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Abstract: We present an explicit formula of the Virasoro singular vectors in terms
of Jack symmetric polynomials. The parameter ¢ in the Virasoro central charge
¢ =13 — 6(¢ + 1/t) is just identified with the deformation parameter o of Jack sym-
metric polynomials J;(o). As a by-product, we obtain an integral representation of
Jack symmetric polynomials indexed by the rectangular Young diagrams.

1. Introduction

The Virasoro algebra is an infinite dimensional Lie algebra defined by the generators
ln(m € Z) and ¢ with the relations

C
[nIw) = (n — m)pyn + E(”3 - n)5m+n,0

for m,n € Z and [c,/,] =0 for m € Z. Among many mathematicians and physi-
cists to investigate the representation theory of the Virasoro algebra (see [2, 3] for
instance), Tsuchiya and Kanie classified the singular vectors of the Fock space
representations in [8], where they constructed the integral representation of the
singular vectors. But they missed obtaining explicit forms of such singular vec-
tors. The present article will be devoted to this point: Namely, we express the
singular vectors in terms of some symmetric polynomials, called Jack symmetric
polynomials.

Jack symmetric polynomials were first introduced by Jack in 1970 to evaluate
some definite integral. Subsequently, the systematic study was begun by Macdonald,
who considered even more general cases: Macdonald’s symmetric polynomials [6].

In this paper we show that the singular vectors of the Virasoro algebra are given
by Jack symmetric polynomials indexed by the rectangular Young diagrams.

We believe that such realization of Jack symmetric polynomials would be helpful
in future research both of the representation theory of infinite dimensional algebras
and of hypergeometric type functions in several variables.

Some basic notations about the symmetric polynomials, with definition of Jack
symmetric polynomials, are recalled in Sect.2. We give the main result in Sect. 3,
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after a short review on the Fock space representation. Sections 4 and 5 are devoted
to its proof. The key ingredient of our proof is an expression of Jack symmetric
polynomials by Euler—Selberg type integrals.

We remark that the present result can be viewed as a generalization of the result
in [9]. They showed, by a direct computation, that ¢ = 1 singular vectors are given
by the Schur polynomials.

Among the related works we refer the reader to [1], where the singular vectors
in Verma modules and associated differential equations were studied.

2. Jack Symmetric Polynomials

We recall the basic notion about the symmetric polynomials by following the stan-
dard reference [4].

A partition 4 is a sequence A = (4,4;,...,4,) of non-negative integers in
decreasing order; A4y, = Ay = --- = 4, = 0. The number of the non-zero A;’s is
called the length of A, denoted by /(1); and the sum of A,’s is the weight of 4,
denoted by |4]. Given a partition 4 = (4;,4y,...,4,), we define the conjugate parti-
tion A’ = (4},43,...,4;) by A, = Card{j; A; = i}. The dominace (or natural) order-
ing on partitions is defined as A =2 p< || =|uland 4y +---+ 4 2w+ +
w, for all i = 1.

Sometimes, given a partition 4 we also use a notation which indicates the number
of times each integer occurs: A = (1”1,2"2,...) with m; = m;(1) = Card{; A; = i}.

For f = (Bi,...,Bn) € Z" we denote by x? the monomial x = xf' T )
is a partition of length /(1) < n, the monomial symmetric polynomial m, is defined
by m;(x,...,x,) = Zxﬁ, where the sum is taken over all distinct permutations f§ of
4= (A1, 42,..., ). For each integer r = 0, the " elementary symmetric polynomial
e, and the 7" power sum p, are defined by e, = Dot <iy <iy <o <ip zn X0 Xy Xy =
mry and p, = Y1 xI = m), respectively.

Jack symmetric polynomials J, = J;(x1,...,x,; o), indexed by partitions A =
(A1, 425. .., 4n) of length /(1) < n, are defined as the eigenfunctions for the operator

n 2 2
D(a)z%éxf%iz—i-léiﬂénxi?xja%i. (1)
Namely, for a fixed partition A, J; is a unique solution of
D(a)J; = e (2)J; (2)
and
) = § 224 = 1) = 2 = Dt (n = DI )
in the form

J,=m; + E a;my

u<i

for ay, € C(a).
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Jack symmetric polynomials J; are a common generalization of some well-
known polynomials. Indeed, for particular cases of «, polynomials J; reduce to the
following:

(1) When a = 1, they are the Schur polynomials s;(x,...,x,), i.e. the characters
of the polynomial representations of GL(n; C).

(ii) When a = 2, they are the zonal polynomials Z;(x,...,x,), i.e. the zonal
spherical functions on GL(n)/SO(n).

(iii) When « = 1/2, they are the zonal spherical functions on GL(2n)/Sp(n).

