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Abstract: We diagonalize the transfer matrix of the inhomogeneous vertex models
of the 6-vertex type in the anti-ferroelectric regime directly in the infinite lattice.
For this purpose we have introduced new types of g-vertex operators. The special
cases of those transfer matrices were used to diagonalize the s-d exchange model
[23,1,6]. New vertex operators are constructed from the level one vertex operators
by the fusion procedure. Using this construction we determine the commutation
relations among new vertex operators which play a crucial role for the diagonaliza-
tion. In order to clarify the quasi-particle structure of the model we estabish new
isomorphisms of crystals. The isomorphisms figure out, representation theoretically,
the ground state degenerations.

1. Introduction

In [2] the anti-ferroelectric XXZ hamiltonian, or equivalently, the transfer matrix
of the 6-vertex model has been diagonalized directly in the thermodynamic limit
based on the quantum affine symmetry. The method is powerful enough, on the one
hand, to give the integral formulas for correlation functions and form factors, on
the other hand, to /iietermine the physical space as a representation of a quantum
affine algebra U(s/>).

A similar approach is possible for several two dimensional lattice models such
as the ABF model [11,4]. Among them a direct generalization of the 6-vertex model
is the vertex models associated with the perfect representations of any level [15, 16].
Although there are technical problems of bosonization in the case of higher levels,
at least the strategy is clear and everything we need is in our hands.

In this paper I want to add one more class of vertex models which can be
solved by a similar method and are not contained in the class of directly gen-
eralized models above. The models which we study here are the inhomogeneous
vertex models of 6-vertex type with the inhomogeneities in the spins. Namely, on
the infinite regular square lattice, with each horizontal and vertical line except a
finite number of vertical lines /j,...,/,, we associate the vector space C2%. With
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li,...,1, we associate CSIJ’I,...,CS"+1 for arbitrary non-negative integers sy, ...,S,.
To each vertex the Boltzmann weight is defined by the corresponding trigonomet-
ric R-matrix acting on C?> ® C* or C* ® C%*!. The rational limits of those models
with n = 1 had been used to diagonalize the s-d exchange models (Kondo problem)
[1,23,6,22].

The central object in the symmetry approach is the g-vertex operator which
was introduced by Frenkel-Reshetikhin [5]. In the case of the 6-vertex model the
g-vertex operator makes it possible to identify the infinite tensor product (C?)®Zz1

with the irreducible representation ¥ (A;) of Uy(sly). Using this identification, the
transfer matrix, the creation-annihilation operators, correlation functions and form
factors are all described in terms of g-vertex operators.

Similarly, in our case, everything is described by g-vertex operators. But here
a new phenomenon appears, the degeneration of the ground states. To take this
effect into consideration is crucial in the theory. To treat this situation correctly we
introduce new kinds of g-vertex operators. Those new operators can be considered
as a mixture of type I and type II vertex operators in the terminology of [2]. They
are shown to be obtained by a fusion procedure from level one vertex operators. In
particular new operators have the description by free fields. Hence physical quanti-
ties of our models can be written down in the form of integral formulas. We study
these formulas in a subsequent paper.

Let us describe our idea more precisely. The total quantum space which is acted
on by the transfer matrix is

D VUV, ® ¥ ®V(4)*, (1)
i,j=0,1

where ¥V, ~ C**! and is considered as the representation of U;(s/l\z). In order to
give the description of the correlation function or form factors we must know the
structure of eigenstates of the transfer matrix. The insight comes, as in the case of
the XXZ-model [2,7], from the decomposition of crystals

B(A)®Bs, ® - ®Bs, @ B(A;)" . 2)

The result is surprisingly simple (see Corollary 1). With the aid of the decomposi-
tion we find that the physical space of our models can be written as

o0
C"®---0CIe | [ - [ (C)°" ,

m=0|z|=1  |zm|=1 sym
where sym is some symmetrization. In this tensor product the second term which is
described by a bracket is isomorphic to the physical space of the XXZ model. On
the other hand the former tensor component C* ® --- ® C*! describes the ground
state degeneration. In the case n = 1 the dimension of the degeneracy of the ground
states coincides with the results of Fateev—Wiegman [6] in the rational limits. This
picture of the structure of the space of quasi-particles suggests that it is natural to
consider the space

.G%IVS,,_1®-~®Vs]_1®V(A,~)® V(A;)*. 3)
1,J=Y,
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The relation between two spaces (1) and (3) is given by the new vertex operators

s—10°(2) : (V1) @ V(A) = V(Aip1) @ (V5): 4
T1OJ2) V(M) ® (Vs): = (Him1): @ V(i) - (5)

On the space (3) descriptions of the model and physical quantities take very sim-
ple forms. For example the transfer matrix is, up to a scalar multiple, equal to
1 ® Txxz(z), where Txxz(z) is the transfer matrix of the 6-vertex model act-
ing on @i, =01 V(A;) ® V(A;)*. The peculiarity of our model comes from the
definition of the local operators which are defined using vertex operators
(4) and (5).

The present paper is organized in the following manner. In Sect.2 we review
necessary preliminaries and notations. In Sect. 3 we prove new isomorphisms of
crystals which are considered as a generalization of the path realization of the
crystals with highest weights. Applying this isomorphism we determine the decom-
position of the crystal (2). In Sect. 4 we introduce new vertex operators and prove
their existence. The fusion construction of the representations and R-matrices are
briefly reviewed in Sect. 5. In Sect. 6 the fusion procedure is carried out for level
one vertex operators and construct new vertex operators. The well definedness of
the fusion procedure is the main result here. We calculate necessary commutation
relations of newly defined vertex operators using the fusion construction in Sect. 7.
In Sect.8 we propose the mathematical settings for our models. In Appendix 1
the integral formulas for the highest-highest matrix element of the composition of
type 1 and type II vertex operators are given. In Appendix 2,3 the description of
level one vertex operators in terms of bosons and their OPEs are given. These are
used to derive the integral formulas in Appendix 1.

2. Notations and Preliminaries

2.1. Definition of Quantized Envelopping Algebra. Let us recall the definition
of Uy(sly) and fix several notations related to it. Let P = ZAy ® ZA, ® Z9,

P*=7Zhy ® Zh;DZd be the weight and the dual weight lattice of s/l\z with the
pairing </1,',hj> = 5,'_]', <A,,d> = 0, <5, h,) = 0, <6,d> = 1. Set o = 2/11 — 2/10, oy =
0 —ay, p= Ag+ A;. The symmetric bilinear form on P normalized as (o;,0;) = 2
is given by (A;,4;) = 5”;”, (4;,6) =1, (8,6) = 0. Through (, ) we consider P*
as a subset of P so that 2p = h; + 4d. Let us set F' = Q(q) with g being the com-
plex number transcendental over the rational number field Q. In Sect. 8, we assume
that the ¢ is real and —1 <¢ < 0.

The algebra U,(sl,) is the F-algebra generated by e, f;, (i =0,1), ¢" (h € P*)
with the defining relations

hy+hy
s

=1 qg?=4 geqg" =q" e, g figh=q "1,
it 3 m (m)_ _(3—m) Ly
[eiafj]':(sijq_q_l, > (—1)"x"xx =0 (ij)forx=e,f,

m=0
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where we set t; = ¢" and

W= = f) =T =1
9—9q =

[m]!
-t
R VLESIE

We denote by U’ = U;(s/l;) the subalgebra of Uq(s/l\z) generated by e;, fj, tf’
(j=0,1) and by U/ the subalgebra of U’ generated by e;, fi, X' which is iso-
morphic to Uy(slz).
We use the following coproduct and the anti-pode for U /,
Me)=e®1+60e,  AM=fieg +18f,  Aq)=4¢®7¢",
a(e;) = —t; e,, a(fi) = — fiti, a(qh) = q_h .
The U’ module (%), = ED;;O Flz,z~ ] v is defined as

fio)” = [n =, =12, ae? =g,

fo=z"le, e :Zfl, to=1t7",

where z is a non-zero complex number. As a module over U], (¥,), is isomorphic
to the irreducible » + 1 dimensional representation which is independent of the
parameter z. We denote by ¥, this representation of U] except in Sect. 8, where ¥},
is used for (¥,);. In the following sections, for the sake of simplicity, we simply
write F instead of F[z,z~1] as far as no confusion occurs.

For a left U-module M , we define the left module M wa*! by
M wat! Hompg(M, F) as a linear space ,

(xw,v) = (w,at!(x)v) for w € M*"il, veEMandxe U .

