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VLASOV-POISSON SYSTEM DEPENDING ON JACOBI’S
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Abstract. We prove the existence of axially symmetric solutions to the Vlasov—Poisson system
in a rotating setting for sufficiently small angular velocity. The constructed steady states depend on
Jacobi’s integral and the proof relies on an implicit function theorem for operators.
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1. Introduction

In stellar dynamics, the evolution of a large ensemble of particles (e.g. stars) which
interact only by their self-consistent, self-generated gravitational field, is described by
the Vlasov-Poisson system

O f+0-Voyf—V,U-V, f=0, (1.1)
AU =4m7p, (1.2)

p(t,z):/f(t,x,v)dv. (1.3)

Here f=f(t,z,v)>0 is the phase-space density, where t€R denotes time, and 2,0 €R3
denote position and velocity. U=U(t,z) is the gravitational potential of the ensemble,
and p=p(t,z) is its spatial density. We are looking for stationary solutions of (1.1)—
(1.3). The ansatz

fo(z,0)=(E)=20 <;v2+U(x)) (1.4)

is well known, and automatically satisfies the Vlasov Equation (1.1) because the
particle energy

1
E(zv):= 51)2 +U(x)
is a conserved quantity along characteristics. But we still have to construct the self-
consistent potential. This is done by inserting (1.4) into the Poisson equation, more
precisely, we have to solve

AU:47rhq>(U):47r/<I> (;v2+U(x)> dv. (1.5)

The ansatz (1.4) leads to spherically symmetric stationary solutions of (1.1)—(1.3),
where f is called spherically symmetric, iff f(Ax,Av)=f(z,v) VA€O(3), where O(3)
denotes the group of orthogonal 3x3 matrices. Indeed, this is a special case of a
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712 AXIALLY SYMMETRIC SOLUTIONS DEPENDING ON JACOBI'S INTEGRAL

more general result of Gidas, Ni and Nirenberg [2]. If one is interested in stationary
solutions with less symmetry, more invariants can be added to (1.4), so that the
right-hand side of (1.5) explicitly depends on x.

One possibility is to consider a rotating system. If the ensemble is rotating about a
given axis, say the xz-axis, we can change to a rotating frame by changing coordinates
as follows:

(:=Ryx, n:=Rw—Qx (Rx),
where

cos(wt) sin(wt)0 0
R;:=| —sin(wt)cos(wt)0 |, Q:=[0
0 0 1 w

and the (rotational) velocity w>0 is given. The Vlasov-Poisson system then takes the
form

Of+n-Vef—(VU+QAX (%) +2(2xn))-V, f=0, (1.6)

ACU(taC):47Tp(t>C)’ (17)

p(t@:/f(t,é“m)dn, (1.8)

and the characteristic system of the Vlasov Equation (1.6) is

¢=n
{ﬁﬁgU(t,C)QanQx (QxQ).

This system has the following expression as a conserved quantity, if U is time-
independent,
L, 1 2
Ey=on"+U(Q)— 5% (|7,
2 2
where Ej; is also called Jacobi’s integral. A natural ansatz for the construction of
stationary solutions of (1.6)—(1.8) is now

Fem=oEn)=p ( 5lnP+U0)- 3. (19)

for a suitable function p:R—R™, where r:=r(z)=1+/¢?+(2. In the original coordi-
nates, (z,v) one can easily verify that this ansatz leads to

sla0)i=f(cn)=¢ (30 +U(Ri0)-wP).

where we define P to be the third component of the angular momentum, that is
P:=z1v9—x9v1, which is a conserved quantity of the characteristic system of the
Vlasov Equation (1.1) if U is axially symmetric with respect to the x3-axis. Obviously,
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the function f=f(¢,n) then automatically satisfies (1.6), and one has to solve the
Poisson equation, where we relabel ( and n to x and v, respectively,

AU:/go (;’UQ-FU(:L‘)— ;w2r2) dv=:h(w,r(x),U(x)). (1.10)

So if we construct an axially symmetric U that solves (1.10), the corresponding func-
tions (g,U), with ¢ defined as above, will also be a stationary solution of (1.1)—(1.3).
Clearly, our ansatz for f satisfies (1.6) without any symmetry assumptions on U,
and this gives hope for the construction of stationary solutions with less symmetry,
for example, triaxial solutions. Here, triaxial means that the three half axes of the
support of the spatial density have pairwise different length. In particular, a triaxial
solution is not axially symmetric.

