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Abstract: It is known, from a simple algebraic computation, that every Hilbert—
Schmidt operator on the Fock space admits a Maassen—Meyer kernel. Maassen—
Meyer kernels are a non-commutative extension of the usual notion of chaotic
expansion of random variables. Using an extension of the non-commutative stochas-
tic integrals which allows to define these integrals on the whole Fock space, we
prove that a Hilbert-Schmidt operator on Fock space is the sum of a series of
iterated non-commutative stochastic integrals with respect to the basic three quantum
noises. In this way we recover its Maassen—Meyer kemnel which can be completely
described from the operator itself.

1. Introduction

It is well-known that every square integrable functional f of the Wiener process
(W:)ezo0 admits a previsible representation, that is a representation as the sum of
a constant (its expectation) and a stochastic integral of a previsible process with
respect to W. But such a random variable also admits a chaotic expansion [7], that
is, a representation of the form

f=Ef1+2 [ Sl t)dW---dW,
n=10<t; <<ty

where f, is a square integrable function on the increasing simplex
Zn = {(tl,-..,tn) S IR”’ 0 < Hh<-- < tn} .

The set 2, of subsets of R™ with cardinality n can be clearly identified to Z,.
The family {f,} can be Vieweigl as a single square integrable function f on # =
U, Z4(2o = {0}), by putting f(4) = fu(ti,....t) ifA={0< 11 < --- < 1,} € 2,
with the convention f(@) = [E[ f]. With this “short notation” ([3]) the chaotic ex-
pansion of f can be written [ = fg,f(A)dWA.

On the boson Fock space @ over L*(R™), which is isomorphic to the space of
square integrable Wiener functionals ([15]), operators can be represented in two
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ways. Following Hudson and Parthasarthy’s theory [6], some of them can be rep-
resented as a sum of non-commutative stochastic integrals of adapted processes of
operators integrated with respect to the three basic quantum noises: the creation, an-
nihilation and gauge processes, respectively denoted (4; );>0,(4; )0 and (42),>o0.
This representation can be seen as a quantum extension of the previsible represen-
tation of random variables.

The second kind of representation of operators on the Fock space @, is the
representation by Maassen—Meyer kernels, defined under their first form with two
arguments by Maassen [9] and under their definitive form with three arguments by
Meyer [11]. Maassen—Meyer kernels are to the non-commutative stochastic calculus
as what chaotic expansions are to the classical one. That is, a Maassen—Meyer
kernel is formally an operator T on @ which admits a representation as a series of
iterated non-commutative stochastic integrals of scalar operators with respect to the
creation, annihilation and gauge processes. Using the same kind of “short notation”
as before, this can be written

T = [ T(4,B,C)dA} dAydA; ,
3

where the subsets 4,8 and C can be supposed disjoint.

This has no rigorous meaning, in particular this form no longer respects the
adaptedness of the integrated processes and the convergence of the series has to
be studied. But one can formally describe how such an operator acts on a vector
of the Fock space. It suffices to determine the action of an operator of the form
dA}dAjdA; on a basis continuous element of the Wiener chaos dW;. One ob-
tains (cf. [10]) that the image Tf of f under T has for coefficients in its chaotic
expansion

TfA) = Y TWUV,M{M+V+W)dM .
P U+VW=A
Although this is not rigorous, the latter identity is for some “good” operators and
some “good” vectors. This is the rigorous definition of Maassen and Meyer.

In this paper we study Hilbert—Schmidt operators on the boson Fock space 9.
We first recall a result of [8] which proves by an algebraic computation that they
admit a Maassen—Meyer kernel. The aim of the paper is to prove that this Maassen—
Meyer kernel really corresponds to a non-commutative chaotic expansion.

Recall that the chaotic expansion property of square integrable Wiener function-
als can be proved by iterating the previsible representation. Indeed, every element
f of L*(Q,%,P) can be written f = IE[ f]+ fooo Vs dW;, where  is a previsible
process in L*(Q, % ,P). So, for almost all s,y is an element of L?(Q, &, P). Then
one has vy, = E[y,] + fos ) ,dW,, for a previsible process (Y, )u<s. Inserting this
identity in the representation of f, one obtains

F=E[f]+ :fomws]dws +{0fsl//;uqudWs .

One can iterate this operation arbitrarily many times. One then obtains two terms
in the representation of f: a sum of iterated stochastic integrals of deterministic
functions on the simplexes and an iterated stochastic integral of a previsible pro-
cess indexed by a simplex. The first term constitutes the beginning of the chaotic
expansion of f, the second term disappears when one iterates the procedure.
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In this paper we apply the same idea to the non-commutative case. That is, using
an extension of the notion of non-commutative stochastic integrals [2], we prove
that every Hilbert—Schmidt operator on the Fock space admits an extended integral
representation, with respect to the three basic quantum noises, valued on all the Fock
space. We show that this representation can be iterated arbitrarily many times. In
this way, we obtain a sum of iterated non-commutative stochastic integrals of scalar
operators which constitutes the beginning of a non-commutative chaotic expansion
of the operator, and another term which we prove converges to 0 in a certain
sense. We show that from this chaotic expansion one recovers the Maassen—Meyer
kernel. In this way, we obtain a description of the kernel in terms of the opera-
tor itself; this is a justification to the previous non-rigorous presentation of these
kernels.

