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GLOBAL EXISTENCE OF WEAK SOLUTIONS TO THE
REGULARIZED HOOKEAN DUMBBELL MODEL *

LINGYUN ZHANG't, HUI ZHANG!, AND PINGWEN ZHANGS$

Abstract. We consider a regularized Hookean dumbbell model in dilute polymeric solutions.
Compared with the classical model, this model here is more natural, in which appear a macro diffusive
term /51 and Friedrichs mollifiers with a parameter . Based on a compactness argument, the
global existence of weak solutions to this model is established in the framework of the Rothe method.
By a rigorous limiting process € — 04, we also obtain the global existence of weak solutions to the
reduced model with € =0.
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1. Introduction

In this paper, we investigate the global existence of weak solutions to a regular-
ized Hookean dumbbell model for dilute polymeric fluids. In dilute polymer solutions,
the polymer coils rarely overlap, so the interactions among polymer chains can be ne-
glected. The polymer chains can be modelled by dumbbells, each with two beads
connected by a single spring. The configuration of the spring then specifies the con-
formation of the polymer.

Denoting by u the velocity and by p the pressure, the governing equations for the
incompressible polymeric fluids are

ou

E—l—(wvx)u—quu—&—pr:Vx-T in Qx (0,77, (1.1)

Ve-u=0 in Qx(0,7]. (1.2)

Here Q is a bounded open set in R%,d=2 or 3, v >0 is the viscosity of the solvent,
and 7 is an extra stress tensor, which takes the form

= kw(C() —p()T) i QO x (0,7, (1.3)
C(w):/jD(VqU®q)¢(x,q,t)dq in O x (0,7, (1.4)
p(1) = /D b(xa)dg nQx(0,T]. (1.5)

Here k,w >0 denote the Boltzmann constant and the absolute temperature, respec-
tively. I is the unit dxd tensor, U is the spring potential. This stress tensor 7
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86 GLOBAL EXISTENCE OF THE REGULARIZED HOOKEAN DUMBBELL MODEL

represents the polymer’s contribution to stress and is a functional of ¢, the probabil-
ity density function (pdf) describing the configuration of the polymers, which satisfies
a Fokker-Planck equation [6, 7, §]:

%1? (0 V)9 V- (Vxw)ad) = 5 Vo (Va4 VaUt) in Qx Dx (0,7]. (16)
Here A>0 is a relaxation time and D is the domain of q. Thus, (1.1)—(1.6) com-
poses a Navier-Stokes-Fokker-Planck system. Certainly the dynamics of q can also
be described by a stochastic differential equation [6, 9], which is equivalent to the
Fokker-Planck equation.

For the potential form U between two beads, there are two types popularly used.
One is called the FENE (finitely extensible nonlinear elastic) potential,

2
D= B(0,Qua), Ula) == 2= 1In(1 - |al*/ Q%) (17)

where Qpax is the maximum dumbbell extension and B(0,Qmax) denotes a ball with
the center 0 and the radius Qumax. The other is called the linear Hookean potential,

1
D=R%, Ula)=; lal*. (1.8)

Although the FENE dumbbell model is more practical from a physical point of view,
the Hookean dumbbell model is a very valid approximation when the molecule is
stretched to no more than about a third of its maximum extension. It can also pre-
dict qualitatively some of the nonlinear rheological behavior of dilute solutions. The
other distinguished feature is that the system (1.1)—(1.6) for the Hookean dumbbell
model can be rigorously closed by the second moments, which leads to the well-known
Oldroyd-B model. Further detailed background information for these models can be
found in [6, 7, 8, 17, 25].

The mathematical theory of these models has drawn considerable attention from
the mathematical community in recent years [1, 2, 4, 9, 10, 14, 15, 18, 19, 20, 21, 22,
27, 31]. A review has been given in [19]. The local existences have been established in
[9, 15, 18, 27, 31]. The global existences have been obtained for some special models
or under some special conditions [4, 10, 14, 20, 21, 22]. Jourdain et al. [14] restricted
to the simple case of Hookean dumbbells in a shear flow. Lions and Masmoudi [21]
considered the Oldroyd type model for general initial conditions. However, they
investigated a special case through taking one parameter of the model to be zero. In
addition, their method does not seem to extend to more general cases. Recently, Lions
and Masmoudi [22] investigated the corotational FENE model. Lin, Liu and Zhang
[20] studied a micro-macro model for polymeric fluid provided that the initial data
is not far from the equilibrium. Bonito et al. [4] were concerned with a simplified
Hookean dumbbell stochastic model and gave the global existence of the solution with
small data in Banach spaces. Ferndndez-Cara et al. [10] concentrated on the Oldroyd
type models. They derived both local existence for arbitrary regular data and global
existence for small data.

Up to now, it is still an open problem to find global in time solutions to the clas-
sical dumbbell model for arbitrary data. However, Barrett and Siili [2] made great
progress in this related field. They found some simplifications in the derivation of
the classical dumbbell model and presented a regularized dumbbell model which is
more natural with respect to the classical dumbbell model. Moreover, they proved the
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global existence of weak solutions to the regularized FENE dumbbell model. Com-
pared with the classical model, this regularized model has two noteworthy features, in
which appear a macro diffusive term £/, and Friedrichs mollifiers with a parameter
«. In fact, this diffusive term and Friedrichs mollifiers really appear in the derivation
procedure of the model. But in the classical derivation this diffusive term is omitted
in virtue of e < 1. Moreover, in the classical derivation, the Friedrichs mollifiers are
approximated by identity operators in order to simplify the model and then higher
regularity of u and v are required, while Barrett and Siili [2] refrained from perform-
ing such approximations. They replaced the Friedrichs mollifiers by their isotropic
counterparts since the anisotropic Friedrichs mollifiers need to act in all possible di-
rections q contained in the balanced set D. Furthermore, some advantages of this
regularized model have been described in Lozinski [23], Lozinski, Owens and Fang
[24] and Schieber [29].

As a continuation of the work of Barrett and Siili [2], this paper is devoted to the
global existence of the regularized Hookean dumbbell model, which couples Navier-
Stokes equations to nonlinear Fokker-Planck equations. From the technical viewpoint
this regularized model exemplifies many analytical difficulties which are encountered
in the study of complex models. Furthermore, it is possible to give some hints to the
theoretical analysis of the classical model through investigation to this regularized
model. We have partly completed this analysis for the regularized Hookean dumbbell
model. We firstly obtain the global existence of weak solutions to the regularized
Hookean dumbbell model. Then we investigate the reduced Hookean dumbbell model
with e =0 by the limiting process ¢ —0,. However, we could not pass to the limit
a— 04, and then we fail to obtain the global existence for the classical Hookean
dumbbell model as (a,e) — (0,0). Certainly, we also expect that the mathematical
approach here can be extended to the mathematical analysis of other models.

For this regularized dumbbell model considered, and for the particular technique
of the mathematical analysis in this paper, the Hookean model presents an additional
difficulty with respect to the FENE model. Although it seems that the Hookean
model is simpler than the FENE model, there are different singularities in them. In
the FENE model, the potential explodes as q approaches a finite value, while in the
Hookean model, q extends in length unboundedly and the potential is unbounded
because of the unboundedness of D. Note that it is difficult in the well-posedness
analysis to deal with the term (V,u)qy in (1.6), which couples u and ¢ and contains
q. Barrett and Siili [2] have used the boundedness of D to deal with this term and get
a priori estimates for . Because of the unboundedness of D in the Hookean model,
here we have to choose a different approach to deal with this term.

Our main results of this paper are the global existence of weak solutions to the
regularized Hookean dumbbell model (see Theorem 2.1 in Section 2)and to the re-
duced Hookean dumbbell model with e =0 (see Theorem 2.2 in Section 2). Our main
approach is to introduce two new parameters 3,b and to put forward a modified model
depending on four parameters «,(3,e,b. After obtaining the global weak solutions to
this modified model, we pass to the limit §— 04 to derive the global weak solutions
to the regularized model. Next, on passage to the limit € — 04, we obtain the global
weak solutions to the reduced model with € =0. Here, the modified model comes from
a series of equations depending on (3 equivalent to Equation (1.6) with a term of order
O(B). The global existence of this modified model is in the framework of the Rothe
method [28], in which the crucial step is to establish a priori estimates for u and .
With a family of weighted Sobolev spaces depending on (3,b established, we can get
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over the difficulty introduced by the term (V,u)qy and obtain a priori estimates for
u,? for the modified model. Another especially mentioned point is to get a priori
bounds for C(v). If we adopt the idea of [2], then the norm of C(¢) depends on 3
and then converges to co as [ goes to zero. Here we introduce another parameter b
and apply the Carlson inequality to solve it. Now we expect to establish the global
weak solutions to the classical Hookean dumbbell model with (a,e)=(0,0) in future
work.

The paper is organized as follows. In Section 2, we formulate the regularized
Hookean dumbbell model and give two definitions. Our main results are also stated
in this section. As a preliminary, we firstly introduce the Maxwellian M (q) in Section
3.1. Then we establish a family of weighted Sobolev spaces, as well as trace and
density results and so on for these spaces, in Section 3.2. In Section 3.3, we show
some properties of the isotropic Friedrichs mollifier, and recall the Helmholtz-Stokes
mollifier from [1, 2, 11] in order to achieve the compactness of time derivatives of the
velocity u. In Section 3.4, some auxiliary assertions are given which will be useful
below. Section 4 is devoted to studying a modified model by the Rothe method. The
proofs of the main results are shown in Section 5. The conclusion is drawn in Section
6. Finally, we give some proofs of some lemmas in Appendix A for self-containedness.

2. The model and main results

In this section we formulate the regularized Hookean dumbbell model from [2]
and state our main results. Throughout this paper, we suppose  CR? is a bounded
open set with a Lipschitz-continuous boundary 92, and D =R%,d=2 or 3. Ug c(X,1)
denotes the velocity field depending on the parameters a, e, pq,e(X,t) and ¥q (X, q,t)
are similarly defined. For the parameters a,e € (0,1], we consider the regularized
Hookean dumbbell model. Mathematically, this system reads:

a];;’e + (ua,s : Vm)ua,s - VAxua,s +VePa,e=Vy- T(dja,s) in 2 x (O’T]’ (21)

Ve Uae=0 in Qx (0,7, (2.2)
T(wa,f:‘) = kw(C(J2¢a,e) —/0(1/101,5)1) in 2% (O,T],

Mo e .
DV 5 o4V, (V. (3 Ja0)
= Vo (Voo t Volboe) 4Bt mQxDx(OT],  (24)
where
C(wa,g)z/ (VoU ®Q)ta.c(x,9,t)dq, (2.5)
D
P(Va,e) = /D Va,e(x,a,t)dq. (2.6)

U in (2.5) is the Hookean potential form as (1.8). JZ in (2.3) is the isotropic Friedrichs
mollifier defined as follows: Let j be a non-negative function in W1°°(R?) vanishing
outside the unit ball B(0,1) and satisfying fB(O 1)j(x)alx: 1 and j(—x)=7j(x) for all
x € B(0,1). For p€ L(Q2) and a € (0,1], the regularization of ¢, denoted by (JZp)(x)
is then defined by the convolution

e i=a [ ) (";y) o(y)dy, ¥xeQ. (2.7
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In the same way, we can define JZ, the vector or tensor form of J¥. For brevity,
sometimes we will employ the notation of ¢, instead of JZ¢p.
For the system (2.1)—(2.4), the boundary and initial conditions are the following:

Uq,.=0 on 90 x (0,7, (2.8)
eVathae-n=0 on 0Qx D x(0,T], (2.9)
Uy (%,0)=up(x) ¥xeQ, (2.10)
Ya,e(%,4,0) =10 (x,9) >0 V(x,q) €QxD. (2.11)

Here n denotes the unit outward normal to the boundary 9.
Now we firstly state some assumptions:

ASSUMPTIONS: (Aq): If d=2, b>8 and if d=3, b>10.

