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Abstract. Our aim in this paper is to make explicit the operator theory of the
heuristic open Bosonic string and to abstract a suitable field algebra for the string.
This is done on a Fock—Krein space and we examine integrability and J-unitary
implementability of all the defining transformations of the string, i.e. time trans-
lations, gauge transformations and Poincaré transformations. The results obtained
agree partially with those of Bowick and Rajeev, i.e. the gauge transformations do
not leave the Fock—Krein complex structure invariant. Once we obtained integ-
rated transformation groups on a suitable symplectic space for the infinitesimal
transformations of the string, and proved implementability of these for the Fock—
Krein representation, we are then free to define an abstract C*-algebra carrying all
the algebraic information of the string, and to examine different representations.

Introduction

There are several rigorous approaches to the open bosonic quantum string,
of which we find the geometric approach of Bowick and Rajeev [16,17] and
Mickelsson [15] most appealing. This approach produced the following results:

(i) The complex structure K which defines the quantum Hilbert space for the
string, is not invariant under the gauge group Diff *S*.

(ii) The orbit of K under Diff *S! is taken as the dynamical manifold, endowed
with the topology of the homogeneous space Diff *S*/S* which is bijective to it.
This manifold has a Kéhler (hence symplectic) structure, on which one con-
structs a Fock bundle 4 using the complex structure at each point to obtain the
one particle spaces. The curvature of this bundle produces the Virasoro
anomaly as a two-cocycle. Mickelsson [15] showed that # has no Diff *S*
invariant sections, but it is possible to adjoin a fermionic ghost bundle to
% which produces a bundle with such sections in dimension 26.

However, geometric quantization is not yet a full quantization, so there is still
some mathematical distance between the heuristic quantum string and the geometric
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approach. In regard to the heuristic quantum string, this has several unpleasant
features: the representation space has indefinite metric, there is an anomalous
central term appearing in the commutation relations of the (infinitesimal) gauge
transformations, and when the constraint set is split in half via a Gupta—Bleuler
technique to obtain a first-class set, there is no vector which can annihilate these
constraints due to spectrum problems. However, the string is an infinite dimen-
sional theory, so it has many inequivalent representations, and it makes sense to
look for representations of the string which are better behaved. This is the rationale
behind the present construction of an abstract field algebra for the string.

The first part in constructing a field algebra for the open covariant bosonic
string (henceforth shortened to “the string”) is to define the operator theory on the
appropriate indefinite inner product space (abbreviated to IIP-space), remaining as
close as possible to the heuristic operator formulation [1, 2] and ignoring the
geometry of the string. Within this functional analytic framework we then wish to
examine similar issues and their consequences to those examined in the geometric
framework. We hope that this can fill the gap pointed out by Alvarez-Gaumé and
Gomez [18] viz. the lack of a natural operator formulation for the string. We then
generalize the operator theory to a suitable C*-algebra framework, that is, we
construct a unital C*-algebra which reproduces all the algebraic structures which
define the operators of the string (in integrated form).

The chosen heuristic formulation of the quantum string, being the historical
precedent [1] of more recent formulations, has been referred to as “old quanti-
zation” [12] in contradistinction with path integral quantization. We prefer this
“old” formulation since operator quantization can at least in principle be mathe-
matically well defined in terms of operators on some space (Hilbert, rigged Hilbert
or ITP-space), whereas the measure for the path integral of a quantum field does not
exist in general (except in the Euclidean case), and for most field theories it has not
been demonstrated that path integral quantization produces an equivalent or
larger theory to that of operator quantization.

To the best of our knowledge whilst this article was written, there was only one
attempt [13] to construct the string field algebra as a C*-algebra, but this suffered
from being mathematically undefined at a crucial step, and in being incomplete by
not containing the excitation mode oscillators of the string. A possible constraint
C*-algebra for the string was also considered in [14]. However, very recently
Wiesbrock [34] obtained a C*-algebra for the string using a totally different
approach to ours. This will be examined in the addendum.

In this paper we start at a fairly concrete level. First, since physics is defined at
the infinitesimal level, and the C*-algebras deal with the integrated (exponentiated)
operators, it is necessary to consider integrability questions for the time evolutions
and gauge transformations. An exponentiation for an operator on IIP-space or on
symplectic space need not be defined nor unique (the power series need not
converge, and a spectral theory may not exist), we need to reconstruct the heuristic
infinitesimal theory carefully as well-defined operators on the correct Fock—Krein
space [5], and in this framework examine possible exponentiation methods. Quasi-
unitary implementability is also naturally exposed in this framework. The
infinitesimal gauge transformations of the canonical variables (obtained from
commutators), do not commute with the complex structure of the Krein one-
particle space, as a result of which exponentiation becomes a complicated (but
tractable) affair. This noncommutativity partially agrees with Bowick and Rajeev’s
finding mentioned under item (i) above.
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The paper runs as follows. In Sect. 1 we sketch the bare bones of the heuristic
quantum string for later reference, whilst in Sect. 2 the appropriate one particle
Krein space is obtained in order to start a Fock construction in Sect. 3. There the
mode oscillator operators and (Virasoro) string constraint operators are defined on
the Fock—Krein space, domain conditions considered and the full (infinitesimal)
operator string theory written down in the Fock-Krein representation. Section
4 consists of the integration of the infinitesimally symplectic time translations to
a symplectic one parameter group on test function space, together with the
demonstration that this one parameter group is J-unitary implementable on the
string field operators in the Fock—Krein representation. However on attempting to
do this for the infinitesimally symplectic gauge transformations we ran into
problems. These transformations do not commute with the Krein complex struc-
ture and are not amenable to Krein spectral theory, so exponentiation is difficult.
The exponential series for these transformations turns out to have unpleasant
convergence behaviour, and when it does converge, it is to an unbounded operator.
This forces us to make decompositions of the infinitesimal gauge transformations
into components which are separately integrable but do not commute. These
integrated components are implementable in the Fock—Krein representation, and
we use the Trotter product formula on their implementers to finally obtain the full
integrated gauge transformations on symplectic space together with the implemen-
ters of the latter. In Sect. 6 we cast all this in C*-algebra format, use CCR-algebras
for the mode fields, show there is an auxiliary C*-algebra for each Fock—Krein
representation on which the string structures can be examined to yield information
for the usual theory, and we propose a C*-algebra for the field algebra of the string,
together with constraint conditions to select its physical states.

1. Heuristic Structures of the Open Covariant Bosonic String

For extensive reviews of the string, we refer to [1,2, 12]. We present here the
essential heuristic structures.

All operators act on an indefinite inner product (IIP) space which is a Fock
construction on the one particle space M?*! ® 1%, where MP*! is Minkowski
space equipped with the usual pseudo-Riemannian metric g with signature (1, D).
At this level domain problems etc. are not considered, and manipulations with
operators are only formal. This will be firmed up in the following sections.

The centre of mass coordinates and total momentum of the string is described
by a canonical pair g*, p* satisfying the canonical commutation relations (CCR):
[p*, ¢°] =ig" with g =diag(—1, +1,...,+1), uuv=0,1,2,...,D the
Minkowski metric on (D + 1) space-time. The appearance of g** in the CCR’s
indicate why the one-particle space is an IIP-space.

Together with the centre of mass motion, a string is described by a denumerable
infinity of excitation modes, expressed as harmonic oscillators via creation and
annihilation operators a4, a,* satisfying

[attl, arn*] = — gﬂvén,m’ n, m ; 1 5

and this infinity of oscillators indicate the field theoretical aspect of the string.
Adjoints are in terms of the IIP.
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The constaints for the string, which generate the world-sheet parametrizations
are:

Y obho,—pm:, neZ, where:

m=—co
af =2o'p*, o, =(ah)* ab:=ab/2a'n Yn=1,

and normal ordering is with relation to a* and a“*. Note that L, = L§ and
LY = L_,. In terms of a* we have

1 + 0o 1
— Nl o . . " ’ .
L, 4“'k=—§,¢o 20 |k|:ag a_y: +4a,.(2a p*)(2a'p,) :

[oo]
=Y kaf-a+a'pp,
k=1

and for n > 0:

+ 0
L”=4Loz’ Y \/Za’lkl\/2oc’|k—nl:ak'a,,_k:+h%(2oc’p")a,,,“/2a’n

k=—w
n¥k+0
1
+ Waﬁ./Zoz'nQa’pu)

© ln-l

Y a?;cl'anﬂkl\/lk(k_n)",'i Y Gt Guin/k(n — k)
—k=1 k=1
+% Y af_pragSk(k—n) + a, py/20'n

k=n+1

1 n—1
af - ay i Sk(k +n) + 3 Y gt ap_y/k(n — k) + a, pi/20'n,
k=1

where we used the notation b*d:= b,d* and a_,:= a5, n 2 1. Note that normal
ordering only affects the expression Lo, but not L, for n + 0. The Hamiltonian is
usually taken as H = L,. A trivial but tedious calculation employing only the
CCR’s gives:

N =

+

Ms

k

1

D+1
[Lm Lm] = (n - m)Ln+m + n(nZ - 1)(sn+m,0 Vn7 meZ s

the Virasoro relations. At the classical level, the central term is absent in the
corresponding Poisson bracket relation, and the Lie algebra thus produced, is the
complexification of the Lie algebra of the group Diff *S*, expressing the world-
sheet reparametrizations of the string. The central term appears in the quantum
theory as a result of the normal ordering in the definition of L,, and if one took the
whole gauge generator set { L,|n€Z} as the constraint set, the central term would
make this set second-class whereas the classical set is first-class. This is therefore an
anomaly, and one would expect the quantum gauge group to be some central
extension of Diff *S* (cf. [3]). However this problem of the quantum theory is
circumvented by the choice of constraint set {L, — «(0)d, o|n = 0}, which is
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first-class, and imposed through the selection criterion for physical states [ >:
(Ln - OC(0)511,0)“/’> =0 Vn g 0 5

where a(0)e R is fixed by the physics. At this point all the boundary conditions of
the string have been incorporated. Notice however that the constraints are nonher-
mitian for n =+ 0.