Equation (1.10) has been studied, by Vandervoort [9], among others. He observed
numerically that if ¢ is of the form

o(Ey)=(Ey—E;) ", (1.11)

then for 0.5<3<0.808 there are triaxial solutions to (1.10) for sufficiently large w.
For small w, or >0.808, all numerically constructed solutions are axially symmet-
ric. Consequently, (1.10) seems to be of particular interest for the construction of
ellipsoidal solutions, but to our knowledge no self-consistent ellipsoidal systems to
(1.1)=(1.3) or (1.6)—(1.8) have been constructed analytically yet.

We will prove that there exist axially symmetric solutions to (1.10) for small w
under suitable assumptions on ¢, where we treat the case §>5/2 in (1.11). For this
purpose, we require that for w=0, we have a nontrivial, spherically symmetric solution
(fo,Up) of (1.10). Note that in this case the right hand side of (1.10) only depends on
Up. For w+#0, we want to apply an implicit function theorem to get solutions, which
arise by deforming Uy, where certain symmetries are conserved. The central idea that
makes this approach work is to look for a solution U“ as a deformation of Uy, i.e.,
U®=Uy(v(z)) for some diffeomorphism v on R?, and to formulate the problem in
terms of finding zeros of a suitable operator T' over the space of such deformations
instead of the space of the potentials. While the original problem (1.10) had to be
solved in R?, we will only need to know the deformation on a compact neighborhood
of the support of the original solution (fy,p0,Up), which provides useful compactness
properties. Furthermore, finite radius and finite mass of the constructed solutions are
just consequences of the corresponding properties of ( fo,p0,Up)-

The machinery presented here shows great promise for the construction of triaxial
solutions, since the allowed perturbations for the potential Uy only have mirror sym-
metry, and thus would match a triaxial setup. But up to now we have no method to
exclude axial symmetry with respect to the zs-axis for the perturbations constructed
by the implicit function theorem.

The approach described above has been used by Lichtenstein for proving the
existence of slowly rotating Newtonian stars, as described by selfgravitating fluid balls
[4, 5]. A translation of Lichtenstein’s approach into modern mathematical language
is due to Heilig [3].

The investigations made there were applied to the Vlasov-Poisson system in [8],
where stationary solutions to (1.1)—(1.3) of the form f(x,v)=¢(F)y(wP) were con-
structed. There, the potential U was a priori axially symmetric, so that the expression
P=x1v2—x2v; is a conserved quantity with respect to the characteristic system. The
procedure described there is the basis of our approach.
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This paper is organized as follows: In the next section we rewrite the problem in
terms of finding zeros of the operator T, then we state the main result and prove it
using an implicit function theorem. For this, we need certain properties of T" which
can be proved as in [8], except some minor technical modifications and one lemma,
where the symmetry of the allowed perturbations enters in. In section 3, we generalize
this important lemma to mirror symmetry.

2. The main result

The mappings, which leave our solutions invariant, are in the set

SZ:{TIIO : ($17$2,$3)’—7 (w17m27_$3)7 7101+ ($17x27$3)'—)($1,_$27.’1;3),

To11: (21,22,23)— (—21,22,23) }.
Now let Br:={x€R? | |z|<R} and define
Cs(Br):={f€C(Br) | f(Ar)=f(z), A€S, x€Br}. (2.1)
Then we have
V£(0)=0, if feC'(Br)NCs(Bg).

For ¢:R—[0,00[ we require
(pl) peCL(R), there is Ey€R with p(E;)=0 for E;>FEy, and p(E;)>0 for E;<
Ey.
(p2) ¢ is strictly decreasing in |—oo, Ey|.

(¢p3) The ansatz fo(x,v)=¢(E ) with w=0 produces a nontrivial, spherically sym-
metric solution (fo,p0,Up) of (1.1)—(1.3) with po€Ca(R?), supp po=DB; and
Uy cC? (Rg) with hm‘ﬂHOO U()(x) =0.
Examples for a functions satisfying (¢1)—(p3) are the so-called polytropes,

e(E;):=(Eo—Ej)k,
for £>1 and suitable Fy<0. Now we can state the main theorem.

THEOREM 2.1. Let r:=+/x3+x3%. There exists wo>0, such that for all w€]—wo,wo|
there exits a nontrivial solution (f,p*,U%) of (1.6)-(1.8) with

(i) f U>:{w<év2+ww>—;w2r2> for la]<4

0 otherwise
(ii) (f°,0°,U°)=(fo,p0,U0) and for |w|<wo, (f*,p*,U*) has the following sym-
metry properties: For all A€S we have

[9(Az, Av)= f“(z,0), p*(Az)=p(z), U“(Az)=U"(z)

and (f<,p*,U®) is not spherically symmetric for w#0.

