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Abstract: We develop a theory of spectral integration for quantum stochastic in-
tegrals of certain families of processes driven by creation, conservation and an-
nihilation processes in Fock space. These give a non-commutative generalisation
of classical stochastic integrals driven by Poisson random measures. A stochastic
calculus for these processes is developed and used to obtain unitary operator val-
ued solutions of stochastic differential equations. As an application we construct
stochastic flows on operator algebras driven by Lévy processes with finite Lévy
measure.

1. Introduction

The standard theory of quantum stochastic calculus in boson Fock space as devel-
oped by R.L. Hudson and K.R. Parthasarathy uses the creation, conservation and
annihilation processes as basic martingales (see [HuPa 1], [Par], [Mey] and refer-
ences therein) and it is well known that classical stochastic integrals with respect
to a standard Brownian motion or compensated Poisson process can be constructed
within this more general formalism. As it stands however the theory is insufficiently
fine to capture stochastic integrals with respect to Poisson random measures. The
aim of this paper is to take the first steps towards developing the required general-
isation.

Of course stochastic integrals with respect to Poisson random measures involve
two distinct integrations over both time and space variables. In the quantum case
we find that integration over the “space” variable corresponds to a spectral integral
and hence the objects which we need to make sense of are operators of the form

oot
M@it)= [ f{El(s,)t)AI (ds,P(d1)) + E; (s, A) A(ds, P(d 1))
—0 0
+ E3(s,A) Ay (ds,P(d1))} (1.1)
where P is a projection-valued measure, E;(j = 1,2,3) are suitable families of
adapted processes and Af, A4 and A represent the differentials of the creation, con-
servation and annihilation processes (respectively) in a sense which is made precise
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below. From the point of view that regards quantum stochastic integration as de-
scribing the coupling of a quantised system to a heat bath, it seems clear that the
finer decomposition given in (1.1) yields more information about the coupling than
the standard integral.

Integrals of the form (1.1) first appeared in [App 1] where they appeared nat-
urally in the construction of new types of quantum stochastic flow from classical
Lévy flows, however in [App 1] they were only defined as forms and a full stochas-
tic calculus for them was not developed as is the case below. We remark that a
similar class of integrals has recently been employed by Belavkin [Bel] in his work
on the quantum measurement problem.

The organisation of this paper is as follows. In Sect. 2 we collect some prelimi-
nary facts about quantum stochastic integrals which we will use in the development
of our theory. In Sect.3, we construct the integrals (1.1) as limits of sums of
stochastic integrals defined over partitions. We obtain an Itd formula for the prod-
uct of two such processes. Sect. 4 is devoted to proving a Fubini type theorem in
which it is demonstrated that the two integrals in (1.1) can be interchanged. Our
processes are used in Sect. 5 to construct solutions of linear stochastic differen-
tial equations (SDE’s), conditions are established for the unitarity of such solutions
and the resulting quantum flow is used to construct a new type of stochastic dila-
tion for norm continuous quantum dynamical semigroups. Finally in Sect. 6, we use
Parthasarathy’s representation of Lévy processes in Fock space to construct a class
of one-dimensional Lévy flows on *-subalgebras of B($),) in the case where the
Lévy process has finite Lévy measure. Although our method is sufficiently robust
for us to drop this latter restriction, there are a number of lengthy technicalities
which arise in the treatment of general Lévy measures, hence to avoid this paper
becoming of unmanageable length we have postponed the case of general Lévy
flows to a later article.

There are a number of interesting questions relating to the integrals (1.1) which
are not addressed in this paper. One of the most intriguing of these arises from the
observation that the processes given by (1.1) are martingales which suggests the
possibility of improving on the martingale representation theorems of [PaSi].

Notation: If D; are dense linear manifolds in complex Hilbert spaces $;(i = 1,2),
we denote by D ®D,, their algebraic tensor product. If L € B($;) we often write
its ampliation L ® / to the whole of $; ® 9, simply as L provided there is no room
for ambiguity. If T is a topological space, #(T ) will denote the o-algebra of all
Borel sets in T .

2. Preliminaries (cf.[HuPa 1], [Pa])

Let $ and $; be complex separable Hilbert spaces and let § denote the Hilbert
space tensor product $o ® I'(H#), where # = L>(R*,$,). For f € #, the expo-
nential vector Y(f) € I'(s) is defined by

ref I )

lp(f)z(laf’ \/-2—‘-5 \/ma

so that if g € A then (Y(f),¥(g)) = exp({f,9)).
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Let & be a dense linear manifold in # and let £(%) denote the linear span
of {Y(f), f € &}, then () is itself dense in I'(3#). Throughout this paper we
will take & to consist of $;-valued locally bounded functions on R™.

For f,g € # and T € B(#) with T = T*, we denote by a'(f), A(T) and a(g)
respectively the corresponding creation, conservation and annihilation operators in
().

For the remainder of this section we fix once and for all x,y € §; and
H € B($,) with H = H*. We define the creation process A4l = (4I(¢), t € R*)
by

Al() = a" Q. ©)
the conservation process Ay (t) = (Ay(t), t € RT) by
Ay (t) = Az, © H)
and the annihilation process 4,(¢) = (4,(t), t € R*) by
A1) = alyo.n © ¥) -
We note that
&(¥) C Dom(Al(¢)) N Dom(Ay(t)) N Dom(A,(t))

and
Al(2) C A(t)", Ap(t) C Ay(t)*, for allt € RT .

Recall that, for each + € R*, $ may be identified with the Hilbert space ten-

sor product §, ® H', where , = Ho @ ['(L*([0,1), H1)) and $' = I'(L*([1,00), 1))
by means of the canonical isomorphism which maps each u®@ Y (f) to (u®

Y(fx0,0) @ WS A1t 00)), Where u € Ho, f € A

We fix a dense linear manifold Dy in Hy.

A family £ = (E(¢),t € R") of densely defined linear operators in § is said to
be adapted if

(i) Do ® 6(&) C Dom(E(?)) .

(ii) Each E(t) = E(t) ® I', where E(¢) is an operator in $, and /' is the identity

in B(9").

