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Abstract: The leafwise complex of a reducible non-negative polarization with val-
ues in the prequantum bundle on a prequantizable symplectic manifold is studied.
The cohomology groups of this complex is shown to vanish in rank less than the
rank of the real part of the non-negative polarization. The Bohr-Sommerfeld set for
a reducible non-negative polarization is defined. A factorization theorem is proved
for these reducible non-negative polarizations. For compact symplectic manifolds, it
is shown that the above complex has finite dimensional cohomology groups, more-
over a Lefschetz fixed point theorem and an index theorem for these non-elliptic
complexes is proved. As a corollary of the index theorem, we deduce that the cardi-
nality of the Bohr—-Sommerfeld set for any reducible real polarization on a compact
symplectic manifold is determined by the volume and the dimension of the manifold.
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1. Introduction

Let M be a symplectic manifold. Assume that M is prequantizable, that is there
exists a complex Hermitian line bundle . over M with a compatible connection
V, whose curvature is the symplectic form on M. In the program of geometric
quantization one is asked to consider a polarization P on M and to study the coho-
mology groups of the leafwise complex with respect to P with values in .&. See e.g.
[5, 6, 8]. Traditionally, Kihler polarizations have received most attention, since the
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powerful theory of elliptic operators between Hilbert spaces is applicable in this case,
and one gets the machinery of Hodge theory and the index and Lefschetz theorems.
In this paper we shall try to initiate the study of index and Lefschetz fixed point the-
ory for more general polarizations. The natural complex with values in the prequan-
tum line bundle .# on the symplectic manifold M with a non-negative polarization
P is: P
0 C(L* @ %) 5 C(P* @ L* ® )
P P

Y L AP L @) — 0 (1)
which is non-elliptic, if P is not a Kihler polarization (here dp is the normal half-
form bundle of P). The study of this complex goes back to the initial study of
geometric quantization. See e.g. [5].

We prove in this paper, using a spectral sequence argument, that if the polariza-
tion is reducible (meaning the leaf spaces M/(P + P) and M/(P N P) are Hausdorff
manifolds and the leaves of the distribution P NP are compact), then some kind of
a factorization result holds. It says that

HMVP)=0, 0Zi<m,
where m is the number of real directions in P, i.e. tk(P N P) = m, and

H M, VP)= [] H ™M},05), m<i<n.
bESy
Here S is the Bohr-Sommerfeld subset of the leaf space M/(P + P), and M is the
symplectic reduction at b. (See Sect. 2 for further explanation of the notation.) If M
is compact, we see in particular from this, that the cohomology groups H(M, V')
are finite dimensional.

Now suppose we have a symplectomorphism f with simple fixed points of M
that preserves P, and assume moreover we have a lift f* of f to .. Assume
moreover -that M is compact. A local analysis of f combines, by the use of the
spectral sequence, with the holomorphic Lefschetz fixed point theorem to prove a
Lefschetz fixed point theorem for the complex (1):

T (=1 Te(f* : H(M, V7))

Tr(f) : AP @ LX®6p)
= v -1 i V4 P 14 P ,
eninen 72 Y T e — (o)

where
vp = Sign Det(1 — dfz(p)) ,
and f3 is the induced map on the leaf space M/(P + P).

We can also prove an index theorem for these non-elliptic complexes under a
somewhat technical assumption on the non-negative polarization. This assumption
is trivially satisfied for real polarizations and Kéhler polarizations. The proof of
this index theorem is by a combination of a topological argument and the use of
the Hirzebruch-Riemann—Roch formula applied to the Kahler manifolds M;, b € Sk.
This index theorem says that

Index(V?) = (—1)" [ ch(L*) A4 (TM) .
M
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Here Index(V?) is the index of the complex (1), i.e. the alternating sum of the
dimensions of the cohomology groups H'(M, VF).

When one applies this index theorem to a reducible real polarization, one gets
the result that the volume and the dimension of M determines the cardinality of the
level k£ Bohr—Sommerfeld set S; of P:

#S; = k" Vol(M) .

We shall end this introduction by giving some examples of symplectic manifolds
which are non-Kihler, but which do admit reducible real polarizations. Let SL(2,Z)
be the semi-direct product of SL(2,Z) and R2. Consider the representation

p:I* - SL(2,Z),

given by
h(1,0)(x,y)=(x+1,y),
hO0,1)(xy)=x+y,y+1).
The quotient IR2/p(Z?) is the 2-torus T2 with its non-standard SL(2, Z) structure,

thought of as an affine manifold. There is a naturally defined lagrangian submanifold
A of T*T? defined by requiring that

— * 2 * 2
Ap=ANT TP CT'T

is identified with Z? C R? in affine §L(2,Z)—coordinates for all p€ T?. The quotient
M = T*T?/A is a compact symplectic manifold and the vertical polarization of T,*T*

induces a reducible real polarization of M. One notices that any affine SL(n,Z)
manifold in the above way gives rise to a compact symplectic manifold of dimension
2n which admits a reducible real polarization.

