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Abstract: The Kadomtsev—Petviashvili (KP) hierarchy has infinitely many Hamilto-
nian pairs, the n" pair of them is associated with L", where L is the pseudodiffer-
ential operator (PDO) [3,4]. In this paper, by the factorization L" = L, ---L; with
L;, j=1,...,n being the independent PDOs, we construct the Miura transformation
for the KP, which leads to a decomposition of the second Hamiltonian structure in
the n™ pair to a direct sum. Each term in the sum is the second structure in the
initial pair associated with L;. When we impose a constraint (1.9) (i.e. a new type
of reduction) to the KP hierarchy, we obtain the similar results for the constrained
KP hierarchy. In particular the second Hamiltonian structure for this hierarchy is
transformed to a vastly simpler one.

1. Introduction

It has been known that the n™ Korteweg—de Vries (KdV) type (also called the
Gelfand-Dickey) hierarchy associated with a scalar n™ order differential operator

L=0"4+u, 10" "+ +uy, 0=20/ox (1.1)

has many remarkable properties, among them we are specially interested in the
following.

1. Equations in the hierarchy have the bi-Hamiltonian structures and infinitely
many conserved quantities (see [1,2,4]).

2. There exists a Miura transformation relating the equations to the modified
equations. By the Miura transformation the second Hamiltonian structure of the
n" KdV type equations is transformed to a vastly simpler one (essentially just
0/0x) on an appropriate space of the modified variables. This is what we call the
Kupershmidt—-Wilson (KW) theorem [5]. A short proof of this theorem was then
given by Dickey [4, 6].

3. There exists a remarkable connection between the second Poisson brackets of
the KdV type equations and the so-called W, algebra in the conformal field theory.
The Miura transformation plays an important role in the construction of the free
field realization of the W algebra (see [7, 8] and references therein).



662 Y. Cheng

As we understand, one of the main steps in the proof of the KW theorem is to
factorize the operator L in a multiplication form [4, 5, 6]

n .
L=73ud) =(0+0,)(0+vg—1) - (04+11), (1.2)
j=0
with u, = 1, u,_; =0 and ) v; = 0. This yields an expression for each u; as a
differential polynomial in v;, j =1,...,n,
Mj_—‘Qj(Ul,...Un), j:0,1,...,l’l—2. (13)

The substitution (1.3) given by the identity (1.2) is called the Miura transformation.
It is noted that the " KdV type hierarchy can be reduced from the Kadomtsev—
Petviashvili (KP) hierarchy. The latter is based on the pseudodifferential operator
(PDO) [9,10,11]
L=0+ud ' +ud 4+, (14)

and is written in the Lax representation
Ly, = [Bw,L]l, m=12,..., (1.5)

where B,, = L" and L7} denote respectively the differential and the residual parts
of L™. The coefficients u;, j = 1,2,... are understood as the functions of infinitely
many variables ¢t = (¢1,%,...) with ¢, = x.

The »™ reduction is the constraint condition

I"=B, or (I")_=0 (1.6)

on coefficients of L". The reduction leads the KP hierarchy to the n™ KdV type
hierarchy
Byt = [BmsByl, m# 0(mod n). (1.7)

Recently we have shown that the KP hierarchy admits another type of reduction
(called the constraint) [12—17]. According to [16, 17], such a constraint can be put
into compact form,

L"=B,+q0"'r, or L" =qd 'r (1.8)

on coefficients of L” and the KP hierarchy is constrained to

(L"), = [Bum, L"], (1.9a)
9t = (Bnq), (1.9b)
Fiw = —(Byr)s (1.9¢)

m=123,...,

where for an operator 4 = Y a;0’, A* =) (—0Ya; denotes the formal adjoint to
A. From now on, for any operator F and a function f, (Ff) has the meaning
that the operator F acts on f, this is not the product of two operators, F' and the
multiplication operator f.
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The constrained KP hierarchy (1.9) includes many well-known systems, such as
the AKNS hierarchy (n = 1), the hierarchy of the Yajima—Oikawa (YO) equa-
tions and many others [12-17]. They also share many features with other in-
tegrable systems; for example (1.9) possesses the bi-Hamiltonian structures and
infinitely many conserved quantities (see [15, 18, 19]). However, there exist some
essential differences between the KdV type equations and the constrained equations.
It has been shown in [14, 15, 16] that the solution to the constrained KP hierar-
chy provides the explicit solution to KP itself, while the solution to the KdV type
hierarchy does not.

The idea of factorization has been generalized to the KP hierarchy by
Kupershmidt [20], where L" is factorized in a multiplication form

L"=LL, i L, (1.10)

with L;, j = 1,...,n being the independent first order PDOs. This factorization leads
us to a Miura transformation connecting the whole KP hierarchy and a modified
KP hierarchy which was proved to be a family of commuting flows [20]. However,
ref. [20] does not provide any information about the properties of the Hamiltonian
structures (particularly the second one) of the KP hierarchy under the Miura trans-
formation and only a special case of the factorization was discussed in detail.