Here the linear dual of an integrable module with finite dimensional weight spaces

should be considered the restricted dual. By definition M, M** ' and M** '
are canonically isomorphic. For these dual modules the following properties hold,

HomU/(Ml ®M2,M3) ~ HomU/ (Ml,Mg, ®M2*a) s (6)
Hom,,s (M © My, M3) ~ Hom (Mp, M* ' @ M3) , (7

where Hom, s (M}, M) is the vector space of U’ linear homomorphisms. Let {v(")*}

be the dual base of {v(")} (v; (% ") = 8. Then the following isomorphisms hold,

vat!
C s (M)yvar = ()3®
-1
(n) N ,—jm—jF) | I (n)*
vj s ( )jq I J |:]:| —] B

=i (=D GFD | B ) (n)*
( )n jqn I [J:l j(—l)j . (8)
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2.2. Level One Vertex Operators. The details of this section can be found in
[2,8]. Let ¥ (A;) be the irreducible highest weight U "module with highest weight
A; (i =0,1), V(A;) its weight completion V(A) = [Lep V(Aidy, V(Ai)y =
{v e V(A)|¢"v = ¢""")v for any h € P} and uy the highest weight vector of the
right module ¥V (A;)* such that (u},u,,) = 1. We often use the notations (v, [u)
for the elements of V' (A;)* and V' (4;). In that case the value of the dual pairing
is denoted by (v|u). For the sake of simplicity we sometimes use (A,|, |4;) instead

of u};, uy, and write |xv) instead of writing x|v) for x € U "
Let us denote @(z) and ¥(z) the U’ intertwiners
P(z): V(A) = V(A1) & ()
¥(z): V(A) = (M) ® V(A1)
normalized as

—2i 1
(u}"\iH,cD(z)uAi) = (up,,,» P(2)uy, Y=z = v(l )l .

Here we set V(4:)® (V). = ([T,ep Flz:z7 1@ V(4:)) Qppz,-17(Fa):- In fact the
images of @(z) and Y(z) belong to smaller spaces [2].
The components of those operators are defined by

Di(z) = (", D(2),  Fz) =\, V()
We shall also introduce the intertwiners @™ (z), e (2), Py(z) and ¥y (z)
p—— R 1
@ (2) : V(A) = V(Adig) @ (V)"
*a_l -1 .
P (2) V() = (VD @V (A
Py(z): V(A) @ (V1) = V(Ais1),

Py(z): (V1) @ V(A) = V(Ainr),
defined by

*a

" @) = (1o ez, P (@)= (V@ D),

() u ) =", 0" @), P ®u) = (0", g (2)u) .

The commutation relations of those vertex operators are, on V(A4;),

1/2 .
_ (Z_1> ’ (Z_‘) R (Z_‘> D(21)P(22) = P(22)P(z1) ,
Zy V4) V)
2 12 2\ = (21
<_) r (_) R (_> V(22)¥(z1) = ¥(2)¥(z2) ,
Zy V4 V4)

~1/2 9 (%
(a) 94 () = () P

2 (qzzl2 )
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We shall rewrite the first and second relations for the sake of later use as

1/2 2 . *a *a
—q (Z_l) r (ﬁ> Ryya <%) D(21)0" (2) = 0" (2)(z1)

22

1 Z] 1/2 Z1 X Z V*a_l V>t<a_I
g (2—2) r(%)me_l (5)“” @)¥E) = PP (@),

Hﬂeﬁ@)=PR@%éww&)=Pﬁww@%ﬁwmﬁ@)=PRWw4@LPw@w)=
v ®u and
RV @)y =P @D for j=0,1,

R @) = b @ o) + el @ o),
R(Z)(U(ll) ® UOI)) ¢ (1) ® U(‘) + bv(l) (l) ,

1-z Sk A ek R A0 1 €0 8
1—¢* 1-q’z~ 1 —¢’z’ (2)oo(¢?27 oo

Rypea(z) = (1@ CIR(P2)(1 @ CP) 7,

R, 1@)=010CRq )1 o)™,

where (2)oo = [1;29(1 — zg¥).
Let us, in general, denote by Py the dual pairing map (¥,);*® (V). = F or
) ® (Vn)f"—I —s F which are U’ linear. Then we have

PLO" (2)®(z) = (~1)'q"g 7 Midy (4, , ©)
*al
Pro(z)d"" () = (~1)"'qg g idyay (10)
yra! ;12 1) .
Res;, ., P(22)¥ (z1) = (=1)'qg729(CY @ lyw @ idy(4,) , (11)

2
where g = 84;"" and

w= vol) @l — qu (11) ® vg” . (12)

Note that (C(_‘) R Dw = Zjl 0 51)* ® v( ) Equations (9) and (11) are equivalent,
respectively, to

Py (z)P(z) = (—1)'q"g tidy 4,y

Res P(2)¥(21) = (—1)Yg* 229w @ idy(ay) -

71_‘1 22

(13)

2.3. Crystal. We shall review here the definitions and fundamental properties of
crystals which we need in the subsequent sections. The details of the contents in
this section can be found in [15].
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Definition 1. An affine crystal B is a set B with the weight decomposition
B = |,cpB, and with the maps

é,f, : BU{0} — BU{0}
satisfying the following axioms:

(1) &B; C By y7 U{0}, fiBy C B_y s U{0},
2) &0 =f0=0,
(3) for any b and i, there exists n such that &'b = f"b = 0,
(4) for b1, b, € B, by = f;by if and only if by = &b,
(5) if we set
@,(b) = max{n|f"b € B},  &(b) = max{n|é"b € B},

then @;(b) — &,(b) = (h;, 1) for b € B, and i.

We denote wtb = A if b € B;. Let us set Py = P/ZJ and cl the projection
P — Pg. Then a classical crystal is defined using P instead of P in the definition
of an affine crystal. In this paper crystal means affine or classical crystal.

A crystal has the structure of colored oriented graph by

by & b, if and only if by = fib; .

A morphism i : B! — B? of the crystals is a map B' LI {0} — B2 L1 {0} which
commutes with the actions of & and f; and satisfies (0) = 0. A morphism of crys-
tals is called isomorphism (injective) if the associated map is bijective (injective).
A crystal B! is called a subcrystal of B? if there is an injective morphism of crys-
tals B! — B?. More general definition of the concept of crystal and its morphism
is introduced in [13, 14].

For a crystal B and a subset / C {0,1}, the I-crystal B is the set B with the
same weight decomposition as the crystal B and with the maps ¢;, f] (j € I) which
is a part of the maps of the crystal B.

For two crystals B', B?> we can define the tensor product in the following manner.

Definition 2. (1) As a set B' ® B> = | |,.p(B' ® B*);, (B' ® B?);, = Upsvs By X By
We denote (by,by) by b ®~bz.

(2) The actions of é; and f; is defined as

Fbi®by @i(b1) > ai(by)

b1 ®fiby @i(b1) < &i(b)

eb1 @by  @i(b1) = &i(by)

by @é&by @ibi) < e(b)

fi(br ®b2)={

éi(b1 ®by) = {
Among the crystals we need, in this paper, three kinds of crystals. The first one
is the classical crystal B; associated with the crystal base of the representation (7).

Definition 3. (1) B, = {‘0 <j= s} as a set.

@ A=+ O <jss -1, Afj]=[—1] (=) <5), J{j]=0 (otherwise).
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(3) wtlj]= (s — 2/ )(A1 — Ao).

We often use the notations B; = {[+],[=]} by the correspondence 0],

[=] < [1] and identify + with +1.
The second one is the affine crystal Aff(Bs) which is called the affinization
of B,.

Definition 4. (1) Aff(B;) = {b(n)|b € B;, n € Z} as a set.

(2) filb(n)) = (fib)(n + 8i0), &(b(n)) = (&:b)(n — 8;0), where we set 0(n) = 0.
(3) wth(n) = wtb — nd.

For example the graph of Aff(B;) is

1 0 1 0 1 0
30— 0-—30—30—0— -,

The third one is the crystal B(A;) associated with the crystal base of the rep-
resentation V' (4;). It is known that B(A;) is described in terms of the set of paths
[15,9]. The set of paths 2(A;) is defined as

P(A;) = {(p()21p(J) € Bi, plk) = (=1)** for k > 0}
and has the structure of an affine crystal [9, 15].
Theorem 1. (i) There is an isomorphism of classical crystals,
B(A;) ~ B(A1-;) ® By . (14)
(ii) The isomorphism (14) induces the bijective map B(A;) ~ P(A;).

The weight of a path through the above bijection can explicitly be written in
terms of the energy function [15,9].
For a crystal B we define the dual crystal BY of B as

Definition 5. (i) B = {bV|b € B} = | |,cpB-1, B_i = {b"|b € B;},
(i) &bY = (fib)Y, fib¥ = (éb)Y, 0V = 0.
The map (&) ® b)Y — by @ by gives the isomorphism
(Bl ®B2)\/ :BZ\/ ®BIV .

Since BY =~ By by [+]+~ [=] and [=]+ [+], we have the description of B(A;)" in
terms of paths,

B(A:)Y = {(P())))=_ool P(J) € B1, p(k) = (—1)"** for k < 0},
B ® B(4;)Y ~ B(Ai11)", 5@ (P(1) o = (P ()= 00 »
where p'(0)=b, p'(j)=p(j+1) (j £ -1).

2.4. The Morphism of Crystals Induced from the Dynkin Diagram Automorphism.
Let 1 be the isomorphism of the Z module Py defined by 1(4;) = A41—; (i =0,1).
For a classical crystal B, we define the classical crystal 1*B by

"B = Ulel’cl(’*B)l’ (1"B); = {1"(b)|b € By}, 1(0)=0, (15)
@)= 1*(fi_b), &' (b) = "(é1-ib) . (16)
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It is easy to prove that (15),(16) actually defines a classical crystal. For this crystal
the following properties hold.