In the particular case at hand, we notice that the four dimensional manifold M
admits no Kihler structures. It is not even homotopy equivalent to a Kahler mani-
fold, because the first Betti-number is 3. In fact M is diffeomorphic to Thurston’s
first example of a non-Kihler compact symplectic manifold (see [7], p. 10). Notice
moreover that Thurston’s example also supports a reducible real polarization, which
in the notation of [7] is simply given by projecting onto the p]s.

The author wishes to thank Prof. J. Roe and Prof. G. Segal for stimulating
discussions on this project.

2. The Leafwise Complex of a Non-Negative Reducible Polarization

In this section we shall study the differential geometry and the local structure of
smooth polarizations on symplectic manifolds. This study will enable us to describe
the cohomology groups of the leafwise complex with values in the prequantum
bundle, associated to certain kinds of polarizations.

Let us first briefly review the complex Lagrangian Grassmannian of a symplectic
vector space. Let (V,w) be a real 2n-dimensional symplectic vector space. Extend
o complex linearly to ¥ ® €. Consider the complex Lagrangian Grassmannian
L(V ® ), the space of non-negative Lagrangian subspaces of ¥ ® €. Recall, that
a subspace W is non-negative if

—iw(v,0) 20 YveW.
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Note that non-negativity is part of our definition of a Lagrangian subspace, since
we will only be interested in such subspaces. There is a function

p:L(V®C)—{0,...,n},
which counts the number of real directions in a subspace, i.e.
p(W)=dim(WNWnV), WeLlVeC).
We use the following notation: |
L(V ®C)=p'(i).

General theory (see [8]) shows that L(V ® C) is topologically a closed ball. The
interior of L(V ® ) is Lo(V ® €) and

LU0 = ) LV C).

m=k

Suppose now (M?",w) is a symplectic manifold. Denote by L(M) the topological
fibre bundle over M, whose fibre over p € M is L,(M) = L(T,M ® C). Now assume
P:M — L(M) is a section of this fibration. Define

U(P)={peM|p(P(p))=1}.
These sets give a partition of M for each section P:

M=) ).
=0

We now make the definition of a non-negative polarization.

Definition 2.1. A4 non-negative polarization of a symplectic manifold (M,w) is
a section P: M — L(M) with the properties that P is a smooth subbundle of
TM ® €, and P is integrable, meaning that around each point p € M there are
n smooth complex functions, whose Hamiltonian vector fields trivialize P in a
neighbourhood of p.

Notice that p(P(p)) is required to be constant over M. One could allow more
general polarizations where p(P(p)) is allowed to vary. Such will not be considered
here.

On a symplectic manifold one has a natural way to differentiate vector fields
in a coisotropic foliation along the isotropic directions. Since a polarization is both
isotropic and coisotropic, we can differentiate sections of P along directions in P,
by defining . _ L

V :C®(M,P) — C®°(M,P* ® P)
according to _
ig )@ = ixd(iyw) VX, Y€C™(M,P). )

We say that V is a P-connection in P. Now V induces a P-connection in A"P*.
Assume a “normal half-form” bundle dp for the polarization P has been chosen.
By definition (see e.g. [8]) a normal half-form bundle for P is a complex line bundle
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with a P connection, such that
AP 2 5 Q6

as complex line bundles with P-connection.

Suppose (Z,V) is a prequantum line bundle over M. That means £ is a
Hermitian line bundle with a compatible connection V, such that the curvature
two form of V is w. Recall (see e.g. [8], Prop. (8.3.1)) that the prequantum line
bundle exists if and only if [w] € H*(M,R) is contained in the image of H*(M,Z)
in H*(M,R). Moreover, the inequivalent choices of the prequantum line bundle are
parametnzcd by H'(M,U (1)), when this condition is satisfied. By restricting the
connection in .#, we get a P-connection in the bundle #* ® 8p. We are interested
in studying the leafwise complex:

0 C(L &) L CF 0L @) D - B COUNP* @ L @) — 0.
3)

We shall describe the cohomology groups of this complex for “special” polariza-
tions. Let us now specify the kinds of polarizations on which we will concentrate.
Consider the two distributions

E=(P+P)NTM
and _

D=PNPNTM.
By the definition of a polarization both D and E have constant rank, say m and
2n — m respectively.

Definition 2.2. We say a polarization is reducible if E and D are integrable and
reducible, meaning that the leafspaces B = M/E and M’ = M/D are Hausdorff
manifolds and the leaves of D are compact.