There exists earlier literature about Hilbert-Schmidt operators and quantum
stochastic calculus on Fock space ([4,5 and 8]). The fact that Hilbert—Schmidt oper-
ators on the Fock space admit a Maassen—Meyer kernel was already observed. The
difference with this article is that here we want to apply to this case a new method
for finding operators admitting a Maassen—Meyer kernel. This idea is based on the
iteration of the integral representation procedure. This method, copied from the
classical stochastic calculus, consists in the following: each time one has a “good”
family of operators on the Fock space, admitting a non-commutative integral repre-
sentation such that the coefficients of this representation belong to the same family,
one can iterate arbitrarily many times this integral representation. If one has good
estimates, we can see that the constant terms of each integral representation will, at
the end, give the “non-commutative chaotic expansion” of the operator, while the
remainder will vanish. Then an algebraic computation will give the Maassen—-Meyer
kernel of the operator. The aim of this article is to exploit the fact that the family
of Hilbert-Schmidt operators is such a good family. We apply our procedure to it.
This gives the announced results, and the hope that one can apply this method to
other families of operators.

2. Notations

Let (2, 7,P) be the Wiener space. Let (W;);>¢ be the canonical Brownian motion
on Q. For every r € R™, let %, resp. F |, be the o-field generated by {W,;u < t},
resp. {W, — Wiu = t}.

Let @, P, and @}, be the symmetric Fock spaces over respectively L2(R™),
L2([0,£]) and L*([t, +o0[).

We then have the following identifications [11]:

&~ [X(Q,F,P)
@, ~ L*(Q,F 4, P)
Oy ~ LH(Q,F,P).
The orthogonal projection from @ onto @) is denoted by IE, (it can be interpreted
as the operator of conditional expectation with respect to #,). For all u € L2(R™),

let &(u) be the stochastic exponential at the infinity of the martingale fd u(s)dws.
Recall that &(u) is, in the Fock space structure, the coherent vector associated to u.
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For all s < ¢, let u;) = ullp,, uy = ully oo Recall that the random variable e(u;))
admits the previsible representation e(u;;) = 1 + fot u(s)e(us))dWs. So

(6(un), e(vy)) = exp (jﬂ(s)v(s)ds) , for all u,v e L>(R").
0

Let L%b(]RJr) be the subspace of locally bounded elements of L2(R*). Denote by
&1 the space of finite linear combinations of vectors &(u), for u € L3, (R™). Recall
that this subspace is dense in @.

3. Some Elements of Non-Commutative Stochastic Calculus

We present here only what is needed in the paper. For a more complete presentation
of the subject one should refer to the original paper of Hudson and Parthasarathy
[6], to Meyer’s book [10] or Parthasarathy’s book [13].

Note that all that is written in this article depends only on the structure of
Fock space. We will discuss this point in Sect. 4.

Recall that the boson Fock space @ has a “continuous tensor product structure.”
That is, for all t € R*,® ~ &; ® ®p,. Recall that, in this structure, exponential
vectors are homogeneous elements: &(u) = &(u) ® &(uf;). In the following we omit
the tensor product symbol.

A family of operators (H;);>o from @ into @, defined on &, is an adapted
process of operators if, for all u € L3, (R™), the mapping ¢ — H,e(uy) is strongly
measurable and if, for all t € R™",

{H,a(u,]) € @,
Hie(u) = [Hre(un)le(uy) -

That is H; = Htl% ®I|¢[t in the structure @ ~ & @ P;.

An adapted process of operators (M;);»¢ is a martingale of operators if, for all
s <t uo € L (R™), (e(uy), Mie(vy)) = (e(us)), Mse(vy)), that is

IEthIEs = ]ESMS]ES(: MsIEs) .
If T is an operator on @, defined on &, the family (7;),;»o of operators, defined by
Tie(u) = [E,Te(ug)le(uy), ¢t € RY, ue Lj(R"),

is a martingale of operators, called the martingale associated with T.
The three particular martingales of creation, annihilation and gauge, will be
respectively denoted (4; )0, (47 )iz0, (42 )r=0; they verify

t

(e(u), 4 e(v)) = (e(u), &(v)) [ U(s)ds ,

0

t

(e(u), 4, &(v)) = (e(u),e(v)) [ v(s)ds

0

t

(e(u), A7e(v)) = (&(u), &(v)) [ uls)v(s)ds ,

0
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forall t € RY, u,v € L%b(]R+ ). These identities a priori only define quadratic forms
on the Fock space, but they are proved to define operators on & in [6]. The same
remark holds for the identity (3) below.
If H°,H",H~ are adapted processes of operators verifying, for all u € L7,(R™),
all t € R,
t
J luIHT e()l] -+ 1 2@l + Ju() P HE )| ds < oo, (1)
0

then the family of non-commutative stochastic integrals
t f t
T, = [H{dA) + [Hy dA] + [H dAf, e R", (2)
0 0 0

is well defined on &, as a martingale of operators verifying, for all € R, and
all u,v € L3,(R"),

(o), Te0)) = [ (e(u0), TS HE(w) + o(s)H, e(0) + TH ew))ds . (3)
0

Remark. 1. 1f the adjoint processes (H®)* are also defined on &', and if they verify
b/{(|M(S)|||(Hs+)*8(u)H T e@” + [u()PIH ) e)]P) ds < oo,
then the process (7} ),>¢ admits the integral representation
T = [HEY dA 4 [ (HE Y dAT + [ (D) dA?
0 0 0

Remark. 2. The non-commutative stochastic integral 7}, can be defined for 1 = +oo
in the same way if (1) is verified for t = +oc.