(iv) When o = 0, we have J;(xi,...,x,;0) = e;/(x1,...,x,), the product of ele-
mentary symmetric polynomials corresponding to the conjugate A’ of A.

(v) If o tends to oo, suitably normalized J;(x1,...,x,; «) reduce to the monomial
symmetric polynomials m;(xy,...,xy).

For details of Jack symmetric polynomials, we refer the reader to [5 and 7].

3. Fock Representations and Main Theorem

To state our main result, we prepare the notion of the Fock space representations
of the Virasoro algebra.
First set

p_1 _ p 1 3
% =7 B Otr,s—(1+r)2 (1+S)ﬂ and = 5
for € C and r,s € Z.

The Heisenberg algebra o/ is a C-algebra generated by a, (n € Z) with the
relations

[an’ am] = n5n+m,0 .

Denote by F, a left .&/-module defined by the generator |o) and the relations

aple) =0 (n > 0), aplor) = aor) .
When we put
1
L,= > Z S Ap—mQm : '_O(O(n + 1)61,,
2 meZ

for n € Z, we obtain the relations
[Ln,am] = —mayym — oon(n + 1)511—)-m,0 (m,n € Z)
and

C
[Ln,Lm] = (” - m)Ln+m + 1—2(n3 - n)5n+m,0 (m’n € Z) 5

the Virasoro algebra with the central charge ¢ = 1 — 129> = 13 — 6(¢ + %). Here
we use the normal products defined by

{anam (n = m),

R BREE
e ama, (n>m).



450 K. Mimachi, Y. Yamada
Moreover, on the module F, for each o € C, we have the relations

Lya) =0 (n € Z~o) and Lo|a) = hy|o)

with A, = % — op. These imply that F, can be considered as the highest weight
module of the Virasoro algebra with the highest weight vector |«) and the highest
weight /,. We call this module F, the Fock space representation of the Virasoro
algebra.

An element |y) € F, satisfying the relations

Lylx) =0 (n€Z~o) and Lo|y) = (hy + N)|y)

is called the singular vector of degree N € Z. To analyze the structure of the Fock
module F, it plays an important role. Denote by SF,(N) the set of singular vectors
of degree N in F,. If o ¢ {0, ;r,s €EZ~g or 1,5 € Z o}, F, is irreducible and
dim SF,(N) =0 for any N. If « = a5 for r,s € Z -, dim SF,(rs) = 1, i.e. there
exists a unique singular vector |y, ) € F,,, of degree N = rs up to a constant fac-
tor. Furthermore, there exists a polynomial P, € Cla_i,a_3,a_3,...,a_,;] whose
coefficients are rational functions in § such that SF,, (rs) = CP,|a,). Since we
are not interested in the constant factor for defining the polynomial P, ,, we fix it
in what follows by the formula (4) below.
Here we reach the stage to give our main result:

Theorem 1. We have
Pr,s = pn(J(rx)(xla ceesXn 3 t)) >

where n = rs and
Pn - Clxy,x2, ..., %, R Cla_i,a_2,a_3,...,a_,]
is an algebra homomorphism determined by
pu( pm(x)) = (=1)""" Pa_,

forl <m < n

4. Proof of Theorem
On the manifold M, = {(zy,...,z,) € (C*); z#z(1 £i < j=r)}, set

o= ] @-z) Iz """

1<i<j<r 1<i<r

and d{ =dz...dz,. Let H.(M,;S) be the twisted de Rham homology with coef-
ficient S, local system associated with @. This homology is studied in [8]. They
construct a cycle € € H,(M,;S) which gives the following.

Lemma 2. There exists a cycle € € H.(M,;S) such that
(a) unless my +---+m, =0,

J@ I1 z"dl=0 for m e,
%

1=i=r
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®)ifdd+1)¢Zandd(r—dy ¢ Z for 1 <d <r—1,

1 =0 —r)l((j+ 1t +1))
r— !5 I(t+1) '

[ ®dl =
€

See Proposition 4.2 in [8].
It is known that a polynomial given by the integral

Poy=[ TI (z—z)"[12""""""E@)dl (4)
% 1<i1<y=r i=1
on the above cycle € determines the singular vector [y, s) = Py¢|o ).
Here E(z) is defined by

E(z) = exp <ﬁmZi:| g’;—mz’”>

with #n > rs. Since E(z) = pu(E(2)) with E(z) = S sei(x)zt =TI (1 + xxz), the
following is enough to prove our theorem:
Proposition 3. Jack symmetric polynomial Jsy(x1,...,x,5t) for r < n is ex-

pressed by
N [@ ] z E(z)dC,
@

1<i<r
where

r—1 I't+1)
No(t) = (r — 1)! .
O =0=D G —HarG+ v 1y

Proof. By Lemma 2, we see that the integral expresses a homogeneous polynomial
of degree rs and that m is its leading term. Hence we need only to prove that

the integral

J@ T1 z 7 E(zi)dl

¢ 1Zi<r
satisfies the differential equation (2) with a« = ¢, which will be given in the next
section!

