COMMUN. MATH. SCI. (© 2008 International Press
Vol. 6, No. 1, pp. 71-83

EXACT ARTIFICIAL BOUNDARY CONDITIONS FOR
QUASILINEAR ELLIPTIC EQUATIONS IN UNBOUNDED DOMAINS*

HOUDE HANT, ZHONGYI HUANG!, AND DONGSHENG YIN$

Abstract. To study the numerical solutions of quasilinear elliptic equations on unbounded
domains in two or three dimensional cases, we introduce a circular or spherical artificial boundary.
Based on the Kirchhoff transformation and the Fourier series expansion, the exact artificial boundary
condition and a series of its approximations of the given quasilinear elliptic problem are presented.
Then the original problem is equivalently or approximately reduced to a bounded computational
domain. The well-posedness of the reduced problems are proved and the convergence results of our
numerical solutions on bounded computational domain are given.
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1. Introduction
In this paper, we consider the numerical solution of the exterior quasilinear elliptic
problem

{_V- (a(z,u)Vu) = f  in Q°=RN\Q, (1.1)

ulon =0,

where QCR? (d=2 or 3) is a bounded domain and a(-,-) and f are functions with
various properties which will be specified later. Certainly, the problem (1.1) is not
well posed. We need an additional boundary condition at infinity:

{u(x) is bounded, as |z| — 400 (for d=2), (1.2)

u(z) —0, as |z] —+oo (for d=3).

Problem (1.1)—(1.2) has many physical applications in, for example, the field
of heat transfer, where a is the thermal conductivity of the medium and wu is the
temperature field; the field of magnetostatics, where a is the magnetic permeability
and u is the magnetic scalar potential; and the field of compressible flow, where a is
the density and u is the velocity potential. There are many numerical results about
problems of this kind with bounded domains [2, 4, 12, 13].

Suppose that the given function a(-,-) satisfies (c¢f. [10, 12]):

0<Cp<a(z,u)<C VueR, and for almost all z € Q° (1.3)
with two constants Cp,C' € R, and

la(z,u) —a(z,v)| < CLlu—v| Vu,v€R and for almost all z € Q°, (1.4)
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with a constant Cz, > 0. In the following, we suppose that the function f € L?(Q¢) has
compact support, i.e., there is a constant Ry >0, such that

supp f C Qp, = {2 €R?| |z| < Ro}. (1.5)
Furthermore, we assume that
a(x,u)=ap(u) when |z| > Ry. (1.6)
We introduce an artificial boundary in R¢%:
Ip={zeR?| |z|=R}, (1.7)

with R> Ry. I'r divides Q€ into two parts, the bounded part 2; = {x € QC| || < R}
and the unbounded part Qe:{x‘ |z| > R}. Then the problem (1.1)—(1.2) can be
rewritten in the coupled form:

{—V-(a(x,u)Vu) =f inQ;CRY

1.8
uloq =0, (18)

~V-(ap(u)Vu) = 0 in Q. CRY,
|u(z)| is bounded as |z| —+o0 (for d=2), (1.9)
|u(z)] — 0 as |z|—+oco (for d=3).

Moreover
u(xz) and ao(u)% are continuous on the artificial boundary I'p. (1.10)
n

The problem (1.8)—(1.9) is a coupled problem, neither (1.8) nor (1.9) can be solved
independently without the connecting condition (1.10). In the case that a(z,u)=a
is independent of x and w when |z|> Ry >0, Wu, Kang and Yu have obtained the
artificial boundary conditions on the circle {x € R?| |x|=R> Ry} [14]. In that case,
the problem is simplified to the linear exterior elliptic problem. For additional related
work, one can refer to the review paper [7] and the two books [5, 15]. In this paper,
we shall derive the artificial boundary conditions for more general quasilinear elliptic
equations in two or three dimensional spaces.

First, we introduce the so-called Kirchhoff transformation [11]

u(z)
w(fv):/ ap(§) d¢ for ze€Q., (1.11)
0
then we get
Vw=ag(u)Vu. (1.12)
This means, from (1.9), that w satisfies the following problem:

—Aw = 0 inQ,CR?,
|w(x)| is bounded as |z| —+oo, (for d=2) (1.13)
|w(z)] — 0 as |x| —+4o00. (for d=3)

The remainder of this paper is organized as follows: In Section 2, we give the ex-
act quasilinear artificial boundary conditions for two and three dimensional cases. In
Section 3, we give the equivalent variational problems and the finite element approx-
imations. The well-posedness and the convergence results of the reduced problems
are proved. Finally, in Section 4, we present some numerical examples to show the
efficiency and feasibility of our method.
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2. Exact quasilinear artificial boundary conditions
In this section, we shall derive the exact quasilinear artificial boundary conditions

from the well-known exact artificial boundary conditions for Laplace’s Equation [5,
7,9, 15].