As for the physical transformations of the theory, the Hamiltonian H = L,
gives the evolution of the system in terms of the internal proper time parameter
7 on the world-sheet, hence does not destroy covariance in total space-time.

Poincaré transformations of the string are induced by the generators p, and

Mpv:= qupv - q\’pu —i Z (O(“_,,OC; - (xv—na#)/z'nal P

n=1
u + v, and these satisfy the Poincaré algebra relations:
[Pu 21 =0, [p*, M*]=ig"p"—ig"p”,
[M*, MP*] = igh* M — ig" M** + ig" M* — ig"* M .

Since [L,, p,] =0=[L, M*], the Poincaré transformations leave the con-
straints invariant, and only induce automorphisms on the set of canonical vari-
ables:

{Qus P @, | p=0,...,D;n=1}.

2. The One-Particle Space

Guided by the field-theoretic aspect of the string, we aim to define the string
operators as acting on a Fock space, and hence need to specify some one-particle
space. This is also the appropriate level at which to inject the necessary geometry
into the quantum theory, e.g. by choosing the one particle space as an L?-space on
a configuration manifold (possibly curved). In heuristic quantum theory, the
one-particle space arises as the closure in some Hilbert norm of the set of smearing
functions of the field operators. If the field operators are required to satisfy a field
equation, the smearing functions are traditionally chosen as the solution space of
the conjugate field equation. Typically, the space of smearing functions is a sub-
space of Schwartz space on the configuration manifold. In the following we will
make the simplest possible choice of geometry, i.e. flat spaces throughout.

First, rewrite the heuristic theory in a convenient field operator format. The
basic objects are the excitation mode oscillators {o, |neZ},

[af,0m] = —20'ng" 6y1mo VNEZ
and write these as canonical variables:
Ghim (o, o), plhim—(at, — a)
V2 V2

foralln = 1, whence [ p%, g1 = 2ia'nd, ,g*",n, m = 1. Add to this set the centre of
mass variables

o®
[
=
=
-
lam
3
o®
-
S
=)
—
Il
-~
Q
®
<

qa6:=q", pb:
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to obtain the full set of canonical variables
{qh,piln=0,1,...54=0,1,...,D}.

A natural choice of smearing space in flat space-time is the R?*! valued sequences
for which the canonical commutation relations (CCR’s) still make sense, as sugges-
ted by the smearing formulae g(f):= " fidu. =Y. Ju* dn> Where feR, and
similar for p(f), so:

U am] = S Skt qb]

n,m=0
=iforho+i Y 200nfy hy =i f hYh .
n=1
We choose a slightly smaller test-function space, i.e. M?*! ® [?, where

.= {(f,,)elz

fo+2a" Y nfi< oo}

n=1

={<f,.}ezz

0
Y nfi< oo}
n=1

and the direct product is in terms of inner product spaces. Observe that [? is the
Fourier transform of the Sobolev space H2. Denote S:= M?*'® 2,
Sp=MP*"1®I,, S:=8xS2R>*QMPT'®I[?, and So:=S,x8p=
R2® MP*t®1,, where I, consists of sequences with only a finite number of
nonzero entries, and S’ comes equipped with the IIP ( *, *>5. Then the field
operator of this system is:

(f)=o(fV,fP):=p(f V) +q(f?)
for all f=(fM,f@)eS =5"x8S’, and the CCR’s are
[D(f), D(h)] = i fD,hP)5 — i fP, RV
=:!iB(f, h) Vf,heS.

That is, we obtain on S the symplectic form:
B(Lh):=f3 he —f& e’ + 20" Y n(fi m2 =12 hD).
n=1

It is possible to define on S the CCR-algebra A(S, B) cf. [9], which contains
elements satisfying the exponentiated CCR’s, but we leave this C*-algebra ap-
proach for Sect. 6.

Note that it is only possible to reconstruct the p and g operators (hence the o’s)
out of the field operators @ by the specification of the subspace S’ in S (for f) and
f®), and a different specification will result in different p and q operators. This
specification is equivalent to the definition of a complex conjugation on S. Some
information was lost in the transition to @. N

Next we examine the basic structures of § = R?@ MP*' ® [ It is an IIP-
space, where R? ® [ is a Hilbert space, and the indefinite part of the IIP comes
from the Minkowski metric on MP*!. Note that S is a Hilbert space if we use the
usual inner product of R?*! ~ MP?*! instead of the Minkowski metric, and this
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specifies an important topology on S. So the IIP of § is:
Chhyoi= P R0 + (fP, 0P, Vf heS.

The IR2-part of S carries the canonical “complex structure”
0 1
K:=< X 0)@1@1, soK?=—1,

and B(Kf, Kh) = B(f, h), but since B(f, Kf) is not positive for all fe S, K is not
a complex structure in the usual sense of the word. Then the complex IIP on S is:

{fihyk:=B(f,Kh) +iB(f,h) = — {f,h)o + iB(f, h)

for allf, he S. The complex IIP-space {S,  *, * Dk} is our chosen one-particle space
on which a Fock construction will produce the representation space for the string.
K is canonical in the sense that it was obtained from input data, and K provides
precisely the information to reconstruct the «,’s out of &(f). The complex IIP
{*,* >k is important in that it is Lorentz covariant. The one-particle space S also is
a Krein space because MP*! is: MP*' = M, @ M _, where M, := {ae MP*!|
ao =0}, and M_:={aeMP”*'(a,=0,u+ 0} and the Minkowski metriq g is
positive (resp. negative) definite on M. (resp. M _), and M, are complete with
respect to the real Hilbert space topology induced by g on M ., ie. it is a Krein
space. Let P, be projections on M . respectively, then the fundamental symmetry
is Jo=P, —P_, J§=1ie. (Joa),:= g,,a, for ae MP*! (no summation) and
(a, b):= g(a, Job) for a, be MP*1 defines the usual inner product of R?**, Hence
for S=R*Q MP*'®I?> we have the decomposition S=S, @S- ‘with
S, =R2@M.® [? which makes it into a Krein space with Gram operator
I® Jy®1 (or J, for short), and [K, J,] = 0. However in order to match with
(-, * >k above and obtain a positive definite inner product below, we choose the
fundamental symmetry J = — J, instead of J, above. Due to this S becomes
a complex Hilbert space with inner product

S hyke= {f,Ih)yx = B(f,KJh) +iB(f, Jh)

for all £, heS. With respect to the symplectic form B(-, J*), K is indeed a complex
structure in the usual sense. The Gram operator J is not unique, because we can
alter the decomposition M, @ M _ through the addition of lightlike vectors to
either component of the decomposition. However, via Bognar [4], we know that
{, * Yk is jointly continuous in the Hilbert space topology induced by < -, * >k, and
that all Hilbert space topologies on S are equivalent. Henceforth we denote
adjoints w.r.t. (-, * >k (resp. {+, *>%) by T (resp. *), and take J and K fixed as
above.

As convenience dictates, we can also decompose S = R2®@ M2+ ® I2 further
with relation to any of the spaces R2=R @ R (real and imaginary parts),
MP* = (—BD R, (space-time components) and [2 = @n= R,, (excitation
modes).

To conclude this section we collect some properties of operators on S, which we
intend to use. First, note that J* =J* =J ! = J, and that A* = JA*J for an
operator 4 on S. Call an operator A:S +— S with dense domain D(A4), J-symmetric
(resp. J-unitary) if {f, Ah)x = {Af,h)x (resp. {f, h)x = (Af, Ah)g) for all
f, he D(A). Then all J-symmetric and all J-unitary operators are closable, and each
J-unitary operator has a J-unitary inverse [5].
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3. Construction of the String Operators

In this section we define the operators @(f), L, on the Fock space constructed from
S, examine domain questions and verify commutation relations. This follows the
construction of Mintchev [5] on IIP-space from which we use results freely.
Starting from the complex Hilbert space {S, (-, >§} =:{#D, (-, >},
define the symmetric Fock-space Z (S):= @wz o™, where #© =C, #™ =
0, Qi HL, HP = #D =5 and g,= nllzpes p is the symmetrization oper-

ator on n indices. The Fock inner product <+, * ) arises from -, * >y, = (-, * DX,
and since the set of decomposable vectors

VO ={o(fi® ... @)XV, i=1,.. . n}

generates a dense subspace of 5# ™, it suffices for an operator to specify it on these.
Also, the various decompositions of S give decompositions of F(S) by
F(S,®S,) = F(S,)® Z(S,). Define I'(J)e B(F(S)) by I'(J)| V™ = Qi1 J,
then the distinguished ITP of & (S) is:

LER =L Ty Y heZF(S).

