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n+2

Abstract: We construct positive weak solutions to the equation —Ayv = v"~2, where
—A, denotes the conformal Laplacian on the n-sphere (n = 4,6), having singular

sets of Hausdorff dimension greater than or equal to nT_Z

1. Introduction

In their paper, Schoen and Yau have stated the following conjecture:
nt2 nt2
Conjecture [8]: All positive weak solutions of —Ayv = v»—2, with v € L=2(S"),
have singular set of Hausdorff dimension less than or equal to (n — 2)/2. Here —A4
denotes the conformal Laplacian for the standard metric on the sphere S™.

This problem can be formulated in R™ as follows [9]: We define the measure
nt2
dp = (1 + |2/»)~"dz on R™. Assume that u € L"2(R", du) is a weak positive

solution of
n+2

—Au =unr2. (1)

Then, the Hausdorff dimension of the singular set if u is less than or equal to (n—2)/2.

Many attempts have been made to find solutions of (1) with a prescribed singular
set. In a very difficult paper [7], Schoen builds solutions of (1) with prescribed isolated
singularities. In another paper [8], Schoen and Yau have used the geometrical meaning
of Eq. (1) in order to derive, through ideas of conformal geometry, the existence of
singular solutions having a singular set whose Hausdorff dimension is less than or
equal to (n —2)/2. More recently Mazzeo and Smale have proved in [4] the existence
of solutions of (1) singular over some manifold which is a small deformation of a
sphere S¥, with k < (n — 2)/2. Their method is based on the study of degenerate
operators.

In this paper, we give some counter-examples to the conjecture stated above when
n =4 and when n = 6. More precisely, we prove the result:
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Theorem 1. Assume that n = 4 or n = 6, then for any d € [(n — 2)/2,n], there
n+2
exists a positive weak solution of (1) in L"=2(R",du), having a singular set of finite

d-Hausdorff dimension.

In order to derive the existence of solutions of (1) with prescribed singularities,
we use a variational approach already used in [5, 6] in order to prescribe isolated

n

singularities of —Au = u™-2.

Remark 1. The proof of Theorem 1 by variational techniques does not hold any more
in dimension n ¢ {4,6}.

We must emphasize an important point: In the case where § = (n — 2)/2, we are
nt2
able to build positive weak solutions of —Ayv = v"=? whose singular set ' is given

by a finite union of (n — 2)/2-dimensional spheres. These solutions allow us to define
4

a complete metric g = v"~2g, on S"\ X

2. Quasi-Solutions

In both cases n = 4 and n = 6, one can write n = 2(m — 1). With this notation we

notice that
n+2 m

n—2 m-=2"
In this section, we are only interested in solutions of

_m_
—Au=um?,

in a m-dimensional space. We state some results very similar to the results used in
[6] in order to prescribe the singularities of solutions of

—Au=um2 in B™. 2)

More precisely, we produce some positive functions which are quasi-solutions of (2)

in the sense that —Au = u"~? — f in some bounded domain of R, where f can be
taken as small as we want in a suitable space.

m 2m
Definition 1. We will say that (@, f) € L™=2(B™) x L™+2(B™) is a quasi-solution
if it satisfies

—Au=am?—f in B™.
m 2m
For some 7 > 0, we will say that a quasi-solution (i, f) € L™-2(B™) x Lm+2(B™)
satisfies the hypothesis (7)) if

2m 2m
/ﬂmdx<n and /(IVﬂ|m+fm—"'2)d$<’l’].
B"b Bm

For all n > 0, the existence of quasi-solutions satisfying (‘%n) is stated in the
following proposition:
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Proposition 1. Some n > 0 and some sequence of points p; € B™ being given, for
2m

all N € N, there exists a sequence (U, fy) € Lm 2(B™) x L™+2(B™) of quasi-

solutions satisfying (#,)) and the following properties:

1. @y is regular in Bm\{po, .oy DN}

2. The supports of uy and fy are compact in B™ and included in {J B™(p;, 1/4).

€N
3. The behavior of Uiy near a point of {p;},c1, ... ny is given by

iy (@) = (6 + o) ,

(e - piPlog(1/lz — p, )T

for some constant c, > 0 which only depends on m.
4. The sequence i is increasing and converges strongly in Lm 2(B™).

The proof of this proposition is quite technical and is given in the appendix.

In [2] Aviles has derived the following result concerning the behavior of positive
weak solutions of (2) near an isolated singularity.
Theorem 2 [2]. For m > 3, assume that u is a positive solution of —Au = u™=2 in
B™(1) C R™, which is regular in B™(1)\{0} C R™. Then, either there exists some
constant ¢, > 0 such that the behavior of u in a neighborhood of 0 € R™ is given by

(co +0o(1))

m—2
(|z[2log(1/lz[)) 2~

w(x) =

or u is regular over B™(1).