For all ¢ € {+,0,—}, the martingale associated with the operator [~ H: dA: is
(fy HE )z,

In the following, each time one of these integrals appears we assume that the
processes H°, H' and H~ verify (1).

4. Extension of the Non-Commutative Stochastic Integrals

Let us suppose that 7' is a bounded operator on @ such that, on &,
T= [HXdAS + [ H dA; + [ HF dA],
0 0 0

where H°, H~ and H" are bounded operator processes. The definition (2) of
these integrals only defines them on the domain &,. As we want to study bounded
operators, we use the extension of the notion of non-commutative stochastic integral
given in [2].

We first need a little discussion to see that, despite the notations, the follow-
ing (and the entire article) is intrinsic to the Fock space structure. Let # be
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the set of finite subsets of R". As 2 = |J, #,, where 2, = {0}, and 2, is the
set of n-element subsets of R™, n € IN*, as each £, can be identified to a subset
of R", 2 acquires a natural measure denoted d4(4 € 2). One knows ([3]) that the
Fock space @ is isomorphic to the Guichardet space L*(2); so every element f
of @ is determined by its chaotic expansion, that is a square integrable function

f on 2. Furthermore, one has || f|? = I» |f(4)2 dA. For each f € & one can de-
fine a family ( f $)s=o0 such that, for almost all s, 7 s is an element of @ whose

chaotic expansion is given by f ()= f(A U {sPLicpo,s- Indeed, one easily gets
that [~ [, | j?S(A)I2 dAds < oo. For any family (g,),>0 made of elements of @ such
that g, € @, and fooo llg:||’dt < oo, one can define a new element of @, denoted
I(g) or [°gidW,, such that I(g)(4) =0 if 4 =0 and I(g)(4) = gva(4—) other-
wise (where VA4 = max 4 and A— = A\{VA}). Apply that to the family (f,);=0;
one gets easily that /( f )A4) = fA(A) if A40,0 otherwise. Denote IE[ ] the element

of @ such that B[ f1(4) = f(0) if 4 = 0,0 otherwise. One finally gets that, for
every f € @, f admits a representation, called previsible representation of f, of
the form f = E[f1+ [y f,dW,, with || /I = EL/P + 3~ |./,2ds. Of course,
in a probabilistic interpretation of @ this representation is really the previsi-
ble representation of f, but as we have seen, it is a completely intrinsic
object. We can now present the results of [2], without worrying about the nota-
tions.

Let fi =, f, foo = f and
t t t _
T, = [HYdA] + [H dA; + [HSdAf, teR,.
0 0 0
It is proved in [2] that, if f is in the space &}, we have, for all £ € R,
! . t . t . ¢
T.f: = fTsfdes+fHSOfdeS+st_fsds+st+fdes. 4)
0 0 0 0

On &, this equation is equivalent to (2) ([2], Theorem 1), but it has the advantage
of having a meaning for all f in &.

Definition. Let (T;);»0 be a martingale of bounded operators on ®, let H°,H~
and H* be adapted processes of bounded operators, we say that

t t t
T,= [HPdAS + [H dA; + [H} dA}, 20
0 0 0

in the extended sense on all @, if (4) is well defined and true for all f € &.

Theorem 4.1 ([2], Theorem 2).Let (T;);»0 be an adapted process of operators
such that the processes (I;)izo and (T;);>0 admit an integral representation
on & Then both integral representations can be extended wherever it is
meaningful.
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5. Regular Martingales

Parthasarathy and Sinha [14] have defined a class of regular martingales. A mar-
tingale of operators (7}),»¢ is said to be regular if there exists a Radon measure
m on R* such that, for all f € &, with associated martingale (f;);z0, for every
r < s < t, one has

ITofr = TSl < 1S AP (s, 1),
N2 fr = TP S 1P m(Ts, 1)
We now recall the Parthasarathy—Sinha theorem ([14]).

Theorem 5.1. Let (T,);>0 be a martingale of bounded operators on ®. The fol-
lowing two statements are equivalent.

i) There exists A € C and three bounded adapted processes H°,H~ and H*
such that, on &,

t t t
T,= 21+ [HPdA? + [ H dAT + [ H} d4}
0 0 0

where ||H.”|| and ||H.T|| are locally square integrable functions.

ii) The martingale (T;);»o is regular with respect to some Radon measure
m on R,

Under these assumptions we have max{HH;“z, ]]HS+||2} < m'(s), a.a. s, where
m’ denotes the derivative of the absolutely continuous part of m.