Note that on #M =8, {+,+>; is just (-, *>k. Then [I'(J)]*> =1 so {Z(S),
{*,*>s} is a Krein space hence (-, -); is jointly continuous with respect to
Fock-Hilbert space topology (cf. [5] Prop. 4). Let a* (f) = a*(f): V" > y(**1
be the usual creation operator:

at(ho)(o,hi @M, ®  ®@h)i=/n+16,. hg@h @h, @ - h,
for all hye #Y. Define a™ (f): V™ i V(*~1 by:

a~ () ophy ® @ hy)i= /no,{fldsh, ® - ®h,

for all f, h;e #V, where o, acts on the indices of all the h;’s following it. Then a™*
and a~ are <, * »;-adjoints of one another, and

a”(f) =T (Na(NHT'J)=al)f),

where a(f) is the usual annihilator. Let F, = & (S) be the (dense) finite particle
subspace, then a*(f) can be extended by linearity to F.

Then [a™(h), a*(f)]*x = [a(Jh), a*(f)] x = <Ihf >k x =< f)s x YxeFo;
h, f€S. Define the field operator:

O(f):=—=(a" () + a~(f) = —=(a*(f) + a(Jf)) = p(f V) + q(f?)
7 7
for all feS, where the last equality follows from

P V)= ﬁ (@ (f) —a~(fO), q(f¥):= \% (@ (f@) +a" (/).

where fWeSW = 0

ploying the definition of K and the fact that a( f) is conjugate linear. The relation of

@MPH1R[? and fPesS® =<(1)>®MD+1 ® 12, em-
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NG
(f) - B(f) = % a(f - If) = J2a(P.f).

@(f) to the usual field operator ¥(f) =

%('P(f) + KY¥Y(Kf)), we see

NG

so using a(f) =
o(f)=¥(P-f)—-K¥(KP.f).

Then we have (cf. [5] Theorem 1, 2):

(a) @(f) is closable for all feS.
(b) F, is a set of analytic vectors for @(f).
(c) Given a sequence { f;} = S, s-lim, . ,, fi = f, we have

s-lim @(f)x = ®(f)x VxeF,.

k—

(Notation: s-lim means limit in the strong Hilbert-space topology)
(d) The vacuum Q = (1,0,0, . ..)eF, is cyclic for the set {@(f)|feS}.

(a*(f) + a(f)) is easily found:

481

e) [@(f), ®(h)]x =iIlm<{f,h>;x =iB(f, h)y for all yeF, and for all f, heS.

(f) Define

W(f)y:= s-lim i MX VyeF,,

kow k=0 k!
then W(f) is closable for all feS.
(& W(f+hy= exp<%B(f, h)) W(f)W(h)y ¥f,heS and VyeF,.
(h) W(f)is a {-, *),unitary operator on F, for all feS.

Furthermore by [5], Prop. 6, given a {*,* ),-unitary operator U on S with

domain and range D(U) and R(U), define
DY(I'(U)):=Span{o,(D(U)®- - ®D(U))} =« V',
DYI'(U™')):=Span{o,(R(U)® - @ R(U))} = ¥,
F&:={yeF,|y®eDXI(U1)}.
Then for all fe D(U) and yeF&,

rU)e(f)r(u-"y=&Uf)x,

where I'(U) is defined as usual with D*(I'(U)) in the domain of I'(U)| V™,

With all this preparation behind us, it is now possible to define the « operators
and to construct L,, neZ. Define 5(n, p)eS =R>*@ MP*1® 1% by &(n, u)=

0
( { ) ® e, ® &,, where e, (resp. &,) is the u™ (resp. n™) unit vector of M2 * ! (resp. [?).
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Then we make the following identifications with the heuristic objects:
ap=a (0(np), nz1,
(ap)*=at, =a*(6(np), nz1;

gh =g = %(u*((m W)+ a (50, ) ;

ph=pt = ﬁ(a*(é(o, ) — a” (50, 1))

and so [af,a,Jx =[a"(6(n, p)),a” (6(m,v))Ix = {5(m,v), 8(n, u)>; 1=
—2a'ng"’ dy—m,o for n,m>0 as expected from the construction. Moreover,
akQ = 0Vn = 1 as in the heuristic theory. These commutation relations agree with
the heuristic ones. With these identifications we can now use the heuristic expres-
sions:

1
Ly = Zakock+<xpp and
2<xk

1 n—1
Ln 2azakan+k+4,zak nk+°(np

forn=1, and L_,=(L,)* to define the Virasoro operators and we need to
determine the domains on which the infinite sums converge for these expressions to
make sense. We know that all finite partial sums in these expressions preserve Fy.

Lemma 3.1. F is not the domain of L,, n 2 0.

Proof. We exhibit a vector yeF, for which Lox¢ % (S), and the case for
L,y for n>0 follows similarly. Consider the vector a*(f)QeF, with

f=<(1)>®eo®(ﬁ,)eS= R? Q@ MP*!1 @ 2, where (f;)e[?:= {(h,)el?|}.", nh?

< oo} is given by f,=n"C*Y with 0 <r<1. (Then clearly ) * nfs=

o n” Y < o0 for r > 0.) Then

Loa* (2= 3 acp-ma* (/)2

k=1

Z i a*(8(k, w))guua~ (8(k, p))a* ()Q

u=0k=1

- Z a® (0(k, 0))a" (6(k, 0)a™ (f)Q

= f a* (8(k, 0))2ka’ £0Q = 20’ a* ()R,
k=1

where f= (?) ® ey ® (nf,) and we used

La™(6(k,0), a* (/)] = <o(k,0),f>s = — 20’k [} .
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However (nf,)¢ 1?2 because Yo n(nf)? =) n'~? diverges for r < 1 which we
have here. Hence a * (f)Q¢ Z(S). |

Recall that Sp:= R* @ MP2*! ® [, (the finite mode space) is dense in S with respect
to the Hilbert-space topology. Then the subspace of finite particle vectors con-
structed on Sy

Foo:=Span{a*(f;)...a" (£)Q|feSe,n< o0} = F,

is also dense in & (S) because the tensor product topology restricted to each
component is just the original Hilbert space topology, and Q€ F,.

Lemma 3.2. F, is in the domain of all L,, neZ, and is also preserved by these.

Proof. This follows easily from the observation that for yeF,, only a finite
number of terms in the sums ) . &, 4% 1 = 0 can be nonzero, so L,y € Foo

Vy€Fop, n = 0. L_,x€F,, follows similarly. |
The Virasoro relations on Fgq:

D+1
12

are proven in complete analogy with the heuristic derivation, simply from the
CCR’s and that L, preserves Fq for all n. The indirect methods of the heuristic
approaches [1] are unnecessary, elementary (but tedious) algebra is enough.

This setting up of the operator string theory is concluded by restricting the set
of field operators { ®(f)|fe S}, since for fe S\So, @(f) will not in general preserve
Foo. However we know that for a sequence { £} = S, s-limy _, ,, f = f€ S\S), that
s-limy o, o, D(f)y = @(f)geF, for all yeFy,, and that for he S,, @(h) preserves
Foo. Hence since S, is dense in S, the specification of {@(h)|heS,} on Foo will
uniquely determine {@(h)|heS} on F,. No information is lost by restricting our
attention to the set {®(h)|heS,}, which we henceforth do.

At this point we have properly defined all the basic spaces and operators
occurring in the heuristic model, and these have the correct commutation relations.
To summarize, we have:

[Lm Lm]X = (n - m)Ln+mX + n(n2 - 1)5n+m,0X VXGFOO

1. A one particle Krein space {S, <, * >k, J} with dense subspace S,

2. A Fock-Krein space & (S), I'(J), with dense subspace F, containing the vector
Q,

3. A set of field operators { ®(f)|feS,} preserving Fy0, and making Q algebraic-
ally cyclic for Fy.

4. A set of string constraints { L,|neZ} preserving F o, and on Fy, these have the
requisite commutation relations with themselves and with {®(f)|feSo}.

So at an infinitesimal level, the string operators are well-defined in the Fock—
Krein representation. In the following sections we want to see whether this
infinitesimal theory can be integrated up to a theory of bounded operators, which is
necessary preparation for a C*-algebra expression of the string. This Fock—Krein
representation is the one suggested by heuristic string theory [12], where the IIP is
traced solely to the occurrence of g*’ in the commutation relations of the mode
oscillators, and it involved no mixing between different modes. That is why we
chose a fundamental symmetry J of M D+1 instead of a more general fundamental
symmetry on M2+t ® 2.
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It is necessary to remark at this point that there is another expression of the
string operators. Recall that # (C") =~ L2(C", u), where p is the Gaussian measure
and the Fock representation corresponds to a harmonic oscillator representation
(using Hermite polynomials) on L2(C", u), the vacuum being Q = 1, cf. [20].
Hence on decomposition of S into mode spaces, we obtain for the Fock representa-
tion an infinite tensor product of these representations, and so L, which preserves
modes, can be written purely as a differential operator on L2(C?*!, p). In fact, this
turns out to be a Klein—-Gordon equation, cf. [21]. The operators L,, n # 0 in this
formulation consist of a combination of differential and mode shifting operators, cf.
[21]. Since the solutions of a Klein Gordon equation are distributions concen-
trated on a mass hyperboloid, it is clear that the constraint Loy = a(0)¥ cannot
have a solution ¥ in the Hilbert space.

In view of the fact that the constraints L, are sums of terms of the form
a*(f)-a*(h), we will find the following lemma useful.

Lemma 3.3. [a*(f)-a*(h), [ (J)]x =0VyeF,,f,heS.