(iii) p* € CLR3) and U¥ € CE(R?), where p*(z)=[ f*(x,v)dv.

(iv) The mappings | —wo,wo[Dwr—p* and |—wo,wo[dw—UY are continuous with
respect to the norms || ||1,00 07 || ||2,00, Tespectively, where we defined ||-||1,00:=
Ilco+1IV-]loo and the norm ||-||2,00 is defined analogously.
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REMARK 2.1. If we add rotations about the x3-axis to the set S, the proof of Theorem
2.1 still holds — we can essentially follow the proof given here, and this shows that
the constructed solutions in Theorem 2.1 have to be axially symmetric a posteriori.

This follows by the uniqueness of the mapping given by the implicit function theorem
(Theorem A.1).

For the proof of Theorem 2.1, we require the following lemmas.

LEMMA 2.2. The spherically symmetric solution (fo,po,Up) has the following proper-
ties.

(a) The potential Uy is given by

4 | oo
Uo(x):—/ Po(y) dy:——7T sto(s)ds—47r/ spo(s)ds, r€R>.
|~y lz[ Jo |z
(b) po is decreasing with py(0)>0, U (0)>0 and for every R>0 there exists C>0

such that U)(|z|)>C|z|, |z|€[0,R], and Uy(1l)=Ey.
(¢) pl is Holder continuous and Uje C?(R3), where R?:=R3\{0}.

Proof. The formula

47Tf0|£‘ s2po(s)ds

|z[?

Ug(J]) =

easily follows from the Poisson equation with spherical symmetry, and since we require
lim| ;| o Uo(7) =0, the representation for Uy holds by uniqueness. As to (b), for w=0
we have fo(z,v)=fo(E)=fo(3v*+Uy(x)), and this implies

Eo
po(x):/3fo(x,v)dv:ho(Uo(x))::47r\/§ w(E)/E-Uy(z)dE, (2.2)
R Uo(LE)

where the function h is continuously differentiable, and with (¢1),(¢2), we have
h'(s)<0 for s< Ey. Consequently, pg is decreasing because Uy is increasing and since
the steady state (fy,Up) is assumed to be nontrivial, we must have p(0)>0. Thus
U)(Jz|)>0, |z|>0, and since Uj(0)=(47/3)po(0) >0 this implies the estimate on Uy
from above. The assertion that Uy(1)=E, follows from (2.2) and the assumption
supppo=DBi. The regularity of U} follows from the formula for U} above and the
fact that pg€C?, which we deduce again from (2.2). Finally, the proof of the Holder
continuity of p will be part of the next Lemma. ]

LEMMA 2.3. Let E1:=Uy(2)—Ey and define f by

o(30°+U(z)—3w?r?)  for U(z)<Eo+Ex,
flaw)= .
0 otherwise,

where ¢ satisfies (¢1), (¢2) and U€CE(R3), with U(z)>Eo+Es for |x|>4. Then the
following holds:

| WU(@)—3wr?)  for U(z)<Eo+Ex, 2.3)
)o otherwise, '
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with
Eo
h(s):4m/§/ VE—sp(E)dE.
S
Furthermore, he CY(Rx [0,00[xR) and for every bounded set BCRx [0,00[xR there
are constants C>0 and p€)0,1[ such that for (w,r,u),(w’,r,u’)€B we have

|8Tﬁ(w,r,u)\§6’r,
|l~z(w,r,u) 7}~7’(wl7r7u/)| SC(|W*U}/|T+|U*U/|),
|0uh(w,r,u)—8uh(w ru)| <C(|lw—w'|+|u—u'*).

In addition, for w=0, the function B(O,~,~) does not depend on r(z) and we can write
ho:=h(0,0,u).