The main purpose of this paper is to discuss the general factorization and the re-
sulting Miura transformations for the KP hierarchy, its restriction to the constrained
KP hierarchy and the properties of the correspondent Hamiltonian structures under
the Miura transformation. After a brief review of the Hamiltonian structures for the
KP and constrained KP hierarchies, we show, in Sect. 3, that the Miura transfor-
mation which resulted from the factorization (1.10) leads a decomposition of the
second Hamiltonian structure in the n™ Hamiltonian pair of the KP hierarchy to a
direct sum. Each term in the sum is the second Hamiltonian structure of the initial
pair which corresponds to PDO L;, where j = 1,...,n. We will also show the gen-
eralized modified KP hierarchy as well as the comparison of these results with that
for the KdV type hierarchy.

In Sect. 4, we impose a constraint condition such that the constrained operator
in (1.9) is also factorizable and the KW theorem can be established for the con-
strained KP hierarchy, namely we first have a Miura transformation and a modified
hierarchy. Secondly we prove that the very complicated second Hamiltonian struc-
ture for the constrained KP hierarchy can be transformed to a much simpler one on
an appropriate space of the modified variables.

We have noticed that the second Hamiltonian structures for the KP hierarchy
is connected to the W-infinity algebra [21], while for an example of constrained
KP hierarchy it is identical to the W3(2) algebra [19, 23]. We hope the Miura trans-
formation discussed in this paper is helpful to the free field realization of these
algebras.

2. The KP and Constrained KP Hierarchies

2.1. The KP Hierarchy. In this subsection we briefly review some necessary results
for the KP hierarchy and its Hamiltonian structures. The construction of the KP
hierarchy can be found in [9, 10, 11] and its Hamiltonian structures are from [1-4].
We refer readers to these literatures for further information.
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The KP hierarchy (1.5) is a class of nonlinear evolution equations for infinitely
many dynamical variables u;, uy,... . For example the first two flows read

Ul = Ul xx + zuZ,x 5
Uz, = Up o + 2U3x + 2ur Uy,
U3,1, = U3 gy + 2Ua 5 — 2U1 U xx + dUp Uy ,

2.1)
and
Ul = Ul oo + Uz e + 3U3 5 + Ourux ,

Uty = U2 s + 3U3 xx + s + 6(uyu2)y

(2.2)

If we eliminate u, and u3 from (2.1) and (2.2) and rename #, = y, 3 =¢ and
u = u;, we obtain the KP equation

(4u; — 12uuy — )y — 3u,, = 0. 2.3)

To construct the Hamiltonian structures for the whole KP hierarchy we introduce
a more general PDO as

L=0+uy+u0 ' +up02+---, (24)
and then L" can be written as
L"=0"40,_10" " 40,024 (2.5)

When uy =0 (i.e. v,—; = 0), L is reduced to the operator for the KP hierarchy.

We denote by . the differential algebra of polynomials in formal symbols
{8}, o} = &v;/ax/. For the Lic algebra %, we take the Lie algebra of the fol-
lowing' vector fields:

=% Yar-2 (2.6)
a = a; s .
1=—00 j=0 605’)
in o/ with the commutator
[alh ab] = aﬁg b—dpa > (27)

where a = (a,—1, an_3,...), etc. Each vector field d, is known to be in one-to-one
correspondence with the operator

n—1 X
a= Y a0’ . 2.8)
—00
The dual space consists of operators

n—1
X=Yo'%, (2.9)

and the coupling is

(00, X) = [res(aX)dx = [y a;X;dx , (2.10)
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where for any operator 4 = Y A;0/, resd = A_;. The Hamiltonian mappings, H"(>)
and H"® based on L" are defined by

H ) (X)) =[1", X, ]- — [}, X1y , (2.11)
and
H"(X) = (L"X) L" — L"(XL")
= ["XL")_ — (L"X)_L", (2.12)

for any operator X of the form (2.9).

For a functional f = ff(u)dx, 0 = (Un—1, Un—2,...) and v; are the coefficients
of L". We define
A= 5_f

df = ST = S0 5 (2.13)

— 00

With two Hamiltonian mappings, two Poisson brackets can be formulated which are

{£,§}°) = [res H"> (g—Lf—n) %dx , (2.14)
and 57N 8
(£.6}® = [res H"® (5) 5Lgndx. (2.15)

Since n is arbitrary, therefore we have an infinite series of the Hamiltonian pairs.
The Hamiltonians of the KP hierarchy corresponding to two Hamiltonian structures

in the n™ pair are
n

oy = — — [res L™ "dx (2.16)
and "
G = EfresL’"a’x ) 2.17)
It should be noted that, on one hand the first Hamiltonian structure reduces to
v,—1 = 0 automatically, but the second one is reducible if and only if the coefficients
of (2.13) satisfy
of
L =0. 2.1
res [ 5 L"] (2.18)

On the other hand, when the condition of #n™ reduction (1.6) is assumed the
Hamiltonian structures in the ™ Hamiltonian pair for the KP are reduced to these
for the n'" KdV type hierarchy, but for the second Hamiltonian structure the equation

res [B,,, %} =0 (2.19)

must be taken into account if the second leading coefficient of B, is restricted to
be zero.