Proof. J is a unitary operator on the Hilbert space {S,{-,*>¥}, and hence
a(Jf)y=T(Na(f)T(J)y VYyeF,, feS and likewise for a*(Jf), using
r'J)y t=Tr(J). Now a*(f)=a*(f) and a (f) = a(Jf), hence

a*(Jf)y =T (N)a*(f)[(J)x VfeS, reF,,
so for a*(f)-a*(h) =Y,  a*(f)a*(h) —a*(f)a*(ho),
r(J)a*(f)-a* (W)L (I)y=T(D)a*(/)[(J)-T(J)a*(h)I(J)y

=a*(Jf)-a*(Jh)y .
Now Jfy = f, and Jf, = — f,, where f; is the time component and f;, are the space
components of f. Hence
D
a*(Jf)-a*(Jhyy = Z a*(Jf)a* (Jh)y — a*(Jfo)a* (Jho)x
D
= Z a* (= f)a* (= h)x — a*(fo)a* (ho)x
=a*(f)-a*(h)x,
and so [a*(f)-a*(h), ' (J)] x=0. |

Since the heuristic string is only given at the infinitesimal level, we intend in the
next sections to integrate up the gauge and time translations, in order to define the
string as a C*-algebra (4(S, B) in fact) together with the appropriate automor-
phism groups. We also intend to prove J-unitary implementability of these in the
given Fock—Krein representation, which is an interesting question in its own right.

4. Time Evolution: Integration and Implementation

In this section we write the infinitesimal time translations as infinitesimally sym-
plectic transformations on (S, B), integrate it up to a symplectic one parameter
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group and show that this group is implementable in the Fock—Krein representa-
tion by a strong operator continuous one parameter group.

The time evolution of the string is defined with respect to an internal proper
time parameter, determined by the choice of a parametrization for the world-sheet
of the string, and this is why the use of the Hamiltonian framework here does not
spoil the Poincaré covariance of the string. The Hamiltonian H = L, generates the
infinitesimal time translations.

In (A.1,2) of the appendix we calculated:

@didLo)(P()x = ®(ATo f)x Vi €Foo, A€R, feS,
with (To )V = (= 2o f§?, —f1, = 21", —=3f%,...)
Tof)(z) — (0 f(l), 2f(1) 3f(1), . )

and because of the good growth properties of T, f, the exponential series:

(expATo) (f):= s-lim Z UTo)'(f)

N—-ow k=1 k'
(T3 )0 = (= DO, £, 22419, 310, . ),
(T340 )0 = (= DFHI(, £, 22471 [, 32441 g2 )
(T340 1)@ = (= 1 (0, /i1, 2241 (0, 3251 0, ),
where i = 1, 2 and k = 1 above. So

(ATo)*(f)Y
k!

will converge absolutely:

<@ w1182 S0,

and this convergence is fast enough for the series to converge absolutely. A trivial
calculation then produces the result:

(expATo)f)y’ =fs" — 2o f§? 4,

((exp A To) /) =157,

(expATo) )V = fMcosdn — [P sinAn, n =1
(expATo) )P =fPcosin + fVsinAn, n=1.

This constitutes a linear motion for the centre of mass variables, and a rotation for
each excitation mode separately, which is what we expect of a reasonable time
evolution for a free string. Note that exp AT, is extendible from S, to all of S.
Observe at this point that the integration exp 47, of the infinitesimal time evolu-
tion T, has the following consequence. If the quantum theory provides us with
a Lie algebra homomorphism from LDiff *S! to the infinitesimal gauge trans-
formations such that T, is the image of the generator of the rotations on the circle,
then it is not possible to integrate this homomorphism up to the corresponding
groups. This is because the rotation group is not simply connected, but exp 4T,
produces the simply connected group IR on the centre of mass variable. At the best
we will have to use some covering group of Diff*S*. For exp AT, to be an
acceptable time translation, it must be symplectic.
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Lemma 4.1. B(e*™° f, e*Toh) = B(f, h) Vf, heS .
Proof. This is a trivial calculation:

B(e*Tof, &Toh) = (fi — 200 A f$) - h®) — 89+ (hD — 20 HD)

oo

+ 20" Y n[(fV cos in — f{P sin An)- (h{P cos An + K" sin An)

n=1
— (£ cos in + fVsin in)- (" cos An — hP sin An)]

©
2 ’ 2
0K P + 20 5 n(0 KD — )

n=1

=B(fh) VfheS.
n

Having obtained a reasonable one-parameter symplectic group e*”® on S for the
time evolution, we now need to examine its implementability (with J-unitary
operators) in the Fock—Krein representation above. The formal equation used by
physicists:

(AdexpidLo)®(f) = (expadilLy)®(f) = ®(e*of)

suggests that we try to define expilL, as a J-unitary implementer of e*”°. However
the physicist’s equation originates from Lie group theory analogies, and for
operators on infinite dimensional Hilbert space it need not hold. In fact, due to the
kinetic term p- p of L, we know that Y /2 ((k!)~*(iAp- p)*y cannot converge for all
A€, y € Fyo in Hilbert space topology, a fact we show in the next lemma.

(iALo)*
k!

Lemma 4.2. There are y € Foo and A € R for which the sequence sz=o ¥ di-
verges with N for the Hilbert space topology of % (S).

Proof. We will use the fact that a series ) u, diverges if the sequence {u,} does not
converge to zero. Choose y = Q € Fy,, then

1
LoQ=<2,Za KOk +o'pe p>9=a’p-p9,

and so since [a_j -0, pep]=0 Vk =1, we have (Ly)"Q = (¢'p-p)"Q. Using
i —
Pu =‘—£(a+(5(0, m) —a” (00, p)), we find (p-p)"Q ={— ) (ag +aq )’ + ¢,

where ag -ag :=g,,a" (800, u))a*(6(0,v)) and {L(ag-ag)'Q because they
belong to different particle spaces. (Clearly (ag -ag)'Qe #“" and { is a
linear combination of vectors belonging to particle spaces #* with k < 2n.)

1
Because of this orthogonality, |[(p-p)"Q| = 7 (ad -ag )" Q| . Write ad -a§ =

—a”(5(0,0))a”(5(0, 0) + Y2, a*(5(0,i))a*(6(0,i)). Then due to the contri-
bution of [2 to the inner product of S, for any component i, ag;aq; Q2 L ag;aq;2
when i =+ j and where ag;:=a*(5(0,i)). Hence as above for (p-p)"Q2, we can
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write (ag -ad )'Q = (agd;ad)"Q + &, where ¢ 1 (ad)*"Q and so |(ad -aJ)"QH
= |(ad:)*Q|l. By definition of ag, (ag)*"Q = ./(2n)!d(0, l)® . ®6(0, )

(2n times) so |(ad)*"Q| = /(2n)! and hence | L3Q| = l—l NAVIOIR
Ao | [2k(2k —1)...(k+ 1)]”2

(k)™ 2R) = |5 k(k—1)...2-1

‘ 1 2 k—1 ]2
2 PG*Fﬁj@+k2) <”W—w—nﬂ
= |20 /2,

and this will not converge to zero with k — oo if [A| > 1 /oc’\/i . |

. iAL
Hence s-lim,_, Y, i Lo ——x does not define a suitable implementer for e*°. We

uwuwmuvn>‘

Ao

now aim to find a suitable implementer.

Recall that the J-inner product of S which defines the ITP of # (S)is ( f, h)x:=
B(f, Kh) + iB(f, h), and a bounded operator ¥ on S is J-unitary if
VS, Vhyg = {f, h)x Vf, h € S. From the imaginary part of -, >x we see that this
means that V' is symplectic, and this in turn implies via the real part that
[K,V]=0.

Lemma 4.3. exp A7, is not J-unitary on S. Let P be the projection onto the centre of
mass variables of S. Then [P, e*"™] =0 and C,r,:= Pe*™ + (1 — P) is not J-
unitary, but X ;7,:= P + (1 — P)e*™° is J-unitary. Clearly e*™° = C;7,X ;7, -

Proof. That [P, e*™] =0 is obvious, because e*"° does not mix terms of the
I2-sequences. Since Lemma 4.1 established that e*7° is symplectic, we only need to
show that [K, e*T°] + 0, and this will be entailed by the proof of [K, C;1,] # 0
=[K, X,7,] which proves the second part. These follow by straightforward
calculation, and we only do the first:

(KCiro /N = (Ke*ToPf)D = 8,0(e*™ f)§ = 8u0 fs? VSfES,
(Caro KD = (e*T°KPf)M = 8,0 [(KS)§ — 240/ (K £)§]
= Suo(f + 24a/ fV) VSeS,
ie. [K, Ciro] %0, [ ]

Recall the result of Mintchev mentioned in Sect. 3, viz for a J-unitary operator V,
I'(V)is I'(J)-unitary on & (S) and

rane(f) r(v-"y=o(Vf)x YyxeFs feD(V).

Corollary 4.4. (i) I'(e*") is not a J-unitary implementer for the transformation
P(f) > @0 f).

(i) I'(Xare) D) (X —s210)x = P(Xsro /) x V€S0, x €Foo and I'(X;1,) consti-
tutes a weakly continuous one parameter group of J-unitary operators.

Proof. Obvious. ]



488 H. Grundling and C.A. Hurst

Theorem 4.5. (i) p-p is essentially self-adjoint, and hence by spectral theory we can

construct V, = expiia’p-p, a unitary (and J-unitary) weak operator continuous
one-parameter group.

(i) The transformation ®(f)— D(C;r, f) is implementable by V,, and hence the
transformation ®(f) — ®(e*° f) is implementable by V,I'(X ,1,), which is a weakly
continuous one parameter group of J-unitaries.