We recall a useful remark of Meyer [12]. If (7}),>¢ is a regular martingale
the coefficient H.° of (47 );>¢, appearing in the integral representation of 7, has a
locally bounded norm.

So, by the extension Theorem 4.1, we have that the integral representation of
any regular martingale can be extended to all of ® (cf. [1], Corollary 2, for more
details).

6. Maassen—Meyer Kernels

We now recall the definition of Maassen—Meyer kernels (see [9 and 10] for details).
An operator T from Fock space @ to itself is said to have a Maassen—Meyer kernel,
if there exists a set-function 7 on #° (in fact T needs to be defined only on
pairwise disjoint 4,B,C in 23) such that, for “sufficiently many” vectors f of @,
one has

i) = X TWUV.MFM+V +W)aM , (5)
2 U+V+W=4

where the symbol “+” denotes an union of disjoint elements of 2.

In Maassen’s theory supposing the kernels bounded implies (5) is well-defined
for all elements of a class of “test-vectors.” But this part of Maassen’s theory has
nothing to do with our purpose. We just need the definition of the class of “test-
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vectors.” An element f of @, with chaotic expansion

f= [ fydwy,

Ae?

is a test-vector if it verifies a compact time support condition: fA(A) = 0 unless 4

is included in some [0, 7], and a domination condition: |f(4)] £ CH!, where |4
denotes the cardinal of A.

7. Maassen—Meyer Kernels of Hilbert—Schmidt Operators

The starting point of this work is the following result, already proved in [8].

Theorem 7.1. Let H be an Hilbert—-Schmidt operator from @ into ®; then there
exists a mapping H from 2° into R such that, for all f € ®, all A € P, we have

Hf) = [ S HUV,M)f(M+V +W)dM .
P U+V+W=A4

Proof. Let H be an Hilbert—Schmidt operator from @ into @. As @ is isomorphic
to the space L?(2), where 2 is endowed with the o-finite measure described pre-
viously, H then is an Hilbert-Schmidt operator from L?(#) into L?>(2). Therefore,
H admits a kernel representation, that is there exists a mapping ¢ from 2? into R
such that

[ ¢(4,B)*dAdB <
P2

and such that, for all f € L%(2),

Hf(4) = ?j PAM)f(M)dM .

Put H(4,B,C) = (—1)Blp(4,C). One has

Hf(A)= [ 3 Lpv—0yo(U,M)f(M + A\U)dM .
# UCA
The Mobius inversion formula gives, for all C € 2,

VXC:C(—I)'V| = lc=gy} »

so one finally gets

H@ =Y ¥ (D) oUM)f(M +4\U)aM
P UCAVCA\U

=Y ¥ HUV,M)fM+A\U)dM
P UCAVCA\U

=[ X HUVM)fM+V+W)ydM. O
P U+V+W=4
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This simple result indicates that every Hilbert—Schmidt operator from @ into @
admits a Maassen—Meyer kernel. The main result of the following section is that,
in the case of Hilbert—Schmidt operators, this kernel really corresponds to a series
of multiple reordered non-commutative stochastic integrals, in a rigourous sense.

8. Iteration of the Previsible Representation

We are going to forget Theorem 7.1 for a moment and try to apply, in the non-
commutative context, the previsible representation iteration procedure. That is, we
are going to prove that one can iterate infinitely many times the representation of
Hilbert-Schmidt operators as non-commutative stochastic integrals.

Let us first detail some notations and preliminaries.

A martingale (H;);»o of operators from @ into @ is an Hilbert—Schmidt mar-
tingale if, for all 1 € R™, the operator H,, restricted to @), is an Hilbert-Schmidt
operator.

We denote || - ||, the Hilbert-Schmidt norm of operators.

For all s < ¢, we denote by QDSJ]‘ 7 the orthogonal of @ into &, and <I>;]L the
orthogonal of @, into .

We sometimes use the notation P for @.

Lemma 8.1. Let ¢ be fixed in [0,00), let H; be an Hilbert—Schmidt operator from
@y into @,. Then, for all s < t, the operator EzH, is an Hilbert—Schmidt operator
Jrom ®g into Dg.

Proof. One has &) = &5 P & Let (" )nen, resp. (v")yen, be an o.nb. of @y,
] 1 s] 1

resp. CDSL]’]. The family (w"),en, defined by w?* = v, w?"*! = ¢" then is an o.n.b.
of @;. Thus, one has

5’3 IEHu" P < 5 |Hu |

n=0

lIA

oo M 2 o0 n 2
2o H |7+ 3 ([ Ho" |
n=0 n=0
X n2 2
= 5= P = A < 0. D

In Parthasarathy and Sinha’s article [14], it is proved that every Hilbert—Schmidt
martingale is a regular martingale. By Theorem 5.1 and the remarks which follow
it, every Hilbert-Schmidt martingale is representable as a sum of non-commutative
stochastic integrals in the extended sense on all @ (note that the results of the
non-commutative integral representation of Hilbert-Schmidt operators on the expo-
nential domain was first proved in [5], but the language of regular martingales was
not yet used). We subsume these results, and an easy extension, in the following
proposition.