2.2. The Constrained KP Hierarchy. The so-called constrained KP equations were
first proposed in [12—17]. By the identification of a symmetry of KP to its symmetry
generator, the Lax pair and the adjoint Lax pair were constrained to integrable
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nonlinear equations. It was then observed in [16, 17] that such a constraint can be
put into a compact form of (1.8) on the PDO in the framework of Sato theory.
The simplest example is for n = 1, the constrained system (1.9) coincides with the
AKNS hierarchy, while for n = 2 we obtain the YO hierarchy which includes the
equation of [24,25]

th = qu + 2u1q >
Uy, =(qrk ,

Fiy = =T —2uir (2.20)

2
and

3 3,
—Uyxq + Eq r,

9, = Qoo + 3u1gx + 7

1 3
71 + 3ujuy x + y (gxr — qrye)s

ul,tg, =

Fiy = Feoe + 317, + %u,,xr - %qﬂ , (2:21)
as the first two nontrivial flows. More examples in the constrained KP hierarchy
can be found in [12-17]. The Hamiltonian structures for the first few constrained
systems were given in [16] and in general were discussed in [18,19]. By a direct
calculation the Hamiltonian structures for the n™ constrained KP hierarchy can be
obtained from results of [3,4] for the KP, namely by restricting the operator L” of
(2.5) to be

L"=0"4+0,_,0" '+ 4oy +q0'r, (2.22)

such that the other coefficients are expressed in terms of g, and their derivatives
v_;j = (—1)/q(0/~'r)/(0x’~"). The Poisson brackets (2.14) and (2.15) are then re-
duced to [18,19]

F e = of %9 990f _9f %9
7.4} ’f’es[aBnB 58, % + [ roqg orog) T BB

17,91 = fres ( ) 5 (;Z; B) )555

(
I (e (m5) -5 (5:5) ) o

w1 (52, ) o (). 5) o

1 (% ( ) )5 (572 7)) e

I (Gmein) o) ((Gri) o))
G )((5“?) (a3g)) . a2

and

3
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for any functionals f = f f(n—1,...,00,4,7)dx, etc. We emphasize here again that
for an operator F and a function f, (Ff) is understood as the operator F' acts on
f, (while Ff means the product of two operators ' and f).

Once v,_; = 0 is imposed, we find that (2.23) is automatically reduced while
for (2.24), the coefficients J f/dv,_, and dg/dv,_, of 6f/6L" and dg/OL" should be
expressed in terms of other coefficients through [12],

1, of _1. g
1 — 1 —
res [Bn +q0 ', _5L”] res [B,, +q0r, (SL"] 0. (2.25)

The following gives two explicit examples which were first derived in [16] by
using the Lax approach.

Example I: n = 1. In this case

L=04vy+q0 'r, (2.26)
and the two Poisson brackets are given by
N~ o o o .
{(/.}V) = f<5{; A(/)5g>dx j=00,0, (2.27)

with 81/3V = (8f/0v0,5f/8q,0f/5r)T, etc. and (,) is denoted by (a,b) =Y a;b,
for any a = (ay,...,ans2),b = (by,...,bp2). The two Hamiltonian operators read

0 0 0
A = (0 0 1) , (2.28)
0 -1 0
and
0 q —r
AV = —g g07g -0, —qo7'r |, (2.29)

ro 0 —ro7q ro1r

where ¢, = 0 + vy, 0f = —0 + vy.
If we reduce the Poisson brackets to the submanifold vy = 0, we have the Pois-
son brackets still in the form (2.27) but with 61/0V = (5 f/dq,6 f/or)T, etc. and

A = (_01 (1)) , (2:30)

2q0~ g —0—2q07'r
A® = . 231
<—5—2ra“lq ro~r > (2.31)

In the reduction of second Poisson bracket one should use

res [8+q6 7, 6f} =0

oL
to express 0 f/dvp in terms of 0 f/dq and ¢ f/or through
oOf \ _,of _ 5f
(51)0 ) "o 5q (2.32)

and a similar expression for dg/dvy.
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One finds that (2.30) and (2.31) coincide with the Hamiltonian operators in the
AKNS hierarchy.