(Az): ug€H, o€ LT (Qx D;1+q|®)NL (2% D;1+U) and [, ,Podgdx=1.
Throughout this paper, we use the superscript + to imply that any function in the
space is nonnegative in an almost everywhere sense.

In this paper, we employ certain fundamental spaces in the study of Navier-Stokes
equations [13, 30]:

V:i={veCi(Q):V, - v=0}, (2.12)
H:={vel?Q):V,-v=0,v-n=0}, (2.13)
V:={veH}(Q):V, -v=0}. (2.14)

It is well-known that V is dense both in H and V. Moreover we construct the following
Hilbert spaces depending on the parameter b>0:

Xp:={pe L}, .(2xD):|l¢|x, <oo}, (2.15)
Yi = (€ Lo(@x D) glly, <o), (2.16)
Xpo = {p € Lho(Qx D): gl x,, < o0}, (2.17)
where
3
lelx, ::{ [ @l [P+ 9+ 9,00 dqu} | (2.18)

1
2

IIsallybt—{/Q D[(HIQIZ’“)<p|2+(1+|q|b)lvxs02+(1+QIb”)IquIQ]dqu} :
X

[

lelxe.s :={ [ @l o +1967] dqu} | (2.19)

Analogously, we introduce Y o.
Furthermore, we require the following spaces for the test functions. Denote by ),
the completion of C2(—T,T;Y;) in the norm || ||y, defined by

— by i
lelly, :=1lellr 0,1, + (1 +]al )2VW||Lﬁ(o,T;L2(QxD))
1 b_
(1 +1al") 2 Vel 20.7:02@x 0y + al 2~ el L20.7502(0x )

10p
+[I(1+1al’)> B 21 (0,712 (2% D))-
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Denote by Z;, the completion of C3(—T,T;K°) in the norm |||z, defined by

- byi
HL)OHZI: = ||(PHL1(O,T;Y,,)O) + || (1 + |q| )z Vﬂv@”Lﬁ (0,T:L2(2x D))

b1
+llalz2™ ¢l 20,72 (2x D))
1 1 830
(1 +1a®) 2 Vel 20,502 (0x py) + | (L+1a]”) 2 el 07522 @x D)),

where K%:=Cg° (2 x D).
Next we will show the precise definition of a global weak solution to the regularized
Hookean dumbbell model (2.1)—(2.4) together with (2.8)—(2.11).

DEFINITION  2.1. Given «a,e€(0,1] and b satisfying Assumption (A1), a
pair of functions (Uaep,WPaep) 5 called a weak solution to the problem
(2.1)-(2.4) together with (2.8)-(2.11) provided that uq.p€ L>(0,T;L3(Q))N
L2(0,T;V)NWEE 0,75V, thaes € L2(0,T:X;7 )N L0, T; L2(Qx D;1+|q|?)),
J2uy e p € L0, T;WH(Q)),C(thg cp) € L=(0,T;L%(Q)), and

T T
a QLE
/ < e, ’b,W>dt+/ / [[(uaeb.vx)uaeb]~W+vaua5bivmW}dth
0 ot o Jo o v B

T
:—/@w/ /C(wa@,b):vxwadxdt, VWELﬁ(O,T;V)7 (2.20)
0o Ja
T aso
[ [ aP e Grdadxdi— [ (1Al 0)dadx
0 QxD QxD

T
1 1
+/ / |:V Ya,eb—|Va Jgua,s, AYa,e b+ s AVa e, ]
o Jaxp 2 q b [ ( b) ] b I\ b

Vo((1+a|")p)dadxdt

T
+/ / (1+|q|b) [Evzwa,e,b_ua,s,bwa,s,b] VzSOdqudt:Q v‘PEyby
0 QxD

Uq e b(+,0) =ug(-). (2.22)

Similarly, we also give the definition of a global weak solution to the reduced
Hookean dumbbell model (2.1)—(2.4) together with (2.8)—(2.11) with e=0.

DEFINITION 2.2.  Given «a€(0,1] and b satisfying Assumption (A1), a pair of
functions (Ugp,ap) s called a weak solution to the reduced Hookean dumb-
bell model (2.1)-(2.4) together with (2.8)-(2.11) with e=0 provided that uqp€
L>=(0,T:L*(Q))NL2(0,T; V)W (0,15 V), thap € L2(0,T:X, ) NL(0,T;L (2 x
Di1+(ql")), Jgua, € Lo(0,TsWH(Q)), C(a,) € L%(0,T:L2(Q?)), and

T aua b T
/ < : ,W>dt+/ / [[(ua b Vai)uas] - wH+rVeu, b:Vzw} dxdt
0 ot 0o Ja ' ' '

T
:—Hw/ /C(w%b):vxwudxdt, VWELﬁ(O,T;V)7 (2.23)
0o Jo

T 0
[ el esSodadxdi— [ (ol el 0)dadx
0 QxD QxD
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T 1 1
+/ / |:2)\qu04,1;_ Ve (Fattap)ala b+ 5y atas| - Vol(1+]al’)e)dadxdt
0 QxD

T

— / (1+|q|b)(ua7bwa7b)-ngodqudtzo, Yo e Zy, (2.24)
0o Jaxb

Uy,p(+,0)=ug(+). (2.25)

Finally we state our main results.

PROPOSITION 2.3. 4. and Yo in Definition 2.1 and 2.2 belong to L>°(0,T; L* (2 x
D;1+4U)). Moreover, Vt€ (0,T), we have

Va,eb(X,q,t)dgdx = Ya,b(X,q,t)dgdx = Yo(x,q)dgdx=1. (2.26)
QxD QxD QxD

THEOREM 2.1. Suppose Assumptions (A1)—(Az). Then, for given a,e€(0,1], the
reqularized Hookean dumbbell model (2.1)—-(2.4) together with (2.8)—(2.11) possesses
a weak solution (U b,Va.ep) 0 the sense of Definition 2.1.

THEOREM 2.2. Let assumptions (A1)-(As) be fulfilled and o€ (0,1]. Then, the re-
duced Hookean dumbbell model (2.1)-(2.4) together with (2.8)-(2.11) with e=0 pos-
sesses a weak solution (Uy,p,WYap) in the sense of Definition 2.2.

Moreover, the subsequence {Uqg b, Vo p}e converges to the solution (Uapb,Vab)
in the following sense:

(L+]al") 20 = (L+]a]") 2a in L(0,T;L*(Q x D)), (227)
e(1+1]a") 2 Vatpa . p =0 in L*(0,T;LA(2x D)), (2.28)
(1+]al’)2 Vythae o= (1+al")2 Votba s in L?(0,T;L*(Q x D)), (2.29)
C(taep) = Clthap) in L=(0,T;L%(Q)), (2.30)

Ug b —Uqy in L2(0,T;L3(Q)), (2.31)

U cp—Uayp in L2(0,T;V), (2.32)

s, a“gf’b —~8, a‘;‘z’b in LT (0,T;V), (2.33)

Ug b — Uayp in L2(0,T;L7()), (2.34)

Iy cp —J%04y in L2(0,T;WH(Q)), (2.35)

Joug.cp = T2, in L0, T;WH2(Q)), (2.36)

as € — 04, where r€[1,00) if d=2 and r €[1,6) if d=3.

REMARK 2.4. The regularized Hookean dumbbell model depending on a,e also cor-
responds to a deterministic constitutive equation. The brief derivation is given as
follows.

Set Co o(%,1) : =C(Va,e)(X,1), pa,e(X,t) :=p(Ya.)(x,t) and assume that 1, . and

|V Wa.c| decay to zero sufficiently fast as q— oo. Then multiplying (2.4) by aq” and
integrating over D yields that
aCaE x x T
6t =+ (ua,e : vz)ca,s - Vm (Jaua,a)ca,s - Ca,s [vz (Jaua,s)]

1
~e8,Ca.c+5Cac= ’OC/“\’EI in Qx (0,T). (2.37)
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Similarly, integrating (2.4) over D yields that

apa,s
ot

On the other hand, it follows from (2.1) and (2.8) that

ou,
8t,8 + (ua75 : Vw)uma - VA:vuma +V, (pa,a + kwpa,e)

=kwV, - [Jo(Cpue)] in Qx(0,T]. (2.39)

Then, (2.87)-(2.39) and (2.2) are finally closed by uq ,Cq.c,pa,.. In the special case
a=¢e=0, it is just the well-known Oldroyd-B model.

—eAypaet(Uae-Vi)pae=0 in Qx(0,T]. (2.38)

3. Preliminaries
In this section and the next section, we first state an important assumption:
ASSUMPTION (Aj3): 3>0.

3.1. The Maxwellian. Now we adopt a normalized Maxwellian distribution
induced by U as follows:

o—U(@) o~ 3lal®
M(q):fDe*U@dq:fDe—%lqlqu' (3.1)
From the definition of M, we can obtain the following properties.
P1: For any given 3> 0,
MPN M~ P =—-M—PV,MP =3V,U=3q. (3.2)
P2: Define Z:= [, e~ 319’ dq the gamma function I'(a = [;Ca* te *dx, and

o(d):= dn”_ " \which is the surface area of the unit sphere B(O, 1) in R%. Then

T({+1)
/ / =140 dr
9B(0, 1)

- “W(;) {omt, ieazs

It is obvious that V3 >0,
7P >1, (33)

which implies that

1
M B2 = MbB1
P3: For any given >0 and s€R,

/Mﬁlqlsdq=Z‘5/ e~ 519" |q|dq
D D
1 2\ T [(d+s
]
e () (%)

/Mﬁ\q|8dq<oo. (3.5)
D

>1, VYpy>p1>0. (3.4)

Hence, when d+s>0,
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2. Weighted Sobolev spaces. In this subsection we introduce the follow-
ing spaces for any given b and [ satisfying Assumptions (A;) and (As), respectively:

X} :={p € Lioe(@x D) |l¢ll x5 < o0}, (3.6)
—{p € Liue(2x D): gy < 00}, (3.7)
2} = € Lioc (2% D): [lell 7 < o<} (3.8)
where
lolgi={ [ arla) [BE+ Bl earw, £oplaaa) . 6o
||<P||Yb5

1
2

T Uan [T 08 MP b gl | dadxy

(3.10)

D=

Ag={ [ ariah) [aia? T2l g, 2 ] dq
X

(3.11)

Similarly to the space X3 o defined in (2.17) and (2.19), we introduce XﬁO,YfO,ZgO.
Note that goGXbﬁ if and only if 1% € H*(Qx D;(1+]q|*)M?). Then Xbﬁ is a Hilbert
space, since the space H'(Q2x D;(1+|q|?)M?) is a Hilbert space. Analogously, the
other weighted spaces defined here are all Hilbert spaces. Moreover, from (3.5), we
have MP/(1+|q|®), MPU/(1+|q|*) EYbﬁ under the assumptions (A1) and (Ajs).

