(wotwip) ¢ T7 1 (wo+wip)

Bnpd) ==y T @) 2 o) )

In Figure 4.3 we sketch stability domains for selected stage number m. We note that
lemmas 4.3 and 4.4 remain true for the stability domains given by (4.23). As for the

20

15

10[ =~ 1=

-10

-15

-20'
-10 -8 -6 -4 -2 0 -50 -40 -30 -20 -10 ]
p p

Fi1G. 4.3. Stability domains of Ité6 S-ROCK methods (4.12) for m=3 (left plot) and m=10
(right plot).

methods (4.1) we compute the optimal values d,,(n*) for m <200 numerically. These
values are reported in Figure 4.4. (upper right plot). We again also report in the
same figure the corresponding values of I,,(n*) (upper left plot) and n* (lower right
plot). In the lower left plot of Figure 4.4 we study the efficiency of the method. We
wee that the stability domains are shorter than for the methods (4.1) (compare also
Figure 4.3 with Figure 4.1). We notice that the values of d,,,(n*) are of the same size
as the corresponding values obtained for the Stratonovich SSROCK methods of strong
order 1 [3]. We still have a substantial improvement compared to classical explicit
methods, since the order 1 It6 S-ROCK methods have a work stability ratio up to
160 and 320 times larger when compared with the Platen and the Euler-Maruyama
methods, respectively.

4.3. Error constants. In this section we briefly study the error constant of
the S-ROCK methods. Following the theory for deterministic problems, we apply the
S-ROCK methods (4.1) or (4.12) to the linear test problem (2.6) (with Yp=1) and
estimate the constant in front of the leading error terms. As previously, we will use
the notation p=Ah,q=puvh. For the exact solution we obtain

1
Y (h)=1+4p+ §p2+0(p3)

+/L11 +M2111 +)\/L10]1 —|—/.L3]111 —|—f{7 (424)
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F1G. 4.4. The above four figures show the stability domains study for the It6 S-ROCK methods
(4.12). They are shown as optimal values dy, for 3<m <200 defined in (4.11) (upper left plot),

and corresponding " defined in (2.14) (upper right plot), the ratio d?,: /m representing the stability
versus work (lower left plot) and optimal values of n for m <200 (lower right plot).

where we used the notation

h 0 h 0
I :/ / dW(Gl)dG, I :/ / deldW(H),
0o Jo 0 Jo

Illlfoh/oe/oel AW (02)dW (01)dW (6).

We also used the relation I1g+ lo; =Ipl; (see [14] for details). We note that E(|R|) =
O(h?) and E(R)=0.

We observe that the SSROCK methods applied to the linear test problem (2.6)
gives (4.8) and (4.22) for the methods (4.1) and (4.12), respectively. We expand these
expressions in Taylor series around wgy and further consider the leading terms in the
regime 7 — 00, since we are interested in the parameter range of large damping. We
obtain

1 1
Yi=1l+p+3 (1—)p2+(9(p3)
2 m

+ply (1 + (1 - ;) p+0(p2)) (4.25)
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for method (4.1) and
Y11+p+1<11>p +O(p )+u11( <11>p+(9( )>
I (1+ (1- ;)p-l—(’)(pz)) (4.26)

for method (4.12). We now compute the leading error terms for the local weak and
strong truncation errors. For the weak error, we take G(y)=y. For the local strong
error, we will use (E(|Y (k) —Y1|?))'/? as a measure of the error, since this expression
is easier to handle for the computations which follows.! Comparing (4.24) with (4.25)
we get for methods (4.1)

(2
2m
(BQv ) -vip) " =2

and comparing (4.24) with (4.26) we get for methods (4.12)

_ (b2
2m

(E(|Y(h)—Y1|2))% —n} ((i’;) +u6>é+0(h2). (4.30)

[E(Y (h)) —E(M)|= +O(h%) (4.27)

+0(h%?) (4.28)

+0(h%) (4.29)

We observe that changing the stage number of the S-ROCK methods does decrease
the error constant in the weak local error, for both methods (4.1) and (4.12). For
the strong local error, the error constant decreases for method (4.12) and is bounded
independently of the stage number for method (4.1). These observations are impor-
tant, since they indicate that the error growth is stable with respect to stage order
changes. Numerical experiments in section 5 confirm these findings.