Propeosition 1. (i) 1*B(A;) ~ B(A1—;).

(i) "By =~ By by [j]—[s —Jj]-
(iii) For crystals B',B?, B' ~ B? if and only if 1*B' ~ 1*B2.
(iv) For crystals B',B?, 1*(B' ® B*) ~ 1*B' ® 1*B%, by 1*(b; ® by) — 1*(b)) ®
1*(b2).

The properties (ii)—(iv) can be checked directly using definitions. The property
(i) follows from the corresponding property of the representation V'(A;).

3. Isomorphisms of Crystals

The structure of the space of the eigenvectors of the XXZ hamiltonian is, in the low
temperature limit, described by the decomposition of the crystals of B(A;) ® B(A;)*
[2]. In this section we shall prove new isomorphisms of crystals which generalize
Theorem 1(i) and give a predicted form of the structure of the space of eigenvectors
of our transfer matrix in the low temperature limit.

The problem is to decompose the crystals of the form

B(A;) ® B, @ -+ @ By, @ B(A;)" .
The main results in this section are

Theorem 2. There is an isomorphism of classical crystals,
Bs_1 @ B(A1-;) ~ B(4;) ® By,

for s =1,2,3,....

Corollary 1. For j = 0,1, we have the isomorphism of classical crystals,

AIBIIB(A,‘)®BS1 ® - ® By, ® B(4;)"
=0,

~ B, 1 ®  ®By_1® [] B(A)®B(A)" .
i=0,1

The decomposition of Hi:O,l B(A;) ® B(A;)Y into connected components were
described in [2]. Using the diagonalization of the XXZ model by vertex operators
we are also able to give another description of this crystal in terms of crystalline
spinons [19, 20].

We remark that the isomorphisms of Theorem 2 includes (14) as a special case
s = 1. But the proof of Theorem 2 uses the isomorphism (14).

It is sufficient to prove the theorem for i = 0. Since the i = 1 case is obtained
by applying the map 1 in Subsect. 2.4.

Let us define the map

Y Bs1 ® B(Ag) — B(A1) ® By,
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first and prove that it is well defined and commutes with the action of é; and J;- In
order to define the map ¥ we need
Lemma 1. There is an isomorphism of {0,1} crystals,

Y1 : By ® By ~ B; ® By .

The isomorphism is given explicitly by

F+1eF—[=Ie[] frosjss—1,
0o [+ - [H]sl0],
UleEl-[Heli+1] for0<jss—1,
Ble=]—[=]®H].

Using the map ) let us define the isomorphism
Yn : Bs @ BY" ~ B®" ® B

by
Un=(Lm1 @) (LAY ® L,2)(Wr ® 1,-1),

where 1; is the identity map of B‘lg’j . We denote by 7; the isomorphism
B(Ag) ® B ~ B(Ay).

Now let us define the map { in the following manner. Take any s_ , ® be
B;_; ® B(Ap). For b there exists n € Z>; which satisfies

b= (b)), by=(—1)fork=2n. (17)

Take any such 7 and set

W <s—1 ®b> = (1211 ® 1)<b/10 ® Yan—1 (S ®by—1® - ®b1) ) )

where b, is the highest weight element of B(Ay) and the subscript of || specifies

to which crystal the element belongs, S € B;. The well definedness of  follows
from

Lemma 2. The definition of \ does not depend on the choice of n which satisfies
the condition (17).

Proof. 1t is sufficient to prove

HeDew ([, e4) = ([, eHeHeb) .

for 0<j<s—1, n€eZs and any b € B?”. These equations follow from
Lemma 1. O

Lemma 3. The map  commutes with the action of &, and f.



Fusion of g-Vertex Operators and Application to Solvable Vertex Models 37

Proof. Let B be the connected component, as a {1}-crystal, of Bs_; ® By which

contains @s_l ® . Then
s={f],_ e@Eo=j=s-1}u{s=1,_ o=}

and is isomorphic to B as a {1}-crystal by the map
B — B;

7, e[ ~[], frosjss—1
S—1®BH3'

Let s—l ®b € B;_1 @ B(Ay) and n be as above. Now we shall describe the
restriction of ¥ to the {1}-crystal connected component of s—l ® b as a compo-
sition of {1}-crystal morphisms. First of all

Be_1 ® B(Ao) ~ Bs_; ® B(Ap) ® BY™
s—l ®b’_>s_1 ® by, ®®bZn—l Q@b =:b

is an isomorphism of classical {1}-crystals. The crystal B ® BP*"~! is a sub {1}-
crystal of B;_; ® B(Ag) ® B®*", by the map

S_1®®b2,,_1 ®- - ®b _>S_1®bflo®®b2n—l Q- Qb .

The element b is in this subcrystal. Next, as we already showed,
2n—1 2n—1
B®B®" ! ~ B, @ B®™"

as a {1}-crystal and
%n—l :Bs ®Bi®2n—l ~ Bi®2n—1 ®Bs

as a {0, 1}-crystal. Finally we have the injective {1}-crystal morphism
B ®@ By — B(A)) ® BY*"~' @ By
b by, @D .

It is easy to check that the map  is the composition of the above maps and
Ton—1 ® 1. Since we can take sufficiently large n such that the condition (17) holds

for s_1® b, fi (s_1® b) and é; (s—l® b), ¥ is a {1}-crystal morphism. O
Lemma 4. The map  commutes with the action of & and f,.

Proof. Let us define a map  in the following manner. For S_I R®beEB_ 1 ®
B(Ayp), take n € Z > such that

b=, bi=(=1)ffork=2n+1.
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Then
v (S_1 ®b) = (@ ®1) (s, @ ([[+1], @b20 & - ®by)) .

In a similar manner to the ¥ case, we can easily check that the definition of l/; is
independent of the choice of n.

Sublemma 1. ¥ = ).

Proof. We use the above notations. Take n as in (17). Then

v (@, 90) = (@, 2)
is equivalent to
[=]1® Yon (s®b2n—1 ®-'-®b1) = Yan <s®®b2n—l ®"'®b1)

for 0 £ j < s — 1. This follows from Lemma 1. [

Now the commutativity of / and the actions of fo and & is similarly proved
as before. Namely let us set

- (0. oo o {EorE).

Then this constitutes, as a {0}-crystal, a connected component of B;_; ® B; iso-
morphic to B;. The map is given by

BI—>BS
S_1®E'_>S fOI'OéJéS_l
|§|.9—1®'_>|§|S.

Using this description it is easy to show that the J is described as a composition of
{0}-crystal morphisms from any {0}-crystal connected component as before. Hence
the lemma is proved. O

Lemma 5.  is a bijection.

Proof- We shall prove the injectivity first. Suppose that

v (x_1 ®b) =y ([7, , @) -

By the definition of y this is equivalent to

Yon—1 (s®b2n—l ®--'®b1) = Y1 <S®b§,,_1 ®~-~®b{) ,

for sufficiently large n. Since y»,_; is bijective, we have

j=j, bg=b, for1<k<2n-1,
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which means b = b’. The surjectivity easily follows from Lemma 1:

v (Heli+1]) =[],e[F] frosjss—1,

v (Eel],) =[+1, e foro<jss—1,
' ([EeR) =E,eF]. O

This lemma completes the proof of Theorem 2.

4. Existence of New Type of Vertex Operators

In this section we shall prove the existence of new types of g-vertex operators,
one of which is conjectured to induce the crystal isomorphisms of Theorem 2. For
sets of non-zero complex numbers zl, zk, non-negative integers ni,...,n; and
(i,) € {0,1}? let us define the F[z,...,z'] module by

zn)1 zr;z Gj)H)={ve )z @+ @ (Vi )z,

X [wi(v) = A; — Ay, e

v=0forI=0,1}.

Our aim here is to prove

Theorem 3. (i) Hz"z’";_3z (i,i + 1) and Hz"+1 L s (i +1) are free Fz', zE" mod-
ules and their ranks are given by

rank H™"

2,732

(l7l + 1) = 5|n——m|,1521,22 ’
n+1,1,n .. _
rankHZl’Z2,q_3Zl(z,z +1)=1.
(ii) There are isomorphisms of F[zt',z'] modules

Homgrgu ((Vin)zy @V (A1), V(Ais1) & (Va)z,) = ~H s, (it 1),

_321

Homprgu/(Va)ey ® V(A V(Air1) & (Vnt )y @(V1)y) = H'THLM L (i 4 1),

21,29, q—3z

where F' = F[zi'].
From this theorem, using (6) and (7), we have

Corollary 2.
Homy: (¥ (4:), (Va)g2, @V (Ai41) & (Vs1):)
=~ Homypp116 0/ (V (4i) © (Va1 )es (Vo) @ V(A1) = 2] .

Proof of Theorem 3. Let us prove the first statements of (i) and (ii). Other cases
are similarly proved. The proof is similar to that of Proposition on p. 53 of [3].
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Note that, from (6),(7),(8),

Homg/ gy (Vim )2y @ V(A:), V(Air1) & W )z,)
=~ Homy:(V (A}, (Vi) g2z, @ V(Ais1) @ (Va)z,) -

Let U'(b;) be the subalgebra of U’ generated by e;, ¢; £l (;=0,1). Then we have
Homy: (V(4:), (Vn)g2z, © V (Ai1) @ (Va)z,)
=~ Homyrp, \(Fitg;, (Vin)g2z, @ V(Air1) & (Vn):,)
~ Homprgurp, y(V(Aix1)™ @ (Vim)zy ® Fuug,,(Va)z,) -

Here we used the following lemma which can be proved in a similar way to
Lemma 3.1 in [3].