REMARK 3.1. From the above definitions of a family of weighted Sobolev spaces
depending on parameters B and b, it is not difficult to get the relations among them:
ng C Zbﬂ CXbE and Ybﬁo CZbBO CXI?O. Moreover, X{?Q CXbB1 C Xy, Ybﬁg CYbBl CYy,and

ZP2c Z0 if B> > 0.
We now simply write Bg:=B(0,R) for any R>0. From Lemma 3.2 in [1], we
have that ¢ in X&O possesses the decay property

lim Ré/ l|dS(q)dx=0 V&>0, (3.12)
R—oo Qx8Bgr

where dS(q) indicates the (d—1)-dimensional area element in Br. We can show
that ¢ in Ybﬂ also satisfies (3.12) similarly. However, this trace theorem is not enough
for the wellposedness analysis of our problems. So we will give another trace result
which needs the following lemma in the proof.

LEMMA 3.1. Let R>1 and assume p€ L?*(Q;HY(BRr)). Then for some constant
C:=C(d),

lellz2 22 08r)) < CllellL2 a1 (BR))- (3.13)

Proof. Recalling the divergence theorem, we have

2
/ v, 20 g — / lelPa, ndsS(q)dx = / p|2dS(q)dx
QxBgr |al QOxdBr |QI\ QxdBRr
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By using the Cauchy inequality, we obtain

2 2
/ v, qdqu:/ <2wq¢ +(d-1)leL )dqu
QxBpg ] QxBpg |Q| ]

<1l curts )+ (d—1) /Q e
XDbRr

Note that

2
/ ] ——dqdx </ ol dqu+/ lo|?dqdx.
QXBR |q| QXBl |q‘ QXBR

Application of the Holder inequality and the imbedding H!(B;) < L%(B;) yields

ol? ! AL
[ i< | ( / sa|6dq) ( / |q2dq> dx
QOx By |q| Q B B,

<c(d) /Q T

Sc(d)||<P||2L2(Q;H1(Bl))'
Combining the above results, we can obtain (3.1). ad

From Lemma 3.1, we can see that the constant C is independent of R when R> 1.
Then an application of Lemma 3.1 yields the following trace theorem.

LEMMA 3.2. Under the Assumptions (A1) and (As), we have V@GYbﬁ,

2
Jim R‘S/ B\(f['ﬁdS( Jdx=0 V5 <b+2. (3.14)
—© QOx0BRr

Proof. Define ¢:=|q|+'M~%¢. Then

~ |<P|2 b+4 |90|2
lequdxz/ lq|*T? 2 dgdx < (1+]q|***) = dadx.
»/QXD QxD MB QxD Mﬁ

From (3.2), we have

| IVapPdads= [ [9,(al#* -5 Pdaix
QxD QxD M=
2
_ AaNVE JRANENERVE A .4 ‘ dqdx
[ |vatalt*ar) 5 +1a .8
b|%0| b+4|<P| b+2 18 2) 4
<o (1Pl a2 jgpreae, £ ) aqax
QxD

From the above two relations we conclude that @€ L2(Q; HY(D)) if € Y. Let R>1.
Then Lemma 3.1 implies that
1@l 22 (@:2(0Br)) < ClIPll L2 (@i (BR)) < CllPN L2 (@:im (0)) < Cllgllyp

where the constant C' is independent of R. Moreover, we observe that

5 o
E - / a2 120 45(qax
L2(Q;L2(8BR)) %8B M?B
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Hence, for any 6 <b+2,

2
1
lim 2’ 91 is(qyax=C lim ——= |2, —o.
Rl—rgo /QxaBRMﬁ (q)dx RI—I}?)ORb+275||(p||Ybﬁ

0
As a corollary to Lemma 3.2, we can easily show that (3.12) is also true for the
space ng . The proof is given below.

LEMMA 3.3. Under the Assumptions (A1) and (As), we have VngYbﬁ,

lim R‘S/Q . lp|dS(q)dx=0, V¥>0. (3.15)
X R

R—o00

Proof. Let || be the volume of Q. By the Holder inequality, we have

v eas@asr ([ epastaax) ([ astaax)
QX@BR QXBBR QX@BR
<o)t ([ prpasax)
QX@BR

2
From (3.1), (3.3), we observe that
RA-1+2 < RA-1425 70 < ORZ9531F” < CRM 7,

where the constant C' depends on 3,d,d. Thus, we obtain

2 ;
B[ jdas@ase(r]  as)
Qx 0B axoBr M

where C is dependent on (3,d,d,|Q2|. Therefore, the desired result follows immediately
from Lemma 3.2. 1]

Recalling [2] and Lemma 3.1 in [1], we know that

K:=C>(Q;C5°(D)) is dense in Z,
K%:=C§°(Q x D) is dense in Zé,o-

We can also show in a similar way that K is dense in Y}, and KC° is dense in Y40. Next
we introduce the positive and negative parts of a function ¢ defined by

[p]4 :=max{p,0}, [p]-:=min{p,0}.
LEMMA 3.4. Suppose Assumptions (A1) and (As). Ifgoer, then

v <[('0]+>_{vq(1\/fﬂ), if >0,
! 0, if p <0;

v <M— _{Vq(w),z'fso<0,
9\ M8 ) )0, if > 0;
v <W>:{Vz(ﬂ“jﬂ),if¢>o,
*\ MB 0, if 9<0;
v (M):{Vw(;ja), if 9<0,
S\ Mo 0, if >0
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Hence [¢]+.[¢]- € Y}
Proof. Suppose ¢ € Ybﬁ. For € >0, introduce

(s)i= (s2+e2)2 —¢ if s>0,
PeUS)=90 if s<o.

Then by Lemma 7.5 in [12], we have, for any ne€ C§°(Q2 x D),

o]+ : ¥
Vndqdx =lim D Vndqdx
/Q ! : (M g ) !

«p MP e=0Jaxp
V., -
=—lim n%dqu
=0 ps0 (P22 M)z
¥
=— nv (—) dqdx.
o™ G
Therefore, the result is established for V, (%). The other results follow immedi-
ately. ]

Similar to the proof of Lemma 3.4, it follows that, if ¢ € Zbﬁ, then [p]+,[¢]- € Zbﬁ.

3.3. Mollifiers. In the equations (2.3)—(2.4) we have used isotropic Friedrichs
mollifiers. It is not difficult to derive that JZ satisfies the following properties [2]:

1 75¢llz2() < llellze (), Yo L?(), (3.16)
(I —J2)pl 2@ —0 as a—0, Ve L?(Q), (3.17)
[Uzoeadx= [ er(zeix, Veoreae (@), (3.18)
Q Q

d d

o (Jap) = T2 (8;0'>,i=1—>d, Ve HL Q). (3.19)
Thus, J? satisfies

1Iev 1m0 S VI 9), Vv eH (), (3:20)
[I5vllwre @) <C@) VL@, YveLH(Q). (3:21)

Moreover, we introduce a mollifier, the Helmholtz-Stokes mollifier S,. This is
motivated by Barrett et al. [1], Barrett and Siili [2] and Foias et al. [11].

Let V' be the dual of V, <-,-> the duality between V' and V, and (|S, - || z1()
the norm on V’. For given v € (0,1] and veV’, let S, v be a smoothing of v defined
as the unique solution of the Helmholtz-Stokes problem

/Sfyv~wdx+fy/ Va(Syv): Vywdx=<v,w>, VYweV. (3.22)
Q Q

From [1, 2, 13], we know that the Helmholtz-Stokes mollifier defined by (3.22) pos-
sesses the properties:

<v,SWv>:/[’y|Vm(Syv)|2+|Syv|2]dx, Vvev, (3.23)
Q

||S'YV||%/2(Q)+7||V£[S’YV]HQL2(Q)SHV”i?(Q)’ vvel?(Q), (3.24)
1S, v [I7r1 0y SCIVIT2(0) SClIVavTa), YWEV, (3.25)
(X =8)v[I72() + Ve (X =S)VI[72(q) VI Vavllie), YWeEV.  (3.26)
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The Friedrichs mollifiers and the Helmholtz-Stokes mollifier have different roles in
this paper. The former is to smooth some terms in the regularized Hookean dumbbell
model, while the latter is just a technique in our estimates.

3.4. Some auxiliary assertions. Now we firstly show the property of C(y)
in Equation (2.3). Under the assumptions (A1) and (As), we have Yy € Xf,

[ ictra= | i ( / wqiqjdq)zdx

ij=1

d
ol
< 4;q; M’ dq ( Todq ) dx
JADEY 117

i,j=1

2
<([ m |q|4dq> | e daax
<;/; Slxl)]v[ﬂ

This together with (3.5) implies that

|oo|?
[Ic@Pix<c) [ daax (3.27)

We mention in particular that the constant C'(3) in (3.27) depends on the parameter
B, and C(f) converges to infinity as [ goes to zero. Next, we recall the Carlson
inequality from Theorem 3.6 in [3], which is a useful tool in our investigation of C(y).

LEMMA 3.5. Let n be a real-valued measurable function on Ri, and Aq={{b;}{:b; =
{0,1} fori=1,2,...,d}. Then

1/24+1

d
/]R In(x)|dx < (27r)% (E/}RinxfbinQ(x)dx> . (3.28)

d
4
Note that (3.28) is also true in R?, just by a translation of variables. For conve-
nience, we also recall the following lemmas from [30] and [5]:

LEMMA 3.6. Let Xo,X,X, be Banach spaces such that Xo C X C X1, where the in-
jections are continuous and the X; are reflexive, i=0,1, and the injection Xg— X is
compact. Let a; >1,5=0,1, then

{ve L (0,T;X,), % € L(0,T;X1)} — L*(0,T; X) (3.29)

is compact.

LEMMA 3.7. (Gagliardo-Nirenberg inequality) There exists a constant C:=C(Q,r,d)
such that for all n€ HL (),

Il < Cllnll st 1931 (3.30)

where r €[2,00) if d=2, and r €[2,6] if d=3 and y=d(3 —1).
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4. The modified model and the Rothe method

To obtain the global weak solutions in Definition 2.1, we now build a modified
model.

It follows from (3.2) that (2.4) can be rewritten as

0 a,e z
’(gt’ +(ua,s'vz)wa,6+vq'(VQ:(Jaua,E)qu)
o 3 wa € . .
= 2)\V (M Vq Wi ( ﬂ)qwa,€> JFEA_T@ZJO[,E in QxDx (O,T], (4.1)

and then (2.4) is equivalent to

AAHNWae) | (4 0 (14 g we) (14 1) T (Vo (Tt )41

ot
1 e
— g+ T, (MO0, 15 (1 Blavic ) +eul(1+ a0
in Qx D x (0,T]. (4.2)

If we add the term ﬁA(ua lal*(1+|q] )w“ = into the left-hand side of (4.2), then
we have a modification of (4.2), where A(v):=||V4(JXV)| 1) Vv €L (Q). Thus a
modified model is derived composed of (2.1)-(2.3) and this modified equation for
a,e together with (2.8)—(2.11). Note that if 5=0, this modified model is just the
regularized Hookean dumbbell model. The solution of this modified model depends
on four parameters «,,e,b. For brevity, we introduce the notation in this section:

A=y pep, V="apcb (4.3)

The following result just gives the weak formulation of this modified model.