Therefore, all solutions of (2) have the same asymptotic behavior near an isolated
singularity. So, it is natural to look for singular solutions, of both (1) and (2), having
this type of behavior.

3. A Variational Problem

According to the results of the last section, we can consider that we have built a

2m
quasi-solution (@, f) € Lm 2(B™) x L™+2(B™), with 4 regular, except at the points
{pg, - -+, pn}- We will assume that the set of singular points is chosen so that it is
disjoint from the hyperplane z,, = 0. Namely if p, = (z, |, ..., @, ,,,), we ask that
T, > 1/2.
Once we have this quasi-solution, we can define

ULy, oy ) STy ooy Ty Tyy)
and R

f(xl) R xn) = f($17 et xrn—l)rm)7

2 .2 2
whererm:xm+.‘.+xn. ‘
We are looking for a solution of
n+2

—Ay=u"2 in B", 3)

with special boundary conditions. Our guess is that this solution is not far away from
i, so we search u = 4 + v, where v is “more regular” than .
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More precisely, we can measure how far is @ from a solution of (3) by computing

ni2 _ _
_Aaz/an—Z_f_n mﬁ
Ty 0T,
- N — ot
We define f = f + n-m a_u In view of the equation above, we need to solve
the equation m Tm
nt2 nt2

—Av=(i+v)"? -2+ f in B"

di4+v>0 5 in B" 4)

(n—2)'v=~2—v on 0B™.

v
The natural functional associated to (4) is the following:
- -2
E®) = / (% |V[> — F,(@,v) — fv)dz + 34— / v do, (5)
Bn 8B"
where
s(a+vP@+v) —a* —4adv) if m=3
F. (&,v) = L3 )
v+ if m=4.
We define the space
H={ve Hl(B")/U(wl, e T
=u(z,, ..., xm_l,(:rfn +...+a:fl)1/2,0, )}

This is the space of H' functions which are invariant by rotation over the n—m-1-last
variables. '
The following proposition is almost standard:

Proposition 2. The functional E(.) is well defined for v € H and critical points of
this functional are solutions of

nt2 nt2
—Av=|t+v|*2—-a2+f in B"

9 6
n—2)v=-2— on OB™.

ov

Proof. Everything relies on the crucial assumption that the support of f and the
supports of the functions @ have been prescribed away from the hyperplane z,, = 0
(see the assumption z; ,,, > 1 /2 and 2 in Proposition 1). Thus, although v only belongs

to H!, we can use the rotational invariance of functions of H in order to prove the
following estimates:

/ Fodz| < ol 171

m+2
A
and
(ol e, + o) if m=3
/ E, (@,v)dz| < me?
4o & (B al o +1lolly) i m=4,

m—2
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for some constant ¢}, c, > 0 depending only on the dimension m. It is now easy to
verify the result of the proposition.
With the help of the last inequalities it is also possible to prove the proposition:

Proposition 3. For all n > O small enough, there exists p(n) > 0 and 6(n) > 0 such
that if (a, f) satisfies (#,) and if |[v||; = o/n, then E(v) > 6(n). In addition, one
can assume that o(n) — 0asn — 0.

In order to derive the existence of solutions of (6), we just minimize the functional
E(.) over some small ball in H. The minimum exists and is achieved thanks to the
result of Proposition 3 and the fact that E(0) = 0, if o(n) is chosen small enough.
The fact that we minimize over the set of functions with small H' energy, prevents
the lack of compactness phenomenon to occur [3].

4. Proof of the Theorem

We can now prove Theorem 1.

Step 1. We begin the proof for some singular set of finite (n — 2)/2 Hausdorff
dimension. Using Proposition 2 and Proposition 3, we can find a critical point of
E(.) by solving the problem

min E(v),
lvllg<e

as explained in the previous section.
Therefore u = i + v is a solution of (6). Next, we define on all R™ the function

u(x) for all |z| <1
= 1
U@ ——u =) forall |z > 1. M
|z|»=2 "\ |z]?
nt2
This gives us a solution of —AU = |U|"~2 in R™.
Step 2. Let us denote by X', the union of the set {p, ..., py} XxS™~™ and its image

by the mapping = — z/|z|?.

We want to prove that U is positve in R™. Using the regularity result of H. Brézis
and Kato [3], we get that U is regular in B™\X. In particular, using the definition
of U outside the unit ball given by (7), we prove that U tends to 0 as x goes to +oc.