Let Z7={0=1 <t <...<t,— oo} be a partition of R*. An adapted process
E is simple with respect to Z if

E(t)=E(1)) whenever t, <t < tj;].

We denote the class of all simple processes by X(Dg, S).
An adapted process E is locally square integrable if for each u € 9y, f € &
the map ¢t — E(¢)(u ® Y(f)) is measurable and for each ¢ > 0,

{ IEGs)(u@ ()] ds < oo

The linear space of all such processes will be denoted LE (D, ¥).
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It is proved in [Ev] that given any E € leoc(bo,y ), there exists a sequence

(Ex)nen in Z(Dy, &) such that for all t € RT,u € Dy, f € &,
JIEE) = Es)(u @ Y DIds —-0. @1

Let (E;,j = 1,2,3,4) be simple processes and assume (without loss of generality)
that they are defined with respect to a common partition 2. Their stochastic integral
M = (M(t),t € RT) with respect to the processes Af,Ay,A4, and “time” is the
adapted process given by

o0
M(t) =Y {E(ty Nt) aT(X[t,,/\t,t,,H/\t) ®x) + Ex(ta N t) AXitansty iy @ H)
n=0
+ E3(ta A1) a(Uipnttyne) @ ¥) F Ea(ty At) (tap1 Nt —t, N2} . (22)

M is usually written in the “integral notation” as
M(1) = {:(El (s) dAL(s) + Ea(s) dAu(s) + Es(s) dA,(s) + Ea(s) ds) ,  (23)
or the “differential notation” as
dM = E\ dA! + Ey dAy + Ey dA, + Ey dt . (2.4)
We will occasionally use an alternative notation of dA(¢,x) in place of d4,(¢) (etc.)
when x is a complicated expression and the above notation is too clumsy.

For u,v € 99, f,g € ¥ we obtain the following formulae which will be used
extensively in the sequel:

(wY(f). M) @ Y(9)))
t
= {<u®l#(f),K(f,g,%H,y;S)(v@lﬁ(g))>ds (2.5)

for each ¢t € R*, where

K(f,9.x.H,y;5) = (f(s),x) E\(s) 4 (f (), Hg(s)) E2(s) + (,9(s)) E3(s) + Ea(s)

and (.,.) is the inner product in ;.
If M/ is a stochastic integral of the type (2.2) of a quadruple of simple processes
(El,k =1,2,3,4) for j = 1,2 (respectively), we have

(M (1) @ Y()), M* (1) (v @ Y(g)))
= £{<M1(S)(M QYKL 9.5 H, y;5)(v @ ¥(9)))
+ (K (g, fox. H, y;9)u @ Y(f), M*(5)(0 @ Y(9)))

+ (L' ox Hys)u @ Y(f), L (g,x, H: s )0 @ Y(9)))) } ds (2.6)
for each 1 € R*, where for each h € &,j = 1,2

L(h,x,H;s) = x ® El(s) + Hh(s) @ E}(s)
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(so that each such L/ is a linear operator from & into $; ® ) and ({.,.)) denotes
the inner product in $; ® 9.

Writing M = M' =M?, g= f and v=u in (2.6), we obtain the following
estimate for 0 < ¢t < T,

T
M) YN < [ d(s)a(x, H, y; fr5)ds 27
0

where

a(x, H, y; fo1) = 6max {|(f(0),0)%, (£ (@), H ), (v, SN IHF Ol %118, }

4
and @(s) = Zl IE;(s) (@ W) -
i=

For the remainder of this section we take E4 = 0. Now let P be a projection in $;.
By using estimates of the form |(x,Py)| < ||Px|.||Py| < 3(||Px||* + ||Py||*) , and

the Hilbert space inequality ||¢1 + ¢z + @3]l < [3(¢? + B3 + ¢3)]/2, we obtain

|K(f, f,Px,P,Py;s)|| < 23¢(s))/*B(x, y, £, P;s) , (2.8)
where
B(x, y, [ Pss) = |[Px||* + [|Py|> + [P . (2.9)

A similar argument establishes the estimate

IS % P s) (@YU < 2(8) 9 £, Pis) (2.10)
where ||| - ||| denotes the norm in $; ® $ (we have suppressed the index j with
obvious meaning) and

V0 £, Pss) = [1Px|)* + [[PS ()] - (2.11)

We will find (2.8) and (2.10) of use in the next section.

Now let (M"),en be a sequence of stochastic integrals of the form (2.3) wherein
each (E} )nen converges to E; € L} (Dy,¥) in the sense of (2.1). Using (2.7) it
can be shown that (M"),en converges (in an appropriate strong sense) to yield an
adapted process M which we call the stochastic integral of the quadruple (E;, j =
1,2,3,4).

Furthermore the formulae (2.5) to (2.11) remain valid for these integrals. We
continue to use the notation (2.3) and (2.4) for such processes.

The following result will be useful in the next section

Lemma 2.1. Let x;, y, € 91 and H; € B($:) with H; = H}, j = 1,2 and let E; €
L2 (Do, ), j = 1,2, 3, then for each t € RY,

J(E(s)dAL 1) (5) + Ea(5)d Ay, +11,(5) + Ex(5)d Ay, 45, (5))
0
= [(E\(s)dAl (s) + Ex(s)d A, (s) + E5(s)dAy,(s))
0
+ f(El(s)aIA,Tc2 (s) + Ex(s)dAp,(s) + E3(s)dAy,(s)) .
0

The proof is straightforward and hence is omitted.
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3. Construction of Quantum Stochastic Spectral Integrals

For the remainder of this paper we will assume that &, is infinite dimensional.
Let Y be a (not necessarily bounded) self adjoint operator in $; with spectral
decomposition ffoooxl P(d}). Our goal in this section is to make sense, as linear
operators in ), of expressions of the form,

M(t) = °f° fI{El(s, M) Al(ds, P(d2)) + Ex(s, 1) A(ds, P(d}))

—00 0

+ Es(s, 2)Ay(ds, P(d1))} (3.1)

where each {E;( - ,1),—o0 < 4 < oo} for j =1, 2,3 is a suitable family of pro-

cesses in L (Do, &).