Example 2: n = 2. In this case we only give the results on the submanifold v; = 0.
The operator L? then takes the form

L=0+v+q0"'r, (2.33)

and the Poisson brackets are in the form of (2.27) but with the Hamiltonian oper-
ators [16]

20 0 0
A =10 0 1], (2.34)
0 -1 0
and
J 390 + g« 3r0 + ry
A0 = —% 3g0 + 24 —3q07q 2P +v)+3g07r |, (235)
3r0+2r,  —2(0*+0)+3r0" g —3r0~ 1y
where
J =0+ 400 + vy . (2.36)

3. Modifying the KP Hierarchy and the Second Hamiltonian Structure

Let us start our discussion on the modification of the KP hierarchy. We still take
the PDO in the form of (2.4) so that

L"=0" 40,107 40, 00" 24, (3.1)

and finally consider the reduction to v,—; = 0. For a fixed integer n, we factorize
L" to the following multiplication form

L" = LyL,_y---Ly, (32)

where
Li=0+40,0+0,10"" 40,2072+, j=1...,n, (3.3)

are PDOs having the same form as L in (2.4) and independent of each other.
Compare coefficients of the same powers in both sides of (3.2); all coefficients v,
of L” can be expressed as differential polynomials in v, [20]:

n
Up—1 = Zvj,o s
J=1
v, =F;i(vi;), j=n—-2,n-3,.... (3.4)

We call this expression the Miura transformation for the KP hierarchy. We also
note that from (3.4) the condition of v,_; = 0 is equivalent to Z;=1”j,0 =0.



Modifying KP Hierarchies and their Hamiltonian Structures

669
Proposition 3.1. The second Poisson bracket in the n'™ pair for the KP hierarchy
is expressed by

{fg}<°>—2fres((f§{> bh (gLfL) )a"’

Proof. We first express 0 f/6L; in terms of 6 f/6L" by

of = fres( f)éL”d —-Zfres 6f(3L

= fz res ;—Lf;Ln . -Lj_HéLij_l s -lex

= [YresLj_y---L, of

(3.5)

WL,, tee Lj+15Ljdx .
This expression implies that
0 0
5{ Li_y---L 5fL,, ---Ljt1, mod R(—o0,—-2)

(3.6)
where R(—o0, —k) contains all of the operators of the form Z—k a;é’. From (3.6)
we find

of _ of
Li— =—"-L;
7oL, oLy
0
L - Ly 6[{:’ o ‘Lj+1, mOdR(—OO,—l) . (37)
By using this equation, the right hand side of (3.5) is

& 5f of dg
Zfres[(L~~ —Lp---L; 1) L —L <L Lyo=Ly L) }—dx
] 5L Jj+ . J ] SL j .
=i1fres[Lj<L <Ly ;SIJ;L ..Lj> —<L L (55[{:11‘ "L;+1) L]]ﬁdx
J= - _

oL,
& of og
—J;fres{(Lj_l L15LnL ~~Lj)_ <5LJL’>>+
of g
- (L Lt "'Lf“> (L I5L, > }dx

Use (3.7) respect to g, and take the sum we can reach the left hand side of (3.5).

Note that each term on the right-hand side of (3.5) represents the second Poisson
bracket associated with the operator L; in (3.3) with the correspondent second
Hamiltonian mapping

HOWX) = (LX), L; = L{(XL)) (38)
defined for any operator of the form X = ZO L0TIX.
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Thus we conclude that the factorization (3.2) leads to a decomposition that
decomposes the second Hamiltonian structure in the n® Hamiltonian pair of the KP
hierarchy to the direct sum of the second Hamiltonian structures in the initial pairs
which are associated with PDOs L;,j = 1,...,n.

Restricting the above Proposition to the n™ KdV type hierarchy, we find that
the factorization (1.2) leads to the same decomposition but each term is the second
Hamiltonian structure corresponding to the operator L; = 0 4 v;. However the sec-
ond Hamiltonian operator corresponding to this type of trivial operator L = 0 + v is
simply 0/0x, which is nothing but the first Hamiltonian operator of the KdV type
hierarchy.

Proposition 3.2. The condition (2.18) is equivalent to
n 5f

J;res {Lj, 5_],]] =0 (3.9)

if L" is factorized by (3.2), namely (3.5) is reducible to v,—, = 0 (i.e. 3"

j=1
if (3.9) is taken into account.

Proof. By using (3.6) and (3.7) we have

3 of oS\ 2 Sf _of
;res (LJ 5L 5LjL]> = res <L1 3L 5L,,L"

_ n Of
= —res [L’éL"} .