5. Numerical examples and applications

We first test numerically the convergence results obtained for the SSROCK meth-
ods. We then present a simulation of a chemical reaction, involving multi-dimensional
stiff It6-SDEs.

5.1. Numerical study of S-ROCK methods. To study the convergence
properties of the S-ROCK methods, we consider the linear test problem (2.6) for which
we have a known solution (see section 2.2). We numerically solve the test problem
with the S-ROCK methods (4.1) (strong order 1/2) and (4.12) (strong order 1) for
various stage numbers (m = 3,10,200).

Strong error. We choose A=2,u=1. To estimate the error in the strong sense at
time T'=1 for various stepsizes h. We choose N such that Nh=1 and approximate

e =RV — Y (T)| (5.1)

by averaging the endpoint error over N =>5-10* numerically generated paths. The
sampling error, which is known to decay as 1/v/ N, is negligible here. We see in

IWe notice that a strong local error of order p in this norm implies a strong local error of order
p for (2.3) because of the Chebyshev inequality.
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figures 5.1 and 5.2 that we obtain the expected rate of convergence. Furthermore,
the precision is independent of the stage number for the methods (4.1) and increases
as we increase the number of stages for the methods (4.12). This is due to the de-
crease of the error constants as studied in section 4.3 (see estimates (4.28) and (4.30)).

Weak error. The next test is with respect to weak convergence. We choose G(y) =y
in (2.5) and estimate the weak error at time T'=1 for various stepsizes h. We choose
N such that Nh=1 and approximate

e = [E(Yy) —E(Y (D)), (5.2)
where E(Y (T)) = Ypexp(AT) for the problem (2.6). We average over N =5-10* sam-
ples. Here we choose the parameters A=2,u=0.1. We see in figures 5.1 and 5.2 that
we obtain the expected convergence. We also see that, as we increase the number of
stages, we obtain better accuracy. This is due to the behavior of the error constants
studied in section 4.3 (see estimates (4.27) and (4.29)).

Strong error for S-ROCK methods (1/2 ,1) Weak error for S-ROCK methods (1/2,1)

10 10°

——m=3
—8—m=10
——m=200
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\
\
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Sample average of | Y(T) = Y |
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| E(Y(T)) - Sample average of Y , |
-
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10” . 10

Fic. 5.1. Strong and weak error plots for the strong order 1/2 S-ROCK methods with various
stage numbers. The dashed line is the reference straight line with slope 1/2 (left plot) and slope 1
(right plot).

Strong error for S-ROCK methods (1,1)

Weak error for S-ROCK methods (1,1)
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FiG. 5.2. Strong and weak error plots for the strong order 1 S-ROCK methods with various

stage numbers. The dashed line is the reference straight line with slope 1 (left and right plots).
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REMARK 5.1. In this paper, we have restricted ourselves to S-ROCK methods with
m <200. A higher stage number would improve the efficiency discussed above for stiff
problems. However, some care should be taken since accumulation of round-off error
and so-called internal stability issues can arise in the m —1 deterministic steps for
m>> 200 [24].

5.2. A nonlinear stiff problem. To highlight the necessity to include a whole
“portion” of the stability domain of the linear test problem in the stability domain of
a numerical method (see (2.13)), we consider the following nonlinear problem

dY =AY (1-Y)dt—pY (1-Y)dW,, Y(0)=Y,, (5.3)

which is a normalized version of a population dynamics model (see [8, Chap. 6.2]).
A linearization about the stationary solution Y (¢)=1 leads to the linear test prob-
lem (2.6) considered in the previous example. We plot in Figure 5.3 a typical tra-
jectory (computed with the Euler-Maruyama method) over the time interval [0,1]
with starting value Yp=0.9 and parameters A=—4,u=—,/—2(A+1). In what fol-
lows, we will increase the value of |A| which in turn will increase the stiffness of the
problem. We note that the chosen pair (A,u) is close to the boundary of the sta-
bility region of the linear test problem. At the same time, this choice ensures that
A+pu?/2=—1<0 which is required by (2.7). We next take a collection of parameters

0.8F

Fic. 5.3. Sample of the process given by (5.3) computed with the Euler-Maruyama method

(Yo=09A=—4,u=—/—2(A+1)).