In the rest of this chapter, we shall only consider reducible polarizations. For
such polarizations we have the locally trivial projections

ng:M — B
and
o M- M.
Furthermore we have a projection
ng:M' — B

which is a locally trivial fibration, such that
Mg =TMgoMp .
The symplectic form gives us an isomorphism
o: M — T;*M R

and so we get an inclusion

B B TM S M
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the image being D,. Hence we see that T;B acts infinitesimally on 7z !(b). But
since m,'(p’) C n;'(b) is compact for all p’ € n;'(b) and T;B is abelian, the
infinitesimal action exponentiates to an action of T;B on 7;'(b). Let us denote
n;'(b)/D = nD(nE'(b)) by M;. Note that the polarization P induces a Kahler struc-
ture on Mj. Let p’ € M;, then T B acts locally transitively, and therefore transitively
on n;'(p'). (See p. 351 in [3].) This means that

Ab,p’ = {a € T;B‘ al Id}

) T

is a discrete lattice of maximal rank in 7B, and we have an identification
T
-1 /\ ~ b
n ==,
p (P) Ap,y

Hence 7np : 7z ' (b) — M} is a T™ fibre bundle.
We note that when we restrict the bundle #* ® & to n;'(p’), we get a flat line

bundle on the torus ngl( pP’), i.e. an element of the dual torus of 7:5'( P’). When
we say that #* ® dp is trivial, we mean trivial as a flat line bundle with

connection.

' (p")

Definition 2.3. The level k Bohr-Sommerfeld set for P is defined to be
Si={beB|l (£ Op ) a=1(,ry i trivial for all P eM}.

Jn fact, if there is a p’ € M] such that (Z* ® 0)|5=1(,yy is trivial, then b € Si.
This follows from the fact that the symplectic annihilator of E is D. Moreover, we
will see later in this section that S; is a union of isolated points on B. This definition
is a straightforward generalization of the classical definition of the Bohr—Sommerfeld
set for a reducible real polarization (see [8], pp. 201, 241 and 251-53).

Suppose b € S;. By the definition of Sj, there will exist a holomorphic line bun-

1 —_—
dle over M;, which we will denote (flf ® K2, 0p), such that (nB(.‘?,f ®K,,% ), },0p)
is isomorphic to ((£* ® dp)|,-1(4), V7). We have that

1 1 p—
(L ® K)® («* K} )= gzkln;'(b) ® A"P*
= fnln;‘(b) ® nZ,Kb .

Here K, is the canonical bundle of M;. This explains our notation (.?,f ®Kb%,5b).

(Note that #* and K7 may not exist, but their tensor product £ ®@ K, will
exist.)

Locally we have the following identifications. Let b € B, then there is an open
neighbourhood U of b, over which the fibrations are trivial, i.e.

' (U) =gl (b)) x U

and (U)X M, x U.



Geometric Quantization of Symplectic Manifolds 407

Moreover, for each p = (p',b’') € n;'(U) there is a neighbourhood ¥ of p’ € M}
such that
'V xU)ST"xV xU.

We will denote 7, (V x U) = W.
These trivializations show we can find a smooth section

§S:VxU—-W

of ip : W — V x U. It is clear that §jw, v € V is a smooth family of closed forms
on U. Hence we can find a smooth family a,, v € ¥ of 1-forms, such that

-
—dyo, =50 .

Now a, is a section of T*U, and therefore by the fiberwise action gives a diffeo-
morphism
Ky, : T" X {0} x U .

We define a new section s, : U — W, v € V, by
Sp = Kg, Sy -

We then have that

ssw=0, veV.
For each v € ¥V we get a map

w:T*U—-W,

given by

X(8) = —&su(x) .
We have the following

Proposition 2.1. y, : T*U — M is locally symplectic with respect to the standard
symplectic structure on T*U, i.e. x;w is the standard symplectic structure on T*U.

Proof. The proof is exactly the same as the proof of Theorem 44.2 in [3],
pp. 354-355. O

From this proposition it follows that we can therefore find smooth functions
x;: VxU — R, such that (x{,...,x5) form coordinates on U for all v € ¥, and
dxj,...,dx;, form a basis of Ay, There are uniquely defined smooth functions
Yooy Ym: W — R/Z, such that (x3,...,x0, x5(»1)s..., X5(¥m)) are canonical sym-
plectic coordinates on 7*U/Ay,,. Define a 1-form o on W by

o =

L}

M=

X dyl .
1

It is then clear that for any v € ¥, we have that
L(w—da)=0.

The 1-form o defines a connection in the trivial complex line bundle over W. Let
us denote this bundle with connection .&’.
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The restriction of £ to W is topologically trivial, so there will be a non-zero
section A of £ over W. Let a be the connection 1-form defined by A:

Vi=ia®41.
Then doa = w. For v € ¥ let us normalize the coordinates x°, such that
[a|”£_hl(v’b)] = [“I‘n;'(v,b)]
as elements of H'(n'(v,b), R).

Proposition 2.2. With the given normalization of the coordinates x, we have that
ZLlw @ (L) is trivial as a bundle with connection along the fibres of D over
V xU.