Lemma 6. Take any i and fix it. Let u € (V,,), ® V(A;) & (V). be a weight vector
of t. If u satisfies elu = 0 for some I, then fNu =0 for some N.

The following lemma is easily proved.
Lemma 7. There is an isomorphism of U’(b.)-modules,
(Vn): ® Fuy, = Fug, @ (Va),—1,

given by the map

o @ g, — g g @0

This lemma and (6) imply
Homgy(s, (V¥ (A141)* @ (V)ey ® Fitas (Va)z,)
~ Homys(s, \(V(Ai1)™ @ Fugy, Va)y ® (Vm)y-3,,)
~H™ . (L,i+1), (18)

2,473z

which proves (ii). In order to prove (i) let us write explicitly the conditions satisfied
by the vector v of H:z’";_321(i,i + 1) according as i =0, 1;

wt(v) = Ag — Ay, ev=ew=0, ifi=0, (19)

wt(v) = Ay — Ag, ev=¢eiv=0, ifi=1. (20)

Let us determine the vectors which satisfy the condition (19) and (20). Note

first that the condition (19) or (20) implies |7 — m| = 1. In fact the vector satisfying
(19) or (20) must lie in the two dimensional irreducible representation of Uj.

Let w; be the highest weight vectors of ¥, ® ¥}, with the weight (n +m — 2j)4,
as a U{-module. They are explicitly given by

J
w; = kz: c(])(n)v(") ('-n-)k , 1)
=0

e (n) = (~1)fghr1h m @ =1 (22)
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(1.1) i =0 and n = m + 1 case. The vector satisfying the condition (19) is propor-
tional to fiw,. Let us calculate eg fiwn in the tensor product (Vut1)z, ® (Vin)y—3,, -
The result is

m
Sivwm = 32 & m+ D" (G I 1= K] = [m = kDA @

nl m) —k 4D g ym
e fiwm = (22 —21) Y ¢ (m+ 1)g"[m — k]Uk+2 ®v
k=0

Hence egv = 0 is equivalent to z; = z.

(1.2) i=0and m = n+ 1 case. The vector satisfying the condition (19) is propor-
tional to fiw,. We have

() -1 ") g D)
flwn=k¥00 (m)(—q k] + [k + 1Dy @0, 2 s

n
_ _ 1
eo fiwn = (21 — 22) 3 V(g "D @ oD,
k=1

Hence ¢j fiw, = 0 is equivalent to z; = z,.
(1.3) i =1 and n = m + 1 case. The vector satisfying condition (20) is proportional
to wy. Then

Ewn = (21 —zZ)Z A" (m + 1)z [m — 1 — k] — z[m + 1 — kD50 @ o™, .

Therefore e3w,, = 0 if and only if z; = z,.
(1.4) i =1 and m = n + 1 case. The vector satisfying condition (20) is proportional
to w,. Then we have

n
ew, =g %1 — ) 3 (m)g P [k + 1] - zlk — 1) © o"ED,
k=1

Consequently e3w, =0 iff z; =z,. O
Remark 1. By Theorem 3 there are uniquely determined U " intertwiners
RO () (1) @ V(Ai) = V(Aig1) & Fair )

under the normalizations
v +1
Wy, n® n+1(z)(v§") ®uy,)) = v(ln l+)j

I conjecture that the vertex operator y, @'n+1(z) preserves the crystal lattice and
induces the isomorphism of crystals of Theorem 2. Some part of Miki’s conjecture
[18] is a special case of this conjecture.

5. Fusion of Representations

Let us briefly recall the fusion construction of representations and R-matrices in
order to fix notations. Let M;=Fw be the trivial representation of U] in V; ® V1,
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where w is the vector defined in (12). In (V1),2, ® (V1),, M is the trivial represen-

tation of U’ too for any z. Let us set N; = V1 @ --- @ M; ® - -- @ V1 C V2", where
M; is on the i,i + 1™ components. We define the U’ modules

n—1
Wa(2) = ()1, @ (M)gr-3, ® - @ (M)g--1), | 2. Ni
i=1
7 — 77, ()®n
Wa(z) =U vy " = (N)g=e-1, ® (V1)g=(-3), @ - - - @ (V1 )gn1 -

Then the following proposition is well known.
Proposition 2. W,(z) ~ Wy(z) ~ (V,)s-

In order to describe the isomorphism explicitly we shall introduce the following
definitions.

Definition 6. (1) (&1,...,8,) € {0,1}" is of type j if and only if #{k|e, =1} = j.
(2) For (e1,...,8,) let us define its inversion number by

inv(er,...,en) = > #{klep =0, k < i}.

itgi=1
Then the isomorphism is given by

Wa(z) = (Va)z »

for (e1,...,8&,) of type j. _
Let us give the description of W, in terms of R-matrix for the sake of later

use. Let ﬁ(%) be the U’ intertwiner (V1) ® (Vi), — (Vi);, ® (Vi),, such that

R(%)(vg”@) = vf)l)@’z. Consider the intertwiner

Ru@): M)y @ @ (V) = (V) @+ @ (V1)zy »

. X X n
at z; = ¢""¥*'z (1 £ j < n) defined by the composition R,(z) =R  (Z2)---

gln z :12 z
R (3R (;;). Here

§”<ﬁ>:1®.”®§(ﬁ>®.“®1
Zj Zj

and Ii(i—;) acts on the component (¥1); ® (V1);,. We sometimes omit the upper

index ij and consider, for example, 13(%) as the operator acting on (V1) ® (V1)
nontrivially as explained here. It is well known (and easily proved) that

Proposition 3. ImR,(z) = Wy(z), KerR,(z) = S/~ Ny.

Let Ry () = R(LER(E2) - RS2 ) be the U’ intertwiner (V1 )1, ®
@ (M)g=-1, @ (Vidw = (Vidw @ (V1)gn—1, ® -+ & (V1) g=tn-1),.- Then
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Proposition 4. Iinl(é) induces the U linear map Wy(z2) @ (V1)w — (V1w Q@ Wu(2)
such that the following diagram is commutative:

n( )
M1, @+ @ (M)gmtr-1, @ (V1w =5 (VD ® (M)ga=1, ® -+ @ (V1) a1,

1 1
() @ (V1)w — V)w ® Wa(z) -
Here the downarrows are the natural projections.

Proof. 1t is sufficient to prove
X z n—1
R (2) @ (1)) € (F)w ® X N
w k=1
By Proposition 3 this is equivalent to
x x z
(18 Ra@)Ron (=) N © (V1)) = 0
w
which follows from the Yang—Baxter equation. [

We use the same symbol 1%,,1(%) for the induced map. This map is also
characterized as the U intertwiner Vi), @ (M), — (N )z2 (Va)z, satisfying
nl(—l)(v(") o)) = (1) ® v{". Similarly let Rl,,(zl ) be the U’ intertwiner (¥ )z @

(Va)zy = (Vu)z, @ (V1),, normalized as Rln(ﬂ)(v(l) (")) = v(") (1). Then
Rin(z) = Ryy(z~1)~". They are explicitly given by

Fu@) i v(n) ®v“) T - 1 gtz gk (1= g ) ] [ (1) ® v(")
" S _ 2%+2 ok kil ) ,
W0 0] 1-gz ]l 1-¢ ¢z + g oD @ o,
ﬁ - " (1) ®U(n) T 1 [—gt+z + gk | — g% (n) ® v(l)
1n\Z P B
n (1) ® v;{?} | 1 — q"‘HZ L (- q2k+2)Z —q" ky 4 qk+1 ;(,21 ® U(l)

6. Fusion of g-Vertex Operators

In this section we shall give a construction of the U’-intertwiner
V(A:) = (Va)g2; ® V(A1) © (Vnt1):

whose existence and uniqueness up to scalars are proved in Corollary 2. For the
sake of simplicity, hereafter, we omit writing the symbol " of the extended tensor
product. The idea is to consider the composition

V(A) — (Mg, @ @ (M)gmss, ® V(Aig1) ® Mgz @ -+ @ (V)gons
!
V)ge ® V(Ais1) ® Vos): -
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The vertical arrow is the U’ -linear projection defined by Proposition 2. Unfor-
tunately the composition of vertex operators @ and ¥ which gives the horizontal
arrow is not well defined in general. So we must carefully proceed in the following

manner. Let us define the operator O(zu), (z,u) € C*"™ x C*", acting on V()
by

01 Znt s rr) = }d>(z1>-~¢(zn+1)vf(un)---'P(ul),

where C* = {z € C|z+0} and

2

q°z
(5 oo

oo (%),
f(Zl,.-.,Zn+]|un7"'au1): H H H

7] 3 o .
j<k ((‘I‘Zjﬁ)oo j>k (%)oo Jk (q_zj,:)oo

As usual the operator O(z|u) has a sense as a set of matrix elements which are ana-
Iytically continued to meromorphic functions in (z,u). The operator O(z|u) satisfies,
on V(A;), the symmetry relations