Proof. (i) Since p* = —IE(an (060, u)) —a~(6(0, w))) is a J-symmetric operator
preserving the domain Fo, the same is true for p-p = — (p°)? + (p*)* + - - -
+ (pP)%. So to show that p-p is in fact symmetric, it suffices to prove that
[I(J), p-plx =0Vy € Foo and from the expansion of p- p in terms of a*, this will
follow directly from Lemma 3.3. Now p - p is symmetric and of the kind of operator
covered by Lemma 5.8, so it is essentially self-adjoint. Alternatively we can prove it

by showing F is contained in the set of analytic vectors of p- p, then since F is
dense and invariant under p - p, Nelson’s analytic vector theorem implies that p- p is

essentially self-adjoint. By spectral theory we define ¢4’ PP, where A,o €eR on
Foo which is then a weakly continuous one parameter group of unitaries (and
J-unitaries).

(i) We next prove that for all y € Fgo, f€So, A € R:

PP (f) e~ MDDy = B(Cir,)x

which will prove the theorem. Now [p-p, ((I — P)f)]y=0forallfe S, y €F,,
$O

(Ad P 2) (®(f))x = [(Ad 4P P)((Pf)) + &((I — P)f)]x -
Since Pf = f,, the zero mode, we have PS = C°** and
F(S) = F(PS + (I — P)S) = F(PS)® #((I — P)S)
= LH(CPTHY®Z (U - P)S),
and so for Y € #(PS) = L*(C”*"), ¢ e F((I — P)S),
(Ad ei2p p)(D(Pf)) (¥ ® ¢) = [(Ad 4?2 (S(P)Y]® ¢

and the evaluation of the first factor is the same as evaluating the time evolution of
a free particle in finite dimensional quantum mechanics:

eila’ﬂ(p(Pf) e—iklpep Y= eila’ﬁ(fo(l) p +f0(2) -q)e— iAd'p-p Y
=(fs"p+ 57 q+ it [p-p, 57 -q¥
= ((fs" = 20 f§?)-p + [P+ )V

= o(Pe™ f)y,
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where the second step followed from the Weyl relations and:

s-lim (Ad ei*PP) (™ — 1)t ~1 ) = (Ad ei?P"P)(iq) Y .
t—0

We could always assume that € D(p) n D(q), since that followed from
1=¥Y® ¢ eF,. So:

(Ad 2P P)(D(f))x = (D(Pe*™ f) + &((I — P)f))x
=®&(Caro f)x Vi€ Foo-
Clearly [V,, I'(X;1,)] = 0. |

So time evolutions are both integrable and J-unitarily implementable by a weakly
continuous one parameter group. Application of spectral theory directly to L,
would also have yielded the above J-unitary group.

We need to remark here about the apparent discrepancy with the finding in the
geometric framework [16, 17, 6] that the time evolutions commute with the com-
plex structure K. This discrepancy is resolved by the observation that in the
geometric framework the zero-mode (centre of mass variables) is omitted through
the use of based loops, and in our framework the noncommuting aspect of e*T°
with K only shows up on the zero mode, i.e. [K, C;1,1 + 0 = [K, X,r,]. Since the
gauge transformations as we shall see mix the zero-mode with other modes, we
prefer to retain the zero mode in this formulation.

5. Gauge Transformations

In this section we intend to do for gauge transformations what we did for the time
evolutions, i.e. find the infinitesimal gauge transformations and investigate integra-
bility and implementability of these. In all fairness we need to point out to the
reader forthcoming difficulties. We will find that the exponential series for the
infinitesimal gauge transformations on S have very unpleasant convergence prop-
erties (Prop. 5.3, 5.4). A suitable spectral theory to integrate up the infinitesimal
gauge transformations, is also not forthcoming, one reason being that these are not
complex linear operators with respect to the complex structure of the Fock—Krein
representation. This forces us to make a decomposition of each gauge transforma-
tion into two components which are separately integrable, but do not commute.
We prove implementability for these components and then use Trotter’s product
formula on the implementers to obtain the integrated gauge transformations on
S together with their implementers. The decompositions are introduced early in the
analysis to establish notation, and any proof or derivation which is particularly
algebraic or ugly, is banished to the appendix.

Since {L,, n + 0} are not J-hermitian, we take J-hermitian parts instead:
N,=L,+L_,and M,:=i(L,—L_,),so Ng=2Ly, N_,=N,, M_,=—M,,.
We will recombine these in a suitable fashion at the point of selection of the
physical vectors (or representations) according to the constraint conditions
(L, — 2(0)d,,0)l¢> = 0 for all n > 0. Then {iN,, iM,|n €Z} will in fact generate
a central extension of the Lie algebra LDiff*S!, i.e. the Lie algebra of the real
vector fields on the circle. Segal [11] integrated this central extension up to
a central extension of the group Diff*S*. In fact, the operators N,, M, are the
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generators of infinitesimal gauge transformations of the string. Explicitly we
calculate the commutation relations of this Lie aigebra from the Virasoro relations
to find Vy e Foo and n > 0:

[iLo, iN,1x = — niM,x, [iLo, iM,]x = niN,x,
[iN,, iN,]x =(n —m)iM, s nx + (n + m)iM,_,.x ,
[iM,, iM, ]y =m—n)iM, nx+ (n+miM,_.x,
[iM,, iN,]x =(m —n)iN, my — (n + m)iN,_,x

D+1

—1i n(n2 - 1)(5n+m,0 + 5n—m,0)x .

The infinitesimal gauge transformations generated by iN, and iM, are cal-
culated in the appendix with the results:

(ad iN,)(D(f)x = [iNw @(f)Ix = Y(Tuf)x
VfeSo, x € Foo and n > 0 where:

(TP =2 2a'nf0, (T,NP =0,
(TP ==k f g = +k) R k>0,
(T )P =n—kl L+ + k)[R, —/2fP6r, k>0

and V f €Sy, x €Fgo, n > 0 we have:
(adiM,)(D(f))x = (R, /)1,
Where (R, S =220 fi?, (R f) =0,

(Ru /) = (0 + k) [ = In = kI fal iy + /21680, k>0,
R AP =+ k) 2+ (n = k) fi2h), k>0.
Then T, and R, preserve S, and are infinitesimally symplectic (cf. (A.S, 6)):
B(T,f,h)+ B(f, T,h)=0=B(R, f, h) + B(f, R,h) YVf,heSe,n=1.

Since N_,=N,and M_,=—- M, , wealsoset T_, =T, and R_, = — R, for all
n =1, and R, = 0. Note that T, and R, are unbounded operators, hence they
cannot be in the Lie algebra of Sp(c0), so one cannot use Milnor’s theorem (cf.
[22]) for integrating Lie algebra homomorphisms up to Lie group homomor-
phisms of the corresponding (infinite dimensional) groups.

Since T, and R, are also non-complex linear, ie. [T,, K] + 0+ [R,, K] as an
easy calculation shows, care must be taken in the analysis of these. This observa-
tion corresponds to the similar finding of Bowick and Rajeev [16, 17] regarding
the non-gauge invariance of their complex structure. As for the domains of the
operators T, and R,, we will take it to be So = D(T,) = D(R,) throughout.

Next we examine the structure of T, and R, in order to obtain some useful
decompositions into more manageable parts before looking at integrability. Since
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T,, R, act as the identity on the MP*! part of So = R?® MP?*! ®I,, we can
express these operators as 2 x 2 matrices of which the entries are operators on Iy,
and these entries can then be expressed as infinite matrices. In what follows

. .- . . . . . t, S
space-time indices will be omitted. First, write T, as a 2 x 2 matrix: T, = < " ”> R

n rn

where (&, ) = 0.0 2/20f, and (r, f ) = — Si.u /2 fo V f € lo, and for all f€ I,
nz1,k>0:

(==K finsg = 0+ K) fasio (Puf D =11 = K| finoiy + (0 + K) frs -

The structure of the last two operators become clearer when these are expressed as
infinite matrices:

(n+ 1

- column
o 0 .- 0 0 0 0 0
o 0 - 0 n—-1 0 —-n+1 0
0o 0 - (n—2 0 0 0 —mn+2 0
0 1 0 0 0 - —2n+10...
s _(n+1)*JO0 0 O 0 0 —2n 0
" row
0 -1 0 0 0 —-2n—1 -
0O 0 -2 0 0
1—-n 0
@n+ 1|0 e e 0 —n 0
row
(n + 1)
r column
o 0 - 0 0 0 0 0
o 0 - 0 n—1) 0 n+1) 0
0 n—2) 0 0 0 m+2 O
0 1 0 0 e =1 0
_m+1* )]0 O 0 2n 0
Pn="" row
0 1 0 0 0 2n+1
0 0 2 0 :
n—1 0
eV P 0 n 0
row
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Uy gn

Likewise for R, we write = = <
0 v,

) where for all fel,:

(@nf e = 2/20%" f1.0 + </2fo0m »

i.e. in matrix format (n+ 1)
column
' N
o 0 -~ 0 2/2n¢ O
o o0 - 0 0 0
dn = o 0 - : :
(n+ 1"
A IV 0o 0 0
0 ) ) .
\_ /
and

(Un fle =+ &) frrr — In = k| fin—i)
Wnf =M+ k) fusix +(n—Kk) fla—s >

for all fel,, ie.