Proof. Introducing polar coordinates, we have for U(x)< Ey+F1,

p(m):/@ (;vQ—i—U(ac)—;erz) dv
:47r/ t2¢<;t2+U(x);w2r2>dt
0

Eo 1 1/2
=472 (E—U(az)+2w2r2> ©(E)dE,

U(z)—sw?r?

and (2.3) follows.
We have he C1(R) with

B (s)=—4n\2 / i N%@(E)dE

for s<Ey and h'(s)=0 for s> E; and the first two estimates follow. Next,

) f d E()*S 1
h'(s)=—4rVvV2— ——p(E+s)dE
(5 Sl sopeEe
\/’ Eo—s 1
=—4rV2 ——¢'(E+5)dE
/0 5 \/ESD( )
VoY ——
=—4rV2 ——¢'(E)dE
i [ ()
yields local Lipschitz continuity of 8,k with respect to w and u, and the proof is
complete. 0
We want to find solutions of the equation
AU =4rh(w,r(x),U). (2.4)

The main idea is to rewrite problem (2.4) in terms of finding the zeros of an operator
T, which does not act directly on the space of potentials, but on deformations of the
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given spherically symmetric potential Uy. We define the following Banach spaces,
which will serve as the domain and range of T. We define X by

X:={f€Cs(B4) | f(0)=0, feC(B4), 3C>0: |Vf(2)|<C, z€By,
VxGBBlzt l%r?>0Vf(tm)::Vf(0x) exists, uniformly in x€0B},

where OBy :={z€R? | |z|=1} and By:=B,\{0}. We equip X with the norm

[fllx:=sup [Vf(z)], feX.

rEBy
We define Y by

Y:={fe€Cs(By) | f(0)=0, f€C(By), IC>0: |Vf(x)|<C|z|, € By,

VecoB,: lim Y40 _ VI(0)

im == 5 exists, uniformly in x€9B;}

with norm

| flly = sup |fo($)|’ fey.

Tr€EBy | |

For example, we have |z|€ X and |z|>€Y, but |z|¢Y.
To explain more precisely, how we will use functions in X to deform the potential
Uy, we need the following lemma.

LEMMA 2.4. For (€X, let

T .
gc:Bs—R?, gc(as):zgc—i—((x)m, z€By, g¢(0)=0.

Then there exists 7>0 such that for all (€S2 where

Q:={CeX | [[Cllx<r}

we have:

(a) gc:By—Bac:=gc(Bs) is a homeomorphism, gc:By—Byc is a C'-
diffeomorphism with

1 ]
|Dg<(m)—id|<§, rE€By
and for every x€0B; the mapping

g<:074x9yHg<(y)€W

is one-to-one, onto and preserves the natural ordering of points in 0,4z, where
xl,mgzz{x1+)\(x2—m1) | )\E[O,l]} for x1,22 ER3.

(b) 3|z <|ge(x)|<3|2|, x€By, and gC(BQ)C.é?,, BsCg¢(B4)CBs

(c) gc(Ax)=Agc(x), x€B4 and ggl(Ax):Aggl(x), x€By ¢, AES
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(d) |Dg£1(x)—id|<%, 2€Ba, and there exists a constant C>0 such that for all
¢,¢'eq:

1 , :
27 19¢(®) = 9¢ (@) +1Dge(#) = Dger ()| <CIC=Cllx, - w€Ba,

and

l9c () —ga" ()| <CNI¢=[Ix|2], zeBs

Proof. In By, we have for 1,j=1,2,3 that

Or.tc ) =B+ 01, 0) 2+ (aij— = ) , (25)

and therefore
[ Dge () —id| <3[|C]|x-
Using the inverse function theorem, the first two assertions in (a) follow. For z€9dB;,
g¢(tr)=tr+((tx)r=x(t+((tx))

and

%(t+§(tm))=l+VC(tw)~x>0, for ||¢||x small

and the proof of (a) is complete.

We have [((2)|<||C||x|x| for € By, which implies (b) for >0 sufficiently small.
Assertion (c) is easily verified as well. If we choose an even smaller r, we also have
the first claim of (d), because

Dyt (z)=(Dge) g7 ().

The estimate for g- —g¢/ follows from the definition of g¢, and the estimate for Dg, —
Dy, follows from (2.5).

For x€ By, we have from (b) that z€g¢(Bs)Nge (Bs). Consequently, there exists
y€ By with z=g¢ (y). Now we have

l9c (@)= g5t (@) =1g;  (g¢ (9) —v
=lgc (9 (W) =9 (9¢(v))]
<2lg¢(y) —g¢ W)I=2¢ =l x]yl
<4l¢=¢lIx=l,
where we used the mean value theorem, the estimate for Dggl, and MC
g¢(Ba). O
We want to find solutions of (2.4) such that

U(x)=U¢(x) ::Uo(gg_l(a:)), T€Byc,
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with a suitable (€. Obviously, we need U to be defined on the whole space R3,

but this is only a technical problem. We use the fundamental solution of the Poisson
equation to integrate (2.4) and we then have to solve

dy=0, xz€By. (2.6)

h(w,r(y),Vo(9: (1))
UO(”U)+/]34,C 9@ ]

This equation essentially contains the operator we are looking for, but we have to
make some modifications. We also want to get rid of the dependence on ( in the
integration domain.