—12, o,
(Z_/) R (_z,_> O(z[u) = O(o;z|u)

Zj+1 Zj+1

N2 )
(”—f) R (”—’) O(zu) = O(zjou)
Uj1 Uj+1

where o; is the permutation exchanging z;,z;4; or uj,u;y1. Let

Pr(z)j : (M)z; @ Ny — V2,

Pr(u)j: (M) @ (Vi)y, — V2,
Pr(z):(Vl)Zl®'.'®(Vl)zn+1_) n+l1

Pr(u): (V) @ @ Vi)uy = Vi
be the Uj-linear projection normalized as
P"(Z)jk(l)gl)®2) — ng), Pr (Z)(l)gl)®”+l) _ UgH—l) ,

and similarly for Pr(u);, Pr(u). Although those projectors are irrelevant to the
arguments z and u, we write them to clarify on which space they act. Since Pr(z)
and Pr(u) is determined uniquely under these normalizations, we have, for j < &,

Pr(z) = Pr(z)R (—Zf—> R (Z—f> . (23)

Zk—1 Zjy1
The Pr(z) in the right-hand side is the U] linear projection
(Vl)21®"‘®(Vl)zj~®(Vl)zk®"'®(V1)z,,+1 - n+l1 -+

To simplify the notations we use the same symbol Pr(z) although the space acted
by it is different from that of Pr(z) in the left-hand side. Note that there is an
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U/-linear projection Pr(z)’* such that

Pr(z)x
)y @ 0N), ®@N),, @ @My, —— (V1) ®--@1V28 @ Vi),
| Pr(z) | Pr(z)%*
Vas1 = Vn+l

is a commutative diagram.

Proposition 5. (1) The operator O(z|u) has poles at most simple at z; = ¢’z
(j < k) and u; = q*u (j < k).
(2) The operator Pr(z)Pr(u)O(z|u) has no poles.

Proof. (1) The integral formula of (A;,|0(z|u)|4;) (Appendix 1) implies that
O(z|u) has poles at most at z; = g%z (j < k), u; = q*ux (j < k) and u; = gz, ¢°z¢
for any j, k. Because there is a possibility to occur a pinch of the integration contours
only in those cases. Moreover it is easy to prove that these poles are at most simple.
Hence it is sufficient to prove that there are no poles at u; = 9z, ¢’z for any j, k.
But again this follows easily from the integral formula of (A;,;|O(z|u)|A4;) by the
following reason. Consider a component of (A;;1[O(z[u)(4;). Let us decompose
each integral as

déa f d

2m &

dw, dw,
J

C
d + ZResid_,,j, [ — =

a
— > Res, _»
. Wa=q-zj *
i=1 G, 2mi o 2mi a=a

j=1

where Cy, C are the small circles around 0, oo going anti-clockwise and clock-
wise direction respectively. Here, for the sake of simplicity, we omit writing the
integrands. Then the integral which we consider now is a sum of terms of the form

did d”a
1 S/=1II S Res 2, -+-Res 2, Resg, —,, ---Resg, -
. . Wa, =q“Z; W, =g<Z; éd =Uu, éd =u >
deD Gy 27 yed, Co 2T Gt a=iEn o o

where D; and 4; is a subset of {a} and {d} respectively. Since there is a
term [],_ (1 — o )Hd a1 = ) in the numerator of the integrand, we can
assume that jp, =|=jp2(p1 *p2), iy =t=112 (h#*0h). In RCSgdl_ul . Resid — the pos-
sible poles at w, = qu;, are cancelled out by [], I, - q”’ ). Hence after taking
residues in wflps, there does not appear poles at u; = gz. Smce there is the term

1L H;':ll(l — q—%) in the numerator, the poles at u;, = q3zjk which appear after
J

taking Res -Res are also cancelled out. Finally in the remaining

Way =qzzj o Wa =¢2 zj,
integral [[;ep, fCo 5 Hde 4 Jeo, 9% there do not occur pinches of the mtegral
contours at u; = qzk,q z;. Hence it has no singularities there.

(2) It is sufficient to prove that Pr(z)Pr(u)O(z|u) is regular at z; = ¢z (j < k)

and u; = q*ux (j < k). Let us consider the composition
D(z21)P(z2) : V(Ai) = V(A) @ (N);, @ (V1) -

By the explicit formula of (A;|@(z;)P(z2)|4;) (p. 116 of [2]), P(z1)P(z2) is regular
at z; = ¢g°z,. Since there is no non-zero U " intertwiner VA;) — I7(A,-+1)®(V2)z,
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Pr(z)129(q%z)P(z2) = 0. Hence

Res 2i=4%2; 1 fPr(Z)jj+1¢(Zj)¢(Zj+l) = (24)

for any 1 <j < n. Using the commutation relations of the vertex operators @(z)
and the relations (23),(24)

Res, _o, Pr(z)O(z/u)

—q Zk

k=1 /7 \/2 «/ 7, \! /7 \7!
=Res, _, [] (—’) Pr(z)R (—f—> --~R(—’>
TG \ 2 Zj+1 Zp—1

O(z15..,ZjsZks - - - s Zng1 W)

k=1 [ gz 1/2
= J] =] Res,_ 2ZkPr(z)0(zl,...,zj,zk,...,z,,+1|u)
I=j+1 2] J

k=1 /g2 \?
= 1 Hl (qz_l) Pr(z)fkRes 2= ZkPr(z)jkO(zl, e ZjyZhy ey Zpgi|U) =0
=j+

Hence Pr(z)O(z|u) is regular at z; = ¢°z; (j < k). We can similarly prove that
Pr(u)O(z|u) is regular at u; = Pu, (j < k). O

Definition 7 (Fused vertex operator).

n0n+1(z) = [Pr(z)Pr(u)O(z|u)]zj=qn_z,~+zz (1Sjsn+1)up=qn—2%+3; (1<k<n)

_ Zv(n) ®n0n+l(z) ® v(n+1)

Theorem 4. (i) The operator "O"t'(z) is not zero as a linear map.
(ii) The operator "O"\(z) gives a U "linear map

V() = F)e ® V(Ai1) ® (g ): -

Proof. (i) The integral formula of (A;11|O(z|u)|4;) gives (see (44), (45) in
Appendix 1.)

(A" 0" (2o o) = (— DIEI=D(—g) = F0-=1))

(A0l 0" (2ol A1) = (— 1) (g T 1SRG

For the definition of nOnH(z), see Appendix 1. Hence "0™!(z) is not zero as a
linear map.

(2) By definition "O"*!(z) is Uj-linear. Therefore it is sufficient to prove that
"0"*1(z) commutes with the action of ey and fj.
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Let us prove the commutativity of "O"*!(z) with eg. The case of fy is similarly
proved. From the intertwining properties of O(z|u) we have

(V']O(z|w)|egv) = (eo @ 1)(v'|O(z|w)|v) + (to ® 1)(v'eo| O(z|w)|v)
+ (o ® eo)(v'10|O(z|uw)|v) (25)

for any |v) € V(4;), (V| € V(Aiz1)*. Tt is sufficient to prove, modulo ) N; ®
M)z, @ @M )zpyy + My @+ @ My, ® 3N, that

Pr(u)Pr(z)(eo @ 1)(v'|0(z[w)|v) = (eo ® 1)Pr(u)Pr(z)(v'|O(z[u)v) ,  (26)
Pr(u)Pr(z)(ty ® 1)(v'eo|O(z[)|v) = (19 ® 1)Pr(u)Pr(z)(v'eo|O(z[w)|v) , (27)
Pr(u)Pr(z)(ty ® e9)(v'to|O(zju)[v) = (to ® eo)Pr(u)Pr(z){v'ty|O(zw)|v) , (28)

at z;=¢" Uz (1 <£j<n+1), uy=q¢""2"D%z (1 <j < n). We remark
that the left-hand sides (LHS) of Egs.(26)—(28), after removing appropriate
power functions of {z;,u;}, are regular functions in {z;,u;}. This follows from
Proposition 5(ii) and Eq. (25). Hence we can specialize variables as above.

Since #y acts on (M)y, ® -+ ® (V1)u, as tl_1 and Pr(u) is U] linear, (27) holds.
Let us prove Eq. (26). According as the decompositions (V1 )y, ® -+ @ (N)u, = V2 @
YN, (M) @+ @ (M), = Va1 ® Y N; as U{ modules, let us write

(V'|0(zlw)|v) = (4 +4")®(B+B'),

A€V, A €Y N, B e Vyi, B e N;,
where N; is defined in the beginning of Sect. 5. Then
Pr(u)Pr(z)(eo ® 1)('|O(z)|v) — (eo ® 1)Pr(u)Pr(z){v'|O(z[u)|v)

= (Pr(u)epd — epA) ® B + Pr(u)egd' ® B . (29)
Since Pr(u)epd — epA = 0mod > N;, it is sufficient to prove
Pr(u)ed ® B=0, (30)
atz;=q" U Dz 1<j<n+1), uy=¢g"20"DHz (1<j<n).
Lemma 8. Pr(u)egd’ ® B has no poles.