More precisely |z ~2U(z) is bounded when |z| goes to +oc. The function U is thus
n+2
given by the Newtonian potential of |U|»~2 which is positive. It is standard to prove,

using Hopf lemma, that U > 0 in R™. So, U is a solution of (4). In addition, using
n+2

the behavior of U when |z| goes to +00, we get easily that U € L»=2(R", dp).

Step 3. We must prove that U has a singular set of correct dimension. Applying the
result of Theorem 2 and using the rotational invariance of U, we see that, near a point
p of the set X', if U is regular in a neighborhood of p, then v has a behavior near
p given by

(cy + o(1))
m—2 7

(ly[?log(1/]yl) 2~

v(x) = —
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where we have stated y = (¢, —2,,, ...,

2 2 — 12
T T T+ e+ T, Ty = T,
2n

belong to L n—2(B™), which is not possible since v € H. Therefore, we conclude that
U must be singular at p. This ends the proof of the theorem in the case of a singular
set of finite (n — 2)/2 Hausdorff dimension.

Ty m—1> pm) and, as before,

+...+a} .. Itis easy to verify that v does not

m—1" Tm —

Step 4. Now we want to build solutions of (1) for all dimensions of the singular set
> (n — 2)/2. This existence result is given by limit argument. We will denote by v
the solution obtained in the previous section by the minimizing algorithm. We have
the property:

Lemma 1. There exists n > O such that if (i, f) satisfies (F#,) then there exists some
constant c; > 0 depending only on n and n the dimension of the space, such that
lvlly < s

For all § € [0, m], we can find ¥ C B™ a closed set included in {x € R™/z,, >
1/2} of finite §-Hausdorff dimension. In addition, there exists a sequence of points p,
which is dense in 3. Now we use the former construction in order to build a sequence
of quasi-solutions (@;, f;) such that the singular set of 4, is given by {p,, ..., p,}
and 4, is an increasing sequence of positive functions which is strongly convergent

m
in L™-2(B™). Denoting by v, one solution of (4) associated to @,;, we get a solution

of (1), whose singular set is given by {p, ..., p;} x S®~™. By construction, the
nt2

sequence %, converges strongly in L»~2(B™) and, using Lemma 1, we can always

assume that the sequence v; converges weakly to v in /. In addition

n+2

—A(f, +v,) = (@; +v,)"2 in B".

Passing to the limit in this equation gives us the desired result, namely a solution of
(1) having as singular set ¥ x S? in B™ (the fact that the limit is singular on the
correct set can be proved like in Step 3). Thanks to the particular extension of the
solution in the whole space [see (7)] we get a solution of (1) in R™ having a singular
set of finite n — m + §-Hausdorff dimension. This ends the proof of Theorem 1.

5. Appendix

In this section we give a proof of Proposition 1.
We begin by recalling some existence result of Aviles [1] in a m-dimensional
space:

Theorem 3 [1]. For m > 3, there exist radial positive weak solutions of —Au =

um=2 jn B™ C R™ which are regular in B™\{0} and whose behavior in a
neighborhood of 0 € R™ is given by

(co + o(1))
m—2"

(—|z[log|z]) 2~

u(x) =

for some positive constant c, depending only on m, thanks to Theorem 2.
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Remark 2. There exists a positive constant R such that

o 2 m=2

5 <u@) (—|z|*log|z]) 2 < 2¢

for all x € B™(R).

We denote by u a solution obtained in Theorem 3. Using the equation satisfied by
u, a simple computation shows that the following properties hold:

Lemma 2. There exists some constants ¢4, cs > 0 such that

(cq +0(1)) (c5s +o(1))

s and [Vl @) = el
|z~ (—loglxl) 2 |z|™ (= log|z])

in a neighborhood of 0.

[Vu|(z) =

Remark 3. Reducing R, if necessary, we may always assume that for all z € B™(R),

2¢y 2¢4

|Vu| () < — and |V’u|(z) = E—

|z[m=1(~logz]) 2 |z[™ (~log |z]) 2
Let x € %>(R™) such that x(z) = 1 if x € B™(1/2) and x(z) = 0 if
r € R™\B™(1). We denote by M = sup (|Vx|(z),|V*x|(x)). Given some r > 0,
we define z€R™
X (@) = x(x /7).
Using the solution given in Theorem 3, we define

u(z) = em2u(er).