Proof. [Proof of Theorem 2.1] For (€ and weR, we define

h(w,r(y),Uo (g7
T(MC)(CC):UO@)JF/B : (zz(z;(—g; o

_U0<0)_/B h(w,r(y),Uo(9: " (v)))

dy

dy, T € By. (2.7)
]

Suppose we already know that this defines a continuous operator
T:]—-o,0[xQ—Y,

for some @ >0, and T is continuously Frechet-differentiable with respect to ¢, where
0:7(0,0): X—Y

is an isomorphism. The first two assertions follow from [8, Sec. 2], and the last asser-
tion will be verified in section 3. Also in section 3, the symmetry of the perturbations
will play a crucial role.

The definition of Y requires that T'(w,()(0) =0 which explains why we substracted
the constant in (2.7). Due to assumption (¢3), we know that 7°(0,0)=0, because
go= id and supppo=supphgolUy=DB; C Bs. The implicit function theorem [1, Thm
15.1], also stated in the Appendix of this article as Theorem A.1, now guarantees the
existence of wy €]0,&[ and the existence of a continuous mapping

J-wiwiPw—(YeN
such that
T(w,(*)=0, wE]—wy,wi],

and ¢°=0. We also will require that w?r?<FE; in By, where E; is defined in Lemma
2.3, and therefore we define

m} (2.8)

wo ::min{wl, 1

Now let (=(¢%, where we choose a fixed w€]—wg,wp[ and define
pe(x):=h(w,r(2),Uo(g; ' (2))),  z€Bs. (2.9)

Then we have p; €Cs(B3)NCY(Bs). By Lemma 2.3, pe>0 at most, if Uo(gc_l(x))<
Ey+E;, which is equivalent to |g<_1(x)| <2 by Lemma 2.2. Consequently,

supppc =g¢(B2) CBs.
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We extend p¢ by 0 to all of R®, and we achieve

pe€C(R?), suppp; C Bs.

We want equation (2.9) to hold everywhere, but we have not defined g¢ globally.

We can rewrite T'(w,()=0 as

UO(I):i\/ L(y)dy+c7 :CGB47

Bs 19¢(2) —y]
or
- pc(y)
Uglo::f/ dy+C, x€Byyc,
e »
where
C::UO(O)+/ ) g,
Bs |y
Now define
pe(y)
Us(x):=— dy+C.
g( ) s |7 =Y

Then we have Us € C'(R?), with
UC(x):UO(gg_l(l”))’ x€B3C By,

and thus pc € CH(R?) and U, € CZ(R3) with AU;=4mp¢ in R3.
Furthermore,

AU =4rh(w,r(x),Uc(z)),  x€B3CBag.

The last equation holds even in R3. We have to show that
pe(x)=h(w,r(x).Uc(x)), wzeR?,
that is, Uc(x)>Eo+E; for z€R3\g¢(Bz2). We know that
AUc(z)=0,  z€R’\g¢(Ba),
lim| ;| oo Ue(2)=C, and

Uc(l')ZE()—l-El, xeagC(Bg),
U<($)>E0+E1, :L’GBg\gc(Bg).

(2.10)

(2.11)

Here we used (2.10) and the monotonicity of Uy(|z|) with Up(2)=E¢+E;. If C<
Ey+ FE1, we have a contradiction of the maximum principle. Therefore, C'> Ey+ E;
and again by the maximum principle, U; > FEy+FE; on R3\g¢(Bz) and consequently

(2.11) holds in R3.
Now define p*:=p¢, U~ :=U; and

“(zw):=
(@) otherwise,

B g@(%v2+U“’(z)f%w2r2), for |x| <4,
0 otherwise,.

{w;vzww);w?ﬁ), for U (x) < By + B

(2.12)
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f¢ defined by (2.12) solves the Vlasov Equation (1.6) because it is constant along
characteristics. More precisely, we have U (z)— %w2r2 > Fj in a neighborhood of 0By,
if we choose wy sufficiently small as in (2.8). If we then fix (z,v) with E;(z,v)<Ey
and consider a characteristic (X,V') going through (x,v), we conclude that if x € By,
we have X € By for all time. On the other hand, if ¢ By, we have X ¢ B, for all time.