Proof. By Proposition 5(i) it is sufficient to prove that Pr(u)epd’ ® B is regular
at z; = q’zx (j <k), uj=q*ux (j < k). The LHS and the first component of
the RHS of Eq.(29) is regular at z; = g%z (j < k), u; = q*ux (j < k) by the
remark above and Proposition 5(ii). Hence Pr(u)eyd’ @ B is also regular at the same
place. O

Now let us decompose (v'|O(z|u)|v) in the following manner:

(Wl =5, — 2

5 + O(zju) ,
=LY%~ @ Uj
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izl Ox(z]w)

. = Res, _ / — Sl bt A for j =2,
0;(z[u) €8y =q2u; ((v |O(z|u)|v) kgl T orj =2
O1(z[u) = Res, _ 2, (V'|O(z[w)|v) . @31)

Then

Lemma 9. (i) O;(z[u) € 3Ny ® (V1) ® - ® (N)z,,,>
(ii) é(zlu) is regular at u; = @ Dy (G < k),
(iii) O;(z|u) is regular at u, = gz, (1 <r =n),
(iv) Oj(2|W)|u,=gzr 1<r<m) = 0.

Proof. (1) This follows from (13).

(iii) This is obvious from Proposition 5(i).
(iv) It follows from

4 2
7'z quk
1 e (Z Yoo (;;;)oo
— =g 5 __—
S lur=gursy J<k () oo j>kjik+ 1,141 G )oo jeLiv k(2 )oo
J

ntl o g
CTa-t
u
[Tl = =)

and (13) that Res, _p, (v|O(z[)|v) has Hr*,H"H(l — ;&) as a factor of its
zero divisor. Taking further residues does not produce poles at u; =qz; (1 < s,k <n)
by Proposition 5(i). Hence O;(z[w)|y,—gz, (1<r<n) = 0.

(ii) Let us prove, for 2 < j <n, that

i—1
w0 - T 25

is regular at u; = ¢*“ Dy, (1 <s5,1K1<j—1)
Ur+1

by the induction on j. The j = 2 case is obvious from Proposition 5(ii).
Suppose that the statement is true for 1 < j < k. We have

, ko Of(zjn) ) B Ox(z|u)
jotEl) - 3 250 = 00 - AR
’ k=1 O,(lel)
(1) — _ et Sel b
O (zfu) = (v |0zl — & —EE
O (zu) = Res, _ 2, ., 0W(zju) .

By the induction hypothesis O1)(z|u) is regular at u;=¢**Du; ( < 5,1 <1 <k—1).
Hence Oy(zju) and consequently O(z|u) — uk‘ﬁ‘;zllz‘ll are regular at u; =
¢ Dy, (I < 5,1 £1< k—1). The definition of a residue and Proposition 5(i)
imply that O)(z|u) — % is regular at u; = ¢*¢Pu, (k < s). Hence the
statement is proved for j =k +1. O
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Using the decomposition (31) we have

Pr(u)egd’ @ B = Z ; Pr(u)Pr(z)(eo ® 1)0;(z|u)
j=1Uj — q? Ujtl

+ Pr(u)Pr(z)(eo ® 1)(1 — Pr(u))O(z|u) .
Note that, in (), ® (M )y

eow—(u1 —q uz)U(l) (I).

Since O(z|u) has no poles at u; = ¢*~Du; (j < s) we can conclude that

Pr(u)Pr(z)(eo ® 1)(1 — Pr(u))0”<zlu)|,,,=qn-z<,--mlz =0.
n+1

Since each Oj(z|lu) has a zero divisor of the form [['°,
we have

_ u
qzr) for some I,

Z » Pr(u)Pr(z)(ey ® 1)0; (Zlu)luj—qzj (1zj=m =0.
j=1 Uuj

Taking into account that Pr(u)epd’ ® B has no pole at all we can conclude that
Pr(u)eOA’ 024 BIZJ:qn—Z(j—l)Z (1 §j§n+1),uj=q”_2(j_l)z (1<j<n) =0.

Hence (26) is proved. Equation (28) is similarly proved. [

7. Commutation Relations of Vertex Operators

Using the fusion construction in the previous section, we shall determine the com-
mutation relations of new vertex operators. Here we give only commutation relations
which are relevant to the later applications. We shall introduce the following variants
of the vertex operator "0"*1(z).

Definition 8. The intertwiners
20"(2) 1 (1), @ V(A) = V(A1) @ (ag): »
"On41(2) V(A1) @ (Mat1): = () @ V(Aiv1)
"0 (2) V(M) = (W) @ V(i) © (B )3
are defined by
WO @D ® -) = (", (€ © 10 (@)
"Op(2)(- @0y ) = ", (1@ VY 0t (g7 P))

n0n+1*(z) _ (1 ® C_(‘_n“'l))non-l—l(q—ZZ) .

Let us set (z; p)n = H',:OI (1 —zp"). Recall that the highest weight vector w, with
weight zero in the U] module ¥, ® ¥, is explicitly given in (21) and (22). Then



50 A. Nakayashiki

Theorem 5.

ntntl

. n(n—1) .
P;+ln0n+1*(z)n0n+l(z) — (_1)1+ T g 2 gn—+llwn ®1dV(A,~) , (32)

nt1 i 1) n2+n+l 1.
"Ons1(2)n 0" (2) = (—1) 2 Gp1idrer ) » (33)
(1) R (2) "0 @)0(w) = B(w)'0"™' @), (34)
(1) R (Z) 80" (@) = 0" )W), (35)
where 1 5 1 y
Ru11(2) = 221041(2)Ruy11(2), Rint1(z) = 221441(2)R1p41(2) ,
gn = (an)oo ro(z) = (qn+lz)oo(qn_lz—l)oo
n (q2n+2)oo’ n (q"+‘Z“)oo(q”“Z)oo .

Proof. Let us prove (32). Define
O, 2’ ,u) = 8" (2))B(z1) - & (2,1 ) D(zns1)
wa ! _ _ wa~ ! _
X V(g )P’ (g u) - Mg )P (g7 m).
This is the U -intertwiner

V(A) = (M) tay, ® (M)y-2y ® - ®(V1)—2u ® (N2, ® V(A)

_2u1

®(Vi)*a®(V)Zl® ®(I/1 ®(V)Zn+1 .

Using the commutation relations of the vertex operators ®(z) and ¥(z), we have

ot (2 (Y
ff'( e /l;[k(z—> /E[k(;;> jl':/]C:(quk)

. / v / v / v 2 v 2
() R(EE) A () R (52) R (%) -4 (52)
q-un q-up q Un n+1 Z Zn+1

x (' ®1)® (Cil)ﬂ ® 1)®"*10(Z, zv', u)

2

N

= 0(q7 2 |q"*u')O(zu) , (36)

S peEarteH

b
i<k 2 i<k U ik k.
J J J 9 4 ( Zj)
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where [/ = f(Z|0'), g7*2' = (¢7%z},...,q7*2],,,) etc. Note that

n+1 z; \ ~
h|uj:q3z,~+1,u;=q3z;+1 (1§j§n)=j132 == h,

4 2 4.1 /
) (Z2) (£) (1-%
—n(n+1) H % ) * o) * oo %

=g

2<j<k<n+l

X )
1'1;12 4z 2z i 7z
%) %) 7). (%
o0 (o] o0 o0
Specializing the variables to u; = ¢°zj11, uj = ¢’z},; (1 <j <n) in both sides of
Eq. (36), after that setting z; = z; (1 <j<n+ 1) and using (see (11))

; *a_l .
lim (1—3) €T e DY @) =DM Pgweidiy

. /
Zj'—>2j j

we have

fz 4 2. 1/2 2. 1/2
—(Dg"g ] < I1 =
fz 1<j<k=ntl \Zk ) 2<j<kzn+l \Zk

n+1n+1 qu 1/2 1 on
< I 11 (= [T = Rw
j=2k=1 \ Zk 2<j<k=ns1 1 — pee

@ (C M @ 1)K, ()0 (21)D(z1) - - D7 (201 P(2ns1)

= 0(q_2z|qzn+l, e qz2 )O(Z|q3zn+1, s yq322) ) (37)

Rn(z)=1$( 2 >R<§—2>R< o > ,
g Zn+1 q°z3 9 Zn+1

Rr(2) = (C®" @ DR, (2)(CV7 @ 1)

v 2 v /g2 v /2
Rn+1(z)=R<H) R(iﬂ) R(ﬁ) ,
Zn+1 22 Zp4+1

where
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:_ —n(n+1) ,—2n o) [es)
h =9 9 . 2,.\3 6. : q6z 2z ’
28j<kEn+l 9’z 9%z j=2 (La g’z
Zk 0o Zk 0o zf o0 zj o0
(3)..(%)
z z
F__ —n /o * ) o
f - g 5 2 ’
25j<k<ntl (u)
% )

and w = v(l) ® 0(1) (11) ® vf)l).
Lemma 10. Let Pr, be the U] linear projection Vl®" ® Vl®" — ¥, ® V, normalized

as Pr,,(v(()l)®2") = o"®%. Then we have
_ G
n(n—1) o
ProR,(z)w®" =q~ 2 — Wy .
2<j<k=nt1 1 — %