PROPOSITION 4.1. Let assumptions (A1 )—(As) be fulfilled. Then for any given o e €
(0,1], there exists (4,1)) satisfying

e L®(0,T:L(Q))NL2(0,T;V)NWh (0,T; V"), (4.4)
Y e LX0,T52) )N L(0,T; L*(Q x D; (1+]q") M~ 7)),
J” (e L°°(0 T-wlvOO(Q)) 0(1;) e L>(0,T;L*(Q)),

dt—|- +vVu:Vow|dxdt
:—nw/ / ): Vawadxdt, VWGLﬁ(O,T;V), (4.7
/ | aialty Grdadsar— [ a2 o o)daax
QxD Qx D M=
5 i, J
+f /QXDlQAM Voo~ V()i + qz,w]
Vol(1+]a") 155 ) dadxdt + / /Q Aw@la(1+al") wﬁwdqudt

1+ q|?) |6V, — | - V-2 dqdxdt =0, Yo e VP, 48
]t [9ah 6] V. dasai=o, e, (148)
a(-,0)=uo("), (4.9)
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where y;f’ be the completion of Cg(—T,T;Yf) in the norm || - ||y5 defined by

— D3 Ve v
lellyg =10l p2 0 vy N+ MEVL L 0

18 ® b @
+||(1+‘q|b)2M2VqW”LQ(O,T;L?(QxD))+H|Q‘2 1%“L2(O,T;L2(QXD))

1. p0
+[|(1+]q/*)z M 237%:||L1(0,T;L2(Q><D))-

We will adapt the Rothe method to prove Proposition 4.1. The Rothe method
is frequently used to prove the solvability of evolution problems (see, e.g., [16, 26]).
Its principle consists in semidiscretization with respect to the time variable, and the
original problem is approximated by a sequence of Rothe approximation functions.
Now we proceed as follows.

4.1. Solvability of time-discretized problems. In order to solve the mod-
ified problem by the Rothe method, we subdivide the interval [0,7] into N units of
length At(T'=NAt). Set t, =nAt,n=0,...,N. For given a,e € (0,1], b and /3 satisfy-
ing Assumption (A;) and (As) respectively, we define the sequence of {@",¢"}N_, by
an implicit scheme as follows:

0% =Saup, 0= (4.10)
ﬁn_ﬁn—l
/7 wdx+/[(“" L.v,)a ]~de+u/ V4" : V,ywdx
o At Q Q
=—kw [ C("):Vu(wa)dx, YweV, (4.11)
Q
wn wn 1 w
1+4|q/° 5 dqdx
| aslane——

b An),In ~n—1\ Tn— ¥
w3 [l [Ayn - A0 s dad

n / [W oy, Y B i <Jzﬁ”>qw“1
QxD

2\ TpB T 2N
B

2 QxD

+ [ (U af) eV —am") -V, - dadx =0, Vee Yf, (4.12)
QxD M5

Vo((1+1al") 175 )dqu+ A(a")|al*(1+]a)’ )

where
G.:=1+At|q*, W.:=14At|q%. (4.13)

Then from (4.10) and Assumption (Ay) we know that €V, ¢°>0 a.e. in Qx D.
Further, by using (3.4), (3.24) and (4.13) we have

|w°|2

[ [P+ 8900 RJax+ [ G400+ 1+ a6 dadx
Q QxD

<cC. (4.14)
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In addition, ¥° — 1 in L?(Qx D) as (At,3) — (04,01). Noticing that V is dense in
H, it follows from (3.26) that ° —ug in H as At—0,.

REMARK 4.2. 1) (4.10)—(4.12) is just the time-discretized formulation of the modified
problem (in weak formulation). In this discretized formulation, we insert G., W, and
the term

é b Anyin an—1\ n—1] ¥ _
5 [ lal” [ain - At s dade

into (4.12). Our goal is to use trace results (3.14) and (3.15) to verify the coer-
civeness of a bilinear functional (4.18) below and derive a priori estimates for the
time-discretized functions.

2) This discretized formulation leads to a set of nonlinearly coupled elliptic bound-
ary value problems to determine (ﬁ”,i&”). The existence of these solutions is a con-

sequence of the Lax-Milgram theorem [12] and the Schauder fixed point theorem [12].
It is obvious that (4.11)—(4.12) can be rewritten in the variational forms:

b ) (@, w) = /Q [ W — AtkwC™) : V (wo)ldx, Yw eV, (4.15)

N b Tn—1
@) 0) = [ {(1+|Q|b)Gc+AtQ|bA(ﬁnl)} U0 dadx, Ve e YL, (4.16)
QxD 2 Mﬁ

Here,
b(ﬁ"_l)(Wth)::/ [w1 +At(ﬁ"_1 -VI)W1]~W2dX+AtV/ Vw1 :Vawadx ,
Q Q
Ywi, w2 €V, (4.17)
(|a+laPyeerarg

2 MP

1-p

c P1 ©2
We 18 P o =V v by 22
o M Va5 T A m(va)qw] o((1+1al”)575)

+ AL+ [a)EVapr V1] Va2 ) dadx,
Vi, 02 €Y WveYT, (4.18)

a¥lprn)i= [ A<v>|q|2>+At‘2’|qu<v>] o

QxD

st

and for r>d,
YT::{VELT(Q):/VQOszsOQdXZ—/V@2'Vm@1dxa
Q Q
/QPBVm'(va)Zov v@laSDQGHl(Q)aVQOSELl(Q)}' (419)
Q

We can see that (1" ~1)(-,-) is a continuous and coercive bilinear functional on
V xV by using the fact

/[(V'VI)W1]~W2dX:7/[(V'VI)WQ]'WldX, Vv eV, Ywy, wo € Hi(Q). (4.20)
Q Q

Moreover, on noting (3.21), (3.7) and (4.19), we deduce from (4.18) that a(v)(-,-)
is a continuous bilinear functional on Ybﬂ X Ybﬁ . In the following we will show that it
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is also coercive. By (3.7) and (4.19), we know that
¥ r B
/Q V@-medqu:(), YWweY  VpcY, .
xD
Thus,
a(v)(p,¢)
_ b é b |90|2
= (1+]a]”)Ge+ Atz lal A(v) | 375 dadx
QxD 2

W, 1-5
war | 1M g Vatvaag] 40+ al') 7 s
X

+5At/ (1—|—|q|b)Mﬁ|Vm%|2dqu+§At/ AM)|a2(1+]ql?) '“" 1L dqax,
QxD QxD

VVEYT,chEYbﬁ. (4.21)

By using (3.2), (4.13) and Lemma 3.2, we treat the second part of the right-hand side
of (4.21) term by term as follows.

/ ap- V(14 ]al") 155 ) dadx

QxD

=b/ |q|”'“"‘ dqu+/ (1+la/")aM?- V(5 75) dadx
QxD QxD

b d
3| dan-g [ aia xS [ aliar S das
QxD QxD

At [ VL (vadadl V(1) dadx
QxD

At
—ont [ @ Vatvaalal = daacs 5[ 04 L vaan]
QxD 2 QxD
-V (Mﬁ) dqdx
b T b— 2|<P|
=5 At [a" Va(va)d]la]” "7 dadx (4.22)
2 QxD

2
Soar [+l lal Valva)aldadx
QxD

é b|<P| p bY [ |2 ||
< At[  AW)a S dadx+ DAt [ (1+|aP)aPA(v) Do dadx,  (423)
2 QxD QxD M

and

W.MPv V. ((1+|q dqdx
. qMﬁ q(( \I) )

=5 [  WMPlq"” QV( D2-adadx+ | WMV, 2(1+ |q])dadx
2 QxD QxD M
b(b—2+d
__bb-2+d) We|ql®~ W' dqu+ WcMﬁqu 1>(14|q|®)dqdx
2 QxD Mﬁ

2
—bAt/ |q|b|('0| dadx + 5/ W.lq |b|‘p| dax.
QxD
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Utilization of the above relations in (4.21) yields

a(v)(p,¢)
> (1+]q/>)G. [l + At(14q|%) WM5|V I+ Mﬂ\v |2 dqdx
~ Jaxp 4 “MB TMB 4
b(1—3) / s ol bBAL blwl
NS\ S dadx + —— Welq|" 325 dadx
4)‘ Q><D| ‘ 4>‘ QxD | ‘
1— 2 d(1—
+5( De | (+lalal G dax—= mm/ (1+1al*) L daax
4\ QxD 4\ QxD

© b(b—2+d) |gp\
——(At)? b—‘ | dqdx — — At W, b=2 d dx,

YWeY  VpeY)

Here the last term on the right-hand side of (4.21) is eliminated by the second term on
the right-hand side of (4.23). This is why we add the term 'BA(ua Jlal*>(1+]q] )w“ :
in the modified model; see (4.8). Here we can also see the remarkable role of the

parameter (3.
Now let At be bounded by a constant, say, At <1. Then

d(1—
_ ﬂ)At/ (1+]q| )|(P‘ dquf—(At) / |q|b|<'0| dqdx
4\ QxD QxD
4\ QxD
2b(b—1+d)+d
z—wm Ge(1+]q] )|(p| dqdx.
4A QxD
Thus,
2b(b—1+d)+d o ol
a(V)(%w)Z(lf—At)/ (1+]a|*) G~z dgdx
Ix oD Ve
W,
st [ lal) (GNP M9 ) dad
b(1-p) / oLl bBAt oLl
——At ~rgdadx+—— ~sdad
+=0 X\I X+ QXWH qdx
1—
+5(4A5)At/ (1+]q] )\q|2|‘p| dadx, WeY' VoeV). (4.24)
QxD
Let At<min(1,m). Then we can see from (4.24) that a(v)(-,-) is coercive
on Y x vy

Therefore, for given ¥ € Y (r > d), by the Lax-Milgram theorem, we can uniquely
determine {¢,V} € Ybﬂ xV by

o@)G)= [ |a+lal)c.+segla A

- ,([}n—lsp
MB

b(a" ) (T, w) = /Q [0 w = AtkwC(): Va(wa)ldx, VweV. (4.26)

dadx,Yo e, (4.25)
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This completely defines the map G:Y"(r>d)—V CY", which takes ¥ to v=G(¥)
via (4.25)—(4.26). The following lemma gives the property of G.

LEMMA 4.1. Let (0" 14" eV x L2H(Qx D;(1+|q®)M~PG,). If At is small
enough, then G has a fixed point in Y",r € (d,6).
This can be proved by energy estimates and the Schauder fixed point theorem.

The proof is given in the Appendix for self-containedness.
By Lemma 4.1, there exists a solution (4",9™) €V x ng to (4.11)—(4.12). More-

over, from Lemma 3.4 and ¢™ € Y,”, we know that [¢"]_ € Y,”. Tt follows from (4.16),
(4.18) and Y"1 € L2+ (Q x D;(1+|q|®) M ~?G.) that

a(@")(["] -, [¢")-) =a(@") (", [¢7])-)

- [ Jasiames adgiaraee ] EE
QxD 2

YL —dqdx <0.

Then, the coerciveness of a(G™)(-,-) in Ybﬁ X Ybﬁ yields that [¢)"]_ =0. Thus, ¢" € Yf’*‘.