Altogether, assertions (i)—(iii) of the theorem follow, except the non-spherical
symmetry in the case w#0. Choose x€R3 with p“(z)>0, z1:=a#0, zo=x3=0.
Then there exists some n€R3, such that

1 1
5772+U“(:c)f§w2a2<E0.

If (f«,U%) were spherically symmetric, there would exist a rotation A around the
xg-axis such that (Az);=(Az)2=0 and f*(Az,Av)=f“(x,v). But the monotonicity
of ¢ implies

o @w)=¢ (}ﬂww— ;w) = o(Es(2))

# s A0) = (30 +U%(0)) =/ (s, o),

which contradicts our assumption of spherical symmetry. With a similar argument,
one can also show that the constructed solutions cannot be axially symmetric with
respect to any axis in R? except for the z3-axis. Although our deformations only have
mirror symmetry with respect to every coordinate plane, which would match a triaxial
solution, one still has to show that the obtained (“ are not axially symmetric with
repect to the xz-axis, which is the major obstruction to the construction of triaxial
solutions.

The asserted continuity properties (iv) can be proved as follows: For z€ Bs we
have

U< (@) =T (2) | < Ul oo |9} () =92 ()| S Cll G = Cur 1 x -

By the implicit function theorem, ¢* depends continuously on w with respect to the
||| x-norm and we have p“(z)=h(w,r(x),U%(x)).
Lemma 2.3 implies that p* is continuous in w with respect to ||| and

U“’(x):—/ P (y)dy+Uo(0)+/ Ll PR
Bs lz—y By Yl

implies the continuity of U“ in w with respect to ||-||1,00. Differentiating the above
expression for p* yields the continuity of p* with respect to ||-||1,00 and therefore also
the continuity of U“ in the norm ||-||2,00- O

3. 0.7T(0,0) is an isomorphism
In this section, we want to establish some of the assumptions needed for the
implicit function theorem. We will prove the following result:

PROPOSITION 3.1. The mapping 0:1(0,0): X =Y is a linear isomorphism.

Let wo:=+/|E1|/4, where Fj is defined in Lemma 2.3 and let us recall from [8,
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Prop. 3.1] that the Fréchet-derivative of T':]—ws,ws[xQ—Y is given by

[0 T (w, Q) A ()=

N Y S B VT 9w
- /Bs<g<(x)—y| |y>auh( 7). Uc(y)VU(y) |gc_1(y)|A(gC (y))dy

[ e@-y 5o NV

e 00U ), 2B (31)

where w€]—wa,ws[,(€Q,A€ X, and Ug(y)::Uo(gc_l(y)),yEBg

We abbreviate LoA:=0,T(0,0)A for A€ X. We observe that go=id and therefore
the function U in (3.1) coincides with the potential Uy of the spherically symmetric
steady state we started with, if (=0. We have

po () =0uh(0,r(x),Us(|2)))Us(|])

zauﬁ(o,r(m),UO(|9U\))VU0(:1:)-%, z€RS.

This implies that

(o)) = [ ( R )pa<y|>A<y>dy— [ i 5A0)

lz—y| |yl lz—y |z

/ 11y, )
Ui~ [ ()b DAW, reBiAeX.

Now let
1 o1y, .
K8 [ () DAwd. zeBiacCs(B),
Then we can write
(LoA)(w) = —U)(|Jz])[(id— K)A)(z), z€Bi,AcX. (3.2)

In order to prove Proposition 3.1, we need

LEMMA 3.2. The linear operator K:Cgs(By)—Cs(By) is compact, where Cs(By) is
equipped with the supremum norm ||-||sc-

Proof. For AeCgs(By) let

1
Va@)== [ (AW, zeR

Then V) €C'(R3), VV,(0)=0, and

L
Us ()

Using Lemma 2.2(c), we obtain the estimate

(KA)(z)= (Va(z)—Va(0)), z€By.