Uj,() = 0)

Proposition 3.3. If the Hamiltonian §,, = 2 [res L"dx in (2.17) of the KP hierarchy

L,, = [Bn, L] = H"O(3g/3L") with respect to the second structure is expressed
in terms of the modified variables {vy,} by the Miura transformation, then the
correspondent modified equations will be

5
Ly =HY <5ng) i=12...n, (3.10)
]

where H;O) is in (3.8).
Proof. This is a corollary of Proposition 3.1.
Since dg,,/0L" = L™ " (see Dickey’s book [4]) and (3.6), we find

0
Eglf =Ly LL" "Ly Ly (3.11)
with L = (L,L,_1---L;)"", so we have
Proposition 3.4. Equations in (3.10) can be written as
Lj,lm = Pj’ij -‘Lij—l,mg ] = 1,...,”1 N (312)

with
Pim= (Lj"‘Lle_an"'Lj+l)+ , (3.13)
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namely (3.10) can be written in the Lax form

L, =[P L], (3.14)
where
e (e
L= o ; P= . (3.15)
L ' L02 Prm
Define a cyclic permutation
Q:Ly - Ly, Ly - Ls,...,L, —» L (3.16)

so L = LiLy...L,, and similarly we have Ly, ;(L, = L"); P, is then given by

Pim= (L’;l,.)f ) (3.17)
Thus the Lax equations coincide with these in [20]. Equation (3.17) can easily been
proved because

m 1

(L’K'N)W = (Lj~~~L1Ln~--Lj+1)mﬁ

Il

1
Lj"'Ll(Ln"'Ll)m_an"‘Lj+l)

-

I

m—

Li-Li(Ly---Ly) 7

(
(L] Ly (L L) Ln"‘Lj+l)”
( "anLjH) : (3.18)

It should also be noted that the KP hierarchy and the Hamiltonian g,, are invariant
under the cyclic permutation (3.16) because of (3.12) and (3.18). The latter means

m

~ n n n n \n
Gn = ;fres[, dx = ;fres (LQ‘,-) dx . (3.19)

Let us see an explicit example. Let

L* = L,L,, (3.20)

where the PDO L is in (1.4) (i.e. the operator without zero order term) and so
Ly, L, are in the form

L1=5—U+W16_1+W25_2+"',

Ly=0+v4+00" " +0072+---. (3.21)
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Compare coefficients of & from both sides of (3.20). We express u; in terms of
v, and wy

2
2uy = —v, — V" + 11 +wy,

1 1
2uy = vy +wy — 5 (Ul,x '_Wl,x) —v(vy —wy)+ vax_"vvx,

1 1
2u3 = v3 + w3 — E(Uz—wz)x —v(v —wy) + Z(Ul — W1 )y

1 1 1
+ zu(vl —wl)x+2vxvl — Z(U} —W1)2 + 51)2(1)1 + wy)

1 1 3, 1, 1,
—ZUXXX—EUUXX—ZUX—ZU —EU Uy,

etc. (3.22)
The first few operators Pg , = B,, and P, are list below
Py = (LoLy), = 0 + 2uy,

Py = (LiLy), = &* + 2, ,
3
Po3 = (LoL1)? = & +3u 0+ 3 (uz + 1)
3
Pisy=(LiLy)} =3 +3d0+3 (it + it x) , (3.23)

where uy, uy, u3 are given by (3.22) and i, iy, 43 are obtained from u; by the
cyclic permutation v — —v,v; — w;,v, — w,. For example #; reads 2u; = —v, —
v> + v; + wy. The second and the third flows can be calculated. They are

Utz = (Ul - Wl)x s
UL, = Ul,xx + 21’2,): — 20,01,
Wi, = Wixx + 2W2,x + 20wy, (324)

and

1 3 3 3
Dy = g Uwex = Evzvx + 7 (v1 —wi)y + 3 (v2 = w2), »

3 3
vl,t3 = U}, xxx + 302,){){ + 3U3,x - 'iuxvl,x + EULX (Ul + Wl)

3
— 3vv,0; + 30wy — 30,07 — Evzul,x R

3 3
Wiy = Wiy T+ 3W2,xx + 3W3,x + zvxwl,x + Ewl,x (wy + 1)

3
— 3o, wy x + 3wiv1x + 30w — Evzwl,x . (3.25)
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Eliminating v,, wy, v3, w3 from (3.24) and (3.25) and renaming # =y, t3 = ¢,
we find

1 3 3. 3
v = va( — EUZUx + Z&‘ lvyy + va (v1 +wy),

1 3. 3 3 3
Uiy = Zvl,xxx + Za 1Ul,yy =+ 56 ! (v )y + E (viw )x - Evzvl,x ,
L3 3 3,
Wi = 7 W + Za Wiy = 50 (vxw1), + 3 (wiv), — U Wi - (3.26)

One can check directly that when (v, v;, wy) solves (3.26), both
u=vx—1)2+vl+w1,
i=—v,— 0+ v +w, (3.27)

solve the KP equation. We call the system (3.26) the generalized modified KP
equation.