Operators of the form (3.1) will be called quantum spectral stochastic integrals.
Note first of all that if ¥ has discrete spectrum {4; < 4, < -+ < 4,} then we

can define M(¢) by

M(t) = i J{ENGs, 2)ddb () + Ex(s, 4)dAp,(5)
j=10
+ E3(S> )"j)dAP/y (S)} B (32)

where P, = P({4,}) for 1 £ j < n.

From now on we will assume that the spectrum of Y is the whole real line.
Our strategy will be to obtain (3.1) as a limit of expressions of the form (3.2).
First though we will need to make some restrictions on those families of processes
which we will be able to integrate. Let E = {E(4), 1 € R} be a family of adapted
processes in ) so that each E(1) = (E(¢, A), t € RT). Let [a, b] be a fixed closed
interval. A family E will be said to be A-continuous on [a, b] if for all t € R*, u €
Dy, f €, it is the case that given any & > 0, there exists 6 > 0 such that for
any a < A, u < b with |1 — u| < 0, then

sup [[(E(s, 4) = E(s, i) u @ y(f)I <e.

0<sst
We note that if £ is A-continuous on [a, b], then the map

A — sup ||E(s, A)(u®¥(f))| is continuous from [a, b] to RT .
0sst

A family E is said to be admissible on [a, b] if

(i) E(4) € L} (Do, ¥) for each a < A < b,
(i) E is A-continuous on [a, b].

We will now construct the integrals (3.1). Let Z={a=4 < 4 < ... <
Jnsy = b} be a parttition of [a, b]. We define the mesh |?| of # by |2|=
maxos;<nlAjtt = 4.
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Let {E,,j=1,2,3} be admissible families and define for each r € R*, ue
Do, f €Y,
3

7(Psu, ) = sup {Z sup [[(Ej(s,2) = Ej(s, 1)) @ () |17,

j=1 0Zsst
1/2
asi<p=bli—y élg’l} :

Now let 2’ be a refinement of 2 and for each 0 < j < n, let )Lj,,...,/ljn] be the
points of 2’ which lie between A; and A,,;. Define for each t € R™,

n t
My(t) = 3> [{Ei(s py) dA"(s,P(Aj, 2y41)x)
J=0 0
+E2(S7 :u'}) dA(Sap()"ja )”j+1))+ E3(Snu'j) dA(S’P(;"j’ )“/-H)y)} P
where each 4, <y, £ 44 for 0 < j < n.

Lemma 3.1. For each u € $, f € & and T € R*, there exists a constant C(T)
= 0 such that for 0 =t =T,

|(Mp(t) = Mp (1)) u@Y(f)I = C(T)yr(u, f52).
Proof. As P is a projection-valued measure, we have that for each 0 < j < n,
nj
P(;”J"ajﬂ) = [Z()P(;”jl’/{jlﬂ)

Hence by Lemma 2.1, we obtain
n "ot
My(t) = My (t) = 2% [2%) JUE S 1) = Er(s, 1)) dA (5, Py, 25y, %)
J=0 (=0 0

+ (EZ(S’ ﬂj) - EZ(S, :u]/)) dA(S’P(’]”j[”IjHl ))
+ (E3(S> .u']) - E3(Sa luj[)) dA(Sap(}”jla;‘jH] )y)} .

We will write each P(4,,) = P(4,,%,,,), for simplicity.
Now by (2.6) and a similar argument to that of Corollary 1 of [HuPa 1], we
find

N(Mp(t) — Mp(2)) (@ ()|
= ((Mp(t) — Mp(0)) (u @ Y(f )y (Mp(t) — Mpi(2)) (u@Y(f)))
= [{2 Re (Ms(s) = Mp(s)) (@ Y(f)),
0

]

En: K(f, /> P(4;,)x,P(4,,), P(4;,)y;5) (u © Y(f)))

J=0 1=0

3 S PA, e P(4,) )is) (@ W)Y ds

J=0 =0
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< 6[ {I1(Mar(s) = Mopr(5)) (e @ YN
n 2
* (ZO LIV K S Py ) P45, P4, )y9) (u @ tﬁ(f))ll)
J= =

+ ZO 120 LS PCA, x P(4;)):5) (u @ ()P} ds

Now use the estimates (2.8) and (2.10) and the integrating factor e™' to obtain the
required result with

c(T) = eT2 sup max {2\/§ﬁ(x, v fr1;s), (2y(x,f,1;s))1/2}, 0

0<s<T

Now let (#,,n € N) be a sequence of partitions of [a, b] with lim |2,| =0 and
n—00

write M,(t) = My, (t) for each n € N,z € R*.

Lemma 3.2. For each u € Dy, f € &,T € R™, the sequence (M,(¢) (u @ Y(f))nen
converges in 9, uniformly for 0 <t < T.

Proof. Let m,n € N, then by Lemma 3.1 we have
[|[Mu(2) (u @ Y(f)) = Mu(t) (u @ ()|

= ||[(Mu(2) — Mu(2)) (u @ ()|
< |[(Ma(2) = M,y 2, () (4 @YD+ |(Mn(t) — Mp,p 2, (1)) (u @ Y())]

= CT(?T(u’f;gn) +'))T(u,f,@m))

— 0 as n,m — oo by the admissibility condition.
So the sequence is uniformly Cauchy and hence uniformly convergent in &. O
For each u € @y, f €S, t € R*, we write

My p(D) (@ Y(f)) = Tim My(1) (u @Y (f)) .

Clearly each such M, ;(¢) is a well-defined linear operator on § with DyRE(S) C
Dom(M, »(t)) and the process M, , = (M, p(¢),t € R™) is adapted.
We denote each M, »(t) by

M, p(t) = fb ft{E,(s,z) Al(ds,P(d1)) + Ex(s,2) A(ds,P(d2))
a0

+ Es(s,A) A, (ds,P(d1))}

and note that the integral is linear in each of the three arguments E;(j = 1, 2, 3).