Let us notice that for all ¢ > 0, u, is a solution of —Au = u™—2.
The proof of Proposition 1 is by induction. The case of zero singularities is
straightforward. Therefore, we may assume that we have already built a quasi-solution

m 2
(Giy_is [ny—1) € L™2(B™) x L™+2(B™), satisfying all the needed hypotheses. We
may always assume that p,; is not a singularity of @, _,, otherwise the proof is
finished. Thus, we can choose 7 € R such that the support of x,. (z —py) does

not contain any {p;},c(;, . ny_i}- And finally, we may choose €5 > O such that
ety < R. We set
Uy () = Uy _ (%) + U, (T =Py Xy (T = Dp) -

Let us check that it is always possible to choose 7, and €, in order for 4, to fulfill
all the needed hypotheses.

m
First Step. We derive an estimate of the norm of %, in L™=2(B™),
m—2 m—2

(/a;@jdm>7 < (/ug'}v_z(:c—p]\,)xfj\,_z(ac—pN)d:I:>*—~

B™ Bm™
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Now we estimate

m m m
/ uly 2 (z - py) X ( — py)dx < / um2dz.
Bm Bm(ENT'N)

Using the remark following Theorem 3, we get

_m C
um™2dx < 6
= - m—2
B™(r) (—logr)
So, we have
m—2 m—2

(/ﬂﬁ_zd:c> < ( ﬂﬁjdw) + 9 -
Bm Bm

(—loglenTy)) ™

Second Step. Let us compute Ay + 12]'\,””2,

m m
m—

Aty +a7 7" = fy_y + (X;;;—Q - XTN) Ul 4+ 2V, ) Vg, )+ Al U,

m

m

+ (ﬁ’N—l -+ X’I‘NUEN)m - ﬂ’}\fn:i - (X'I’NU’SN)m .

m

We denote by

m—2 m—2
9= (XTN - XrN>u5N )

9 = 2V (X, ) V(g ) + Al )t

and

g3 = (aN—l + >(7‘1\(u€1\r)m - aﬁ:f
Notice that g; is simply

g = {3a%V~IXTNu5N 33Uy (X Ue ) i m=3

3 281 Xy Ye if m=4.

Finally, we define fy = fy_;+9; +9,+ g5. The remark following Theorem 3 allows
us to get the estimate

Cg

”91”1;00(5"1) <

©l3

r(—log(enTy)
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Using the estimates of Lemma 2, we get

c
”92“L°°(Bm) < > m—2

ri(—loglenTn)) 2

If we choose r; small enough and if we use the Holder inequality, we get the estimate:

m+2

2m_ S m m+2
( / " dw) " e {(QN—l(pN) +o(l)m2ry?

Bm
o2 w N2
A1)+ o)y ( / (XTNueN)mdx> }
B™M(rn)

m m _m_ _m_ 2
(We have used the inequality (z + y)™=2 —zm=2 —ym=2 < ¢ [(z™ 2 + zy™—2),
for all x,y > 0, which allows us to have the previous estimate for all m > 2.) Thus,
it is easy to compute

m+2

2m
(/(91 +9 +g3)m+2d$>

m 2 m=2
<cp {(ﬂN_l(pm +o()™ 21y + (Gy_ (Py) + o)y

m m _m=2
x( / Xy e p) ™2 dx) + (—rylogleyry)) 2 }
Bm(’l'N)

If 7y > 0 and €5 > O are chosen small enough, we can make the last expression
as small as we want. Therefore, we conclude by saying that, provided r5 > 0 and
€y > 0 are suitably chosen, we can always get

m_ 2m
/(ATLN—}-QK; 2)m+2da:<n.
Bm

Third Step. It remains to prove the estimate on |[Vu|. As in the previous steps, we
only have to prove that the quantity

2m
[ V@ = s, @ = | da

be made as small as we want. We can estimate
2m
/ [V(ue @ = pp) Xy (@ ~ P ™2 d

2m _2m  2m

— m+2  m+2
<3 / (quEN|m+2+rN Uepy )d:c.

B™(rN)
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Using the estimates of Lemma 2 we get

2m

[ 1V @ = 2 @ = a2 da
Bm

2 m(m—1) _2m_ _2 m(m—2) _m(m-—2)
<y / (lx| mt2 A (enTy) M|z T o2 )(—log[:cl) mt2 (.

B™M(enTN)
So finally
2m_
|V(U€N($ - pN)XTN(x - pN))lm+2 dx
Bm
_3
cis(—enry/loglenry)) 5 if m=3
— 1
cs(—log(eyry)) 2 it m=4,

which is a quantity that can be made arbitrarily small if r, > 0 and 5 > O are
chosen small enough.

Remark 4. Reducing, if necessary, the values of 7, > 0 and €, > 0, we can ensure

that the sequence u, converges strongly in L™-2(B™) as N goes to +co0.
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