Therefore, when (0"~!,¢" 1) eV x L2+ (Qx D;(1+|q|")M~PG,), Lemma 4.1
implies the existence of a solution (@",4)") € V x Ybﬁ"Ir to (4.11)—(4.12). Then starting
with n=0, this iterative procedure yields a sequence {a",¢"}N_, of (4.11)-(4.12)
that is well defined in V x Yb’G’Jr.

4.2. A priori estimates for the time-discretized problems. In this
subsection, we will devote ourselves to a series of a priori estimates independent of n
for the approximate functions 4™ and 1[)” Now we firstly state a discrete Gronwall
inequality.

LEMMA 4.2. Let {A,},{B,} be nonnegative sequences satisfying
Ap+Bn<(1+CAHA,_1, Vn>1.

Then we have

N
max A,+ Y B,<C.

n=0—N
n=0

Note that #j‘b eYbﬁ , under the assumptions (A;) and (As). Then by choosing

@Z% in (4.16), we have

Gc(zﬁn—qﬁ“*)dqdﬁgm A@")|q*0"dqdx

QxD QxD
b ‘q|b ~ n an—1\ Tn—1
e A@™ )" — A" ) dadx =0.
#3080, Thig (A" =AW ) dads

Summing up the above identity for all n and noticing (3.21) and (4.14), we have

max [
n=0—-N|JaoxD

. b |q|b s
n 2 A A(am)gr
G dqu} —i—ZHLnOa}N{ t/QXD T+ (qp (0")y"dgdx

R b
<2 G dgdx +bAtA(@°) / kel

- i D1+|q‘b1ﬁ0dqu§0(a). (4.27)
X X
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Note also that f‘f | l‘],, € Yﬁ under the assumptions (A1) and (Ajz). Similarly we choose

=221 in (4.16). Then, on recalling (3.2) and (4.13), we find

Ge(P"—ym~ 1)qudx+Atﬁ A |g*)"Udqgdx

QxD QxD

b lal® T
+A¢§j£xD1+qu( (4 )¢ A(a )d’ )qudx

+1= ﬂAt/ |q|21[1”dqu—At/C(Jz”):vx(Jf‘;ﬁ”)dx
QxD Q

/ aPddadx— 2t [ WolaPdndadx
QxD /\ QxD

_ (&2
TN

+o5 At/ W dgdx. (4.28)
QxD

Here, we have used Lemma 3.3, which is a crucial point in the above derivation. In
(4.15), we choose w=10" €V and obtain, using (4.17) and (4.20),

/|ﬁ”|2dx+/|ﬁ"—ﬁ"‘1|2dx+2uAt/\Vwﬁ"\gdx
Q Q

/ 6L 2% — 2k AL /Q C(™): V, (367 dx, (4.29)

where we have used the simple identity
2a(a—b)=a’?+(a—b)* —b? Va,beR. (4.30)

Multiplying (4.28) by 2kw, then combining the resulting equation with (4.29), and
using (4.13), (4.27), we derive

/|ﬁ”|2dx+/|ﬁn—ﬁ"*1l2dx+2z/At/ Vo a" Px
Q Q Q

+2Kw Gop"Udqdx + Brwt A g2 Udqgdx
QxD QxD
-

/iwAt/ |q|21[1”dqu+ énw&t Wc|q\21[)”dqu
A QxD A QxD

1
+

al’ i ony s
+lmwAt/ A(Q™)Y"Udqdx
QxD 1+‘q|b ( )

S/ [0 2dx + 2kw G " 'Udqdx
Q QxD

b ~
FhrwAt / al CAE ) Udgdx+C(a) At
QxD 1+ ‘q|
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Summing the above estimate over all n, and using (3.21), (4.10) and (4.14) yields

n=0—N

N N
max /\ﬁ”|2dx+2/|ﬁ”—ﬁ”’1|2dx+2yZAt/ V0" |?dx
Q n=1 Q n=0 Q

N
+2Kkw max Gcﬁnqudx+ﬁanAt A(ﬁ”)|q|21ﬁ”qudx
n=0—=NJaxD ot QxD

N N
Bm}ZAt/ \q|27$"dqu+§mwz&t W.|a|?¢"dqdx
n=1 QxD n=1

QxD

lal®
+bkw max At/ A" Y"Udqdx < C(a). 4.31
Jmax A [ S A Udade < Cla) (431)

If we choose @ =" EYbB in (4.16), then from (4.24) and (4.30) we get

2b(b—1+d)+d |2
N R s
2\ QxD
W TL
+2At/ (1+1q”) M5|Vq |2+aMﬁ|v 1> | dqdx
QxD Mﬁ ﬁ
1- n|2 bBAL pm |2
2\ QxD 2\ QxD

b(1—p) / b|¢"|2 / b \¢"—¢n_1|2
=55 At o D| q|’ ——5dadx+ XD(l—i—|q\ )G, e dqdx

- 1|2 I e gt
< 1+]|ql® dqdx + At A"~ dqdx.
| a+ialietg [ A

Moreover, by using the Holder inequality, we have from (3.21), (4.31) and (4.13) that

b wn 1wn
At— bA an—1
5]l A s dad

<b>\A an—1 QA b|wn 1‘2(1 dx A b|1/}n|2d d
(@ ear [ g +—16A o] el dad
X QxD

hG [ b|¢"\2
<C(a)t (1+|q]”)G. d dx+ At lal” ——5dadx. (4.32)
QxD M >\ QxD

1 2b(b—1+d)+d
1< 1- 2b(b—21;\|-d)+dAt <1+ by
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Thus the above three relations yield

n|2 no_in—1]2
[ astane S i [ ariane S0 g
QxD QxD

W, P
—I—ZAt/QXD(H-IqV’) (2A M5|VqMﬁ|2+eM5\V ﬁ|2> dqdx
1— Tn|2 n|2
4\ QxD 27 QxD
1— n|2
A mm/ (1+]q |)|q|2|¢ - dqdx
27 QxD
by 97T
<(1+C()At) (I+]a”)Ge dqdx.
QxD M

Adding up the above estimate for all n, using Lemma 4.2 and noticing also (4.10) and
(4.14), we find

max / (1+1q)")G- [ |2dqu —l—Z/ (1+]q")G qudx
n=0—N QOxD ot
+2Zm/ (1+]a®) WM5|Vq 5|2+ eMP|V, T;|2 dqdx
n=1 QxD M
1 Qﬂ ZAt/ |q|b d dx Jr—ZAt/ W|q|b ik 5 dgdx
n=1 2xD n=1
1 2
ﬂ Zm/ (1+]q )|q\2|7’[} | dqdx < C(a,T). (4.33)

Next we turn to estimating C(¢") in view of the Carlson inequality (3.28). Ob-
serving (2.5) and (3.28) together with the Hélder inequality implies that

[ietnpaxs [|] Jrda|
<7rd/ / qui dx
(/1
<nt [TI( [ tare2stnpinpaa) " ax
Q 4, \/D
<ﬂ_dH</ ‘4+221 1 |2dqu> )
Ay Qx D

This shows that when d=2,

dx

[ e paxss? (/ |q|4|¢“dqu) (/ |q|6|z/3"|2dqu)
QxD QxD

1

- ( | |q|%”|2dqu) y (4.34)
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and when d=3,

[icwmpax<e ([ |q|4|z&“dqu) ([ iallirpaax)’
Q QxD QxD
([ Jatinpdade) " ([ jabolinpdaax) " @)
QxD QxD

Therefore, using (4.34)—(4.35) with Assumption (A;) and (4.33), we have

max { /Q |C(¢”>|2dx] <C(a,T). (4.36)

n=0—N

In the following we come to estimate the time difference of 1. Our main method
is based on the Gagliardo-Nirenberg inequality and the Helmholtz-Stokes mollifiers.
For given € >0, by using Young’s inequality with € and (3.20) and (4.20), we have for
(4.15) Yw eV,

ﬁn_ﬁnfl
/7~wdx:/[(ﬁ”’1~Vx)w]~ﬁ”dx71// V0"V, wdx
o At Q Q
—/{w/C(QZJ”):Vm(wa)dx
<c/ (G2 + Vo &2+ O™ 2 dx+e/ IV, w|?dx.
(4.37)

Application of the Gagliardo-Nirenberg inequaliy (3.30) yields
3 / i

fe () ([ < 5
<C Z [(/ ™| dx) (/ V. ””|2dx) ]

m=n—1

This and (4.37) imply

[ wdx—e/ |Vzw|2dx]§
_i (/| |2dx)_1/|vIuM| dx

vo| [ v pax] %+ JACERRS '

By using (4.36) and (4.31), we furthermore have

%
[ de—e/ |VwW2dx}

<C(a) /|v um|2dx+0{/ IV, “”|2dx]2+0(a 7).

m=n—1
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Summing the above estimate over all n and noticing (4.31) yield

_nn—1 %
ZAt [/ a 1; de—e/ |wa|2dx]
<C(a Z Z At/|V " 2dx+C

n=1lm=n—1

+C(a T)

Zm/ |V, 0" 2dx
<C(a,T).

If we choose w=8S,, (%) €V in (4.15), then by the above relation, we have
ar—an 1 " — ﬁnfl
ZAt / ~ S ( ~ )dx

ﬁniﬁnfl 2 %
—e [ v (T ) ax
/Q e At 1

<C(a,T).

With the choice of €< 3, by the above relation and (3.23) we finally conclude that

an — ﬁn—l
Sorfes (“5)

REMARK 4.3. As in the first item of Remark 4.2, there are some techniques in
constructing the time-discretized problem (4.10)—(4.12) which are different from that
in [2]. Thus the difficulties are different in deriving a priori estimates for u™, ™.
Especially, in our estimate derivations, we can easily tackle the term on the left-hand
side of (4.32) and obtain estimates of i (see (4.33)), while in the corresponding
derivations in [2], the authors had to use the boundedness condition from D and then
failed to deal with the Hookean dumbbell model.

<C(a,T). (4.38)
HY(9)

4.3. Rothe functions and a priori estimates. = We can now define Rothe
functions obtained from 4" by piecewise constant and piecewise linear interpolation
with respect to time ¢, respectively. Let

attr(t)=an(), afhT (L) =a""l(), te(tp_1,tn], n>1, (4.39)

and
08 (1)i= () Bt (), te ot n21 (440)
Then
e (= ti)agjt, tE (tn_1,tn], n>1, (4.41)
where t+ :=t, and t, :=t,_1. For brevity, we will sometimes use the notation

astt i)( t) to mean uAt aAt+ or a8t We also define 210 (.. 1) for {1V,
in an analogous way. These Rothe functions are intended to be approximations of the
solution to the modified model in some suitable function spaces.



L.Y. ZHANG, H. ZHANG AND P.W. ZHANG 109

Now piecewise constant interpolation of (4.11)—(4.12) over [0,7] yields

T
/ W>dt+/ / V) at ] w v, atht v W]dxdt
0

:—nw/ /C(q[)m’*):vzwadxdt, Ywe LTa(0,T;V), (4.42)
0 Q
T TAL+ TAL,—
PEIT —p2h T
1+|q/")Ge———— T dqdxdt
/0 / ) -

b (T . ) VR
—|—§/O /QXqu|b [A(uAt,+),¢At,+_A(uAt, W’At’ qudxdt
Q/A}At7+

' We pp 1-8  iaey A AL Y 1AL+
+/0 /Q D 2/\M Vq MPB +7q¢ ) _[vf(Jau 7)‘1}1/1 ’
X

@ B[ o
V(1 +lal) gsdadxat+ [ VL6 Jal 0+ al)
X

1/}At +

¥
dqudt+/ / (1+1]aq
e - lal)

(eVghAtt —alttatt) ~V1qudxdt:0, Ve L2(0,T;Y)).