Proof. Since Pr,R,(z)w®" is in the trivial representation of ¥, ® V;, we have
Pry,R,(z)w®" = cw, for some scalar function c. The function c is the coefficient of

2% @ o in the right-hand side. Let us calculate the coefficient of v} ®" @ o{"®" in

,,(z)w®”. It is easy to see that this coefficient is the same as that of vgl)m ® vm®"

in R,,(z)(vf)l) ® v(ll))®”. The latter coefficient is easily calculated and coincides with
the function in the statement of the lemma. O

Let (PL)®"+D be the U linear map M), @ - ®N)e M)y, — F
defined by (P )®(”+‘)(®"+1 (1)* ® (1))) =172/ 6),4, and P! the dual pairing
map (K1) ® (Vg1). — F. We set

Prog = (C"™D @ 1)Pr, (" @ 1)1

Lemma 11. There is an equation
~ o~k n(n+1 (1 — q2 )n+1
P Pry R, (2) = o(PR)ECHY, —
£t d (4% 41
atz;=q¢"" 27Dz (1 £ j <n+1)

_ 2 , . - 2
Note that the R-matrix R(‘Lﬁ) (j < k) is regular at ﬂ = ¢**=)) and R(q—zi)“ =
R( ) which is also regular at i = g?*=D), Hence there exists the inverse of

R,,H(z) which is regular at z; —q” 2/=Dz (1£j<n+1). Let us set o(z) =
(Pl )®(n+1)§__:l(z)’
(p})@("'“)

M), @@ N2, @ (N, — F

| Fan) K

/
- @M, @)y @@ (N, o)
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If we set N} = c®" N, we have
A R ®(V)*_nz/§lzv;
using the isomorphism ]
(COTHE L (M) @ @ (K4, = (Mgn2, ® -+ @ (M)gmn-2, -
Then
Sublemma 1.
PE)NS @ Vgprz @+ @ V) = p(B)(Vpr; @ - - @V, @ Nj) =0
forall1<j<n+1

Proof. Since ¢(z) is a U " linear map we have

1) D+ 1
<p(z)(v() ®- ®v§il®v()®-~ fclil)
1)x* * X
=B @ @) R (@) ® - @ ) (38)

for some scalar function f3. Here 13,,+1(z) is defined by setting z; = ¢" U1z (1 <
j<n+1) in the U intertwiner (), ® -+ ® ()., — Asy, @+ @ (M)
normalized as 1§n+1(z)(ugl)®") = v(()l)®". In fact, for generic values of z’.s for which
(") ® -+ ®(N)g,,, Is irreducible, the U' linear map (M);/® - ® (V)z L ®

(N)z ® -+ ®(N)g,,, — F is unique up to a scalar factor and given by R,H_I(z) as
in the right-hand side of (38). Since f = p(z)(v) ") @ v\V®"*V) and R, ,(2)
is regular at z; = ¢** ")z (j < k), B is also regular at z; = ¢*¥ )z (j < k).
Hence (38) holds at z; = ¢"~2U=1z (1 < j < n+1). By Proposition 3 we have
Rusi(2)(V;) = 0 and hence p(2)(V¢® -+ © V%%, @ N;) =0

Let us prove the remaining equation. Note that the base of the trivial represen-
tation in ¥,** ® V'*4, is given by 0" @ ol* — gu{P* @ v{*. Taking into account
the fact that, in the left part of the right-hand side of the equality (38), the order
of the tensor product is reversed, we set w* = v{"* @ v{V* — go{"* @ v{"*. Then,
by calculations, we have

(W, [ =0 for 0k <2.

(D®(n+1)

Since, by Proposition 3, ImR,,+1(z) ~ (Va+1): which is generated by v, over

Ul, we have
P@N] @ Vp: @@ Vyn) =0, O

Let us continue the proof of the lemma. By the sublemma the map ¢(z) induces
the U’ linear map
(VrH-l):a ® (Vn+1 )z —F.
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Hence ¢(z) is a scalar multiple of the canonical pairing map PL"!, that is,
@(z) = P 'Pr,,,. Let us determine the scalar ¢. Note that ¢ = ¢(z)((1{"*)®*+D @
(@)@ +D)) We can prove easily that

q)(z)((vgl))@(nﬂ) ® (U(ll))®(”+1))

1 1 51 1 1
= ((wp " ®o")FD R, (2)(0 )P @ (o) BH))

Zp+1 3 5 [ Zn+l
= R R
Fon(@) = (qzzn> <q221 ) <q221 )

with z; = ¢" 20Dz (1 £ j < n+1).
From those descriptions we have

Recall that

_
B R T ) At i)
EJK (l_q—Z)n+1

O

1<j<ksntl 1 —

Now taking (1® P11 @ (CY™ @ 1))((Pry ® Prys1) in both sides of
Eq. (37) and using Lemma 10, Lemma 11, Eq. (9), we have the Eq. (32).

Next let us prove (34). Using the commutation relations of @(z) and ¥(z) we
have

, n —12n . n g n q_“l.)
oL () @) T (D) fig S
x R (iv‘ ) R (Z”“) O(zJu)(w) = B(w)O(z|u) . (39)

Similarly to the proof of Proposition 5 and Theorem 4, we can prove that both
of the operators (Pr(z)®Pr(u))R(%)---R(%L) O(zju)®(w) and (Pr(z)®Pr(u))
®(w)O(z|u) give well-defined U-intertwiners at zj = ¢" 2z, u; = ¢z,
Hence, by Theorem 3, we have

[(Pr(z)®Pr(u))1§ (%) 15( ”*‘) O(z|u)<D(w)] ., (40)

qn 2j+24, JUj =q"— 2j+3,
< V4
= e w11 (=) (Pr(z) @ Pra)O@PON], 2712, -3, (41)

for some scalar function c(z,w). Comparing the coefficient of v(l) ® v(") we con-
clude that c(z, w) = 1. Taking Pr(z) ® Pr(u) of both sides of Eq (39) and sub-
stituting z; =¢" 2"z (1<j <n+1), uy=q¢"%"3z (1=<j < n), we obtain
the desired equation. Equations (33) and (35) follow from (32) and (34)
respectively. [
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8. Inhomogeneous Vertex Models of 6-Vertex Type

In this section we denote (V;), by V, for the sake of simplicity and assume
—1<g<0, 1 <z<gq 2 which corresponds to the antiferroelectric regime. Let us
consider the two dimensional regular square infinite lattice. Fix a positive integer N
non-negative integers sj,...,sy and vertical lines /;,...,/y. Then the vertex model
which we study here is defined in the following way. We associate the representa-
tion V7 with each edge on horizontal lines and on vertical lines except /1,...,Iy.
With each edge on the line /; we associate the vector space V. For each vertex the
Boltzmann weight is given by the corresponding R-matrix, R1(z), Ri4;(z). We can
assume that the lines /y,..., [y are successive by including 1 in the set of s;. Let
us first give the mathematical objects and after that explain the validity of them.
The representation theoretical formulation of the model is given by

Space. The space acted by the transfer matrix is

H= D Ky

i,j=0,1
Hgyoosryij = Viy—19 - @ V1 @ V(A) @ V(A;)™ .

Transfer matrix. The transfer matrix is given by

T(z) = id ® Txxz(z) ,
where Txxz(z) is the transfer matrix of the 6-vertex model acting on P, =01V (4) ®
V(A;) . Explicitly, on V(A4;) ® V(A4;)*,

. xa—1
Txxz(2) = (=1)*'¢'?g' "™ (2)9(2),
— *a_l

where ‘@7 (2) 1 (V1), ® V(A;)** — V(A;41)* is the transposition of " (z).
Ground state. The space of vacuum vectors Vy, is

Vvac = @ VSN—I K& Vsl-l ®F|V30>XXZ,1' )
i,j=0,1

where |vac)xxz,; is the vacuum vector of the XXZ-model [2] in V(A4;) & V(A;)*.
As an element of Endr(V(A4;)) we have

|vac>sz,,- = idV(A,) .

Excited states. The creation and annihilation operators are given by

?;(2)=1® ¢;xxz(2),  @j(z2) =10 ¢;xxz(2) ,

where @7 xx7(z), ¢;xxz(z) are the creation and annihilation operators of the XXZ
model,

Pixxz@) = 0P @), guxa(z) = 0V, P()) .
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Local operators. For L € End(V;, ® --- ® V) the corresponding local operator &
is defined by

DV (zy, . ,z) T = en(s)1T O (21) -V T Oy (2w)

2
NWN—=1) 3N (85=1)(;-2) N SiSitL N
2 +Ej=1 p) q‘2j=1

con(s) = (~1f"* g
j:

V(Aiin) @ Vs @ -+ @ Vs, @ V(A;)™ .

Correlation functions. The expectation values of the local operator £ is given by

try, _1@-a¥, eru) (1 ®g7)L)
81 Sntrya,)(g™%°)

where p = Ag + A; and 1 is the identity operator acting on V,, 1 ®---® V1.