(A, —+v/—2(A+1)) and, as mentioned above, increase the stiffness by selecting succes-
sively A=—10,—102,-103%,—10%. We numerically solve the problem (5.3) for these
sets of parameters with the Euler-Maruyama and the S-ROCK methods. To study
the mean square stability, we choose a starting value Yy =0.9 at ¢ =0, close to the sta-
tionary solution Y (¢) =1 and estimate the deviation to this solution at time T'=1. As
a measure of the error, we compute the strong error (5.1) by averaging the endpoint
error over N =10° numerically generated paths. The sampling error, which is known
to decay as 1/v/N is negligible here. In all the experiments, we ask that ;"% < tol
and we choose the stepsize as h=2"" (the precise value of tol is not important as we
want only to check stability; the value of tol =103 was chosen in the experiments).
For the Euler-Maruyama method, this requirement can only be achieved upon reduc-
ing the stepsize in view of its small stability domain. For the S-ROCK method, we fix
the stepsize for all the values of A and p and vary the stage number to achieve a stable
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integration. The choice of h=27% ensures e; °"® <tol for all the experiments. We
collect the results in Table 5.1. As a measure of the numerical work, we monitor the
function evaluations. The quantity ff represents the number of drift evaluations (for
one sample path) while fg represents the number of diffusion evaluations (again for
one sample path). Note that for both methods, we have for each diffusion evaluation
also to generate a random number, thus fg counts as well the number of generated
normal random variables.

TABLE 5.1. Work versus stiffness for Euler-Maruyama (EM) and the S-ROCK methods

A=-10 A=—102
EM (f=128, fg—128 £ —=4096, g — 4096
stepsize h=277 h=2712
STROCK Ff=24, fg—=8 Ff =40, fg=3
stepsize (stage nb.) h=273 (m=3) h=273 (m=5)
A=-10° A=-10%
EM §f=16384, fg—= 16384 | £f = 262144, fg = 262144
stepsize h=2"1 h=2"18
S-ROCK gf =160, tg=8 £f =520, fg=8
stepsize (stage nb.) h=273 (m=20) h=273 (m=65)

We see in Table 5.1 the tremendous improvement of the efficiency when switch-
ing from the Euler-Maruyama to the S-ROCK methods. Note that for the actual
cost of the experiments, these results have to be multiplied by the number of sam-
ples (here 10°) which leads to a significant difference in computing time for the two
methods. Note also that the time-step restriction in this example arising for the
Euler-Maruyama method is much more severe than the restriction corresponding to
the noise-free behavior. In the latter situation, we would have a maximum stepsize
of h=2-10"1,2-1072,2-1073,2-10~* for A=—10,—102%,—103,—10%, several orders of
magnitude larger than for the above experiments. This illustrates the necessity of
including a whole “portion” of the stability domain of the linear test problem and the
necessity of the damping strategy in the S-ROCK method as discussed in section 4.

5.3. A “non mean-square stable” fast slow system. The following ex-
ample illustrates that some care should be taken when adding noise to a deterministic
stiff system. This example also shows that the stability concept considered in this
paper, namely the mean-square stability, does not cover some classes of interesting
multiscale stochastic systems. Consider the singular perturbed problem

dx = f(x,y)dt, x(tg) =0, (5.4)

1
dy:gg(m,y)dt, y(to) =yo, (5.5)

where € >0 is a small parameter. This equation represents a fast-slow system (y being
the fast variable and x the slow one). Assuming a suitable dissipative condition for
the fast system, it is well-known that the dynamics for the fast system (with the
slow variable frozen) has a (Dirac) invariant measure and converges exponentially
fast to a fixed point (invariant manifold) [10, Chap. 6]. The slow variable is well-
approximated by a reduced problem with an effective force f (usually not available
in explicit form) obtained by averaging f with respect to the invariant measure of
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the fast system. From a numerical point of view, a standard numerical solver will
have a stepsize restriction governed by stability issues in solving the fast system. This
is a typical stiff system and stiff solvers such as implicit solvers or Chebyshev (e.g.
ROCK) methods can overcome the aforementioned stepsize restriction [1, 2, 10]. In
this situation, a stable integration leads also to an accurate solution.