Proof. When we restrict to the image of x,, which is n;'({v} x U), we see that
d(“lng‘({v}xtj) - a’ln;'({v}xU)) = “’|n,;‘({v}xU) - da,ln;'({v}xU) =0.
By the normalization of x we have that
[z oyxy — ¥ laziyxen] € H'(m5' ({0} x U))
is zero. From this we conclude that ¥ ® (&’ )*]ngn( (o}x0) is trivial. O

For b’ € U consider the bundle ¥ ® (.%)qng_. )nw- Since this bundle is trivial

along the fibres of mp, we see that there exists a prequantum bundle %, over
V x {b'}, such that
Ll =L @np(Ly).

From this, it follows that we can find complex functions z = (Zp41,...,2z) on ¥V x U,
such that

_spuf 222
N T TR A

and a smooth complex function
such that

is a connection form for & 'nE'(b’)ﬂW’ x = x(b'). This and Proposition 2.1 imply in
particular that there exists smooth functions 4;,B;; : W — C, such that

*K a
W= Z dx; \ dy, + ,_%1 (A,‘j + m_g) dx; A de

n n PK
+ E B,’jdX,'/\de'f’ z

——dz; NdZ 4
i=m+1 i=m+1 az,a- ' “ “)
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Since w is closed, we must have that
04;;
e
For any (v,b') € ¥V x U we can consider the flat bundle
(AnF)*ln;l(u,b') .
By using the explicit expression for w, one easily verifies that
- 0 0 0 0
Ve <—5}:/\---/\5;/\m/\---/\£) =0.
Hence (AnI_J)*In;'(v, pry is trivial for all (v,6") € ¥ x U. This means that the isomor-
phism class of dp|-1(, ;) (v,0") € ¥ x U must be constant, since ( A”F)*ln;'(u,b/)
is trivial. That means that there exist constants x?, i=1,...,m, such that

m
o =3 x?dy,
i=1

=0.

defines a connection in the trivial bundle, say ¢, over W, such that
o ® (6’)*1,,5.(,,’,,,), (v,b)eV xU
is trivial, hence there exists d,» a complex line bundle over ¥ x {b'}, such that
5P|n;‘(b’)nw ¢ ® npoy -
Note that ' ® ¢’ is by construction trivial. We then have that
50y ® Oy ) = (Op ® 0P )1 pryuw ® &) T
> A"P*
= (A™D)" ® np(Kp|v)
2np(Kylv) .
Here K is the canonical bundle of M;,. From this we conclude that J,s defines a

square root of K over ¥ x {b'}. We shall use the notation Kb;', = 0.
Consider now the bundle ¥ ® 6p with its P connection VZ. We then have that

1
(Z® 6P)|7t;'(b’)nW & (,?' ® 6,)|nE|(V)nW ® nl*)(gbll ®Kb2’)
and

v? =dD+in,-dy,~+7tB(5b/). (5)
i=1

We have here changed the coordinates (x;) to (x; +x?), and 0Oy is the J-operator in
1
% ® K. over V x {b'}. We will use the notation

ﬂ= }_:lx,dy, .
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It is clear from the expression for # that S; is a discrete subset of B.
On the basis of this local analysis we can now prove the following factorization

property.

Theorem 2.1. Suppose M is a symplectic manifold and (¥,V) is a prequantum
line bundle over M. For any reducible non-negative polarization P on M, we have
that

H'M V") =0,

for 0 < i <m, and there is a natural isomorphism

(mp)s : H'(M,VP) — [] H ™My, ),
bESE
form < i< n

Since #* ® &p is trivial along the fibres of 7p : nE'(b) — M for b € S, we
get a well defined map

(mp)s : C¥(M, AP ® £* ® 6p) — [ C¥(M}, A% "(M}) ® S @ K;})
bES

by restriction to .
U =z (@),

beS
followed by integration along the fibres of
w: U ngle)— U M,.
bES: bES

We will see in the proof that it is this map which induces the isomorphism in the
theorem.

Note that this theorem is a generalization of Sniatycki’s result for reducible real
polarization in [6].

Proof. The inclusion _
i:D—-P
induces a filtration on the complex (3), by letting
FP(A'P* @ ¥* ® 6p) = Ann(A'"PH'D A AP7'P @ £* ® 6p)
and _ _
FPC®(A'P* ® £* @ 6p) = CX(FP(A'P* @ ¥* ® 6p)) .