If we restrict L; = 0 — v, then the modified KP equation (3.26) is reduced to
the usual modified KP equation given by Konopelchenko and Dubrovsky [22],

1 3. 3 3
U = e Za fyy — EUZUX * vaa vy, (3.28)

and the correspondent Miura transformation is reduced to the well-known one of
(22],
2u=uv, —0v*+0 v, (3.29)

namely the Miura transformation of [22] can be obtained by factorizing the PDO
in a special case [20]

LP=(04+04+00"+00%+)(@-v). (3.30)
It would be very interesting to solve the generalized modified KP equation in (3.26)
and derive the correspondent solution to the KP equation. We leave this problem
for later investigation.

4. The KW Theorem for the Constrained KP Hierarchy

In this section we concentrate on the modification of the constrained KP hierarchy
and establish the KW theorem for this hierarchy.

4.1. The Miura Transformations and Second Hamiltonian Structure. We factorize
the constrained PDO L" of (2.22) in the following multiplication form:

Ln:arz+un_1an—l_*_”__‘_UO_*_qa—lr

= (04 )@+ pu—i1)---(0+ p2)(@+ p1 + G0 'F). (4.1)
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This factorization yields an expression for all v;, g and r as differential polynomials
in p;,g and 7

v; = Qi(Pns--.» P1,4,7), j=1,...,n—1,
g=0+ pn)---(0+ p2)q), r=", (4.2)

which is called the first level Miura transformation.
It is noted that the restriction condition v,—; = 0 is equivalent to

2.pj=0, (4.3)

because of the factorization. The problem we are going to investigate is first to sim-
plify the second Hamiltonian structure of (2.24) by using the Miura transformation
and then to derive the motion of equations for the modified variables.

Propeosition 4.1. By the first level Miura transformation (4.2), the second Poisson
bracket (2.24) is transformed to

am-s[5i5 5), - 64-7)
GO = + o (5%
.9} f {12:1 dp; \ép; op 5q 5”
(@:_ Sf _0f 509 0f .0
5§  of 5p1 54 N5 T oF ’5q

.0 o 0 o
+( 5{—-f5—£>6 (5gA r;’i)}dx, 44)

which is in terms of variables p;,q and F, where 0, = 0+ py, 07 = —0+ p1.

Proof. Equation (4.4) can be derived simply by the application of Proposition 3.1
and the result of Example 1 in Sect. 2 by letting

Ly=0+4pp...., Ly=0+py, Li=0+p +4o'7F. (4.5)
Proposition 4.2. The condition that admits the restriction to the submanifold (4.3)
is given by

nofof > Of  of
—— | +4-5-7==0, (4.6)
j;l (5 P/, qéq or

namely, by the condition (4.3), 6f/0pn,...,0f/0p1 6f/0q and 6 f[OF are no longer
independent.

To write down the Poisson bracket (4.4) explicitly under the condition (4.3),
we introduce the new variables by

w=Ap, (4.7)

where W = (Wu, Wp_1,...,wi1)',p = (Pu> Pn_t,..., p1)7 and

A= l(i(i'l’f Ynscn (4.8)
n
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is an n X n matrix with A = exp(m%) (i.e. the elementary root of A" = 1). This
matrix satisfies

1 I
AaT =2 (1 . Aa=- (B ) (4.9)
n En—l n 1

because Z;lel"f =p for k =0 (mod n) and = 0 for other cases, where

1
E,,_1=< ) (4.10)
1

From the transformation (4.7), we have

1n n
Wn=—>.Dj5 DI =y W, (4.11)
nj= j=1
of _ of
heay b .
op Sw (4.12)
in particular
of " of of 12 6f
=) - — =), . 4.13
oW, /gl Dj op nj;l w, (413)

From Eqgs. (4.11) and (4.12) we find that condition (4.3) is equivalent to w, =0

and (4.6) becomes
of Of of
(%)erqé—é ~or 0. (4.14)

In conclusion if we restrict the second Poisson bracket to the submanifold (4.3) or
equivalently to w, = 0, the term 0 f/dw, must be expressed in terms of /6§ and
0 f/oF through (4.14) and similarly for dg/ow,.

The transformation (4.7) has been used for the modification of the n™ KdV type
hierarchy in [5]. In the present case we have

Proposition 4.3. The condition (4.3) (or w, = 0) leads the second Poisson bracket
(4.4) to the following:

X . 0 0
{f.a9=J <5—§ A§°)§> dx , (4.15)

which is in terms of variables wy_y,...,wy,q,7, where

of [ of of of of
7 (5wn_1,..., Swy’ 34" oF )’ etc. , (4.16)
and
A(O) — %En_la _'BT (4 17)
b B c )’ o
with

B=_l<qA ‘{) , (4.18)
n\—F .. =)y
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and
wlgorlg -0 - 2o
C = U | m s R (4.19)
0 —"=F0g L0 -
n—1
81=6+p1:6+ EW]'. (4.20)
j=1