(4.43)

Moreover, (4.31), (4.33), (4.36) and (4.38) imply the following obvious estimates for
the Rothe functions 42*0%) and 240+,

T SAt 4+ AAE—|2
sup {/ [ j[)|2dx] / /wdxdt
+€(0,T) Q At
+2v / / |V, 0200 2dxdt < C(a), (4.44)
0o Ja
e At 2
sup (14+1]9)°)Ge.———dqdx
te(0,T) | JQx D MP
T DAt A+ LAt — (2
Ge [p20T =927
1+]q)—%
o el g dadsa
/ / (1+lal’) (
QxD
2|1/)At jE|2 DO 2
(1+|q”)|a* *———dqdxdt+ sup |C )|?dx
QxD

te(0,T)
T At
oa
+/ S (>
o 1177\ ot

4.4. The proof of Proposition 4.1.  After obtaining a priori estimates for
the sequences of the Rothe functions, we propose to establish the convergence of the
Rothe functions and then conclude this subsection with the proof of Proposition 4.1.
For convenience, here and below, we will identify {ﬁAtﬂ&At} A+ with its subsequence
and we shall not state it any further.

M5|v

\2+25M5\VI

PAt+
ST iYL |“ | dadxdt

dt<C(a,T). (4.45)
HY(2)
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LEMMA 4.3. Suppose assumptions (A1 )-(As). Then, for given «a,eé€
(0,1] there exist e L=(0,T;L2(Q))NL2(0,T;V)NWha (0,T; V"), e L2(0,T; Z0™)
NL>(0,T;L3(Q x D;(1+|q|®)M~?)), and a subsequence of the Rothe functions
{at ALY oy satisfying

b NZJN(’i) * by 2 . 2
(1+[al”)? —F5— =1 +la]")? —5 in L=(0,T; L7 (2 x D)), (4.46)
M = M2
L ¢At+ L 1[) ) )
B(1+]a")2q —B(1+]qal’ )EqM in L7(0,T5L7°(2x D)), (4.47)
2
[ i 'lZ)At’Jr [l 1[1
e(+]al)2 M=V, | g | —=e(l+]al’)2 M=Va | 305
in L*(0,T;L*(Q x D)), (4.48)
1 LAt A+ 1 P
(1+]al) 2w M=v, (wMﬁ )A(qulb)%Wc?Mqu <J\?5>
in L*(0,T;L*(Q x D)), (4.49)
C(AH) 2 () in L(0,T;L(Q)), (4.50)
and
a2t 2 in L°°(0,T;L2(Q)), (4.51)
a®t0E) ~qin L2(0,T;V), (4.52)
8&“ 811 4
S5 —Svgp i L1(0.TV), (4.53)
a2t S in L2(0,T;L7 (), (4.54)
JTattCH) L 320 in L2(0,T; WH(Q)), (4.55)
JTattOH) X 32 h in L0, T; W™ (), (4.56)

as ANt — 04, where r€[1,00) if d=2 and r€[1,6) if d=3.

The proof of this lemma is in Appendix A. Moreover, it follows immediately from
(4.44)—(4.45) and Lemma 4.3 that

COROLLARY 4.4. The limit function (ﬁ,z/;) satisfies

2
sup Vﬂ JREEY )'1”' dadx

te(0,T)

U
(1+ MP|V 24 2eMP|\V,——|? | dqdxdt
//D al") ( v, s

+ sup [ Czﬁ|dx}

te(0,T)

[ Mg (0n
1+|q/’ qQ—dqudt+/ S dt
QXD( lal)lal” 575 o 17700 e
<C(a,T), (4.57)
T
sup [/ |ﬁ|2dx} +21// /|Vxﬁ|2dxdt§0(a). (4.58)
te(0,7) L/ o o Ja
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Proof of Proposition 4.1. In fact, it only remains to prove that the limit

function (G,v) in Lemma 4.3 satisfies (4.7)-(4.9). Now we first verify (4.7).
From (4.53), we have

AAt aAA
/ /W Sy—— 5 dxdt—i—’y/ /wa ViSy—— 5 dxdt

—>/ /W~S,y—dxdt—|—7/ /VQCW-VJCSAYa—dxdt7 VWELﬁ(O,T;V),
o Ja ot 0o Ja ot

as At —04. Then, by (3.22), this implies

T ﬁAt

T ~
8u 4
li —_— = — dt, V LTa(0,T;V). 4.59
Atlg%br ; < En ,W > dt /0 <at,w> , Ywe (0,73V) ( )

To get (4.7), another key point is to prove for any w € Lia (0,T;V),

lim / / V) alttt] dedt—/ / |-wdxdt.  (4.60)
At—04

For any fixed ﬁeLﬁ(O,T;V) and any fixed WeLﬁ(O,T;V)7 we have

/ / V) @] wdxdt — / /uV )i wdxdt
// V) 0A ] (w— wdxdt+// (W — w)dxdt
+/o /Q[((ﬁ“’— — 1) V)&% "] Wxdt

T
- V,) (00 — )] Wdxdt. :
T / /Q (2 V) )] Wdxdt (4.61)

Noting that ©2t0%) € L°(0,T;L?(Q))N L?(0,T; V), we then deduce that

8D , (4.62)

<
L3 (0,1507 () =

for y=d(3—1),r€[2,00) if d=2 and r €[2,6] if d=3. Thus by (4.20) and (4.62), we
derive

(@25~ V) at ) (w — W) dxdt
/ / ath = .V, (w—W)]- a2t T dxdt
At,— ~ At,+ ~
<Cla ”Ld (0,T5L4(Q)) o HLd 0TL4(Q))”W_WHLﬁ(0,T;V)
<C|w—w]||

L3715V
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Analogously, we have

/OT/Q[(ﬁVIﬁ} (W — w)dxdt
/OT/Q[((ﬁAt,— —ﬁ)'vz)ﬁAt’+] vdxdt
/OT/QKﬁ'Vf”)(ﬁm’+ — )] Wdxdt

By using these four relations, we can obtain (4.60) from (4.61) on noting (4.54) and
the denseness of V in V.

Therefore, by limit At — 0, in (4.42), we have that (ii,7)) satisfies (4.7) in virtue of
(3.20), (4.50), (4.52), (4.59)—(4.60). Moreover, (4.9) follows immediately from (4.10)
and (4.13).

Next, we Will verify (4.8) through (4.43). Since we do not have estimates for time
derivative of 1/1 B> We have to transfer this derivative to the test function so that we
can pass to the hmlt At—04 in (4. 43) For simplicity, we will study (4.43) with the
smooth test function ¢ € C3(— T,T,Y}) ).

We now treat the first term of the left side of (4.43). It splits into two parts:

T TAt A+ I AL,—
/ / (1+|q|b)Gcwiﬁdqudt
QxD

SCHW_WHLL&%d(o T:v)’

<O =4 z20.7:22(0))

<Cla*" =122 0,712(0))-

Z/JA (X q, ) (Xaqatht) 790(X7q7t)
/ /QXD 1+]q))G Y At dqdxdt
At, _ AL — _
+/ / (1+|q|”)GC¢ T (x,q,0)p(x,9,t) =247 (x,9,0) p(x,q,1 At)dqudt.
axD MPBAt

(4.63)

The second term of the right-hand side of (4.63) is equal to

w N (x,@)p(x,q,t)
(14+|q "~ dqdxdt
[ R
fo w (x,9)¢(x,9,t)
(1+ ’ * 22 dqdxdt.
/ /Q><D | I MﬂAt

Then for p € C’g(—T,T;YbB), we see that

T LA+ _hAt,— _
// (1+Iql")GC¢ (x,q,t)p(x,q,t) = =07 (x,q,t)p(x,q,t At)dqudt
QxD MﬁAt

0 (x,9)(x,9,1)
(14 dqdxdt
/t 1/Q><D | ‘ MﬁA

POxq) (12
=— 1+|q/")Ge 7/ x,q,t — At)dt | dqdx.
| asiane gt (5 [ e )
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Further, on recalling the Newton-Leibniz formula, we know that

[(p(x,q,t —At) —p(x,9,0)) /At L2 (x Di (14 |qp) )
t—At
- dp(x,q,T
=||At 1/ (6 )dTHLz(QxD;(1+|q\b)M—ﬂ)
0 T

< max Hi&p(x 1)

(7T Ot HL"’ QxD;(1+|q|?)G.M—8)-

Thus, application of Lebesgue’s dominated convergence theorem and (4.14) yields

7,0 X, 1 At
|— | ariane (m / w(x,q,t—Awdt)dqu
XD 0

s
S i a0 daaa
xD

70 < At
| a+lane.t bod) (Alt / (so(x,q,t—m»—so(x,q,o»dt) dax

[0 (x,q)?
<C’(at>AtH(1+|q| ) T"Ll(QXD)_)O as At — 0,

which implies that for any given p € Cg(fT,T;Ybﬁ ),

7,0 At
: b ¢ (Xaq) 1 / N
Al QXD(1+|01\ VG175 <At ; p(x,q,t —At)dt | dgdx
=/ (1+la I) Yolx q)w(x q,0)dgdx. (4.64)
QxD Mz

Similarly, we can apply Lebesgue’s dominated convergence theorem to the first part
of the right-hand side of (4.63). Thus, it follows from (4.46) that

T AL, —
. ’l/) ’ (X,q,t) Qp(xvqatf At) *@(X,q,t)
1 1 ha. dqdxdt
Jim [ ] asahe - qdx

(1+1q”) %? dqdxdt. (4.65)
/ /QXD Mﬂ 8t

Therefore, gathering (4.63)—(4.65) together, we obtain for any given @€
C3(-T.T3Yy),

) ,(/}At 7+ wAt — )
1 (1 ——dqdxdt
Atli%+/ /QX[, +laf)é At ke

(1+ dqudt / 1+
/ /Q><D al’) Mﬁ 875 ssz( ")

]\(4 q)<p(x q,0)dqdx.

(4.66)
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Similarly to (4.63)—(4.66), it follows from (3.21), (4.14), (4.44) and (4.45) that

AAt+ At+ S AL —\ IAL—| P
Jim / /Q Xqu\ YA — A@AT)GANT | o dadxdt
b uAt,—)wAt,—
:APH%M/ /Q D|q\ —B[gp(x,q,t—At)—w(x,q,t)]dqudt
- 0 X
0 At
~am ; DI |bA(M§¢ (/0 w(x,q,t—ﬂt)dt> dqdx
X
—— lim At / / gt AL Wm QX al) o et
At—>0+ QxD at

70
T -0 b ¥
Jim AAG) [ jaP g re(xa0dads

=0. (4.67)

From (4.13), (4.66)-(4.67) and Lemma 4.3 we can verify that (i,)) satisfies (4.8)
for any chCg(fT,T;Yf) when we pass to the limit At— 04 in (4.43). Thus, (4.8)
can be verified to be true for p € y;? by using (3.21), (4.62) and Assumption (Ag) and
the denseness of Cg(—T,T;YbB ) in yf . This completes the proof of Proposition 4.1.