n+ 1)
~ column
0 0 0 0 0 0 0
0 0 0 1-n O @+1) O
0 0 - 2—-m O 0 0 m+2 0
0 -1 0 0 - 2n—1 0
" _m+1*10 0 O 0 0 2n 0
"7 row
0 -1 0 0 0 2n+1
0O 0 -2 0 0
1—n 0
@n+ 10 o . 0 —n 0
row . .
-
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n+
/- column \
o 0 - 0 0 0
o 0 - 0 n—1) 0 (m+1 0
0 0 n-2 0 0 0 mn+2 0
0 1 0 0
v=(n+1)s' 0O 0 0 0 2n
% o lo —1 0 0
0o 0 -2 0 0
1—n 0
Rn+ 10 v . 0 —n 0
row . 0
- _/

Now for a complex linear operator A we need [4, K] = 0. The general form of

a 2 x 2 matrix which commutes with K = < (1 (1)> is ( c; Z) Observe that the
infinite tails of 7, and R, (i.e. everything outside the first (n + 1) x (n + 1) block) will
be of exactly this form. This suggests a useful decomposition of 7, and R,,. Let P, be
the projection of S on to the subspace spanned by the first n excitation modes (i.e.
from O up to (n — 1)). Then for an operator 4 on S, P, AP, will be the first n x n
block in the matrix notations above, and hence is a bounded operator of (complex)
rank less than n. So we form the decompositions:

T,=T,+ f’n with T,,:= P, T,P, and f,,:: T, — T,, R
R,=R,+R, with R,:=P,R,P, and R,:=R,—R,,
then [ K, T, ] =0=[K, R, ] and T,, R, are finite rank (less than n) operators. It is

also not hard to see that [ T, T, "1+ 0+[R,, R, »] though these commutators will
Ln
of course be finite rank operators. Explicitly we have: T, = ( : ) where:

n

~N

0 (-1 0
0 =2 0 0
S'nzpnsnPn=PnpnPn= '
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Then by inspection of the matrices we see s, — S, = — (P — Su) =!5,, SO

il O ~n il . N o~ ~ .

T, = s i)) ,hence [K, T,] =0 =+ [K, T,] and by evaluation of s,§, + §,5, we
~ On

sec that

[7, T.]= (‘S”S" S f"’?"‘?"f")w.

Syt TSy SpSp + SpSy

Likewise

> - S.n qn D ﬁn 0
= R =
R, < 0 §n> and R, (0 11,,) ,

where i,:= u, + S, = Uy — s,,, hence [K R ] 0+ [K, R,]. So now we have the
decomposmons T, = T + T, ns R, = R + R,,, where T and R are (real) rank
2(n + 1) operators and T,,, R commute with K. The methods of Araki [7],
developed to deal with non- complex linear symplectic transformations, did not
provide any stronger analytlc tools than those already used here.

Next we need to examine the closability and adjoints of T,,, R In the
examination we exp101t the fact that T, R, act as the identity on the M D+ part of
S = R2@® MP*! ® [ which contributes the indefinite part to the inner product of
S, and hence T,, R, can be considered as (unbounded) Hilbert space operators on
the Hilbert space ]R2 ®I2, with dense domains contalmng R2 ® l,. Hence ordinary
Hilbert space operator theory and spectral theory is applicable to R,, T, and their
various decompositions.

Lemma 5.1. T",,, R,,, are closable complex_linear operators which are essentially
antiselfadjoint. Since [J, T,] =0=1[J, R,], they are also essentially anti-J-
selfadjoint.

Proof. Let A=1T, or R, By definition D(A%):={feS|IheS st
<h, kyx =<f, AkyxVk € D(A)} = D(A*) since [A4, J] =0 and J preserves So.
Decomposing {(h, k>x = { f, Ak g, we get

(h, kY = B(h, Kk) + iB(h, k)
= (f, Ak>x = B(f, KAk) + iB(f, Ak),
ie. B(h, Kk) = B(f, KAk) and B(h, k) = B(f, Ak).

That is fe D(A*) iff there exists an h € S such that B(h k) = B(f, Ak)Vk € S,
(since [4, K] = 0 and K preserves S;). Recall f’,, = s 0 with (8, f)o = 0 and
o =—m+kfyir—(k— n)0(1c — n)fk_,,erlo, > 0, where 6(k):= {0 if
k<0; 1 if k>1}. Also R, = 1:)" , with (4, f)o =0, (U, =1+ k)fusrr
—(k — )k — n)fy-,Vfely, k>0. So feD(Ty¥) iff for all k €S, (suppressing
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space-time indices):

B(f, T,k) =2 ¥ j(fUT 0P — 2Tk
j=1

=20 Y jln + )[R + 17 k)

j=1

120 Y JG = m UK+ P k)
j=n+1

o9}

=2 Y (= mi(fEKD + k)

j=n+1

+ 20 Y (G + n)j( K + /2 k)

j=1
= B(h, k) = h'k$? — WPk + 20 Y j(h kP — b2 kD) .
j=1
So since this is true for all k €S,, we obtain
W = (T} )P =0, i=1,2, and
WY =T = (04 AP+ (k= 0k = WA, = = G,S @)
WY =:(T7 NP = = 0+ DU~ (=m0 = m) 0 = 6. f

where k > 0. Thus f eD(T *) if these expresswns define an element of S. Clearly
So = D( T*) and so since this is dense in S, 7, is closable. Moreover we have also

0 S, 0
shown that 7,) > — T, = <~ OS"), ie. KT, = (S > is symmetric, using

Sp 0 S~n
[J, T.]=0. N 5
To prove that all heS, = D(T )= C*(T,) are analytic vectors for KT, it
2k
suffices to show that Zk=0k, 1(5,)¥em || < o0 for some A >0 and for all m > 0,

where ¢,, is the unit vector for the m'™ mode in I,. Now using exactly the same
argument as in the proof of Lemma A.8, we find

k
G emll < /2541 T (m + In)
1=0

(since §,&, 1S S,&, wWith some terms omitted) So

o9

Z ]l(s,,)"a ||<2fz k' m+ln_2fzck

k=0 l=O

and on application of the ratio test:

Ck+1
Ck

——m+ (k + 1)n)—>2in

k+1

Hence the series converges for 4 < 1/2n, and so S, is_a dense invariant set of
analytic vectors for K7, hence by Nelson’s theorem K7, is essentially selfadjoint,
ie. T, is essentially anti-selfadjoint. R, follows similarly. |
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Observe that in the proof above we showed that for all f, k €So, B(f, T, wk)=
B(T;} f, k) = — B(T, f, k) and the same for R,, ie. T, and R, are infinitesimally
symplectic. Since T, and R, are also infinitesimally symplectic (cf. Appendix), this
implies the same property for the remaining part of the decompositions T, and R,
However T, and R, are not antihermitian since [ K, 7,1+ 0+ [K, R,], and on the
complex Hilbert space R? ® I2, are real linear but not complex linear. This means
that we cannot apply the classical Weyl theorem on the spectra of compact
perturbations. Moreover, exponentiation of 7, R,, T}, R,, will not produce unitary
operators, so that these transformations are not implementable via the map I (cf.
Sect. 4).

Corollary 5.2. T, and R, are closable operators.

Proof. T, is densely defined and closable, 7, is bounded hence continuous and
a closed operator. So using D(T,)n D(T,) = D(T,), T, is closable. R, follows
similarly. n

Now in order to go to a C*-algebra framework, we need to exponentiate 7, and R,
into symplectic operators on S. Since these are not complex linear, the Hilbert-
space spectral theory of S will not work directly, and if we only consider the real
linear theory in order to construct a complex Hilbert theory on S as a real Hilbert
space, the spectral theory on the new space will also not help because these
operators are not normal. So next we consider the convergence properties of the
exponential series with relation to the Hilbert-space topology. (Similar conver-
gence properties are obtained with relation to the weak star topology of S, on S.)

Ak Tk
Propesition 5.3. The exponential series Zk 0k ~——"f. n> 0 converges absolutely in

1
the Hilbert norm of S for all f €S, and for all 2 e< ) This series diverges in

20’ 2n
11
the Hilbert norm topology for all nonzero feSy and A € ]R\( - Z) In the region

of convergence, denote the limit by exp(AT,) f, n > 0.
The proof of this is lengthy and has been placed in the appendix, Prop. A.6.

Proposition 54. (i) expAT, is an unbounded operator on S for nonzero |A| < 1/2n
with Sy in its domain.

(i) Given A, u € R suchthat |Al, |u] < 1/2nand |4 + p| < 1/2n, then the power series
of exp AT, converges on (exp uT,)(S,), and

(exp AT,)((exp uT,) f) = (exp(A + W) T,)f Vf€So,
where we maintain the notation exp AT, on this larger domain.

Proof. (i) We only need to show that exp AT, is unbounded. Given a converging
sequence of the form { fy:= Y a_, x0x" }nen in So, converging to an f €S (hence
we must have Y >, yik < o0), we consider:

(lT)

N
s-lim(exp AT,) fy = s-lim s-lim ) 7y, z 5.

N—-w N->w M—-wk=1 m=0
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T 0

mml

>|y|«/2oc(k+mnl H(k+ln)
k|A)™
ANzl

where use was made of A.9. So:

Z el /20 k(K ALYt = [y /200 k e!31¥

The series Y, 7]/ 20 k e!** will certainly diverge if |7, \/E e** does not tend to
zero as k goes to infinity, and this is quite easy to arrange by choosing e.g. 7, = k2.

Then fN7f= Yl k726D eS8, but s-limy_, . (exp AT,)fy does not exist, i.e.
exp AT, is unbounded.