We now introduce some families of Borel measures which we will employ in
the sequel. Fix x,y € H; and with regard to the notation used in (2.5) and (2.6)
define for each f,g € &,t € R*,F € 4(R),

K(F)(f,9:1) = K(f, 9, P(F)x, P(F), P(F)y;1)
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(wherein Ey4 is taken to be identically zero and to save the notation becoming too
clumsy, we have suppressed the A-dependence of K through the operators E,(z, 4)).
Let A be any adapted process in $ and let u,v € Ho, then |, AW @
Y(f),KdA)(f,g;t) (v ®Y(g))) is a finite Borel measure on IR.
Define a further family B( - )(f;¢) of finite Borel measures on IR by

BE)(f5t) = Bx, y, [, P(F); 1),
where f8 is defined by (2.9) and observe that by (2.8) we have
IK(EY (S 101l £ 2B¢()) PBE)(f+1) - (33)
Similarly if we define for each h € &, j=1,2,
L/(F)(h;t) = L (h, P(F )x, P(F); 1) ,

then ((L'( - )(f56) (@@ Y(f)),L*( - )(g;t) (v @ Y(g)))) is a finite Borel measure
on R and defining the finite Borel measures y( - )(f,¢) by

YWE)(f30) = y(x, f,P(F); 1),
where 7 is defined by (2.11) we find by (2.10) that
W LEYf0) @@y (NP S 260 9(F) (f,1) - (3.4)
Finally we define a family ©( - )(f;¢) of finite Borel measures on R by
)0 =12BMR)(f0)BC- (30 +29(- ) (f30). (3.3)
Lemma 3.3. For each ¢ € H,u€ Dy, f,9,h € &,t € Rt we have

tb
Off((b,E(s,i)(u QY N)(Y(s), P(dA)h(s))ds < oo

whenever E is admissible on [a, b).

Proof. Using the Schwarz inequality and the admissibility criterion we find
th

T E(s, 1) (w @ y(f))) || P(AAIA(s) |5, ds

0a
Stlldll sup sup ||E(s,/1)(u®w(f))lios<ug Il h(s) 1[5, -

as.sb 0=s=st

Hence, by the polarisation identity, the integral in the statement of the lemma is
also finite. [

Theorem 3.4. For each t € RT,u,v € Dy, f,g € ¥ we have
)
(i) @Y(f), My (1) (v®Y(9))) = 0ff<” QY(Sf),K(d2)(f,9;5)
x(v®Y(g)))ds. (3.6)
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(i) If M , are processes of the form (3.1) with respect to the admissible
triples Ei( j=12, k=1,2,3 respectively) then

(ML () (@ Y(f)), M2 (1) (0 @ Y(g)))
tb
= { S, () (u @ Y( ), K2(dA) (f, g5 5) (v ® Y(g)))

HEKN(d2) (g, £39) (@), M7 () (0 ® ¥(9)))
H((LId2) (f35) @@ Y(f)), L2(d2) (g55) (v @ ¥(9)))) } ds . (3.7)

(iii) For all 0 <t < T,T € R,

Th
| Mo, p(0) (@ Y(f)) [P < Offe'_s¢(s,l)f(di)(f;S)dS ., (38)

where

3
P(s, 1) = ; | Ei(s, ) @ y( )| .

Proof.
(i) For simplicity we take E, and E3 to be identically zero.

Note that by Lemma 3.3, the right-hand side of (3.2) is finite. Using Theorem 3.2
we find

{u@Y(S)Ma,p(t) (v @ Y(9))) = lim (u @ Y(f), My(t) (v @ Y(9)))

= lim f Z QY ), (f (), P4}, A7 %) Ex(s, 117) (v @ (9)))

0 j=0

where M,(t) = My, (t),P, is the partition {a =15 < ] < ... < A, ., =b} and
each/”<,u”</ (0 27 = my).
We then ﬁnd that

th
lim | (@ () M6 (08 Y(9))) - f DY), K(@2)(f,4:5) (0@ Y(g) ds |
< Jim [ o), {Z(f(s) P, 28,00 Bi(5,1) (0@ Y(9))

—f(f(S),P(di)X)El(S, A l//(g))>} | ds

= 0, where the interchange of limit and integral is justified by the dominated con-
vergence theorem.
(i1) is proved similarly.
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(iii) Arguing as in the proof of Lemma 3.1 and using (3.7) yields

(1M, 5(t) (u @ Y()) |I? .
= { {2Re(Mq,b(s) (u @ Y(f)), [KEA) (S, f35) (u @ Y(f)))

t b
+{ S LAAY (f8) @@ y() ||*} ds
‘ 2
! b
= ‘Of{”Ma,b(S)(u@”//(f)) I” + (f | K(dA)(fs f38) (u@y(f)) H)

tb
+bff | L(dA) (f58) (w@Y(f)) [|*} ds

The required result now follows on using the estimates (3.3)—(3.4), the definition
(3.5) and the fact that if m is a finite measure on [a, b] and f € L*([a, b], m), then

b 2 b
(ff(i)m(dfl)> Sma, b)[| f(A) P mdi). O

Using (3.8) and a similar argument to that in [HuPa 1], it is easily deduced that for
each u € Dy, f € &, T € R, the map t — M, »(¢) (u @ Y(f)) is continuous from
[0,T] into .
Let E = (E(t,A),t e R, € R) be a family in . We say that it is strongly ad-
missible if
(i) Each E(2) € L} (Do, &).
(ii) E is A-continuous on the whole of R.
(iii) For each u € Dy, f € &,t € R* the map
A— sup || E(s,A)(@@y(f))]| from R to R" is bounded.

0<s<t

Lemma 3.5. Let M, ; be the stochastic integral of a strongly admissible triple,
then for each u € Dy, f € ¥,t € RT,

a}jr_xl blim M, () Y(S)) existsin .