Associated to this filtered complex we have a spectral sequence {E,}, where

pa _ FPCO(MPHP* @ £* ® bp)

0 7 FpHICo(APHP* @ L* Q6p)

and the differential is induced from V7.
Note that if ¢ > m then

EP =0,

and if p > n —m then
EPI=0.
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By general theory we have that the spectral sequence converges to
EP9 = GrP(HPY(M, V7))

We shall now compute this spectral sequence. Let ¢ € Ef*?. We may then in the
local coordinates (x, y,z,Z), constructed earlier in this section, represent

Q= [ Z 'Il(x’z,f)/\d-z-ljl ’

Hl=p
where 7; is a g-form on T™:
nr = Z "},(x’ysz’-z-)dyj .
Vi=q
The differential
dy : EPY — EQT!
is then given by

dop = HZ (dp + if)ni(x,2,2) A dz;
I|=p

Hence we see that if dyp = 0 in E({”"“, then

(dp +ip)ni(x,2,2) = 0. (6)
By the expression for n; we get thus that

(dp + ip)ni(x,2,2)

Z ony =y =
3 a—-(x, ».2,Z) + ixin; (x, ,2,2) | dy, Ady; .
i=1 |J|=q K

Following Sniatycki’s local analysis of the leafwise complex of a real polarization
in [6], we argue as follows using Fourier series:
Write

i (x,y,2,z) = é‘_;_ 1y (n)(x,2,Z) exp(—i(n, y)) . (7

Then (6) becomes

i::(xi —n;)dy, A ( 2 'IIJ(")(va,f)dYJ) =0

V=g

for all n € Z™. Suppose now that ¢ < m. It then follows by Lemma 3.7 in [6], that
there exist Y7 (n)(x,z,7), for all n € Z™, such that

i (xi - ni)dyi A ( E llllj(n)(xyzif)dyj) = ﬂ}’(”)(x,zj) s
i=1 1=g—1
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and so we can construct Yy € C®°(W, A9-'D*) by defining
lIIIW = z Z wlj(n)(x’zyf)exp(_i < nsy >)dyj .

|J|=g—1 n€Z™
By construction we have that |

(dp + iYWy =mn; .

Choose a partition of unity {V x U, pyxy} on M'. By pulling back to M, we get
a partition of unity {W,pw} on M. Using this partition of unity, we can define

Y € EJ? by
v=pw X W Adz.
w {l=p
Then

Il
'Sr——-—u——-'u

P;PW > /\d—l]

l=p

Pw E nr A\ df[]
W |=p

Il

Hence we see

EPiI=0,
if g<m.
It is clear that
EJ™ =kerdy,
) g
EP™ =20
Imdy

We have a map
(mp)s : E™ — [] C¥(M}, Q°/(F ®K})),
beS

given by
(mp)+(@) = 3 (mp)xp(b),
bES

where (7p).@(b) is the integration along the fibres of the fibration np : n;'(b) —
Mj. Note that (np). is in fact well-defined on E{*", so we get

(mp)e : EP™ — [1 C™(My, Q*P(% ®K,, ). ®)
beS;
In terms of the local Fourier series description of ¢, we see that the condition
(7p)«¢@ = 0 implies that
17 (0X(0,2,2) = 0
That is precisely the condition one needs on #7; in order to be able, locally in the
coordinates (x, y,2,Z), to solve the following equation for ¥ (n),

ié (xi —n;)dy, A ( DERVAC) EX%S) dyj) = n{ (n)x,2,2)dy, .

W |=m—1
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By exactly the same argument as in the case where ¢ <m, we see that using a
partition of unity and these local solutions, we can construct ¥ € EZ™ ' such that
doy = . Hence the map (7p), is injective.
Using the partition of unity {W, pw} one easily constructs an m-form y on M,
such that
J v=1

—1
i, (p')
for any p’ € M}, b € S. For

1
¢ e [ C°(M;, QP(Z ®K;)),
bES

we let
o= (@) (P)AY.
Then ¢ € E}"™and (np).¢ = ¢. We thus see that (8) is an isomorphism.
Consider the map
dy: EP™ — Ef*"

given by
dio=| Y %nlx,y22)dz
H|=p
It is clear from the definition that

("p)s 0 dy = 05 0 (Mp)s .
Hence (np). induces the following isomorphism on cohomology:

EP™ 2 ] HP (M}, 05) .
bESE

Hence we see that the spectral sequence degenerates at the E,-term, and the general
theory gives

pa _ _FPHPH(M, V")

2 FriHp+a(M,VP)
By a standard derivation this result implies the result stated in the theorem. O

3. A Lefschetz Fixed Point Theorem for Reducible Non-Negative Polarizations

We shall make the same assumption on the symplectic manifold (M, ) and the
polarization P as in Sect. 2. Moreover, we will for the rest of the paper assume
that M is compact. :

Suppose we have a symplectomorphism f of the symplectic manifold M.
Assume we are given a lift of f to the line bundle . We shall require that
f preserves P and that we are given a lift of f to the line bundle dp. Then f
induces an endomorphism of the cohomology groups of the complex (3).

Since f preserves P, it also preserves E and D, and hence induces a map on
the leafspaces M/E = B and M/D = M’. We will denote these maps fz:B — B
and f': M’ — M. It is clear that f; : My — M, will be holomorphic with respect
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to the Kihler structure induced on M; by P. Suppose b € B is a fixed point for
fs:B— B Let p’ € nz'(b). We shall now study f in the local coordinates on M
around my, 1(p') we constructed in Sect. 2. In these coordinates we can write

f(x’ y,z,E) = (fl(x: }'aZ,f),fZ(X,Z,E)(}’),ﬁ(x, J’,Z,E),E(xa y,z,Z)) >

where
f(x,2,Z): T" > T™.