Let us see an explicit example of n = 2. The correspondent factorization reads
L*=0+v0+0v0+g0"'r=(0+ p)(0+ p1 + 407 '7) , (421)

and the new variables wy,w, are given by

1 1
wy = E(pl ~p2), W= 5(1’2 + p1), (422)

because 4 = 1. Restricting to the submanifold v; =0, or p; + p, =0, or w, =0
we have the first level Miura transformation

V= —wy — W +§F,
g=4q,+twq, r=r, (4.23)

where v = vy, w = w;. By (4.23) the correspondent Hamiltonian operator 4 in
(2.35) is transformed to

0 g -
o _ 1 j 36014 20, — 3§07 424
A7 =519 go='q =20, =340~ | , (4.24)
P20t —3f0"'g  3p0f
which is in terms of the modified variables w, 4,7, where d; = d — w. Namely 4®
in (2.35) and A(lo) in (4.24) are related by [23]

A = MlAOM)T (4.25)
where M| is the Jacobian
o(v,4,7)
=22 426
LT 8w, 4. F) (4.26)

In the following, we show the second level Miura transformation which simpli-
fies further the second Hamiltonian structure (4.15).

Proposition 4.4. Define the second level Miura transformation by
(W,,_l, SN ,W],qA,f) — (W,,_l, e ,W],J+,J_) 5 (427)
with

n—1
Jy =qexp(—0), J_ =rFexp(d), O,=ad w,, (4.28)
J=1

and o being a constant, the Poisson bracket (4.15) is then transformed to

. 5 P
{/,5Y” = f<5—fV—,A§°)§>dx , (4.29)
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with 6 f/OV = (0 f[owp_1,...,0f /0w, 0f /04,0 /0] ). The Hamiltonian operator
A(20) depends on the parameter o which has two interesting choices. In the case of
o =—1,4) takes the form

1
1B, 10 0
A4y = ( 0 é> : (430)
with
) 20,071 —0— 20,0\
cz< o - ) : (431)
—(9 - 2J_(3 J+ 2J_0 J_.

_ 2n
In the case of o = \/;=; — 1, we have

1 1 2n_ gT
wEn-10 oyt
AY = - , (432)
1 /2n g C
n n—1
with J J
J=( o ) . (4.33)
S
) 0 -4
C= 434
(% ') @
2 n—1
f =041 —=w,. (435)
n— 1 j=1

The proof is simply a direct calculation.
If we take n = 2, the Hamiltonian operators in (4.30) and (4.32) are reduced to

19 0 0
AV =1 o 27,07, —0-2J,07U_ |, (4.36)
0 —0-27_0"J, 207U
in the first case and
30 —J; J-
AV = gy 0 —0—=2w | . (4.37)
—J_ =0+ 2w 0

in the second case.

We have seen that by the second level Miura transformation (4.27) and (4.28),
the Hamiltonian operator A(ZO) in (432) for o = /2n/(n — 1) — 1 becomes very
simple, while for o = —1, it is in the form of the block diagonal matrix. The first
block is exactly the Hamiltonian operator for the modified ™ KdV type hierar-
chy, while the second block represents the second Hamiltonian operator for the
AKNS hierarchy. The following proposition indicates that in the case of o = —1,

the Hamiltonian operator Ago) in (4.30) can still be simplified.
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Proposition 4.5. For o = —1, define the transformation
Jp=drexpl, Jo=¢_exp(=8), & =i+, (4.38)
the Poisson bracket in terms of the variables (W,_1,...,w1, ¢4, ¢_) are given by
- of o9
o _ /% 99 4
{f.d} f<5V’A3 5V>dx, (4.39)

with 0f/0V = (0f/0Wu—1,...,0f/0wy, 0[O+, Of[0¢p_) and the Hamiltonian

operator

g, 0
4D = ( ! —E26> , (4.40)

where E,_; and E, are the matrices of the form of (4.10) with respectively the
order of n— 1 and 2.

4.2. Modified Equations. In the following we derive the modified constrained KP
hierarchy and the correspondent Hamiltonians. The motion of modified equations in
terms the modified variables { p;, 4, 7} can be derived from the general discussion
in (3.12) by restricting the operators L; in the form of (4.5). An explicit example
is shown below.

Let 12 = L,L, with Ly =0 —w, L = 0 +w + §0~!7 as in (4.5). We then have
the first few operators Py ,, and Py , in the form of (3.23) but with

2u; = wy — W + g7,

1 JUNEE
2uy = —wax + wwy — wgr + E(qxr —Gry),

etc. , 4.41)

and

20l = —wy — w2 + g7,

20y = — Wy + WWy — WGF — l(jxf - —%quX ,

2 2 2

etc. (4.42)
From the equation

Li =Pjmli—LiPji_\mi j=1,...,n, (4.43)

we have
Wtz = (qu)x 5
th2 = éxx - (Wx + WZ - éf)‘i 5

Fiy = —Foe — (W — W2 + GF)F, (4.44)
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and

1 3 .. aa
Wy = ZW”_§W3+Z(qxr_qrx) ,

N A 3 A\ m 3 an . An\ A
4, = Gox — 7 (2wx 42w — 3qr) q, — 7 (wxx + 2ww, + 2wgr + qrx) q,
. . 3 2 Ay A 3 an A o) o
Py = Fax + 7 (2w,r - 2w + 3qr) Fe+ = (wxx — 2wwy + 2wgr — qxr) r.