2.1. Exact quasilinear artificial boundary condition in RZ2. Suppose
that w(x) is the solution of the problem (1.13). If the value w|j;—g is given, namely

whxl:R:w(Rﬂ), (2.1)

then the problem (1.13) and (2.1) is well posed. For the solution in polar coordinates,
w(r,0), of the problem (1.13) and (2.1), we have the Fourier expansion [5, 9, 15]:

co oo R n '
w(r,@):2+;(r> (en cosnd+d,sinnb), (2.2)
with
1 27
cn:f/ w(R,0)cosnbdb, n=0,1,... (2.3)
TJo
1 2
dn:f/ w(R,0)sinnddd, n=1,2,... (2.4)
T Jo
It is easy to get
a—w(r 0) ——1in/2ﬂw(R Ycosn(p—0)d (2.5)
or"lr=r Rm —= " Jo ¥ 7 v '
From (1.12), we obtain
ow ou
5y =a0(u)5 (2.6)

Combining (2.5) and (2.6), we get the exact boundary condition of v on I'g,

w 2w u(R,p)
(ao(u)gr(r,ﬂ)> __ 1 Z (/0 ao(y)dy> ncosn (o —0)dp

r=R _E 0
Substituting (2.7) into (1.8), we have

n=

= Koo (u(R,6)). (2.7)

—V-(a(z,u)Vu) = f, in Q; CR2,

aZf'aQ - (2.8)
ao(u)% o Koo ().

Therefore, the solution of problem (2.8) is the restriction of the solution of problem
(1.1) and (1.2) on the bounded domain ;.
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2.2. Exact quasilinear artificial boundary condition in R3. For the
problem (1.13) with d=3, if the value w|y =g is given in the spherical coordinates,
namely

w‘|m|:R:w(R79a@)a (29)
where

x1=rsinfcosp, 0<0<m,
xo=rsinfsinp, 0<p<2m,

r3 =1rcosf,

then the solution of the problem (1.13) and (2.9), w(r,0,¢), has the following expan-
sion [5, 8, 15]:

w(r,0,¢)
coo R = (R\"" [ c a
= % - + ; (r) %OPS(COSQ) + mZ:lP,’L”(cos@) (Crm cosmp + dypm sSinmp)
with
(2n+1)(n /2” /
Crm = 277(”+m (r,&,m) P} (cos&)cosmnsinédédn,  (2.10)
(2n+1)(n /2“ /
dpm = 27r(n+m w(r,&,n) P (cos€)sinmnsindédn.  (2.11)

Here P2(t)= P, (t) is the Legendre polynomial of degree n,

1 dr .
Pp(t)=Pa( )Zmdtﬁ(#—l) ; (2.12)
and P™(t) is the Legendre function,
m AR am
Prt)=(1-t")2 dt—mPn(t). (2.13)

Furthermore, we have

_ oo
2R

_Zn—Fl

or lrg

Cgo PY(cosh) + Z P (cos8)(cnmcosmp +dpm sinmep) | .

m=1

(2.14)
Using (2.10) and (2.11) and the addition formula of Legendre functions [6], we get

2
w / /ZwR&7 wﬂl(cosw)sinﬁdfdn, (2.15)

87"(

where

cosy = cos€ cosf +sinésinfcos(n — ). (2.16)
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From (2.6), we obtain the exact boundary condition of v on I'g,

(2]

1 27w pmw OO
=), [ 2

'r

u(R,€,m)
(/0 ag (y)dy) (n+1)(2n+1)P,(cosy)sin€d€ dn= Koo ().

n=0
(2.17)
Substituting (2.17) into (1.8), we have
V- (a(z,u)Vu) = f in Q; CR3,
85|BQ =0, (2.18)
ap(u o Koo ()

3. Finite element approximation

3.1. The equivalent variational problems. First, let us focus on the prob-
lem (2.8) in R%. We will use W™?(Q) denoting the standard Sobolev spaces,
I lm.p,0 and |- |m. p.o denoting the corresponding norms and semi-norms. In particu-

lar, we denote H™(Q)=W™2(Q), || lm.o=|"llm20 and | |ma =] |m20-
Let us introduce the space
V={ve H' ()| v|lpa=0} (3.1)

and the corresponding norms

ol = / jo[2de, ||v||1,m=\/ / (o2 +|Vof2) de.
Q; Q;