We calculate that

d of! @ off @ af] o af] o

arl =\ = hCA E R __.2__.+ Z3 7 4 _3__,
1 (5) T 55 Tt s T n,
oo offo offo 0o

df( ) Zéz,ax]+§ z,-(?yj+zj: z,-az,-+§: 2; 0Z;
ofi off o off o af] o

a .
V(z)-7am Tan Tan T an

j %%
Since f preserves P, E and D, we can in particular conclude that

a_ oyl _ ol

o o
aoff
95 .
M

The symplectic form w is also preserved by f, so we get from (4) that

dell\df2+ Z fr (Au‘*‘aazg-)dfli/\d?sj

i=m+1

+ Z f*B'IdflAdf3+ E f a a—df3/\df3

i=m+1 i=m+1
=w.

From this it follows that

& o, om =0jk . )

We have the following identifications:

(dB f )u afl s

Ox;

(oS )y = ?,

J
so (9) is just saying
(dsf)dpf=1.
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From this it follows that

&>f; ,
=0, kj=1,....m,
Oyx0y; J

so we see that there exists 4 € GL(m,Z) and a smooth map ¢ : V x U — R™, such
that

. m
fZ’(xQZQE)(y) = 2:1 Aljyj + Cj(x,z,z) s
j=
where 4 = dp f. Moreover, since
Det(dg f)Det(dpf) =1,

we conclude that Det(dp f)(p), p € M, only depends on 7ng(p) € B.
The following proposition computes the trace on the cohomology groups of any
symplectomorphism f that preserves P on the basis of the local description of f.

Proposition 3.1. Let P be a reducible non-negative polarization on a compact
symplectic manifold. Suppose f is a symplectomorphism of M that preserves P.
Assume moreover we have a lift f* of f to ¥ ® dp. Then

3 (—1)'Te(f* : H'(M, VP))
i=0

n—m . . —
=" ¥ Det(dpf)B) Y (—1)Tr(fy" : H(My,05))
{beSk| f5(b)=b} i=0
1

where f,* is the lift of f, to .?;lf ® K2, constructed from f*ln;'({besklf,(b)=b}) the
lift of flit(besiimpr=by) 0 £ © Opla((besil otr=b)y

Note that there is no assumption on the nature of the fixed point set of f in
this proposition.

Proof. Recall the spectral sequence from the proof of Theorem 2.1. We have that
the following diagram is commutative
EP™ I

p,m
El

(ﬂo).l l (CIN
Det(dp fX)f,*

{b€ES, | fp(b)=b}
@ cowy, P (L K,f ) i — @ couM), Q0P (LF @ Ké )).
bESK bESK

Hence we get

Tr(f* : EJ™ - EP™)= Y, Det(dpf)b)Tr(f3* : HP(M},0s)) .
{beS:| fa(b)=b}

The result follows from this equality. O

Using Proposition 3.1, we can now give a fixed point formula for the trace of
the action of f on the cohomology groups, in the case where f has simple fixed
points.



416 ' J.E. Andersen

Theorem 3.1. Assume P is a reducible non-negative polarization on a compact
symplectic manifold. Suppose f is a symplectomorphism of M that preserves P.
We shall assume that [ has simple fixed points. Assume moreover that we have
alift f* of f to & ® dp. Then

% (~1)Tr(f* : H(M, V7))

n Tr(f* : AP %L R4
=Y ey i85 90)
{peMif(p=p} =0 [Det(1 — df (p))I

>

where
vp = SignDet(1 — dfy(p)) .

Before proving this theorem, we shall compute the number of fixed points for
an affine diffeomorphism of an m-dimensional torus.
Let 4 € GL(m,Z) and y, € R™. Consider the map F : R” — IR™ given by

F(y)=A4()+ 0 .

This map induces a diffeomorphism of the torus. We will also call this diffeomor-
phism F.

Lemma 3.1. Suppose Det(4 — 1)£0. Then F : T™ — T™ has finitely many fixed
points and the number of fixed points is |Det(4 — 1)|.