If one includes a fast random perturbation in the above system, stable integration
does no longer guarantee an accurate solution if the fast dynamics is not mean-square
stable and has a non-trivial invariant dynamics. This issue has been discussed in [16]
for implicit solvers and we illustrate it briefly for the S-ROCK methods. We add
a suitably scaled additive white noise to the fast variable of the system (5.4) and
consider

diL’:f(Z,y)dt, x(to):l’o, (56)
1 2
dy=—g(z,y)dt + \/;dW(t% y(to) =yo- (5.7)
In what follows, we choose f(z,y)=—y*+5sin(2wt) and g(z,y) =z —y. The fast
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F1G. 5.4. Solution for the slow variable of the system (5.6) integrated with the S-ROCK methods.

system with the slow variable fixed is an Ornstein-Uhlenbeck process and the invariant
distribution (for t— o00) is a stationary Gaussian process with mean x and variance
1. The effective forces can easily be computed (see [16] for details) and read f(z)=
Jo f(@,y)pa(dy) = —2% 4 5sin(2nt) — 1. To illustrate the numerical behavior of the S-
ROCK methods applied to this problem, we fix e=10"*% and integrate the system
(5.6-5.7) over the time interval [0,0.5] with 2(0)=2 and y(0)=1. We choose various
time steps h=1073,10"%,10"%. 1In each case, we adjust the number of stages to
achieve a stable integration. Of course, an integration with a standard explicit solver
would not be possible for time steps h >e.

We see in Figure 5.4 that the integration is stable for all stepsizes, but accurate
(i.e. close to the effective solution) only when h<e, i.e., when the fast variable is
resolved. An explanation of this behavior can be obtained following the procedure
described in [16] for implicit solvers by computing an invariant numerical solution for
the S-ROCK methods applied to the fast system (5.7) with the slow variable fixed.
Note that this invariant solution involves the stability functions (4.9) of the SSROCK
methods. A similar behavior was observed for implicit methods in [16], but while
there is not enough dissipation for the numerical invariant measure of the S-ROCK
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methods, there is too much dissipation for implicit solvers. We close this discussion
by recalling that the above problem is not mean-square stable and the behavior of
the S-ROCK method is thus not in contradiction with the favorable properties of
these methods (as constructed in this paper) for stiff mean-square stable problems.
Drawing an analogy to ODEs, systems such as (5.6-5.7) exhibit a behavior closer to
oscillatory problems which are not considered as stiff and which are usually poorly
integrated with classical stiff solvers. The multiscale methods developed in [25] and
[7] which rely on averaging theorems instead of stability concepts can handle such
fast-slow systems as considered in this example. These methods compute the average
forces of the slow system on the fly, relying on a resolved computation of the fast
system over a short period of time.

5.4. Application: simulation of stiff chemical systems. We illustrate
the use of the It6 S-ROCK methods on an important application: the simulation of
a stiff system of chemical reactions given by the Chemical Langevin Equation (CLE).
We consider a system of reactions, the so-called Michaelis-Menten system, describing
the kinetics of many enzymes. The reactions involve four species: S; (a substrate), Ss
(an enzyme), S3 (an enzyme substrate complex), and S4 (a product). The reactions
can be described as follows: the enzyme binds to the substrate to form an enzyme-
substrate complex which is then transformed into the product, i.e.,

1 + 551 54 (5.8)
53& S1+ .52 .
53&524-54. (510)

The mathematical description of this kinetic process can be found in [13]. The
state-change vectors corresponding to these reactions are vy =(—1,—1,1,0)7, vy =
(1,1,-1,0)7,v3=(0,1,—1,1)T. For the simulation of this set of reactions we use the
CLE model