(L) =

)

Let us explain why we have given the mathematical setting as above. The less
obvious definition is that of the transfer matrix. If it is accepted then others are
rather natural from the formulation of the case of the XXZ model [2]. So we shall
explain the reason for our definition of the transfer matrix. Since we consider V' (A;)

and V(A,)* as half infinite tensor products V> %21l ang V1®IZ§°|, the natural space
on which our transfer matrix acts is
D VARV, @@ Vs, ®V(A;)*, (42)
i,j=0,1

and the natural definition of the transfer matrix 7'(z) on this space is
xa 1 % v
T(z)='0"" (2)Ri5(2) - Risy(2)D(2) -
We identify the space V(A4;))® Vs, @ --- @V, ® V(A;)* with H#5,,..,;; by the

%N"@l,ij ‘—,> V(Az) ® VSN Q- ® Vsl ® V(Aj)*a

l T(z) l T(z)
Hgyoospivtjpl  ———— V(A1) @V, @ - @ Vs, @ V(Aj1)*

is a commutative diagram. Using the commutation relations (35) we have

= (—1D)ZR19(1 © Tyxa(2))
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Hence, up to a scalar factor, the transfer matrix coincides with 1 ® Txxz(z). If we
normalize the eigenvalue of the vacuum vectors is equal to one, then the transfer
matrix is given by 1 ® Txxz(z).

Now we summarize about the eigen-vectors and eigen-values of our transfer
matrix as

TN 3 @ [vac)®) = (VI @ [vac)*),

* Z *

T()9;) =1(5) 9}@)1)

sy-esp L (sy—1) (s1—1)

Uit = Uy @@ U

9q4(qz )
Opa(gz=")
Remark 2. If n =22 and —1 < g <0, there is no value of the parameter z for which
every coefficient of Ry,(z) is positive. Hence it will be better to regard our model

as an inhomogeneous XXZ spin chain rather than a two dimensional vertex model.
Then the hamiltonian A should be defined by

lvac>i = |vac)xxz,;  |vac)xxzi—i, 1(z) =z~

1.4
H=~(q—q")7-10gT@)]emr

Since we consider the thermodynamic limit and almost all spins of this spin chain
is of 1/2, H can be written as a sum of local hamiltonians. Our calculation shows
that the excitation energies of H over the ground state in the thermodynamic limit
coincide with those of the antiferromagnetic XXZ model. This is consistent with
the results of Bethe—Ansatz [1, 6,22, 23].

9. Discussion

In this paper we introduce new kinds of g-vertex operators and using them propose
the mathematical model of the inhomogeneous vertex models of the 6-vertex type.
One of our vertex operators ,0""!(z) already appeared in Miki’s paper [18] in the
simplest non-trivial form n = 1 in a different context.

It follows from our mathematical setting of the models that the excitation
energies over the ground states are the same as that of the 6-vertex model. In
our approach the impurity contributions to the several physical quantities may be
calculated through the correlation functions. In the case N =1 and sy = 1, our re-
sults on the dimension of the degenerate ground states coincide with the known
results [6,22].

As in the case of the other solvable lattice models [4, 10] the trace of the compo-
sitions of the new vertex operators satisfy certain g-difference equations. Except the
case of the form try(4,)(¢~ % P(z1) - - - P(zx)y,_, P%(z)), those equations are different
from the ¢g-KZ equation with mixed spins. Hence the situation is rather unexpected
from the point of view by the rough pictorial arguments [10, 4].

The new vertex operators can be considered as non-local operators acting on the
physical space of the XXZ-model. This fact may open the door to study the fusion
model [21,17] of the 6 vertex model using the vertex operators defined here.
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Obviously we can introduce the inhomogeneities in the spectral parameter (or
the rapidities). This corresponds to consider the space (Vg —1)zy ® -+ @ (V5 —1)z ®
V(A ® V(A;)™, ete.

Acknowledgement. 1 am grateful to N. Reshetikhin for stimulating discussions.

A. Appendix 1

In this section we give the integral formula for the matrix element (A;,;|O0(z|u)|4;).
Let us set, on V(A;),

o —142 ~ —142i
Pz)=z"1 @), VY@)=z"7 ¥Y(2),

and :
6(z|u) = ?cﬁal(zly--@nﬂ(z,,“)'f’#n(un) .- ‘f’m (w) .

Then we have, on V'(A4;),

n+l 1,1 1,177
+3EH D& —k+3GH-D) 5
o) = TTz; ™" [T 4o
j= j=

where &k = 0,1 according as k is even or odd. We set
+1
0" (2) = [Pr(z)Pr(u)O(z|w)], 2j=q"~ 242z (1<j<n+1)up=gn—2%+3z (1<k<n)
—Zv(")® 0" @ @ o™

Then

n0n+1(z) _ Zﬁzl——’qz(n+z)(n+2)+ n—z[”+']n0n+l( )

We have

1 o o o o
= —<Ai+1 |¢81 (z1)--- ¢en+1(zn+l )qlun(un) ce qlpl (w1 )IAi>

(Ai11|0(zw)| 4;) 7

e (—1Y2(q — a— Y12 S G-n 3,0y
q9—q q Al qzj
Jj:o

X H( qZ)ZH( Pz H (—que)?™ ’H(qza) I (~°z)?

j:even k:even b j<b

Hfdéd

2mi

dw,

<ITIT (-2 * 11 (- qu;)?HH( qu;)” fﬂf

a j<a ¢ j>c 2mi

X HW"‘”“” ITw.' 11 WaHé I1&" T &

a<b a<a d>c d>d'
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+1
LTG50 = FOTL T - 5
X
q V4
[ T<aCl = 2L T2a(t = ST Miza(! = 1T Tiza(l = 5
2
W, o Sa f
Ha<a’(1_w_¢:)(1—qu; )Hd<d'(1 d )( d/ ) (43)
X
¢ ¢
[Tl — L)1 - £4)

Here r;,79,51,52,a,b,c,d is defined as follows.

{a} = {jlg =0}, {b} ={jle; =1} {e} ={jlwy =0} {d}={jly =1},

r = #{a}, r=#{b}, 51 =4#{c}, s, = #{d}.

w, and &, are the integral variables. The integral contour C, and C; are taken in

the following manner:
Ca: q*zj (jZa) and g*'¢; (all d) are inside,
: ¢*z; (j < a) are outside.

Cy: ug (kK =d) are inside,

: q*u (k=d) and g*'w, (all a) are outside.

The special components are given by

(41|O(2]u);...1,0--0] 40} = (—g) TV [T (- qz])zn( Pz) T

Jjieven j=1

x IT (= quk)fﬂ( qu)' T

k:even

(+)

(A0|O(|u)g...0,1.-1| A1) = (—g) B+

x 1 (—qu)? H( que)'

k:odd

3 ln+1 3 i
I (—=¢°z)2 11 (=q°z)~2
jiodd j=1

(44)

(45)
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B. Appendix 2

We give the description of the level one vertex operators $(z) and ¥(z) on the
free field realization of the representations [8].

b1e) = exp 3 ([2 ]qzz)ex"El( P %Z_">

éO(Z’W) = (q—q_l)(qZZ)_) i ( » 772" _ G4 %wn>

2

(1-(12lz)(1—q4 2n]? (] !
pz( gt g ) S yte( g
%(”)_expn;( Gt ) §<2n] “‘")
x e H(—qu) T (—g)
ill(”’é):% pi( gt 5 _%?)
o (b B 5e) A,

~ dw - dé -
B = [ grdam), B = [ SEwE),

(¢}
where the contour C; and C, are specified by
Ci: ¢*z is inside and ¢’z is outside ,

C, : u is inside and q’u is outside .

C. Appendix 3

Here we give the OPE of the level one vertex operators. Notations are the same as
that in [8] except that the normal orderings are carried out for €"* and d,,

&1(z1)P1(z2) =y ( ) (—¢q Zl)2 ®1(21)1(z2)
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—B) . .
b1z Bo(z2w) = (Z‘) CL2 diendiam
q2

1
Do(z1, w)P1(z2) =y (22) T(% Do(z1,w)P1(22) -,
. . (1—2)(1—L2)
Do(z1, w1)Po(z2,w2) =y (Zl) wi(—¢q’z) )_l , q41z :
2 (1- qzzl 221 - T2)

Bo(z1, w1 )Do(z2,w2)

%(ul)%(uz)zﬁg—z)( qu1)? < Po(un) Po(w) - ,
_1
Po(up) Py (u2, &) = B (u—l) (l_qul)f - S W (u) (a2, )
2 prm
" . 1
Pi(u1, &) For) = B (”—;) —é%@ P (101, &) o)
¢
i i (-8 -4
Pi(ur, ED)Pi(up, &) = B (ﬂ) Ei(—quy)2 ik
2 (1- )1 -

S (uy, )P (2, &) ¢

b)) = 2 (2) (=g’ B (),

b wd=a(Z)(—gh (1-5;) ST

430(2, W)'i/o(u) =

(=21 -4

)
Y=gz (1= ) s b))
Jw (g2t

: Bo(z,w) P (1, 6) -,

5 - z
Do(z,w) Vi (u, &) = a ” (1-2y1 - qw)

E[N’o(u)‘f’l(z) =
g (—qu)? (1 - 1) Po(u)Po(z, W) : »
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