Proof. We calculate
F)=y e

HEeZ™:(A-Dy=y+ 4.
So we see that the number of fixed points is finite and it is given by the order of

4-1)"'zm
m

which is the same as |Z™/(4 — 1)Z™|. It is a simple exercise to prove that

=|Det(4—~1)|. O

zm
|(A —nz"
Using Proposition 3.1 and Lemma 3.1 it is easy to prove Theorem 3.1

Proof of Theorem 3.1. By Proposition 3.1 and the holomorphic Lefschetz fixed
point theorem we get

g«wnq&mwwﬁ)
—(-1" ¥ Det(dpf)b)

{b€St| fa(b)=b}

y > ni:» -1y Tr(f* : (A%'M}), (Xi (L} ®6p,)p)
{peM]| £ (p)=p} i=0 |Det(1 — df, (p))|
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Using Lemma 3.1, we can write this as

i(j) (=1 Tr(f* : H{(M, VF))

> Det(dp f )(b) >

=1y
wesiifer=ty 1Dt = do YO (pert (b rpy=p

= iTr(fl;,* : (Ao’iMb,)nD(P) & ("711r ® 61’& )nD(P))
X Z (‘“1) 7 .
i=0 |Det(1 — df, (p))|

We note that if b € B is a fixed point for f3, but b is not a Bohr—Sommerfeld leaf,
then

z ”im(—l)i Tr(fg* : (AoyiMl:)nD(P) ® (glf ® 6Pb)ﬂo(p)) —

0.
{pen; ' ®)Nf(p)=p} =0 [Det(1 — df (p))|

_ This follows by applying the usual Lefschetz fixed point theorem to the elliptic
complex

0 — C®(nz '(b), #* ® dp) v.% CO(ng'(b), AP @ #*®dp) -0  (10)

and the fact that the cohomology groups of this complex are all trivial. Combining
this with the previous result, we get

§(~1)iTr(f‘ : H'(M, V"))
m Det(dp f )(p)
=(-1
b {p€M§p)=p} IDet(1 — dp f)(p)|

nem ST (A% My)ap(p) ® (L ® Opy)no(p)
x4 (D [Det(1 — ()]

From (9) we get that

Det((1 — dfg)(dpf)') =Det(dpf — 1)
=(-1)y"Det(1 - dpf).

Since n
Det(1 —dpf) = §(~1)"Tr(Af(dD ),
we get that
é (—1)Te(f* : H(M, V)
n Tr(f*(p) : AP, ® L% ® dp,)
— __l U ,
{pGMI%p)=p} vpigo( ) [Det(1 — df (p))|
where

v, = Sign Det(1 — dfy(p)) .
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Here we have used that

IDet(1 — df (p))| = |Det(1 — dfy(p))|IDet(1 — dfp(p))||Det(1 — df, (p))| ,
but this follows from the fact that f preserves D and E. O

4. An Index Theorem for Reducible Non-Negative Polarizations

Suppose M is a compact symplectic manifold and assume that P’ is a Kihler
polarization on M. We can then identify dpr = K 3, where K is the canonical bundle.
The complex (3) for P’ becomes the d-complex with values in #* ® K *, which is
elliptic, and by the Hirzebruch-Riemann—Roch formula we get

Index(V7") = [ ch(#* ® K1) A ch(K~1) AA(TM)
M

= [ ch(L*) AA(TM) .
M

This formula shows that Index(V?") for Kihler polarizations P’ on M only depends
on the symplectic structure of M, since ch(#*) = exp(kw).

We shall now prove the following analogue of the Hirzebruch-Riemann—Roch in-
dex theorem for reducible non-negative polarizations P, which satisfies the following
somewhat technical assumption. We shall assume that the 7™ bundle np : M — M’
admits a flat connection. Note that with this connection, we can define a closed
2-form w; on M which in the local symplectic coordinates (x, y,z,Z) constructed in
Sect. 2 is given by

oy =Y dx; A\dy, .
i=1

Notice that this condition is trivially satisfied for real polarizations and Kihler
polarizations.

Theorem 4.1. Let M be a compact symplectic manifold. Suppose we have a re-
ducible non-negative polarization P on M such that the T™ bundle np : M — M’
admits a flat connection. The index of the complex (3) is given by

Index(VF) = (—1)" [ ch(L*) A A(TM) . (11)
M

From the proof it will follow that if P is a real polarization, then the right-hand
side of (11) just reduces to the volume of (M, kw). So in short the theorem is in
that case saying that the cardinality of the level ¥ Bohr—Sommerfeld set is given by
the volume of (M, kw):

Corollary 4.1. Let M be a compact symplectic manifold with a reducible real
polarization P and a prequantum line bundle (¥£,V). Let Sy be the level k Bohr—
Sommerfeld set for P and (¥,V) as defined in Definition 2.3. Then

#S; = k"Vol(M) .
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Proof of Theorem 4.1. First of all we notice that using the symplectic form, we
get an isomorphism
™ =D @ np,T™M'

> T*B® npTM' .

Recall from Sect. 2 that we constructed a lattice inside ng(7*B), hence the bundle
7 (T*B) is flat. This means that

A(TM) = mp(A(TM")) .
The left-hand side of (11) becomes
A{ exp(kw) A A(TM) = {(ng)*(exp(kw) NA(TM))

= { (n8)((mp)s (explkew)) A A(TM")) .