5. The proofs of main results
In this section we will show the proofs of our main results given in Section 2. The
proof of Theorem 2.1 is divided into the following two lemmas.

LEMMA 5.1. Let assumptions (A1)—-(Az2) be fulfilled and «,e€(0,1]. Then there
exist U, p€ L0, T;L2(Q))NLA(0,T;V)NWEE(0,T; V'), haep€ L2(0,T;X,5)N
L>=(0,T;L3(Q x D;14|q|®)) and a subsequence {Un g.c.p,%a p.en}ts satisfying
(1[Gl E 2 5 (1) s in LXOTIL@X D)), (5.)
b 1¢a,[3,s,b . 2 T2
fa(l+|q| )ZFAO in L7(0,T;L7 (2 x D)),  (5.2)
2

e(1+]q/") M3V, (wM%b) —e(l+]a)? Vot in 20, TLX(Qx D)), (53)

(1+]q*)2 M=V, (wa*ﬁvg’b) — (149" 2 Vyta.cp in L*(0,T;L2(Q2x D)),  (5.4)

M?B

(1/)0{ B,e b) (1/1(1 5 b) in LOO(O T; LZ(Q)) (55)
Up gep—Ugepin L2(0,T;L3(Q)), (5.6)
Uy, 8.e,b Aua,s,b mn L2(07Tav)a (57)

Oy e Ougep . 4

AL LN = L4(0,T; .

S, 5t S, 5 L (0, T;V), (5.8)
Ug Beb— Ugeb i1 L*(0,T;L" (%)), (5.9)
I gep—JIoug.cp in L2(0,T;WH(Q)),  (5.10)
Joug pep—JIo04.p in L0, T;WH(Q)), (5.11)

as 3— 04, where r€[1,00) if d=2 and r €[1,6) if d=3.
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Proof. Following a similar argument to that which we used in deriving (4.46)—
(4.47) and (4.50)—(4.56) in Lemma 4.3, we can use (4.57)—(4.58) to obtain (5.1)—(5.2)
and (5.5)—(5.11).

It follows from the third term on the left-hand side of (4.57) that (5.4) holds for
some limit g € L2(0,7;L?(Q2 x D)). On the other hand, from (3.2) and (5.1), we have
Vne L*(0,T;CL(Q x D)),

1.8 Ya,B,e,b
1_|_ q 2M2 (’7’) -ndqudt
/ /Q><D ‘ | q MP

'(/)a, b ﬁ 1 1 N
:/0 Q D#[g(“—lq‘ )iq-n—(1+]a")2Vy-n—V,(1+]al’)? -nldadxdt
X

- / Y epl(11a) 2 Vg 0+ Vg (14 fal*) - n)dadxdt
QxD
T 1
__/ VaesVq-[(1+]al’) 2rldadxdt as 504,
QxD

which shows (5.4) in virtue of the denseness of C5°(Q x D) in L2(Q2 x D). In the same
way, we can get (5.3) from (4.57). Finally, the non-negativity of 1 g5 implies the
non-negativity of 1, ¢ . The proof is thus complete. ]

COROLLARY 5.1. It follows from (4.57)-(4.58) and Lemma 5.1 that

T
sup [/ (1+|(1|b)|wa,a,b|2dqu]+26// (1+a")|Votba,e b *dadxdt
QxD 0 QxD

te(0,T)
I b 2
4+— (1+19]")|Vq¥ase, dxdt+ sup |C Va,eb) |2dx
AJo Jaxp te(0,T)
T ou i
+/ S, (“”) dt<C(a,7), (5.12)
0 ot Q)
T
sup [/ |ua,57b2dx} +21// /|qua,5,b|2dxdt§0(a). (5.13)
te(0,7) L/ 0o Ja

LEMMA 5.2. The limit function (Wq e p,Pa.cp) i the weak solution to the regularized
Hookean dumbbell model in the sense of Definition 2.1.

Proof. Proceeding similarly as in the proof of Proposition 4.1, we may pass to
the limit, 8 — 04, in (4.7) to obtain that (Ug.ep,%a,c0) satisfies (2.20) and (2.22), by
using (5.5) and (5.7)—(5.9) and on noting (3.20), (3.22), (4.20), (4.62). Then we only
need to prove that (U, %o ) satisfies (2.21).

Now we shall be deal with (4.8) term by term to get (2.21). For ¢ € C2(—T,T;K)

fixed. Then ¢ € C3(—T,T;Y3). Let pg =M% ¢. Note that 2 =, then from (3.2),
M2
we have

MP|\v = MPIM ™5V o+ oV M~ 52

2

qu‘
1

<2|Vopl* + 5 lagl”.
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Thus ¢g € Cg(—ﬂT;Yf) follows immediately. Noting (5.1) and p € C3(~T,T;K), we
obtain as §— 04,

T
/ / (1+ql?) w"“ﬁ;”a‘pﬂd dxdt = / / (1+|q)?) %‘“ba“"d dxdt
0 JaxD M QxD M3

H/ / (1+‘Q|b)¢a,s,b8fqudxdt.
0 QxD
(5.14)

It is obvious that

| gt odadx= [ (1 al ot daix. .15

Using Lebesgue’s dominated convergence theorem, and noting (3.2), (5.4) and
Yo, Beb € LQ(O,T;Z}’?), we obtain that for any ¢ € C2(-T,T;K),

T
1 wa, 1€y %
hm/ /QXD(MWQ%).[vq((1+|q|b)Miﬁﬁ),vq((lﬂ(ﬂb)w)]dqudt

B—0+ Jo

T
3 %mb [ b © }
= Jim MY, Latety g (14 |q)") (<2 — )| dadxat
ﬁﬁo+/0 QxD( a7 B )V |(1+]al”)( ] ©)| dgdx

T
. wa,@sb |: b 2
= lim MPV, 2282y (14 v
5_’0+/0 /QXD( q Mﬁ ) ( ‘q| ) q(Mg
B

T
= lim / (Mﬁvqw)~(1+|q|b) V(M™% —1)+ZqM 7| dadxdt
6=0+Jo Jaxp M5 2

=0.

- @)] dqdxdt

This together with (5.4) shows that

: Va,
Jim / [T, ) (1) s
X

. q/Jozﬂsb b
=1 MPV =22y,
55&/0 QXD( Vo) Val(1+lal”)p)dadxdt

T
[ [ Vit Vil +lal)p)dadxdr (5.16)
0 JOxD

By (3.2) and (5.2) we have

QxD 2

T wa, ,&,b <2 2
(Va(Thuapeo)al =2 | MEVy((1+1a") 175)

—Vq((1+|qb)</>)> dqdxdt

T wa, RN B
Vo (T2 p.00)d) 222 (MFV, 2 —V,0) (1+|q|*)dqdxdt
QxD M2 M2

T
6 T 1/1(1, ,E,
=/0 /Q Dg[Vx(Jaua,ﬁ,e,b)q]Tjg”-(q(1+|q|b)<p)dqudt —0, asB—0,.
X 2
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Note that JZu, . » € L(0,T;W1>(Q)) from (5.11). Then by using (5.1) and (5.10),
we obtain

< '] aUa,B,e b)q]w()"iﬂ;b - [vx (Jzua,a,b)q]¢a,e,b>

QxD M=

Vo((1+]q|")p)dadxdt

(3200 5.05)d— Vo (T2 p) 1%‘“1’ V(1 +]al’)p)dadxdt

Q><D

V. (32, ) ](Web Voren) Vo (11 |al?) ) dadxdr

Q><D

—0 as /6—>()+.

Combination of the above two relations leads to

Jim / / LTt )l e Vol (1 |al") S2 ) dadxds
QxD

B—04

:// (Vo (I 0ae0)dl¥aens Vol(1+]al”)p)dadxdt. (5.17)
QxD
y (3.2) and (5.2), we further have

T
¥s
Qa,gep Val(1+ q|®) =2 dqdxdt
L] avesner Vi) 22)
r w B,e,b
[ [t (1 ol dads
QxD M2
//QD1+|q\ w‘”“b M5V, —Ml V| dadxdt
X

ﬁ// (1+1ql”) |q|2wa’ﬁabcpdqudt—>0 as 3—04.

From ¢ € CZ(—T,T;K) and (5.1), the above relation implies that

T
1im// qwa,g@b-vq((1+|q|b)%)dqudt
QxD

B—0+ Jo
= lim /T/ qwa’i’a;f’l’-vq((l-l—|q|b)g0)dqudt
B=0+Jo Jaxp M=

T
— / / Qs Vo((14+|al’)p)dadxd. (5.18)
0 QxD
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From (5.3), we have

lim/ / (1+|a/’)(MPV, %ﬁ“’) Va Qpﬁ —2 dqdxdt
QxD

B8—04
= lim/ / (1+]a®)(M?V, %"“’) V.. pdqdxdt
B—0+.Jo Jaxp M#B ‘
T
:/ Vo, Vaepdgdxdt. (5.19)
QxD

Note that

' ¥8

(]. + ‘q|b) [ua,ﬁ,e,bwa,ﬁ,g,b] Vp—75— [uOé,E,b'wa,e,b] A vz@ dCIdth
QxD MDB

' Ya,Beb

:/ /Q D(1+‘q|b> <Ua,ﬁ,5,bojé\’4;f’—ua}6’b’(/}a’€’b> 'vz(Pdeth
0 X 2

i Va,B.eb
:A /Q D(1+‘q|b) [(ua,ﬁ,a,b_ua’s’b)(;\ﬁ] vzwdqudt
% 2

T
+/ / (1+ |Q|b)ua,s,b(wa’7ﬁ’:’b —Yaep) Vapdadxdt.
0 JQOxD M=

Then it is obvious that

T
. Yp
lim 1+ |q|®) [, o -V dqdxdt
B—’O+/O /QXD( |q‘ )[ .,B,E,bw '75757b] Mﬁ q

T
:// (141a)")a.c pVae.p - Vaopdadxdt. (5.20)
QxD

Noticing JZug . p € L>(0,T; W10 (Q)), from (4.57) we have

5‘/ Aug,pe)lal*(1+]d] )wj\j“’apﬁdqudt

At last, gathering (5.14)—(5.21) together yields that (uq e, %) satisfies
[ [ il rdadxdi— [ (1laoC el 0)dad
0o Jaxb QxD

T
) 1
+ / / {V VYaeh = [Ve(Tataco)dlbacs + 51 a0,
o Jaxp 22 1 b= [Val b)d] Y b
Vo((1+al’)e)dqdxdt

T
+/ / (1+|q|b> [Evazwa75,b_ua,a7b'(/}a,€,b] 'Va:(qudthZO,
0 QxD
Yo C3(~T,T;K).

Thus, it is easy to deduce that the above equation remains true for any ¢ € ), in
virtue of (4.62) and the density of C3(—T,T;K) in V. The proof is completed. O
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Following the same procedure developed earlier in this section, we conclude The-
orem 2.2 but omit its proof. Moreover, a corollary follows immediately from (5.12)—
(5.13) and Theorem 2.2.

COROLLARY 5.2.