Now

[(2+WT]*
k!
f€eS,, we can rearrange its terms without affecting convergence:

(ii) Let pu, A be as given. Since Y f converges absolutely for all

AT, a1 .
expli+ wr)f= § DL 5 oy ey
© /q’k l
= % ¥ T

<k

k=01

= s-hm(s lim Z GL) 5 (kT f)

N—-ow \M—w k=0 k! 1=0 I

= s-lim Z ¢ ")k (expuT,)f,

N—-w k=0

where the order of the limits does not matter due to the absolute convergence. It is
clear that the last limit exists, i.e. the power series of exp A7, converges on the
region (exp u7,)(So). |

To construct a C*-algebra expression of the string, we need a symplectic space
containing {So, B} to model the excitation modes, together with all relevant
transformations written as symplectic transformations on this space. Now by 5.4(i),
we know that exp AT, cannot be extended by continuity to S. If there is some
subspace of S containing S, which is preserved by all expAT,, 0 < |1| < 1/2n, then
it is possible to compose enough exp 17,’s to obtain a convergent exponential series
on Sy (using the absolute convergence of the factors) which will violate the
divergence part of 5.3. Hence we are forced to conclude that T, for n 3 0 does not
integrate up to a symplectic transformation group in a useful manner via an
exponential series. Moreover, since T, is neither complex linear, nor normal as
a real linear operator, we cannot use spectral theory to define exp A7,,.

Next we will find the decomposition of the infinitesimal gauge generators N,
and M, corresponding to the decompositions T,=T,+ T,, R,=R,+ R,.
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Consider for n = 1 the decomposition of L,:
. ~ 1 . ~ . ~
Ln=Ln+Ln='2_(Nn+Nn—iMn_iMn)9

where

1

20‘ ZOC —k"%n+k >
k=

. 1 "= ~
,.:—4—2 Oy + 0y P, Lyi=

(L-w)t =L, (L))" = L,
N,=L,+L_,, N,=L,+L_,, N,=N,+N,,
M,=il,—L_.,), M,=i(L,—L_,), M,=M,+M, .

Lemma 5.5.

[iN., @(f)1x = &(T, /)1 ,

[iM,, ®(f)1x = ®(R.f)x VfeSo, x€Foo, n21.
Proof. Appendix A.S. |
Lemma 5.5 immediately implies that

[iN,, &(f)1x = &(T./)x ,

[iM,, d(f)]x = ®(R.f)x Vfe€So, x€Foo, nZ1.

Hence the _decomposition L, = L, + L, forces exactly the decompositions
T, = T + T and R, = R, + T, constructed before and we already know (cf. 5.1)
that T,,, R, are integrable via spectral theory, and T,, R, are integrable because they
are finite rank operators, and so their exponential series always converge abso-
lutely. So by Stone’s theorem {expAx|x = T,, R,; A R, n = 1} are one-parameter
unitary groups (hence J-unitary groups since [J, 7,] =0 = [J, R,]) and hence
since the symplectic form B is the imaginary part of the inner product, this implies
that these families are also symplectic operators on S.

On the other hand, the families expA7,, expAR, on S are not unitary nor
J-unitary since [T,, K] + 0 + [R,, K].

Lemma 5.6. expAT, and exp AR, are symplectic real linear operators for all A €,
and n e Z*.

Proof. Since T, and R, are finite rank matrices, the series expAT,f, etc. will
converge absolutely for all feS. Since the symplectic form is jointly continuous
with respect to the Hilbert norm topology, the result follows by rearrangement of
the series, i.e.

B(expAT, expiT',,h)= lim lim f i B(AT,) f, AT,y h)/k!r!

K- N2> k=0r=0

K N
= lim lim Y Y A¥*r(— 1 B(f T;**h)/k!r!

K- N>w k=0r=0

=B(f h)
for all £, h €S and where we used B(T,f, h) = — B(f, T,h). [
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The decomposition L, = L, + Zn may lend itself to stronger selection criteria than
the usual condition

(Ln = 0n00(0))Yy =0 Vn =0
for the physical vectors, e.g.

Loy = a0y,
Ly=0=Ly VYnx1.

Observe that in the transition from N,, M, to T,, R,, we have lost the central
term of the Virasoro relations, so this information may need to be put back into the
theory at the abstract level, and furthermore, to complete the presentation of the
physics, we also need to include the Poincaré transformations. However, an easy
calculation of [M**, &(f)] shows that the Poincaré transformations act as the
identity on the mode space part [ of S, and so since the rest is finite dimensional,
these transformations are integrable by power series, and also commute with the
constraints. So in the interests of an economic presentation, we henceforth omit the
Poincaré transformations from the discussion. B

It is now necessary to prove implementability of the families exp X, where
X e{T,, T,, R,, T,, R,|n€Z*} by weak operator continuous families of J-
unitary operators. This will indicate the usefulness of the Fock-representation, in
that if these families are implementable, it may be possible to define the integrated
constraints from these implementers in an acceptable way.

Theorem 5.7. (i) The families exp AX for X e {T,, R,|n = 1} are implementable on
@ by weak operator continuous families of J-unitary operators, I'(exp AX).

(ii) Let A €{N,, M,|n =1}, then [A, I'(J)]x =0 ¥y € Foo, and A is essentially
self-adjoint. Hence by spectral theory we can construct expilA, and this will be

a weak operator continuous one parameter group.
(ii)) Given A = N, or M,,

M P(hye M = q5< ¥ %T"h)é
n=0 "

VA e]R heSy, & e Fop, where T = T,, or R, respectively, and we already know that

hmo 'T”h converges absolutely.

Proof. The proof of (i) is standard, because exp X are weak operator continuous
families of unitary (and J-unitary) operators.
. . 1 - . . . .

(ii) Recall that L, =¥} L OOy + 0yep, Ly =(L)*, Ny=L,+ L_, and
M, = i(L, — L_,), where n > 0. Hence A consists of a combination of quadratic
monomials in the creators and annihilators, not mixing space-time components,
and application of Lemma 3.3 will produce [A4, I'(J)]x = 0Vy € Foo. By construc-
tion A is J-symmetric, and this then implies that it is symmetric. That A is
essentially self adjoint follows from the next lemma. (Recall that

a” (f)=alJf), a*(f)=a*(f))
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Lemma 5.8. Given an operator of the form:
1
R = Z {a(f))-a(h) + a*(g:)- a(r) + a*(u;)- a*(v))} ,
i=1

where f;, h;, g;, 1, Wi, v; € Sg are arbitrary, the operator B = R + R* is essentially
self-adjoint with F,q in its domain.

Proof. By construction B is a symmetric operator which leaves Foo < C*(B)
invariant. So we only need to prove that F o, consists of analytic vectors for B. Note
that B is of the form

B= Y (f)d(h). fiheSo,

where a°( f) denotes either a(f) or a*(f). Let y be an n-particle vector, then by the
usual estimate

1a®(f) ... (S S /n+1.. \/n+< llﬁll)lllﬁll,

we obtain BNy S L¥/n+1.../n+2NF2V|y|, where F =sup{| fl,
Ih)li=1,...L}. So

0 0 LFZA.

S s § G ST L e
N=0 =

=) exll¥l -
N=0
Apply the ratio test:
C”Z“ ]I\;F'l\/( Y 2N 1 )(n + 2N + 2)— 2LF?2
N

as N — o0, and so the series converges for 4 < 1/2LF?. Thus  is analytic for B, and
as Fyo is spanned by the finite particle vectors, B is essentially selfadjoint by
Nelson’s theorem. \V4

Proof of (iii). We collect a few facts from Stone’s theorem for use below: t — e is
weak operator continuous, ie. (7, (¢4 — e4)¢> —t> 0Vn, £ e Z(S), and

lim |[[¢ 7" (" — 1) — iAJ¢[ =0 V& eD(A) 2 Foo

t—0

from which the Cauchy—Schwarz inequality implies:

lim ([t (e — 1) —iA]EY) =0 VEeD(A),neZ(S).

t=0

Our main argument in this part is aimed at establishing

(AP (e ALy = 3 G, @diAY (PN

n=0
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for all n, £ € Fop and all ¢ in some neighbourhood of zero. Start with the unitary
W(f)=expi?(f) and define for fixed & € Fyq, # € D(A):

fiu®):=<{n, €A W(h)e ">, VieR, heS,
and so:
ﬁ,/(t) — limk—l <’7a [ei(t+k)‘ZW(h)e—i(t+k)Z 1tA W( ) —ztA]€>

k=0

= lim k=1 (e ™y, [(e™ — )W (k) (e ™ — 1) + (™ — 1)W(h)

k=0
+ Wih)e ™™ — D]e"4E)
=limk =1 (e "y, (™ — YW () (e ™ — 1)¢)

k-0

+ limk—1<(e—ikZ 1)’7 eltAW( )e —1tA£>
k-0

+ lim k=1 (™ W(— h)e ="y, (e7*4 — 1)¢)
k—0

= —iAn, e W(h)e "4y + ("W (— e "y, —idE),
where we made use of:
lim k! <e-it2n (e ikAd — OYW(h)(e —ikd _ 1)e""15>

k—=0

<lim k=1 (™ — |- | W)™ — D¢

k—0

= limk ! [[(e %4 — 1)y« (e ™ — 1)¢||
k=0

=limk =1 |[(e ™ — 1)y - lim || (e ~* — 1)¢||
k—0 k-0

=0

because both the limits in the penultimate step exist. Now since we cannot be sure
that (Ad e™*)(W(h)) preserves D(A), we do not make use of the self-adjointness of
A to simplify the equation for f;(¢). Instead, introduce the concept

{n,(ad” B)(C)¢) := (B*n, C&) — (n,CBS)

where 5, £ € Foo and B, B* are operators preserving Fo, which because it is in
D(C), means that (5, (ad"™ B)"(C)¢ ) also makes sense for n a positive integer. Then:

fi(t) = <, (@d"id) (e A W(h)e )&y |
and since A preserves Fo, the n'® derivative
£0(t) = <n, (adwi/I)"(eiff‘I W(h)e—itz)é>

makes sense, and so f,(t) is C* as a function of t. When ¢t = 0, ad”iA becomes just
adiAd (making use of the self-adjointness of A4), i.e.,

F(0) = (n,(adiA) (W(h)ED .