Using the local expression (4) for the symplectic form we have that
w=0+w+tow;,

where n
w = Za’x,- Ndy,,

n 62K
wm= Y, |4y 6 7 dx; Ndz; + Z Bijdx; A dz; ,

i=m+1 i=m+1
n K
i=m+1 azz 5—

Here w3 is a local expression for w,, the reduction of w to M;.
We then see that

()+(exp(keo)) = (p): ( D (‘) (keon ) (k(w2 + m))"—f)
i=0 L j=0 \J

w3 = dz,/\d‘

=k"dxi A--- Ndxp E

i=m )’

Note that @ — w; is closed and basic with respect to np, hence it is the pull back of

a form on M’. We shall also denote that form by w — w,. Let A be the submanifold

of nz(T*B), which consists of points in n;(7T*B), that acts trivially on the corre-

sponding fibres. We will use the notation p for the projection p : n3(T*B)/A — M'.

Let us now define a section s : M’ — nj(7B)/A* by the following requirement

Note that any o,y € A, represents a homology class in H;(n, (P'),Z), for p' €
n5 ' (b). We then define s¢(p') € n(T,B)/ A} by

———(k(w— )"

exp(2miay (s¢(p'))) = Holy, (£ ® Splizi(pry) »

for p’ € ng3'(b). Here Hol[.zp,](.? ® Jp| _— ) is the holonomy of the flat bundle
P ®5p|n;: (o) around [ay]. Let so : M’ — mj(TB)/A be the zero-section.
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We now note that
np(p(so(B)Nsk(B))) =S, k=1,2,....

Let us assume that we have chosen an orientation on B. If B is not orientable, we
will just lift the whole situation to the orientation cover of B. Since M, is oriented,
we get an orientation on M’. From the local study of the polarization we know
there exist coordinates around each point p’ € M’, such that s; is given by

sk5,5,7) = 32 (kxs +20) 2
i=1 axi

We can assume that (x,z,Z) are positive coordinates on M’. The orientation of M’
gives a canonical orientation of nz7B. From the coordinate expression of s; we see
that it is possible to orient sz(M’), such that sy(M’) and so(M’) always intersect
positively in n3(7B)/A*. Now define a smooth n-form a on nz(7B)/A* by

op=eN---Ne,,

where (ey,...,e,) is a positive basis of Ay C (T p,)B). It is clear that a is
the Poincaré dual of the zero section of mj(7B)/A*. Suppose we have a closed
2(n — m)-form § on M’'. We then get by Poincaré duality, that

B= [ B

P(se(M’) N so(M')) s(M’) N so(M”)

= [ anp'(B)

sk(M')
= [ si(x A p*(B))
MI
= [si@AB.
MI
The local expression for s; shows that

sp(a) =k"dxy A\ --- Ndxp .

Let B be the closed form, which in local coordinates is given by
B= Z m),(k(w 1)) ™" AA(TM') .
By the previous calculatjons we get that

[ ko) A ATH)= L (kw - w1y A A

Pe(M7) N soua)) i=m (F = m)!
>/ E (kw,,)' NA(TM]) .
pGSkM' i=0 ¢

Here we have used that ) )
AG*(TM')) = A(TMy) ,

for the inclusion i : My — M’.
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By Theorem 2.1 and the Hirzebruch-Riemann—Roch theorem applied to (M,;,é,, ),
we thus get

Index(VF) = (-1)" [ ch(L*)AA(TM). O
M

In connection with this theorem we should mention that Guillemin and
Sternberg in [4] have worked out explicitly the quantization of coadjoint orbits
of U(n) with respect to some non-trivial (singular) real polarizations. They find
that the quantization agrees with the usual Kihler quantization.

References

1. Griffiths, P., Harris, J.: Principles of Algebraic Geometry. A Wiley-Interscience publication,
New York: John Wiley & Sons, 1978

2. Guillemin, V., and Sternberg, S.: Geometric asymptotics. Mathematical surveys Vol. 14, Prov-
idence, R.I.: Am. Math. Soc., 1977

3. Guillemin, V., Sternberg, S.: Symplectic techniques in Physics. Cambridge: Cambridge
University Press, 1984 ‘

4. Guillemin, V., Sternberg, S.: The Gelfand—Cetlin System and quantization of the Complex Flag
Manifold. J. Funct. Analysis 52, 106—128 (1983)

5. Kostant, B.: Orbits, Symplectic Structures and Representation Theory. Proceedings of the
United States-Japan seminar in differential geometry, Kyoto, Japan, 1965, p. 71

6. Sniatycki, J.: On cohomology groups appearing in geometric quantization. Lecture Notes in
Math. 5§70, Berlin: Springer-Verlag, 1977, pp. 46—66

7. Weinstein, A.: Lectures on symplectic manifolds, Conference Board of the Mathematical Sci-
ences Regional Conference Series in Mathematics, 29

8. Woodhouse, N.: Geometric Quantization. Oxford: Oxford University Press, 1980

Communicated by S.-T. Yau