Proposition 8.2. Let ¢ € [0,400] be fixed, let H, be an Hilbert—Schmidt operator
from @y into &, Then H, admits a non-commutative stochastic integral
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representation, in the extended sense on all @, of the form
t t t
H, = E[HA) — [ HY dA] + [ H dA; + [H, dA],
0 0 0

where (H?)s<, is the martingale associated to H,, and where, for all ¢ = —,+, for
almost all s < t,H! is an Hilbert—Schmidt operator from @ into Py such that

t
2 2
{HHSEHHS ds < ||H, | -
Proof.

It case: t = +oo. If H is an Hilbert-Schmidt operator from & into @ then, by
Lemma 8.1, the martingale associated to (H,),;>¢ is an Hilbert-Schmidt martingale.
In [14], Proposition 4.3 and Theorem 4.4, it is proved that (H,),>¢ is then a regular
martingale, so it is representable on all @. But, it is also proved in [14] that the
integral representation has the form

t t t
HY = Hg — [ H?dA® + [ H dA; + [ HY dA}
0 0 0

where it must be remarked that the coefficient of d4° is, up to a sign, the martingale
(H? )iz itself. Furthermore, it is proved in the same reference that, for almost all
se€R*, all e € {—,+},H¢ is an Hilbert-Schmidt operator from @y into @y and
that, if one defines ay(t) = [[H,°||2S,t € R+, then oy in a non-decreasing continuous
function, which verifies ||Hf||f,s < ay,(s), where o, is the absolutely continuous part
of the Stieltjes measure associated to ay. So

Z? IHE | ds < an(00) = 0s(0) < aur(o0) = [1H -

2" case: t < +oo. Let H, be an Hilbert-Schmidt operator from @, into @, and
(H?)s<: be the associated martingale. By Lemma 8.1, it is an Hilbert-Schmidt
martingale but indexed only by [0, ¢], so one cannot apply Parthasarathy and Sinha
theorem directly. One must extend (H)s;<, into an Hilbert-Schmidt martingale
indexed by R™.

Put HY = H,]Emps] ® g, for all s €]¢, 4-00].

Lemma 8.3. The family (H?)s»o is an Hilbert—Schmidt martingale.

Proof. Let (u"),en be an o.nb. of @, and (v"),en be an o.nb. of @4, The family
] 1]
(W")uen, defined by w?* = u”, w?*! =" is then an o.n.b. of @. One has

s o . . n2 e o, n|2 ad o 2
2 NHS w17 = 3 [Hsu" "+ X2 [Hov" |
n=0 n=0 n=0

= 2, X 2
=Y [[HEw"|]" + 3 [|HE»"|
n=0 n=0

= 2 2
n
= ZOHHtu I = Hllps < 0.
n=

So H?, is an Hilbert-Schmidt operator on ®.
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The martingale (Hg, )s=o0 associated to HS, is an Hilbert-Schmidt martingale
and is defined by

HS, = IESH;M] ® Lo, = EH o, ® Lo,

H,IE,@S] ®1,¢s] sis >t
| EHijo, ©lia, sis St

=H°.

So (H?)s20 is an Hilbert-Schmidt martingale on R+ and the lemma is proved.

By this lemma one can apply the results of the first case. One obtains the
required integral representation on &, along with the appropriate estimates for the
norm of the coefficients. [

Proposition 8.2 shows that any Hilbert-Schmidt operator from @, into ®;; admits
a non-commutative stochastic integral representation such that all the coefficients
are Hilbert-Schmidt operators on the corresponding space @;. The same kind of
conditions as for the iteration scheme of the previsible representation of Brownian
functionals are verified here. We then can iterate this integral representation. Let us
precise a “short notation.”

Let E, = {+,0,—}", E} = {+,—}". For an element E = (¢y,...,¢&,) of E, we
denote n,(E) the number of elements ¢ which are equal to o.

In the following we use families of operators H," /", indexed by E, x £, or
Ex x #,. We denote

~

o0 Iy 2
S [Hyddy = > [ [ [HRUtdAD a4y
E€En 2, s En€{+,0,—} 0 0 0

Remark that, in the notations Hf; or dAZ  the elements of £ and of M are not
taken in the same order.

Proposition 8.4. Let H be an Hilbert—Schmidt operator from ® into ®. For all
N € IN*, H admits, on all &, an integral representation of the form

N—1
H=73 S [(-D°OEHENdAL, + > [ (-~ HE d4b, .
n=0 E€E, 2, E€EN ?y

Furthermore, for all M = () < -+ < ty) € Py, all E € Ey, the operator HE is
an Hilbert-Schmidt operator from @, into @,y; and one has the following esti-
mates: for all E € Ej,

S Hizlis dM < || H |75 »
PN
for all E€ Ey, all 0 < T < o0,

/ N”HA‘?I”%IS‘ZM < T™V|H | s -
PyNI0,T]