5. The Differential Equation

In this section, we denote by
b1 = ¢

the equality 3
[ $19dl = [ ¢ ddl
% %

! During our preparation of the present paper, we received the preprint “Collective Field Theory,
Calogero—Sutherland Model and Generalized Matrix Models” by H. Awata et al. (hep-th/9411053).
Although this kind of integral representation for the Jack polynomials is also considered there, the
argument on the cycles is missing.
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with
5 - 2, l—r)—1—
b= [] z7E@z)= Il @-z) II 277" 11 (0 +x2)
1<isr Isi<jsr 1<isr Isisr
1<SkZn

for our fixed cycle 4.

Lemma 4. We get

1
=rn—ys), 5
1<k<n L+ Xkzi ( ) ©)
1<i<y
and
{l=r)+n—s—-1} > ! 2

1sk<n |+ Xz, 15<r (I + 220 + xpy2)
I1isr 1k <ky=n

+ 2t ! =0 (6)

1$7en W +zix)(I+zpx)

Isy<psr

Proof. Let d, stand for the total derivative with respect to z = (zy,...,z,). The
equality

d(z(=) "' ddz, ...dz; .. .dz,)

Z; ~
= n+(1—r)t—s—1§2k:§nl+xk2i 15@21—12,}@1(
I+
gives
4.3 (=) 'zddz, ...d>%, ... dz) = [r(n—s)— ! }@d(,
=1 1=k=n 1+ xiz;

since

It completes the proof of (5).
Subsequently we get

d, (—L(—)’_lédzl ...d%,....dz,> - [(1 —rtzstn-l

(1 +x2,) 1+ xxz;

1 Zj 1

+ 2t
1<r<n (1 +x22)(1 + x32,) l+xpzi 1 S5 2i — 25
/+k J¥i

] dd¢
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forl £i<rand 1 £k < n, since

Zx/ _ 1
(U +xz)(1+x2z)  T+xz (L+xz) (1 +xz)

Thus we obtain

r z 1
d, “@dzy...dz...dz, )= |[{(1 =)t —s+n—1
(,ZI 1+ xz ) e ) [{( ) }1§Zz:§r I+ xkz;
> : +2t Y ! dd¢
1Sreri<ren (1 +xz (1 +x42) 1<i<i<r (L +x2)(1 +x2)) '
{*k
Here we use the identity
r z, _ Z;
i:zl lg%‘;r (I +xpzi)(zi — z)) lgz;jgr (I +xkz, )z — z))
J#
Zj 1
> - 5

1sicjsr M +xzi)z, —z)  1<ic)<r (1 4+ xz)(1 +x42))

Summing up for k, we finally obtain

-y \ddz, ... .d )
<k2::ll:1 1+xkzl( ) a- i o

:[Kl—rﬁ—s+n—l} 1

Fenisisr L +xxzi

||/\
Il/\

E 2
1Ser1<har<n (L +x2)(1 + x12;)

1<kent=i <n<r (L X2, (1 +x42;)

tu Y Y : ]@d«:,

which leads to the equality (6).

Lemma 5. We have

. r ! !
por= [t{n<2> “=h ; TFxz 15k=n gggr(l +xz,)(1 +xsz)}

& . (7)

(3) - 2 S
- _
2 1shsr1=iay=n(+xz)(1 + x;2¢)
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Proof. Note that

4 Zy ~
16 o i
il x{l—l—xm l—f—x,z,}
_ 1 1 -
1 + x;z; 1 + x;z,
and
leaid"s -2 Z xizzjlzjz z

1sji <psr (T Xz )1 +x2),)
1 1 -
=2 X <1— )(1— )45
1Sj1<ja<r 1 +xizj, 1 +xz),

r 1 1
[(2> 1§j|Z<:Jz =r (1 +xzj I+ XiZj )

oy !

1=ji<psr ( + Xz (1 +xiZ/'2)

r 1
=2 [(2> —- 1)1§zjjgr 1+ xiz;

1 .
+ b .
I g/f{?z <r (I +x2; )(1 +xiz), )}
Hence, the equality

Xj) X

1<jinsn O —xp) = xj20) 1 <55 <n (8, — X )1 — xj,2)

Xja

+
1)< =n Gy =X N1 — x5,2;)

= % !

1<)y <p=n (1422 )1 + zix),)

implies (7).
At this stage, combining Lemmas 4-5, we reach the desired assertion:

[D(1) — e(ey(0)] [ $dL =0.
€

8)
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