3 3
dy (t)= Zyjaj(Y(t))dHZyj. [a;(Y (t)dW;(t), (5.11)

where a;(Y(t)) are the so-called propensity functions given by
a1 (Y (t)=c1Y1Ya, a2(Y (1)) =c2Ys, az(Y(t)) =c3Ys.
We set the initial amount of species as
Y1(0)=[5x 10~ "navol],Y2(0) =[5 x 10~ "n 4vol], Y3(0) = 0,Y4(0) =0,

where [-] denotes the rounding to the next integer and n4 = 6.023 x 1023 is Avagadro’s
constant (number of molecules per mole) and vol is the volume of the system. The
parameters of the system are borrowed from [26, Section 7.3]. A computational study
of this problem with various simulation techniques (from Monte-Carlo methods, SDE
and ODE solvers) is reported in [11]. In the following numerical experiments, the
focus is on the behavior of the S-ROCK methods when the parameters of the problem
lead to increasingly stiff systems. We compare the S-ROCK methods with the Euler-
Maruyama method, widely used for such problems. While the S-ROCK methods are
as simple to use and implement as the Euler-Maruyama method, we see below that
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the former methods are significantly more efficient as the stiffness of the problem
increases.

We integrate the CLE on the time interval [0,50]. For this problem with multidi-
mensional Wiener processes, we use the S-ROCK methods (4.1). We see in Figure 5.5
that for a set of reaction rates leading to a nonstiff system we have the same behavior
for the Euler-Maruyama and the S-SROCK methods. We next increase the rate of the

Euler-Maruyama S-ROCK (m=3)
300 ‘ i " ; "] a0 ‘ ‘ ‘
250 q 250 .
Product Product

200 . : . q 200
X X

i i

150 1 1s0f

100 1 100f

50- . ‘Substrate . q 501 ‘Substrate
0 . . . 0
0 10 20 30 40 50 [¢] 10 20 30 40 50

t t

Fic. 5.5. Shown above is one trajectory of the Michaelis-Menten system solved with the
Euler-Maruyama method (left plot) and the S-ROCK method (right plot) for c1 =1.66 x 1073, co =
10~4,c3=0.10. The stepsize is h=0.25 for both methods, m=3 for S-ROCK. The same Brownian
path is used for both methods.

third reaction in (5.8)—(5.10), c3=102%,10%,10* corresponding to an increasingly fast
production. The resulting CLE become stiff and the Euler-Maruyama method is in-
efficient. In Figure 5.6 we report the stepsize and the number of function evaluations
needed for the Euler-Maruyama and the S-ROCK methods. By number of function
evaluations we mean here the total number of drift and diffusion evaluations. Writing
(5.11) as dY = f(Y)dt +g(Y)dW (t) where f and W are vectors and ¢ is a matrix,
each evaluation of f(Y') or ¢g(Y)dW (t) are counted as one function evaluation. For
both methods, one evaluation of g(Y)dW (t) is needed per time-step. Thus, by keep-
ing a fixed time step, the number of generated random variables remains constant as
the stiffness increases for the S-ROCK methods, while this number increases with the
stepsize reduction of the Euler-Maruyama method.

The Euler-Maruyama method faces step-size reduction as can be seen in Fig-
ure 5.6. Starting from h=0.25 the stepsize is progressively decreased to 1.85x 10~%
in order to have a stable integration and the number of function evaluations grows
accordingly.

For the S-ROCK method, we can fix h=0.25 for all the simulations and vary
the number of stages (from m =3 to m=381) in order to handle the stiffness. Taking
advantage of the quadratic growth of the stability domains, we see that the number
of function evaluations needed is reduced by several orders of magnitude compared to
the Euler-Maruyama method.

Finally we should remark that negative populations may appear during the com-
putation. In this case, the computation of the diffusion term is not possible. To
circumvent this issue, we take absolute value in the square root as usually done in the
literature (see for example [11]). Though in the continuous case, negative populations
do not appear, it is a common problem in the numerical discretization of chemical
reaction processes, even for the reaction rate equation (RRE) without noise [10]. For
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FiGc. 5.6. The Michaelis-Menten system solved with the Euler-Maruyama and the S-ROCK
methods with increasing rate constant cs. The stepsize is chosen as h=0.25 for the S-ROCK meth-
ods. For the Euler-Maruyama we select for each value of c3 the mazimum stepsize which leads to a
stable integration. For the Euler-Maruyama method, stability is achieved by reducing the step-size,
for the S-ROCK method by increasing the stage number (m=3,7,28,81).

our chemical reaction problem, we may argue that we actually solve a modified equa-
tion with an absolute value for a;(Y") in the diffusion term. But more systematic
strategy for solving this type of problem avoiding negative populations need to be
explored. This is the subject of an ongoing research project.
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