Proof. By Proposition 8.2, Proposition 8.4 is verified for N = 1. Working by in-
duction on N, suppose that the proposition is true for every £ < N.
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For all M € 2y, E € Ey, the operator Hﬁ is Hilbert-Schmidt from &, into
&1, so by Proposition 8.2, it admits, on all @, an integral representation of the
form

h 13 3]
Hy, = B[HG 1] — [ (Hy;); dAg + [ (Hy); dA; + [ (Hyp)f dAf
0 0 0

131 13} ty
EU EU(=) 44— EU(+
= E[HEN) — beMU((‘;)) dA2 + OfHMU((S)) dA; + OfHMu((sf dA} .
Reintroducing this representation in that of A, one gets

N—1
H=73% > [(-1y®EHzd45+ > [ (1) OE[Hg1) d4};,
n=0 ECE, 2, E€Ey Py

i
+ > > f f("‘l)no(E)(—l)""(g)(Hﬁ)ﬁdAﬁdAf/I
E€EN e€{+,0,—} 2y 0

N
=Y ¥ JEUPBHy WA+ > [ ()P Hd4y,
n=0 ECE, 2, E€Eny1 Py

This proves the required integral representation at level N + 1.
Let us prove that the other conditions are also satisfied. For all M € 2y, E € Ey,
let gy (s) = [[(Hip)g . %5, s < t;. One knows, by the induction hypothesis, that the

operators (HE)F are Hilbert-Schmidt from @) into @y; and that
I ), s = 0 ()

where oz;f is the absolutely continuous part of the Stieltjes measure associated to
£, (which is a non-decreasing function on [0,#]). So one has

[ LIS, s dsdM < [ (o) — o (0)) d
Py 0 Py

< [|HylksaM ,
PN

and

| It
I SN o s dsdM < [ |IHylls [ dsdM
2yN[0, TV 0 2yN[0,TIV 0

ST [ |Hfsam .
2y0[0,TIV
The conclusion follows by induction. O

We have proved that one can iterate N times the non-commutative stochastic
integral representation of Hilbert-Schmidt operators on Fock space. We are going
to prove that this iteration converges when N tends to +oo.
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9. Convergence of the Iteration

Let g € L3, (R"), let ¢ € {+,0,—}, we denote
. {g if e=o0or —,
g prad

1 ife=+,
__{g ife=o0or +,
7 ife=—.

We also denote M,(1) = max(1, sup,c(g 4 19(s)])-
For E = (¢&1,...,&,) € E, and M = (¢y,...,t,) € #,, denote

I = H g"(t:) and gp(M)= Hl 9e;(t:) -
i=
Finally, let &9, be the space of finite linear combinations of elements &(u), where
u is an element of L%, (R*) with compact support.

Proposition 9.1. Let H be an Hilbert—Schmidt operator from & into ®. Let
N € N*, et
Ry= Y [(=1y°®Hj d4y,
EEEN WN
be the remainder of the integral representation (iterated N times) of H given by
Proposition 8.4. Then, for all f,g € &5, the term (g,Ry f) converges to 0 when
N tends to +oo.
So, in the sense of this weak convergence, one has

H=Y Y [E[H 1) d4E .
n=0 E€E, 2,

Proof. Let ¢(f) and &(g) be two elements of &9,. Let T € R* be such that the
supports of f and g are included in [0, T']. One has, by (3),

g: gf( 1) Eg. (M) fF (M) e(g), Hie(f)) dM

[ gD 5| [(e(9), Hige ()| dM

EcEn 2y

I(e(9), Rve(S))]

IIA

IIA

1/2
Z( / lgE(M)lzle(M)lsz>

E€En \ 2yni0, TV

1/2
X( i) |<8(g),HAE48(f))|2dM>

2yN[0,TIN

1/2
< Z( / IgE(MnZ\fE(M)PdM)

E€EN \ 2yn0, TV

X

1/2
( f ||g(g>||2nHmzug(f)nzdM>

PyN[0,TIV
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1/2
éEé (Mg(t)Mf(t))N< J dM> le@lle(OI

25000, TV

12
9 ( / uﬂxznzsm)

2000, TN

N/2
< 3N<Mg<t>Mf<t>>N\Tﬁns<g>||us<f>nTN||Han .

This last term converges to 0 when N tends to +o0o. [J

10. Computation of the Kernel from the Iteration

We begin here the most important and the most technical part of this work. We have
seen from Proposition 9.1 that an Hilbert-Schmidt operator is, in some way, the
sum of a series of iterated non-commutative stochastic integrals of scalar operators.
We now prove that one can reconstruct the Maassen—Meyer kernel of the operator
from this iteration and describe it completely.

Let f be an element of ®. We denote, for all 7 € R*,(f;"),>0 the martingale
associated with f and (f; )>0 the previsible process which appears in its previsible
representation. Let dW," = dW; and dW,” = dt.

For E =(e1,...,&n) EE,and M =(t) < --- < t,) € Z,, put

Shr =Tl =G o
We also denote dWy = dW, ---dW;".

Proposition 10.1. Let H be an Hilbert—Schmidt operator from @ into @, let f € &.
One has, for all N € N¥,

N—1
Hf =% Y [EHZOELf1dWy+ > [HyfydWi,
n=0 ECEy #, EGE; PN

where the operators Hf, are those given by Proposition 8.4, with E € | J, E}.