Proof. Let ¢ > b > a, then it is easy to see that
Ma,c(t) = Ma,b(t) + Mb,c(t) .
Hence by (3.8), we have foreach Te RT,0 <t < T,
(1Ma,o(6) (u @ Y(f)) = Ma,p(8) (u @ Y()) |

=|| M, (1) (w @ Y()) |

Tc

[ [~ d(s,2)o(dA) (f3s)ds

0b

IIA

IIA

e[ sup ¢(s.2)a(dA)(f5T)
T

b 0<s<



618 D. Applebaum
— 0 as b,c — oo, where a(.)(f; T) = foTr(.) (f;s)ds is a finite Borel measure on
R. Hence blim M, p(8)(u @ Y(f)) exists.

The other limit is obtained similarly. [

We write M(¢) (u @ Y(f)) = lim,,_oolimp_,ooM, 5(2) (u @ Y(f)), and denote

the adapted process M = (M(t),1 € R™) as in (3.1). In the following we will in-
clude a “drift” term and write

M) = | [{E(s2) 4L (ds,P@A) + Bals,2) A(ds, PL)

—000

4 Ey(5,2) A, (ds, P@A1))} + [Ex(s)ds. (3.9)
0
where Ey € L2 (Do, ).

lo
Arguing as cin [HuPa 1], we obtain the following generalised quantum Ité product

formula from theorem 3.4 (ii).

Theorem 3.6. Let Mf be processes of the form (3.6) with respect to the strongly
admissible triples Ey(j = 1,2,k = 1,2, 3 respectively) such that each M(t),E;
A e B(®H), for te R, L € R and

sup max sup {|| M7(s) |, ]| Ei(s,/l) 11 Ea(s) 1,j = 1,2, k=1,2,3,} < o0,

AER 0=s<t

MIM? = (MY (t)M?(t),t € R") is then a process of quantum spectral stochastic
integrals with

M'(t) M (1) = T bf {IM()E3(s, ) + E{(s, IM*(s) + Ey(s, A)E7 (s, A)]
x Al(ds,P(d))) + [M'(s)E2(s, 1) + EL(s, )M (s)
+ Ej(s, A)E2(s, 1)] A(ds, P(d)) + [M ' (s)E3(s, A)

+ Ej(s, )M (s) + Ej (s, A)E3 (s, 2)]A,(ds, P(d2))}
+ f {M" ()E5(s) + E3(s)M*(s)
0

+ j?E3’(s,/1)Ef(s,}.)(y,P(dAl)x)}ds. (3.10)

—00

Notes. (i) The interchange of integrals in the final term of (3.10) is justified by
Fubini’s theorem and [°_ El(s,A)E2(s,A)(y,P(dA)x) is a standard B(l)-valued
integral.

(ii) It is tempting to introduce the simplified notation for (3.9) of

dM(t) = T {E\(t, 1) Al(dt,P(d)) + Ea(t,2) A(dt,P(d1))

+ E3(t, 1) A, (dt,P(dA))} + E4(t)dt. (3.11)
Using this notation we can write (3.10) in the following simpler form

dAMY(OM?(1)) = dM (1) - M*(t) + M'(t) - dM?*(t) + dM'(t) - AM*(1),
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where the term dM'(t) - dM?(t) is evaluated by bilinear extension of the rule that
all products of differentials vanish with the exception of

Ay(dt, P(Fy)) - A1(dt, P(F2)) = (3, P(F, N Fy)x)dt
Ay (dt, P(F)) - A(dt, P(Fy)) = A,(dt, P(F) N F)),
A(dt, P(F)) - Al(dt, P(Fy)) = Al(dt, P(F) N F»)),

A(dt, P(F\)) - A(dt,P(Fy)) = A(dt, P(F\ N Fy)),

where F1,F, € #(R).

Despite its simplicity, we will not use this notation in the sequel as it mislead-
ingly suggests that the time integral precedes the spectral one. Although we obtain
some results justifying such an interchange in the next section, it is not guaranteed
that the required conditions hold for the processes we will consider in the final two
sections.

We close this section with a result on the “linear independence” of stochastic
differentials which we will find useful in Sect. 5 below. Let M be a process of the
type described in Theorem 3.6 satisfying the additional condition that each of the
maps

t = Ef(t, D) @@Y(f)), t— Est)@m@Y(f))

is continuous from IR* into § for j = 1,2,3 and each u € Dy, f € ¥, 4 € R.
I am grateful to Martin Brooks for providing the proof of the following

Theorem 3.7. If M(t) =0 for all t € R* on Dy E(F), then
Ef(t,) = E4(t) = 0 on Dy ® E(¥)
for each j =1,2,3, L€ R, i € R™.

Proof. Suppose that M(¢) = 0 for some ¢t € R*, then differentiating (3.6) yields

o0

J w@y(f),K@2)(f,9:) (0 @ ¥(9))) + u®Y(/ ), E«(t) (v @ Y(g))) = 0.

—0oQ

Choosing f and g to be continuous and such that f(¢) = g(¢t) = 0 yields E4(¢) (v ®
¥(g)) = 0 as in [Par] Proposition 27.3, p.224.
Now let f be continuous and such that f(z) = 0. By (3.7) we find that

d
0= 2 M@ @y

= J 1B D o b IP@?
b T R4 (@ ) Eatt, 1w U )P, £(0)

+ T 1B @e g PP f O,
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Hence each E(t,2) = 0. Upon relaxing the restriction f(¢) = 0, we see that each
Ey(t,4) = 0.

Now a standard argument shows that each M(¢) is closeable and the restriction
of its adjoint to Dy ® (&) is

M@)! =f TE3(S,/1)*AT(ds,P(d).)x)).
0__

oo

A similar argument to the above then shows that each E3(s,A) =0 O

4. Interchange of Integrals

In the last section we constructed, as an adapted process in $), integrals of the form

M, (1) = fb ft{El(s,/{) Al(ds,P(d1)) + Ex(s, ) A(ds,P(d})
a0

+ Es(s, 1) A,(ds, P(d2))} 4.1)

for the admissible families £; (j = 1,2,3).