4
(445)

Equations (4.44) and (4.45) are the modified equations of (2.20) and (2.21) respec-
tively. The first level Miura transformation connecting them are given by

2u1=wx—w2+éf, g=4,—wqg, r=~r. (4.46)

The second level Miura transformation in this case is given by

J.=qgexp(—0), J_=Fexp(d), 0O,=aw, (4.47)
where o is either —1 or 1 because n = 2.
When o = —1 the correspondent motion of equation reads
Wtz = (J+ J )X s

Jig =T =204 o = 2wy + 2030,

Joiy =~ =20 = 2w J_ — 20 J% (4.48)
and
1 1 3 3
Wiy = wax — §w3 + 2 (J+,xJ- “J+J—,x) - EWJ+J— >

X

3
J+,13 = J+,xx_x = 3wy o+ 5 (-3Wx + w? +2J4 J—) J+,x

(Wae = 2wwy +4wJ J_ + U J_ ) Ty,

N W

3
Tty = I oo + 30+ 5 (Bwy+w + 20, J_)J_,

2 (W — 2wwy + 4w T — Ty ) (4.49)

N W

The Miura transformation from (2.20) and (2.21) to the above equations is
2uy =we —w? +J, J_

q=(tx— 2w )exp(0), r=J_exp(—-0), 0O,=-w. (4.50)
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When o =1 we have
Wy, =4I,
Jip =J4 o+ 205 1,
J_ = —J 2wl i, (4.51)

and

1 1 3 3
Wt3 = |:wax — zw?’ + Z (J+,xJ— —J+J_,x) + 5WJ+J_ 5

x

3
J+,t3 =J+,xxx + 3WJ+,xx + '2' (Wx +W2 +J+J—)J+,x s

oty =J o = 3W e — = (e =W —JoJ_) T s (4.52)

N W

The Miura transformation from (2.20) and (2.21) to (4.51) and (4.52) is given by
2up = wy — W +J /-,
qg=Jyxexp(0), r=J_exp(—0), O=w. (4.53)

Let us show the Hamiltonian for our modified equations. From the general
construction of the ™ constrained KP hierarchy [18, 19], the Hamiltonians are given
by H,, = [res L™ dx for the constrained PDO L. The first few of them for the second
constrained KP hierarchy are listed below

1
Hy = [qrdx, H, = Ef(qxr — gre + u?)dx, etc. (4.54)

By the first level Miura transformation (4.46) these Hamiltonians are transformed
to

Ho = [(§, — wg)Fdx, (4.55)

Lol o an | S R 1 ¥
Hi=3J [qxxr+qrxx ~ yWedr = WG — gr) + o (W} +w* —2w?g7)| dx,

2
(4.56)
while by the second Miura transformation (4.47) we have for a = —1,
Hy = [(Jyx— 2wy ) _dx, (4.57)
1 1, , 5 7
Hy = Ef J+,xx~]— +J+J—,xx + ZJ+J— - ’2'WJ+,X + EWJ+J—,x

9 1 1
+ §W2J+J‘ + wa + Zw“) dx . (4.58)
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For a =1,
Hy, = fJ+,xJ_dx , (4.59)

1
Hy = [ o= + e = Wy Sy (0 = w? + JJ ) dx . (460)

These are the Hamiltonians for the modified equations corresponding to each of the
Hamiltonian operators.

5. Concluding Remarks

In this paper we find that the factorization (3.2) of the n™ power of the PDO L” to
a multiplication form leads to the generalized Miura transformation for the KP hier-
archy which decomposes the second Hamiltonian structure in the n™ pair to a direct
sum of the second one in the initial pair associated with the factors L,, j = 1,...,n.
By the constraint (1.9), we obtained similar results for the constrained KP hierar-
chy, in particular the second Hamiltonian structure for the constrained KP hierarchy
becomes very simple by our Miura transformation.

It has been known that the second Hamiltonian structures for the integrable
systems, such as the KdV type and the KP hierarchies, provide the structures of
the so-called classical W -algebras in conformal field theory (see e.g. [7,8,21] and
references therein). The correspondent Miura transformations play an important role
in the construction of the free field realizations of the W-algebras. It would be
expected that the Miura transformations intensively discussed in this paper have
significance to the free field realizations of the W -algebras associated with the KP
and the constrained KP hierarchies.
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