Proof. From Proposition 8.2 and identity (4), defining the extensions of the non-
commutative stochastic integrals, one has, for every operator H; which is Hilbert—
Schmidt from @, into @, every f; € @y,

t t
H f = IE[H,]I]IE[f,]+fHS°fS‘ de —fH;’fS_ dW;‘
0 0
t t
+ [H fodWw. + [HEfFdwS
0 0

Hof, = E[HAELS) + [ Ho fr dWo + [ HY £ dWy . ()
0 0
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So the proposition is verified for N = 1. Suppose that the proposition is verified for
all ranks up to N. One then has

N—1
Hf =3 > [EHGWIE[fy1dWy+ > [ HyfydWy .
n=0 E€E; Pn EE€E}, Py
The operators HE, M € Py, E € E v» are Hilbert-Schmidt operators from @, into

@, (where 1, is the smallest element of M). In this case, [ £ is an element of
@,,1, applying (6), one has

t t
Hyg [y = EUHGNEL 3]+ [ (Hyg)y S5 AW+ [ (H ) S aws
0 0
Introducing this equality in the representation of Hf, one obtains

N—1
Hf =5 S [EHWNE[f1dWy + S [ EHGE] f51dW
n=0 ECE} 2, E€Ey PN

EU(e) EU() E
+ > X fHMU(i) MU(gs)dWde
E€Ey ee{+,~} Py O

N
Z S [ EBHGWE fGldWg+ S, [ HyfydWe,
n=0 E€Ey 2, E€EN {1 PN+

which is the required representation at rank N +1. [

This proposition gives a representation of Hf in two terms: the first one must
be the begining of the chaotic expansion of Hf, the second one must converge to
0 when N tends to +o0.

Let & be the set of f € @ such that

[ 74 dd < 0o
2
It is a dense subspace of .

Proposition 10.2. Let H be an Hilbert—Schmidt operator from @ into @, let N €

N, let f € & and let
()= 3 [HifidWy
EGE;}?N

be the remainder appearing in the representation of Hf given by Proposition 10.1.
Let m € N be fixed, let g,, be an element of L*(X,,) and I,(g,) be the element
of the m™ associated chaos.

Then, for all f € B, the term (L,(gm),*n(f)) converges to 0 when N tends
1o 400.

Proof. Let f € @, one has

[{Zn(gm)s rn (SN = < S gn(M)dWy, fHMfM dWM>
EEE}, \ #m
For E = {¢i,...,en} € E}, let n (E) be the number of elements of E which are

equal to +. Suppose that n.(E) =n < N. The term [, Hy;f £ dWE is an iterated
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integral with respect to Brownian motion and to time. One knows that there are
exactly » integrations with respect to Brownian motion and N — » integrations with
respect to time. Let 7, (E) be the subset of {1,...,N} constituted by the indices k&
such that ¢, = +.

We are going to reorder the integral [, Hjzfi; dWj; so as to first integrate
with respect to the N —n terms in dt, then with respect to the n terms in dW,.
This gives, if I.(E) ={i1 < - < iy},

by ’i oo IN t,n+2 tzk+l tlk+2 tll
EN € 8 6
N I A R I B

0 |, t, t,n ty ty

dty - dty ydty - dty dty - dty | dW, - dW,

In this way, one integrates with respect to Brownian motion along X, and with
respect to time along a subset of Zy_, denoted Sy, ,(/+(£)) (indeed this reordering
is entirely determined by the integer N and the subset /. (£) of {1,...,N} indicating
which indices are moved in front). In this way

|<Im(gm),rN(f)>|
N
=12 X <fgm(M)dWM, / [ HE o fE o dM dWM,>
n=0 E€Ey \Pm M/€Pn | MESN ur, (£Y)
ny(E)=n

= Z Z f < f gm(M"UM’)dWM//,

n=0 E€Ey M'e€Pn \M'"E€P,_,
ny(E)=n
E E !
HMUM/fMUMI dM> dM
MeSy, ,(I+(E))

m
= Z Z f f f gm(MNUM,)dWMN,
n=0 EeEI’\", M'ePy MESy ,(I+(E)) \ M €P,_,
ny(E)=n

HAE/;UM’ff/[UM’> dM dM’

I gn(M" UMY dWyp
M'ePy,_p

m
=X X
n=0 E€Ey M'ePn MESN n([+(E))
ny(E)=n

X N Hyyong LS sronee | M dt’
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<> % [ gu(M" UMydWy

n=0 EeEI’(, M'€Py MESN (I+(E)) || M €Ppy—n
ny(E)=n
1/2 1/2
XIIfEUM/HZdeM’) ( J J HHEUM/szMdM'>
M'e€Py MESN, n(I+(E))
m
=X X (f ( J gi(M”uM)dM")
n=0 EeE}’(, Me2, M'"eP,_,
ny(E)=n
12 1/2
X< Ilffwallsz)dM’) (IHHn’iHZdM> ,
MESy, n(I4+(E)) PN

But one must remark that, for all s < 7, all f € @, one has ;" = f;. So, one
has || /5 o117 = Hf,f,, ¥ ||>. This gives