In this section we will demonstrate that it makes sense to interchange the inte-
grals in (4.1). We begin by assuming that for each 4 € [a,b], j = 1,2,3, E,(A) =
(Ej(t,2),t € RT) € Z(Dy, ¥) with respect to the common partition {0 =1 < £, <
<++ < 1, — oo}. In this case we can clearly interchange the integrals in (4.1) to
write

oo b
M, p(2) = Zf{El(tn At ) aT(X[ln/\l,t,,_H/\t) ® P(du)x)

n=0a

+ Ex(ty A tp) ;‘(X[tn/\t,t,,_],]/\t) ® P(dp))

+ E3(ty At 1) a(Xjinsgy ity @ P(dp)y)} . (42)

Now for j =1,2,3 let (E("),n € IN) be sequences of admissible families wherein
each Ej(.")(u) € 2(Dy, &) and converges to E;(u) € L2 (Dy,#) in the sense of

loc
(2.1), where each E, is admissible. Examples of such sequences are not difficult to

manufacture, e.g. take each Ej(.")(t,u) = Fj(")(t)fj(u), where f; € C(a,b) and F}") €
2(Dy, ¥) with supneNsupoésétHFj(-")(s)(u®lp(f))|| < 00 and lim,—,supy <, <, ||
(F}"(s) = F)(s) @ Y(/))] = 0.

We define a sequence of stochastic integrals (M‘E,"g,n € IN), where. each Méf’; is

defined by (4.2) wherein each E, on the right-hand side is replaced by E™ where
Jj =1,2,3 respectively. We then obtain the following

Lemma 4.1. For each ue€ Dy, f € #,t e Rt,—~00 < a < b < o0,

nlirgloMé"'b)(t) wMY(f)) existsin .
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Proof. Using (3.8) and the admissibility condition we find that

Tbh
M) (@ Y(f)) = M) @ YOI < { Je ¢ (s, iy(d2) (f;5)ds,

where \
(s, ) = > ICES (s, 2) = E (5, 7)) (w @ W) -
Hence "

M) (@ Y(f) = M) () (u @ (I

< fe’“s sup ¢""(s, A)r(1)(f,s)ds
0

a<li<bh

— Oas n,m — oo by (2.1).
The required result then follows. O

We write My (1) (4 @ Y(f)) = lim,,_,ooM;’"g(t) (u @ Y(f)). Clearly each M, »(t)
is a linear operator in $ and the process (Ma, »(2),t € R") is adapted. We write
for each t € RT,

R th
Mo o(t) = [ [{Ei(s, 1) Al(ds, P(d}))
(V7]
+ Ex(s,A) A(ds,P(d2)) + Es(s,4) Ay(ds,P(d%))}.  (4.3)

Theorem 4.2. For each u,v € Dg, f,g € ¥, t € RT, we have

t b

W@ Y(f),Map(t) (v @ Y(g))) = {f(u RY(f),K(d2)(f.g:5) (v @ Y(g)))ds .
(4.4)

Proof. As in the proof of Theorem 3.4 (i), we take E, = E3 = 0 and observe that,
by (3.6),

(U@ W), M () (0@ Y(g)))

= lim (u® Y(/). M )(1) (0 ® ¥(9)))

tb
= Jim [ @ (/). E (0 D)0 ® ¥(@) (/). PdA)) ds.

Now several applications of the Schwarz inequality yield
L b
(@ W), M) (0 @ Y(9)) — [ [ (@ W(f),K(d2)(f,g:5) (v @ Y(9))) ds]
0a

tb
= lof Ju@ () (E"(s,2) — Ei(s,2)) (0 @ ¥(9))) (f(5), P(dA)x) ds|
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t

< [ sup [(w@y(f),(EM(s,2) — Ei(s, 1)) (0 @ W(@)]|(f (), %)| ds

0 a<i5h

< Jlull = WAON - lixlls, ,Sup 17 lls,

<s=<t

Xf sup ||E§")(s,/1)-—El(s,/”u))((v®1//(g))“ds

0 as’.<b

1/2
= C(@) (f sup [[(B{"(s,2) = Er(s, 1)) (v ® lﬁ(g))llzdS)

0 aSish

— 0 as n — oo by the admissibility condition and (2.1), C(¢) in the final term
being a positive constant. [

Theorem 4.3. For each —co < a <b < oo, u €Dy, f € &, t € R*, we have

Mb)@ Y(f)) = Mo p(t) @@ Y(f)).

Proof. By Theorems 3.3(i) and 4.2 we have for each u,v € Dy, f,g € &,

(U @Y ), (Ma,b(t) = Ma,5(1)) (0 @ ¥(9))) = 0,
and the result follows from the fact that Dy®E(S) is dense in O

These results are extended to the case a = —00,b = co by taking limits as in
Sect. 3 under the strong admissibility hypothesis.

5. Quantum Stochastic Differential Equations and Dilations of Semigroups

Let {L;(A),A € R} for j = 1,2,3 be families of linear operators in $ and assume
that for each j = 1,2,3 we have

(i) Lj(A) € B($)) for each 1 € R.
(ii) The map A — L,(4) is strongly continuous.
(iii) sup;eg [IL;(A)] < oo.
Our first goal in this section is to investigate the existence of solutions to stochastic
differential equations of the form

X(t)=1+ ? ft{X(s)Ll(/z) Al(ds, P(d1)) + X (s)La(2) A(ds,P(d1))

—o0 0

+ X(s)L3(A) A,(ds,P(d2))} + ftX(s)L4 dt, (5.1)
0

where Ly € B($o). Note that we will write all subsequent SDE’s in integrated form
as in (5.1) to avoid the notational difficulties discussed at the end of Sect. 3.

We take Dy herein to be the whole of §y. Where convenient we will use the
notation L4(1) = L4 for all 1 € R.

Theorem 5.1. There exists a unique adapted process X = (X(t), t € RY) satisfying
(5.1)
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Proof. We first show that we can define a sequence of stochastic integrals induc-
tively by
Xo(t) =1

Xa(t) =1+ Tft(Xn—x(S){Ll(i) Al(ds, P(d1)) + Ly(2) A(ds, P(d1))

—000

+ L3(A) A,(ds, P(d1))} + Xo_1(s)Lads) .