The boundary value problem (2.8) is equivalent to the following variational problem:

Find weV, such that (3.2)
A(u;u,v)+ B(uyu,v)=F(v) YveV, '
with
A(w;u,v) =/ a(x,w)Vu-Vvdz, (3.3)
Q;

2 p2m i v >, cosn(p—
Bl = [ [T a(w(ro) E R G0 Y. =D dpan, ()

F(v):/ﬂvf(x)v(x)dx. (3.5)

LEMMA 3.1. There is a constant C >0, such that

V’LL,’U,TUQV, |B(U)7U,’U)|§CHU”LQ7

v|l1,0, and B(v;v,v)>0.

Proof. Using the equivalent norm theorem in [1], we have, for s€R,

+00 2 >
ve H*(Tg) <= v= %+Z(cncosn9+dnsinn9), %+Z(1+n2)s(ci+d%) < +00.

n=1 n=1
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For u,v €V, assume that

a oo
u(R,p) = 70 + Z(ancosncp+ﬂnsinn<p),

n=1
v(R,0)= %0 + Z(cn cosnb +d,sinnd),
n=1

Then we obtain

ZZZ(R#) :nz:ln(fansinmerﬂn cosny),

O (R.6)=

70 n(—cpsinnd+d, cosnb).

WK

n=1

Combining property (1.3), Cauchy’s inequality and the trace theorem [1], we get

- 1/2 ¢ o 1/2
Blwsu)| <, [znmzwz) S a4 i)
n=1 n=1

<Cillullijzrpllvllizr. <Colullielvlie, Yuv,weV.
On the other hand, for any given v € V| let us consider the following auxiliary problem
in Q.:

—V-(ap(u)Vu) = 0 in .,
ulr, = Vlrg, (3.6)
u(x) is bounded as |x| — +oo.

From the analysis in Section 2, we know that the solution w of the above problem
(3.6) satisfies

ou

ap(u a =Koo(u) =Ko (v).

T'r

If we multiply Equation (3.6) by v and integrate over (2., we arrive at

B(U;U,v)z/ ao(u) |Vu|*dz >0.

e

d
In practice, we need to truncate the series in (2.7) for some nonnegative integer
NeZ,
ou
—(r,0 =K (u), 3.7
(w@Grea)| _,=c~w (37)
where

N

u(R,p)
Z </0 ao(y)dy> ncosn(p—0)dep. (3.8)
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So we only use the summation of the first N terms in (2.7). We now focus on the
approximate problem:

3.9)
auN (
N N(, N
-0k
ao() G| = KN W)
Certainly, problem (3.9) is equivalent to the following variational problem:
Find u" € V such that (3.10)
AN ;uN v)+ By (uN;uN 0)=F(v) YoveV, '

with

N o ou v
BN(w;u,v):ZE - ao(w(R,go))%(R,w)%(R,H)cosn(go—H) dpdf. (3.11)
n=1

Similar to Lemma 3.1, we have:

LEMMA 3.2. 3 C>0, s.t. Yu,v,weV, |By(w;u,v)| <C|lu

1,9, v”l,ﬂi‘

3.2. Finite element approximation. Suppose 7}, is a regular and quasi-
uniform triangulation on €, s.t.

Q= U K, (3.12)
KeTy,

where K is a (curved) triangle; h denotes the maximum side of the triangles. Let
Vi = {vh IS V‘ v|k is a linear polynomial VK € 771} (3.13)

We then consider the approximate problem of (3.10),

{ Find uibv €V}, such that

.14
A(ug sy’ on) + B (ugsup ,on) = F(vn) - Yon €V .

From the theory of eristence and uniqueness in [10], we have
LEMMA 3.3. Problems (3.2), (3.10) and (3.14) have unique solvability.

From now on, let u,u®™ € H?(£);), and u} €V}, be the solutions of problems (3.2),
(3.10), and (3.14), respectively. To get the convergence result, cf. [10], we will also
assume that

Vi CVﬂWl’q(Qi), and g=d+e for some £€(0,1). (3.15)

Furthermore, we require that {Vj,},_0 is a family of finite-dimensional subspaces of
VN C (), such that

VUGVﬂC(Qi), Honthoo: v €V, |lv—upli,0,—0, as h—0, (3.16)
and lorll1,q.0, <C(v) Vh, (3.17)

where C'(v) >0 is independent of h.
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REMARK 3.1. The continuous piecewise polynomial spaces, such as (3.13), satisfy
the condition (3.15). And if we let vy, =Iv, where 11, :V —V}, is the interpolation
operator, we have

[onll1.q.0, < [Tnv =vl1q.0, +[|v]lq.0, <C(v).