1/2
|Zn(gm)s i (SN = Z > Illm(gm)ll( [k }Ilsz> 1 || s -

n=0 E€Ey IN—n
n+(E):n

For f € @, i € N, we denote by f|, the vector

[ Fyaw,,
e

that is f minus its projection on the first i chaos (including the chaos of order
0: E[ f]). One has

KIn(gm ) rn (N = (g1 H || 125 é E}; IS wv—nll
n+(E)]in
< Mn(gm) NE 12 2% || fiv—-m]] -

But, one has

12 1/2

VM fveml =2 [ f(4)%dA [ 4V mfay da
AEP AEP
|A|ZN—m |A|ZN—m

1/2

IIA

[ A"7(4) a4
AP
4| ZN—m

If f is an element of =, this last term converges to 0 when N tends to +o00. So
one concludes. [J

This result of convergence allows to express the chaotic decomposition of Hf
in terms of the decomposition of f.



60 S. Attal

In the following we denote by Z the space of Maassen test-vectors presented in
Sect. 6.

Proposition 10.3. Let H be an Hilbert—Schmidt operator from ® into @, let [ € @
and m € N. If one denotes by 1,(Hf) the projection of Hf on the m" chaos, then

L(Hf) = % [ EHGUE[fi;]dWy ,
n=m E€E; Pp
ny (E)=m

where the convergence of the series is weak if f € E and strong if f € E.

Proof. Tt is clear that the projection on the m™ chaos of

N
> X [ EHGUE[f]dWy;
n=0E€E;,k9n

is equal to
N
> X [ EHGLE[f1dW; . - (D
n=m E€CEy Py
ny (E)y=m

So, by Propositions 10.1 and 10.2, for all f € Z, I,,(Hf) is the weak limit of the
expression (7) when N tends to +oco.
In order to show that this limit occurs in the strong sense on =, it is sufficient

to prove that, for all f € &, the set of terms given by (7) is bounded in norm,
uniformly in N. One has

N
S | [ BHGNELf31dWy;

n=m E€E} n
ny (E)=m
N
_ E[HE,  E[ (£ dm’ dw,
=3 > f (Hyron ATEL S a1 M
n=m ECE* MEPm M'€Sp,m(I+(E))
ny (E)=m

1/2

2
N
= X / ( / lE[HAEUM/ﬂ]IE[FﬁUM/]dM’) dM

n=m ECEX MePm \M’'€Sp,m(I+(E))

A
N
g

N
J [ ElHy e 1PdM’
n=m ECEy MePy M €Sy, m(14(E))

ny (E)=m

1/2
X ( J E[ ffwM,]sz’> dM)

M €Sy, mUI+(E))

12
N
é Z Z ( f ( f “HA%F[UMlllszI> dM) “In—m(f)“
n=m E€E} MePy \M'€Sy m(I+(E))

ny (E)=m
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IIA

N N
E Z “H”HS Hln—m(f)H = “H”HS - Z 2n”In—m(f)“
n=m ECE; n=m

ny (E)=m

N
[[H]] s 2" gZ"IIIn(f)ll :

IIA

But, if f is an element of é, one has

12 )
_ 77 A\2 o n Vi
14:( Ol = (%f(A) dA) < ( [ c dA) <cC Nk

ZnN[0,T1"

So
2" L(fn O

We now have all the elements needed to describe the Maassen—Meyer kernel of
an Hilbert-Schmidt operator in terms of the operators Hf. Let us first detail some
notations.

Let n < m € N, we denote by P(n,m) the set of the I = {i} < --- < i} C
{1,...,m}. For a I € P(n,m), we denote by E(I,m) = {e1,...,&n} the element of
E such that g = + if k € I, & = — otherwise.

Theorem 10.4. Let H be an Hilbert—Schmidt operator from ® into &, then H
admits, on E, a representation as a Maassen—Meyer kernel, where the kernel H
of H is given by

H(4.8.0)=(=1)" 2 H{SICH}AI.IAl(I)}(C)IE[H/fL(JICl'CH'AI)H] :
1eP(|CL,|Cl+14])

Proof. By Proposition 10.3, one has, for all f € E, all meN,

WH) =Y S [ EHEELEdWE

n=m ECEy Py

ny(E)=m
0
= f DY f E[H) Mﬂ]IE[fAUM]dM awy .
AEPy, | n=m EECEy MESnym(I+(E))

ny(E)=m

So, if 4 is a fixed element of £,

—~ o0 o~
Hf(A) =3 [ s,y MOEH T U (M) dM
n=01€P(n,n+m) McP?,

=/ S sy MOEHGS I () | M
2 | 1€P(|M|,|M|+m)
If one puts
E(L|M|+|4])
oA4,M) = > TS0ty a0y (MOTELH 1,

1eP(M|,[M|+]4])
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one has proved that
Hf(4) = [ p(4,M)f(M)dM ,
P

so, using the same method as in the proof of Theorem 7.1, it is easy to see that
H(4,B,C) = (—1)Blp(4, C) defines the Maassen-Meyer kernel of H. (O

The author thanks M. Emery, R.L. Hudson, J.M. Lindsay, P.-A. Meyer and the
referee for their helpful corrections and comments.
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