We must show that each of the families X,(¢)L;(4) is strongly admissible. In fact
we will prove a slightly stronger result namely that each X,( - )L;(41) € LE (Do, &),
that the map 2 — supy< < [|[Xa(s)4L,(A) (u®Y(f))|| is bounded and that the
family X, (¢)AL;(%) is A-continuous on R for all 4 € B($), u€ Dy, f €.,
j=1,2,3,4.

We demonstrate this by induction. It follows from conditions (i) to (iii) above
that it holds for » = 1. Suppose now that it holds for » — 1. Square integrability is
established by a similar argument to that of [HuPa 1], Proposition 7.1.

To show the continuity condition we use (3.8) to find that for each T € R¥,
j=12,3,4,

sup_[[Xu(5) 4 (L,(4) = L;()) (u @ (/NI

01T

I\
IM m

s [T e D6 AL - LOD L o v

x t(du)(f,s)ds.

By hypothesis each of the maps  — sup, <, <7 [[Xo—1(s) 4 (L;(4) — L;(v)) L (1) (u ®
Y(f))|l is bounded and continuous. Hence we obtain,

sup _[[X(DAL;(2) = L,(n) u@ (I = eTfT(IR)(f s)ds.

0stsT

x sup max sup [|X,—1(1)4 (L, (/1)—L(V))((Lk(#)u)®¢(f))ll2

peR1=J=40<i<T
from which the required result follows.

The boundedness condition is proved similarly.

To establish convergence of the sequence of iterates, we again argue as in
[HuPa 1] above and using the estimate (3.8) we find that for 0 < ¢t < T, u € 9y,
fed,

ICXa(8) = Xamr (6 (@ (I
_ D(T)

max su A): ul?
a2 sup L, ()L Gl
where D(T) > 0 is constant.

Hence for n,m € N,

sup {[((Xu(1) — Xu(2) (w @ (/)|

0=I=T

n D(T 1/2
= 5 { max_ sl sup ot} - (2X2)
Jlreafn S JER h:

r=m+1
— 0 as n,m — oo.
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Hence (X, (?) (u ® Y(f)))nen converges uniformly in $ on [0, 7] and the solu-
tion to (5.1) is given on oy ® () by

X@O) @ y(f) = lim X,()(u@y(f)).

The A-continuity of each of the families X(¢)L;(4) is established by an ¢/3 argu-
ment. The boundedness condition is easily established using the above estimates.
Uniqueness is proved by a similar argument to that of [HuPa 1] [J

In the sequel we will take y = x in (5.1).

Theorem 5.2. A necessary and sufficient condition for the solution of (5.1) to
consist of unitary operators in § is that there exists a family {W(1), 1 € R} of
unitary operators on oy and a self-adjoint operator Hy € B(9y) such that for each
L €ER,

L(2)y=w@) -1,

Ly(2) = —Li(A)" W(A),

% SNkT oa ,
Ly =1iHy— 3 J LA Li(2) |P(dA)x|* .

We omit the proof as it goes along the same lines as the corresponding result in
[HuPa 1], making use of Theorem 3.6 and Theorem 3.7. We note that condition
(iii) above guarantees the existence and boundedness of the B($o)-valued integral
appearing in the expression for L.

From now on we will write L in place of L; and denote the solution of (5.1)
by U = (U(t), t € R") whenever it is unitary. Let .o/ be a *-subalgebra of B($y).
(We can, of course, take .o/ to be the whole of B($y).)

We define a quantum stochastic flow J = (j,, + € R™) where each j, maps ./
into B($) by the prescription

Ji@) =U()a U(1)* (5.2)

foreach a € of, t € R™.
A standard calculation using Theorem 3.6 shows that each j,(a) satisfies the
SDE

ji(a)=a+ _Z (j)" {js(2:(a)) A}(ds, P(d2)) + js(B:(a)) A(ds, P(d )
+ js(vi(a)) Ax(ds, P(d 7))} + Of[js(5(a))ds, (5.3)
where for each 4 € R,
a,(@)=L(A)a—W(A)a W(A)* L(A),
Bila)=W(i)aW(i) —a,
yi(a) =a L(A)" = L(2)" W(i)a W(A)",
d(a) =i [Ho,a]

1
2

(c.f. [Hud]).

}o (LAY L(Zya — 2L(AY W () a W(A)*L(A) + a L(A)*L(2) }|P(d 2 )x]||?
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It is usual to assume that the operators L(4), W(4) and Hy are such that each
of the structure maps o, 3,7, and 0 preserve the algebra .o/.

Now take .7 = B($¢), let Ey denote the vacuum conditional expectation on,
B(9) and T = (T,,t € R") be the norm continuous quantum dynamical semigroup
on B($y) whose infinitesimal generator is 9, then we have a “stochastic dilation”
of T by

Ti(a) = Eo(ji(a)) (54)

for each t € R",a € B(Hy).

We can construct a “coarser” dilation of 7' as follows. It is a consequence of
the work of Lindblad [Lin] that there exists a sequence (M,,n € IN) in B($y) with
st-lim, o0 Z?:o M} M, < oo such that

1 00
o(a) =i [Hy,a] + 7 O(M,,* Mya—-2M;aM,+aM; M,),
j::

so that T can also be dilated using the technique of [HuPa 2]. We observe that
there appears to be no direct construction of the M,’s from the L(1)’s.

We conclude this section by examining a class of mixed stochastic differential
equations in which the formalism of [HuPa 1] is combined with ours. To this end let
x, y,w,z € H1, (E,j = 1,2,3) be strongly admissible families and F; € leoc(ibo,.? )
for j = 1,2. Consider the stochastic integral, M = (M(¢), t € R™) given by

M(t) = Mi(t) + Ma(t),

where

M) = [(Fi(s) dAL(s) + Fas) dA(s).
0

My(t) = T ft{El(s, A) Al(ds, P(d 1)) + E(s, 1) A(ds, P(d).))
—o0 0
+ E3(s,4) A,(ds,P(d 1))} .
Recalling the notation of (2.7) and (3.8), we write for each t € RY, f € &,
{(2) = max{¢(2), sup $(1,4)},
/€R
p(f,1) = 2(a(w, 1,z 1) + t(R) (f, 1))