1

(KN @< g

IVVallsol2| SCllAlloo, @€ B,
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where the constant C' depends on pg and Uy, but not on A or . Thus K maps bounded
sets into bounded sets. We next show that KA is Holder continuous with exponent
1/2, uniformly on bounded sets in Cg(By4). Let M >0 and assume ||A]looc <M. In the
following, constants denoted by C depend on pgy,Uy and M, but not on A. Obviously,
pbA€L>®(R3) and we deduce from Lemma A.2 the existence of C'>0 with

IVVa(z)—VVa(2')| <CllpgAllsc|z—a'|'/?, z,2'€By.
Since V'V, (0)=0, the latter implies
IVVa(x)|<Cla|'/?, z€Bs.
Now let z,2’ € By and |z <|2|. Then
1 1
Ug(=) ~ Ts(J'])
[Va(z)=Va(@") =L+ 1

[(KA) () = (KA)(2)| < [Va(2)=Va(0)]

1
+7
Up(l2'1)

and we obtain for some z€ B, with |z|<|z'| the estimates

1 <O =8 D G 1 < oo (D2

|2[|2'| ||
§C|$—(L‘/‘1/2,
and
12_‘ ,||VVA( )|z — x|<| ,|| 2|\ |lz—2!| <Cla—a/|'/?,
so that
(Ka)(2)Kp)(2))| <Clz—2/|'/?, .2’ €By
and

|(Kx) (2)| SC|VVA(2)| <Cla] /2, w€B.

We have shown that K maps bounded sets of Cs(B4) into bounded and equicontinuous
subsets of Cg(By). Thus K is compact by the Arzela-Ascoli theorem and the proof
is complete. 0

LEMMA 3.3. id—K:Cg(B4)—Cgs(B4) is one-to-one and onto.

Proof. Since K is compact, it suffices to show that id— K is one-to-one. Let
AeCg(By) with A—KA=0. Now A=0 can be shown by expanding A into spherical
harmonics. For that purpose, let

{Snj, nEN, j=1,....2n+1}

be the orthonormal set of spherical harmonics introduced in the Appendix, where
for n€N, the functions S, ;:08B1 —R, j=1,...,2n+1 are homogeneous polynomials of
degree n. We define

mﬂﬂ;AB SOA %d%ff/‘ S (/r)A () o, (3.3)
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and we use the expansion of the integral kernel 1/|z—y| into spherical harmonics from
Lemma A.3 and Lemma A.4: For z,y€R3, x=r¢ and y=sn with £,n€0By, r,scRT,
r#s, we have

oo 2n+1

1 -1 47 (min(r,s) \"
|z =yl =max(r.s) ZO ; 2n+1 (max (r s)> S, (€)Sn,3 (0)-

KA—A=0 then implies

S CIN (ml_y—|;|)Sn,x£>dwgpg<|y>A<y>dy
+%j—1 Uél(r) /0382p6(s)sn+1 /831 Sn.j(MA(sn)dw,ds
o P2 Yo

where we used that the functions S, ; are orthonormal with repsect to (-,-)z2(95,)-
We find that

47

Ao1 (r):—TUé(T)/Orpf)(s)s(s—r)Am(s)ds,

and we obviously have lim,_,gAg1(r)=0. Let R>0 be maximal such that Agi(r)
vanishes on [0,R]. Then for r€[R,3],

Aar(r) Il 500 1801 (0)] | str=5)ds< o) sup | (o).

0<s<r

| — UI( )
Thus for small €>0, we have Ag;(r)=0 on the interval [R,R+¢] and we conclude that

A1 vanishes on the whole interval [0,3]. Now up to linear combinations, the spherical
harmonics for n=1 are given by z1,x2,z3, and A€Cs implies

A (rE) dwe=— §1A(r€) dwe =0,
0B, 9By

where we made the transformation £— (—£1,£2,3). Analoguously,

E2A(rE) dusg = /a @M€ due=0,

0B,

and we have A{;=A12=A13=0. Let n>2. Then

dr 1 "y, s" 5, r"
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and

47

47

1
U(r)
1
~2n+1 Ué(r I MHOO<
1
olr

om s
T on 1 Uf(r) e
T

A ()| € 5 Pt / o) ds)

Jy s
[ Copestastr / 3<—pa><s>ds)

(—po><r>+% [ #misyas i)

ﬁw‘ = T\)‘ = T\:‘ =

R
C 2n+1
where we integrated by parts in the third line and used the fact that Uj(r)=
1% |5 s%po(s)ds in the last line, also recalling from (2.2) that —p{(r)>0.
Now 2n-+1>3 for n>2 implies that A, ;=0 for n>2 as well and the completeness
of {S,,;} induces A=0. We conclude that id— K is one-to-one as claimed. O

It is now clear that Lg: X —Y is one-to-one as well — this follows from equation
(3.2) and the fact that Uj(r)>0 for 7>0. Once we have proved the following lemma,
the proof of Proposition 3.1 will be complete.