1 T
s | [l lasPdads] +5 [ [ (a9 das
QxD 0 QxD

t€(0,T)
T 8uab
+ sup { C(wa,b)|2dx]+/ SA,( )H dt<C(e,T), (5.22)
te(0,7) LJQ 0 H(Q)
T
sup {/ ua,b|2dx} —|—2V/ /|V1ua,b\2dxdt§0(a). (5.23)
te(0,7) LJQ 0 JQ

Proof of Proposition 2.3. By using the Holder inequality and the Cauchy
inequality, we have

1
z/;a,bqudx:5 / Vap|al?dqdx
QxD

QxD

Ql 3
<12 [ ([ vaslaaa) dx]
\f 3

<=1 Z/ (/ Ya,b]4i] dq) dx
Vd, 1

< 7| 12 |C(%a,p) | Lo (0,712 (02))-

Thus € L=(0,T; LY (Q2x D;U)). Similarly, it follows from C(¥qep)€

L>(0,T;L%(Q)) that 1, € L®(0,T; LY (2 x D;U)).
Next, we will prove (2.26). For any s € (0,7) and At sufficiently small such that
0 < At < s, we can choose

s—tlL—[s—At—t]y (M(q))?
oty = ettt (O +<qg|>b

(5.24)
n (4.8) to obtain that

1 s

Nt wa, ,&,b X,(Lt dqudt

At/s At J QXD ? ( )

ﬂ s—At
4>7/ / A(uayﬁ757b(x7q7t))|q|211[}(¥7ﬂ7€,b(x7q’t)dqudt
QxD

AL / / (5 1) A(Uap.2.0(%,0,1)) 6 5.0 (%, 0, ) dgdedt
2At s—NA\tJ QXD

= o (x,q)(M(q)) 5dqu.

QxD

Letting At — 04, then §— 04, we have

wa,s,b(xvqas)dquz QZ)O (qu)dqu Vse (OvT)
QxD QxD
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Similarly, we can pass to the limit € — 04 to obtain that

Y p(x,9,8)dgdx = o (x,q)dadx Vs (0,T).
QxD QxD
REMARK 5.3. Note that the existence of the term (M(q))” in the expression of
p(x,q,t) in (5.24). From (3.1), there exist positive constant ¢;,i=1,2, such that

1 2 1 2
6167§|q| <M(q ><6267§|q‘ .

Moreover, the gamma function T'(a f x*le=%dx is well defined in the interval
(0,00). Then, by careful calculatwn, we can find p(x,q,t) eyf in (5.24).

6. Conclusion

The global existence of weak solutions to the regularized Hookean dumbbell model
is derived in this paper. This regularized model is put forward in [2] which possesses
two noteworthy features. One is the presence of a diffusion term A 1. The other
is Friedrichs mollifiers with a parameter a. The key techniques of our analysis are to
introduce parameters 0 and b and to build a modified model which is treated in the
framework of the Rothe method. Then on passage to the limit 5 — 04, the regularized
Hookean dumbbell model is justified. Moreover, we derive the global existence of weak
solutions to the reduced Hookean dumbbell model with e =0 by passing to the limit
€—04. We have not yet completed extending our approach to the reduced model
with a=0 and the classical model with (a,e)=(0,0). In a forthcoming paper, we
shall attempt to research these models.

Appendix. A. In this section the notation (4.3) is also used and the proofs of
Lemma 4.1 and 4.3 are given as follows.

The proof of Lemma 4.1. For any V€ Y", let V:= G(¥). Then by the definition
of G, there exists ¢ € Ybﬁ such that v,v,¢ satisfy (4.25)—(4.26). By choosing w=+¥ in
(4.26), and noticing (3.20), (3.27), (4.20), we have

/[|\7|2+|\7—f1"’1|27\u”’1|2] dx+Atu/|Vz\7|2dx
Q Q

2
SC’(ﬁ)At/ i ~rzdadx. (A1)
QxD
By choosing ¢ = ¢ in (4.25), and noticing (4.24), we obtain
2b(b—1+d)+d o |02
11— At 1 dqd
( o /[ (-+lalGedad
W -
b B 8 2
+2At/QXD(1+|q\ )<2>\M \quﬁ| +eMOV, ﬁ| )dqu
b(1—-23) / b |91 bBAt b\¢|2
+———=At d dx+ —— W, dqu
4A Q><D| ‘ 27 QxD | |
1—
D0 [ el el
2\ QxD
b W’n 1|2 2 ol
< (14]a”)Ge dqdx +bA(A@" )2 At al dqdx
QxD MP
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Let At<min(1,2b($ﬁ_d)+d). Combining (A.1) and (A.2) and applying the Sobolev

imbedding V — L"(Q) and the Poincaré inequality, we deduce that
IVl ) SCIIV2V| 12 () < C*(a, B) for r € (d,6). (A.3)

Thus we see that G is a mapping from E:={weY":||w]|
E.

Next, we will show that G is continuous and compact. Therefore, by Schauder’s
fixed point theorem, we conclude that G has a fixed point in Y.

L7 (Q) <C* (a,ﬁ)} CY’" into

Suppose any sequence {V(V};54 in Y such that

L) =0. (A.4)

lim ||[¥) — 9|
From (3.21) we have
JZ9 5 J2% in WHe(Q) as i — oo. (A.5)

Set ¥(1) :=G(¥(®). Then there exists ¢ GYb’B such that

NOWIC b n— jn—1
a@ @)= [ (i)t bty Aw) V9 dqdx Yo e VY, (A6)
QxD 2 M'g
b(ﬁ"—l)(v“),w)z/[ﬁ"—l-w—Ame(&“)):vw(wa)]dx VweV. (A.7)
Q

By an argument similar to the above, we can construct the estimates (A.1)-(A.3)
for (9 and ¢(*). These estimates together with (3.27) and the compact imbedding
results of Sobolev spaces H!(Q) — L"(Q),r € (d,6) yield that there exist a subsequence
{qg(i’f)ﬁ(ik)}ikzo and functions QNSEYbﬁ and V€V such that as iy — oo,

1 1 plin) 1 1 b .
<1+\q|b>mz?w—f<1+\q|”>mg ]\jé in 2(QxD), (AS)
by i é(ik)g\ by 1 QE . 2 Q A
(1+1a) ol — (1ol )% in 2@ D). (49
byi g 8 J)(lk) byd o4 82 b . 2
(1+laf) M3V, | o | = (A +lal) i M3V, (255 ) in L@ x D), (A.10)

1 1 ~(ik) 1 1 b
(1+]q?)2WZ M3V, <¢ )A(1+|q|b)zng‘§vq <¢> in L2(Q x D), (A.11)

C(g!"*)) = C(¢) in L*(Q), (A.12)
v o3 in HY(Q),  (A.13)
v 5% in L7(Q). (A.14)

Here, we know that Vw €V, [0"!||w| € L?(2) by the Hélder inequality and the
Sobolev embedding V < L*(2). Further, from (A.13), we have Yw €V,

lim [ [(@" ' V,)v0)] ~wdx:/ ("' V,)V] wdx.

=00/ Q
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Hence, we can deduce from (4.17), (A.7), on noting (3.20) and (A.12)-(A.13), that
VeV and geY, satisfy

b(a" ) (V,w) = /Q[ﬁ”*l W= AtrwC(¢): Va(Wo)ldx  YweV.

Similarly, we can also deduce from (4.18), (A.6) and (A.8)—(A.11), on noting (4.13),
(A.4)-(A.5), that Y€Y" and d)GYb’B satisfy

n—1
v Sodadx Ve,

a({/)(q;asp):/QXD |:<1+|q|b)Gc+Atl2)|qbA(ﬁn_l)

Combining the above two relations, we obtain v=G(¥)€Y". Therefore, we have
lim; oo | G(¥®) — G(9)]| - () =0, which implies that G is continuous.

From the compactness of the embedding V<—L"(Q),r € (d,6), we finally verify
that G is compact. This completes the proof.

The proof of Lemma 4.3. From the first and second terms on the left-hand
side of (4.45), on noting (4.40)—(4.39), we have (4.46).
It follows from (4.46) that, Vi€ L%(0,T;CF(Q x D)), as At— 04,

1 ’l/JAt+ 1
/ / (1+]a®)2q ndqudtﬂ/ / (1+|q/")?q—
QxD QxD M=

Thus, this implies (4.47), on noting the fifth term on the left-hand side of (4.45), and
the denseness of C3°(2x D) in L?(Q2 x D).
From (3.2) and (4.46), we get for any ne L?(0,T;C° (2 x D)), as At— 0,

w&t-‘r
/ / (1+1q/”) W Mz V -ndgdxdt
QxD

-ndqdxdt.

1/}At+ ,
:7/ Q Mﬁ Vq ((1+|q‘) c2M2 )dqudt
0 xD
1
o / o DMB 1+|01|) WCQMgn)dqudt.
X

Therefore, (4.49) follows immediately from the above relation by using the third term
on the left-hand side of (4.45) and the denseness of C5°(Q x D) in L?(Q2x D). By a
similar argument, we can get (4.48).

Next, we consider (4.50). From (3.4) and (4.46), we can easily obtain that

11 +]al®) 221D | Lo 0751205 py) < O, T).
Then
(1+]al*) 29205 2 (14 |q]) 29 in L2(0,T5L°(Q x D)). (A.15)
Define a smooth function sequence {(pn(q)}m>1:
C¢m(q)=1, for|q|<m-—1,

1
( )=0,  for |q|=m,
m(q) <1, for m—1<|q| <m.
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Then for any n(x,t) € L*(0,T;C5°(Q)), we have ¢,,nq€ L'(0,T;L?(Q x D)). Further-
more, from (A.15), we obtain as At — 0,

/ /Q o (21 q) - (Cnna)dgdxdt — / /Q . “(Cmna)dadxdt,

that is,

T A~ T ~
/ / @ aq") : (Cun)dadxdt — / / (baa”) : (¢un)dadxdt.
0 QxD 0 QxD

Letting m — 0o, we can get for any n(x,t) € L(0,T;C§(Q2)),

T . T R
/ /C(wm(vi)):ndxdm/ /C(z/z):ndxdt as At—0y. (A.16)
0 Q 0 Q

From (4.34)(4.35) and (A.15), we have C(¢)) € L°°(0,T;L2(£2)). Then (4.50) follows
immediately from (A.16) in virtue of the fact that C(¢)), C()210%)) € L>(0,T;L2(1))
and the denseness of Cg°(2) in L2(Q). Finally, the non-negativity of ¢ follows from
that of p210),

In the same way, (4.44) and the last term on the left-hand side of (4.45) imply
(4.51)—(4.53). Using the compactness of embedding V—L"(Q2), Lemma 3.6 and
(4.52)—(4.53) yields (4.54) for 1°*. We now prove (4.54) for a24*. It follows from
(4.41) and the second term on the left-hand side of (4.44) that

8% =% % |72 0 12 () S CAL. (A.17)

Moreover, the Gagliardo-Nirenberg inequality (3.30) yields that for any ne€
L2(0,T:Hg (),

1
2

T
|77||L2(0,T;LT(Q))§O{/ H77||L2(Q) Hva”Lz(Q) }

< CH’?H (0 T; LQ(Q))HUHL2(0 T;H(Q)) (A.18)

where 7 € [2,00) if d=2, and r € [2,6) if d=3 and y=d(3 — 1) €[0,1). Thus, combining
(A.17)-(A.18) and (4. 54) for a2 yields (4.54) for uAt *, Flnally, from (3 21), (4.51)
and (4.54), we have (4.55)—(4.56). The lemma is thus proved.
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