From the convergence theory in [10], it is easy to obtain the following convergence
result:

¥N>0,  lim Jup’ —=uN |10, =0 and W™ eV \Wh9(Q). (3.18)
Furthermore, we can get the following lemma:

LEMMA 3.4. We have the following convergence result:

Jim |u—u™ 1.0, =0. (3.19)

Proof. First, from Proposition (1.3) and Lemma 3.1, we have

[uN13 0, <O [A@ ;6™ ™) + BN uN)]
=C|[F(u M+ BN ulN uN) - ( N )]
<ClIflog: N0, +|B@™;u™,u™) = By (w0 u)|].

For u™ €V, assume that

Qg

u™ (ryp) o0 n
o= [ o) de = +Z(R°) (@ncosngp+ fasinng) V> Ro,
0 2 r

n=1

N € = .
(R,0)= 5 + Z(cn cosnf+d,sinnd).

n=1
We obtain that

| B( (u™;u u™N) = By (u™;u uN)|

22T GupN ou™N = cosn(p—0)
- —(R,p R0 —————= dpdf
Jody g 3 S
- (}E}) (o + B
n=N-+1
B Nil o 1/2 1 o 1/2
§w<Pf> [ > n(al+p2) [Zn(c +d?)
n=N+1 n=1
R N+1
<o, (R) ™y g 0¥l

RO N+1
<) 1o,
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Because R> Ry, we know that {uN }?ZO is bounded in V. Therefore, we have a
subsequence {u™»} such that uM» — @€ V. Furthermore, Vv € V(C>(Q;),

|A(@;3,0) + B(a;a,0) — F(v)|
< |A(@;a,0) — A (@u™ )| +]A (@;u™ 0) = A (uNul )|
+|B(uu,v) = By, (,v)| + | By, (wu,v) - By, (@:u™",v)|
+|Bn, (#uN" v) — By, (uN";uNn v)
<] A (@a—u™ )|+ | By, (@@ —u )|+ Clla—u o,

R N,+1
+ (I;) @

Consequently, we get

™ |10, -

[V]l1,00,0:

1,9; \U||1,QJ —0, asn—oo.

A(;1,v) + B(a;a,0) = F(v) YoeV[)C™().

As VN C*>(£;) is a dense set of V, we know that @ is a solution of problem (3.2).
From the unique solvability of problem (3.2), we know that any weak cluster point of
the sequence {u"}7  coincides with the solution. Consequently, v’ —u. On the
other hand, we have

||u—uNHiQi <Oy Aluu—uN u—u
=0 [A@N uN u—u™)+ By (N uN u—u™) — Blu,u,u—u™) — A(u,uN u—u)]

<Cs [lu=uNo .0,

N+1
+ <]E)> |l
Using the compactness of the embedding operator H'(;) < LP(€2;) and of the trace
operator v: Wh4(Q;) — Hz ('), we arrive at

)

lu—uM [, +llu—u™ly py o llu—u? e,

100,

Mls

e lu—u"la,-

li —uN|l; 0, =0.
Ngnoollu u™ |l1,0,=0

Finally, we get the following convergence result:

THEOREM 3.1. Let u€ H%(Q;), and let assumptions (3.15)—(3.17) be satisfied. Then
we have:

hﬂ&’i]rvnﬁooHu—uhNHLQi =0. (3.20)

REMARK 3.2. For the three dimensional spaces case, we can get similar convergence
results.
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4. Numerical example
In this section, we give some numerical examples to show the feasibility and
efficiency of our method. We choose the linear finite element space as given in (3.13).

EXAMPLE 4.1. First, let us consider the problem

{—V~ (a(z,u)Vu) = f(z) for zeQ°=R2\Q,
ulon = 0,

where Q={z=(r,0) €R? ’ r<1}, and for x=(r,0) € Q°,

1424+ L5 1<r<2;
a(r,u) = +T1+ urs D=5

5+1+7, 7">27

4—721<r<2;
fm_{o r>2.