We obtain the following
Lemma 5.3. For each 0 £t < T, ue?®y, f €,

T
M@ @Y = {e"SC(S) p(f,s)ds. (5.5)
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Proof. Using (2.4) and (3.8) we obtain
M(2) (u @ Y )P
< 2Mi (1) (u @ YOI + 20IMa(8) (u @ Y(f)II

< "=SP(s) a(w, 1,z 5) ds + sz T e SP(s,A) 1(dA)(f;s) ds
0 —oo

lIA

T
2fe
0

. T
2 [e ™ P(s) a(w,L,z;5) ds +2 [ & sup (s, ) (R) (f;5) ds
0 0 /ER

T
< [e5U(s) p(f,s)ds as required. O
0

Let Ly € B($o) and w € H; with P(G)w = 0 for all G € #(IR). We take L(1), W(1)
(where 4 € R) and H, to be as in the statement of Theorem 5.2. The following
result is a straightforward extension of Theorems 5.1 and 5.2, where, in the existence
proof, we use the estimate (5.5) in place of (3.8).

Theorem 5.4. There exists a unique unitary operator valued process U = (U(t), t €
IR*) which satisfies the SDE

Ui)y=1+ ft(U(s)LO dAl,(s) — U(s)Ly dAw(s))
0

+ 70 f {U(s)L(2) Al(ds, P(d 1)) + U(s) (W(A) — I') A(ds, P(d}.))
—o0 0
— U(s) L(A)" W (2) Ax(ds, P(d 1))}

+ L Ui Ho— 303 Lolwl ~ 3 T LOYLO)|P@RRIPY i (56)
0 —00

6. Lévy Flows on Algebras

Let X = (X(z), t € R") be a Lévy process defined on a suitable probability space
(2,&,P). For simplicity we will assume that the Lévy measure v of X is finite so
that, for each ¢ € R* we have the Lévy-It6 decomposition

X(t) = mt + 6B(t) + tf+ [ xN(dtdx), (6.1)
0 R—{0}

where m,o € R, B = (B(t), t € R") is a standard Brownian motion and N is a
Poisson random measure on Rt x (R — {0}) which is independent of B.

We realise X in I'(L*(R*, H,)) as follows (see [Par] p. 152-62). Using the no-
tation of Sect. 5 above, choose w € $,x € Dom(Y) such that, [lw|| =1, P({0})w =
w and P(R — {0})x = x. We fix the Lévy measure v by defining

v(G) = (x, P(G)x), where G € Z(R — {0}).
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Now define an adapted process X = (X(¢), t € R*) in I'(LA(R*, $,)) by

X(t) = mt + io(a(ypn @ w) — a'(xpo) @ w)
+ a' (o) ® ¥x) + Ao @ Y) + a(yon @ ¥x) + 1(x, ¥x) . (6.2)

In fact each X(¢) is essentially self-adjoint on &(%) and for each ¢ € R*, y e R,
we have the Lévy—Khintchine formula ((0), exp (i yX(2)°) ¥(0))

= exp {t <imy — %azy2 + [ (e -1) v(dx)) }
R—{0}

(where ¢ denotes closure), so that X is indeed an operator-valued realisation of X.
We observe that we have the following decomposition of X:

X(t)=mt+ f io(dA,(s) — dAl(s))
0

+ Ofo f MAL(ds, P())) + A(ds, P(d 1)) + Ay(ds, P(d)))
—o0 0

+ (x,P(di)x)ds} . (6.3)
Comparing (6.3) with (6.1), leads us to introduce the notation

dB(t) = i(dAw(t) — dAl(1))
and

N(dt,d’) = Al(dt, P(2)) + A(dt,P(d2)) + Ax(dt,P(d))) + (x, P(d})x)dt .
We will construct quantum stochastic flows on a *-subalgebra 4 of B($o) which
are driven by X. To this end, let L be a bounded skew-adjoint operator on
9y H a bounded self-adjoint operator on $y and 7 a not necessarily bounded
self-adjoint operator in $o. Consider the strongly continuous one parameter uni-
tary group {W(A),A € R} on $,, where each W(1) = exp(iLT). If we take each
L(A)=W(L)—1 and Hy = mH + (x, sin(T ® Y )x) then the conditions (i) to (iii)
given at the beginning of Sect. 5 are all clearly satisfied. Hence by Theorem 5.4,
we can assert the existence of a unique unitary operator valued solution to the SDE

U(t) :1+fU(s)(<imH+ %02L2> ds+faU(s)Ldé(s)
0 0

+ T f U(s)(W(Z)—[)N(ds,d/l)) (6.4)
—oo 0

(c.f. App(2]).
If we now assume that [H,.], [L,.] and each W(A)(.)W(A)* preserve o/, we
obtain a quantum stochastic flow J = (j,,# € R™) on .o/ by the prescription (5.2).
A slight extension of (5.3) then yields

ji@) = a+ [ {im j([Hal) + 50%i(IL, [L,al])} ds
0

+ cf[js([L,a]) dB(s) + T ftjs(W(/l)aW(/l)* —a)N(ds,d2), (6.5)
0

—o0 0
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and we have a dilation of the semigroup with generator

o(a) = im [H,a] + %O'Z[L, [L,a]] + T(W()t)aW(/l)* —a)wd)).

— 00

We regard (6.5) as a generalisation to arbitrary *-subalgebras of B($¢) of the
Lévy flows of diffeomorphisms of manifolds constructed in [ApKu]. In the latter
case £ is the intrinsic Hilbert space of a manifold and .o/ the algebra of smooth
functions with compact support (see the discussions in [App 2] and [Mey]). An
obvious generalisation of the results of this section would be to consider arbitrary
Lévy measures. This requires us to extend the results of Sect. 5 to construct unitary
operator valued solutions of SDE’s driven by infinite series of quantum spectral
stochastic integrals. The details will appear elsewhere.

We observe that the methods developed herein can also be applied to obtain a
larger class of the “quantum Lévy flows™ described in [App 1].

Acknowledgement. 1t is a great pleasure to thank Robin Hudson for valuable comments on an
earlier draft of this paper and Martin Brooks for correcting a number of errors.
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