LEMMA 3.4. Ly: X —=Y 1is onto.
Proof. Let g€Y and define ¢:=¢g/Uj. We will show g€ X. We have that ¢q¢

C'(B4)NCs(By) and
V(o) Voo) , lotz)
<c(BEF R )<y

Up ()

By definition of ¥ and since UyeC?([0,00[) with UJ(0)>0, we have that for every
ZIJG@Bl,

x
Us( Iafl [ae]

Val< Tg(a)] \

vq(m):Vgitas) t _g(tm)Ué,(t)< t > .

THONE U4
Vg(0x) 1 g(0x) 1
T o e 0%t

as t— 0+, uniformly in x€0B;.
Since X CCg(By), there exists by Lemma 3.3 an element A€ Cg(By) such that

g

A—KA=—q= U

This implies that LoA=g and thus that Lg is onto, provided A€ X. To see the

latter statement, we observe that A=K A—¢q is Holder continuous since KA is Holder

continuous. If we now define V as above in the proof of Lemma 3.2 we also conclude

that V3 €C?(R?) and thus KAeC'(By). Denoting by Hy, the Hessian of V, we
obtain for each z€ B, a point z€0,z such that

U ()
Up(lz[)?

_|C|2|<HVA< Jar )+

V(KA >|\ (&)= VA (0)] + VA @)

b
Us(|z])]

E |\VVA (2)] <C|D*Vi oo,
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where we defined <x,y>::Z?:1mjyj for z,y€R3. Finally, for x€0B;, we have

Ug (t) 1

V(KA)(U«“):—Ué(t)zm(VA(m)—VA(O)HWVVA(W)
o t \? 11 t VVj(tx)
= O(t)(Ué(t)) xt—2§<HVA(Tx)t9:,tx>+U6(t)f
HQU(/)l,(O)<HVA(O)x,x>:1:+UO,,1(O>D2VA(O)z,

as t— 0+, uniformly in x€dB;. We have shown that KA€X, which implies A=
KA+qge X, and the proof is complete. ]

Appendix A. In this section, we first state the implicit function theorem, which
is used for the proof of Theorem 2.1. We then give a regularity result for the Poisson
equation and finally introduce spherical harmonics. We state two important lemmas:
an addition theorem and the expansion of the integral kernel 1/|x—y| in spherical
harmonics.

THEOREM A.l. Let X,Y,Z be Banach spaces, UCX and VCY be neighborhoods
of rp€X and yo €Y, respectively, and F:U XV —Z be continuous and continously
Fréchet-differentiable with respect to the second variable. Suppose also that F(xg,yo)=
0 and F, (z0,0) € £(Z.Y).

Then there exist balls E(x(])CU, Fs(y())CV and exactly one continuous map
G:B(x¢)— Bs(yo) such that Gxo=yo and F(z,Gx)=0 on B,(xq).

Proof. [1, Thm. 15.1]. O

LEMMA A.2. Let n<p<oo and let p(x)€ LP(R™) with compact support. Define
1
V,(z ::—/ —p(y)dy.
P( ) - \x—y| ( )

Then for every 0<a<l—n/p we have V,eC+*(R") and

l-a 1
n D

10:Vo(2) =0V, ()| <C(n,cp)la’ =] f[l,£L" (supp{p})

Proof. [6, Thm. 10.2]. O

Some facts about spherical harmonics. In the following, we use the notation of
[7] and we will always consider the case where the spatial dimension ¢ is equal to 3.
For neN, consider a homogeneous polynomial H,, of degree n, which satisfies

AH, (z)=0.
Then for £€0B;:={z€R?||z|=1},

is called a spherical harmonic of order n. For each n, there exist 2n+1 linearly in-
dependent spherical harmonics, which we call S, ;, j=1,..2n+1 [7, Lem. 4]. We
denote by {S,, ;, n=0,...,00, j=1,...,2n+1} the orthonormal set of all spherical har-
monics, where the orthonormalization is done with respect to (.,.)2(sp,). Then we
have the following
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LEMMA A.3. For a fixed n€N and £,n€0By, we have that

2n+1

Zs,g wi =221 ),

where P, (t) is the Legendre Polynomial of degree n.

LEMMA A.4. Let z,yeR>® with x=RE, y=rn, for suitable {,n€OB; and r,RER.
Then we have for R>r

~R" 12( )" Pateon).

Ix Y|

and for R<r

ra—t Z() (&

where Pp(t) is the Legendre Polynomial of degree n.
Proofs can be found in [7, Thm. 2 and Lem. 19].
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