It is easy to check that a(-,-) and f satisfy the conditions (1.3)—(1.6). Here we
let R=3, i.e., we introduce an artificial boundary I'r = {x € R2| || = 3}, and we solve

the problem on the domain ;= {:v ER2| 1<z < 3}. Furthermore, we let Ar= %,

Af= 32—1\7;[ for some integer M € N. In this case, because u(r,0) is independent of 0, we

can only use N =0 to get the optimal approximation results, cf. Table 4.1. The exact

solution ‘u’ is solved with N =100 and a very fine mesh: Ar= 6%1, Af=155-

TABLE 4.1. Spatial discretization error test at N =0 for example 4.1.

mesh size Ar 1/4 1/8 1/16 1/32

Jun' —ull g,y | 234E-1 L1SE-1  6.01E-2  3.03E-2
convergence order 1.0 1.0 1.0

lup —ull o, | 1.85E-1 5.03E-2 1.230E-2 2.36E-3
convergence order 1.9 2.0 2.4

EXAMPLE 4.2. Then, let us consider the problem

{V~ (a(z,u)Vu) = f(z) for z€Q°=R?\Q,
U‘BQ = 07

where Q={x=(r,0)eR? | r<1}, and for x=(r,0) €Q°,

— in2 2 <r<9-
a(z, ):{1+(2 r)sin” 0 +exp(—u®), 1 <r <2;

1+exp(—u?), r>2;
_J@=nf-7 1<r<2;
f(”“")_{o, r>2.

It is also easy to check that a(-,-) and f satisfy the conditions (1.3)—(1.6). Here
we also set R=3, i.e., we solve the problem on the domain €; = {xGRQ} 1<z §3}.
Furthermore, we let Ar= %, Al = 32—1\”4 for some integer M € N. In this case, we find
that we can use N =10 to get the almost optimal convergence rate, cf. Figure 4.1.

The exact solution ‘u’ is solved with NV =100 and very fine mesh: Ar= &, Ab=155-
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Fi1G. 4.1. The convergence rate of the artificial boundary with different truncation terms for

example 4.2. Here E= HuthuHHl(Q,).

ExaMPLE 4.3. Finally, let us consider the problem

{—V- (a(z,u)Vu) = f(z), for z€Q=R*\Q,
u|8Q = g(l‘)’

where Q={x=(z1,22) €R? | 2¥+23 <1}, and for v = (z1,22),
a(m,u)z{

flz)= { 2l SELUHED= 1 <2 <2;

A=z + e, 1< 2] <25
ﬁy |z| >2;
([e[™+a3)?

0, 2] >2;
g(x)=tan(zz), for z €.

The exact solution of (4.3) is

u(z) =tan <|Z"2) . (4.4)

It easy to see that a(-,-) does not satisfy the condition (1.3). But we can see that our
numerical results are also very much satisfied, cf. Figure 4.2-4.3 and Table 4.2. In our
numerics, we set R=2, i.e., we introduce an artificial boundary I' = {:17 € R2| |x| = 2},
and we solve the problem on the domain ; = {x €R2| 1<z < 2}. Furthermore, we
let Ar:ﬁ, AG:% for some integer M € N. The numerical results are given in
Table 4.2 and Figures 4.2-4.3.

REMARK 4.1. If we use the higher order finite element spaces and the solution has
higher reqularities, we can get a higher order convergence rate.
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Fic. 4.2. Example 4.3: the errors on the artificial boundary with different mesh sizes. Here we

— _1 _ 2
let N=10, Ar=5;, A0= 57 -

0.04 \
N=0
N=1 | |
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N=3
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S
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e
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0

Fic. 4.3. Exzample 4.3: the errors on the artificial boundary with different N. Here we let

— — 1 _ 2
M=32, Ar=1, Ag=20.

5. Conclusion
In this paper, we propose the exact artificial boundary conditions of a generic
quasilinear elliptic equation on unbounded domains in R? (or R3). We assume that
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TABLE 4.2. Spatial discretization error test at N =10 for example 4.3.

mesh size Ar 1/4 1/8 1/16 1/32

[ty —u||H1(Qi) 1.71E-1 8.48E-2 3.81E-2 1.82E-2
convergence order 1.0 1.2 1.1

lun’ —ull 2, | 6.61E-2 1.68E-2 4.19E-3 1.03E-3
convergence order 2.0 2.0 2.0

the source term has compact support. After we introduce a circular or spherical
artificial boundary, we get a boundary problem on a disc or a ball enclosed by the
artificial boundary which is exactly the restriction of the original problem on this
bounded domain. Based on the Kirchhoff transformation, Fourier series expansion and
the special functions techniques, we obtain the exact artificial boundary conditions
and a series of approximating artificial boundary conditions. We also prove the well-
posedness and the convergence results of the reduced problems with the artificial
boundary conditions. Our numerical examples show the efficiency of our method.
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