Now the map s — W(sh) for s e R and for h € S, fixed, is weak operator continuous
by Stone’s theorem, so the function s — £(0) is continuous. We prove that it is
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differentiable at s = 0 using the fact that AFyq S Foo < D(¥(h)):
f w (0)

=lim k™ (y,@did)' [ W((s + k)h) — W(sh)1ED |s=o

s=0 k-0
= (n, (adid)" (¥ (h) &) .

Since f, is C® in t, we can write down its Taylor series in ¢ around 0, but need to
prove convergence for it.

80, S ,,
A= SR — § o @aidyorime.
n=0
TOED) Q 5 (})ica . windve)
n=0 N =0

& AR AR
S LI Y =

+k=N mi gm k| gk
" ™A™\ (1t 1A%
k=0

N m| qAm M k /Ik
tim 3 AL S AR

N-owm=0 m: M-wk=0 k!

IIA

For ¢ e V™ A F,, we make use of the estimate:

la®(f) ... a* (Sl S/ m+ 1) ... m+ RISl - DAl ED,

and to obtain estimates for || A* ¢||, observe that

Il S 73

é— (D+1)\/(m+1)(m+ )€l +/2(D + 1) /m + 1) (m +2) | €]

4o/
(%gn_1)+\/§>(D+1) (m+ Dm+2) &l
= 0. /(m+ 1)(m+2)|¢&| .

This estimate also holds for | L} £|, and hence:
IAE] <20./(m + 1)(m + 2| ]|,

1A% < @O/ m + Dm +2) ... (m+2k) | £,

N ok 4% 3
Z 1t AN ||A ¢l < Z (ltl26)“\/(m+ D.. : (m+2k)”£” =:kzoak‘

Z o+ ot &1l + Nl eta* PE|
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Apply the ratio test for convergence:

A+ _

|29t|\/(m+2k+1)(m+2k+2) x
k+1

2|29t|

ay

and is less than one whenever

It] < 1/40%[(%;(;1 1)+f>(D+ 1)] ,

and this will also hold for the series Y s, |t|* | A*n||/k!, and so the Taylor series
converges absolutely for ¢t in the indicated range around 0. Since W(h) disappears
from the estimates, the series of f,(t) also converges uniformly as functions of s, and
similarly the series

© (n) X
)3 js<f n('O)) =2 < (adid)" (ﬂf(h)W(sh))@—
n=0

will also converge uniformly as a series of functions in s, so we can interchange
differentiation in s with the limit of the series to obtain, when |t]| < 1/46:

d : T wimes
GO =T iy (2

s=0

=L n eiwishye gy
ds

5=0

using the definition of f,(t). Since by the convergence of the series we know that
this exists, Stone’s theorem implies that e ~*4¢ e D(¥(h)) for t in the indicated
range, and so by application of Stone’s theorem:

if;h(t) ={n, P (h)e "¢ED, e
dS s=0

e TP e~ Ry = T o @diAY (PR

for all 4, £ e Foo and t < 1/46. This corresponds to the usual formal physicist’s
equation mentioned in Sect. 4. Using @(h) = Y(P_h) — K¥(KP . h), the same
relation will also hold for @(h) instead of ¥(h), i.e.

(e R o(ReE) = 3 (n,adidP(@()E)
n=0 '

0 tk
—(no( T Lrn)e),
<” (Ak! >€>

where T = T or R,,, and n, & €Fqy, |t] < 1/46. But since Zn O—' T”h €S, for
h eS8y, this can be repeatedly applied to get

(n, e A(hye gy = <n, <15( Y %T"h>é> VieR, n,&eFyp .
n=0""*
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Since F, separates & (S), this means that

n

eirZ@(h)e—itzé = @( Z %T"h)ﬁ VEéeFy.
n=0""

Note that the convergence proof above showed that Fy, is a set of analytic
vectors for A. The proof above will break down at this point for A = N, or M,,,
since it is easily seen that F, is not a subset of the set of analytic vectors of these 4,
and so the Taylor series will not converge (this is because for these A, there is an
infinite sum in the expression, whose size is limited by the number of nonzero
modes of ¢ € Fyq, and since A4 increases both particle number and maximum mode
space number, the exponential sum diverges).

We are now ready to prove both integrability for the full gauge transformations
T, and R, as well as implementability for the integrated transformations. Denote
by Sp(S, B) the group of symplectic transformations on {S, B}.

Theorem 5.9. (i) The limits

=~ t . k
s-1im<exp Tn-eszTn> f=:Glf, feS§,

k—
t = t . k
s-lim(exp—R,,-eXp—Rn> f=0rf, feS
k— k k
exist in the strong Hilbert space topology on (S, {-,->%) and
e (f)e My = B(GI )W VfeSo, ¥ €Foo s
e Mng(f)e ™ Mny = B(Qrf)Y VfESo, ¥ €Fqo.

(i) GI, QreSp’(S,B):={TeSp(S,B)|[T,J]=0}, [G!K]+0=+[Q!K],
and t —» G} and t — QY are one parameter groups for all n e Z*.

Proof. (i) Begin by collecting some relevant facts and notation. Fix n eZ*.
S;:=exptT,, T,:=exptT, eSp’(S, B). U,:=I'(S,), V,:= expitN, and by 5.7 we
have U, @(f)U_,{ = @(S, f)¢ and V,®(f)V_-.& = P(T, f)EVfeSo, E €Fqo.

Lemma 5.10. U, = I'(exp tf,,) = exp it1\7,,.
Proof. I' (exptf‘,,) =exptdl'(T,). Choose a generic m-particle vector: Y =
™, a*(f)Q eV™, then

N = (i, a* (101 [] (0@ + a* ()i, [] a*()0

i=2 i=2

m m

=a¥(T,f) [1 a*(H)Q + a* (/) [iN,, a*(f2)] T] a* ()@

+ e (f)a ()N [ ()2

=...=dl(T,)y . v



Operator Quantization of Open Bosonic String 505

Since it is inconvenient that @( f) exponentiates up to an unbounded operator, we
now switch our attention to the auxiliary field ¥Y(f), using the relation
O(f)=Y(P-f)— K¥Y(KP, f), where J = P, — P_. We also use the notation
By(+,r):=B(+, J-).

Lemma 5.11. (i) There is a group isomorphism 0: Sp’(S, B) — Sp’(S, B;) given by
§(T):= P_T— P,KTK VT €Sp’(S, B).
(ii) Given T €Sp’(S, B) and unitaries Uy such that [Ug, ['(J)] = 0, then

Ur®(f)Ur'x=®(Tf)x VfeS, xeF,
iff UrP(Ur'x=Y(0(T))y VfeS, xeFoo.

Proof. (i) Since the inverse of 6 is again the same expression:
0~Y(T)=P_-T— P,KTK VT eSp’(S, B;) (making use of [K, P ] = 0), we only
need to show it is a homomorphism,

0(T1T2)=P_T1T2—P+KT1T2K=P_T1P_T2+P+KT1K‘P+KT2K
=(P-T, — P.KTK)-(P_-T, — P.KT,K) = 0(T,)-0(T3),

where use was made of [T}, P.] =0, i = 1,2 which follows from [T}, J] = 0.
(i) Given T, Uy and Ur®(f)U7s 1y = ®(Tf)y we calculate:

Ur®(f)Ur 'y =Ur¥(P-f)Ur 'y — KU ¥(KP,f)Ur 'y
=O(Tf)y=¥(TP_f)x — K¥(KTP. f)yx .
But since we can vary the components P f of findependently:
Ur¥(P_f)Ur'y=¥Y(TP-f)y and
UrP(KP, f)Uf'y=¥(KTP, f)x which implies that
UrP(P+f)Ur'y=¥(— KTKP,f)y, using[K,P.]=0.
So Ur¥(f)Ur'x=¥Y((P-T—P.KTK)f)y="POT)f)x,
and since this argument is reversible, the lemma is proved. v

We now intend to use the Trotter formula (cf. Reed and Simon [26]):
lim (U, Vip)* = expit(N, + N,) = expitN, ,
k—©
where the limit is in the strong operator topology and N,, N, and N, all are
essentially selfadjoint by Lemma 5.8. Denote W(f):= expi¥?(f). Now
N W(f)e Ny = selims-Hm(Uyym V)" W V- U-gf ¥ (1)
m—w k—ow
for all Y € #(S). We now use the following fact (easy to prove and standard):
Lemma 5.12. Given two strong operator convergent sequences of unitaries A,, — A,
B, — B on #(8S), we have s-lim,,, , A,B,¥ = ABY for all y € Z (S). That is,
s-lims-lim A4,, B,y = ABY = s-lim 4,, B, .

m—>o0 k—wo m—
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So application of 5.12 to Eq. (1) above produces:
N W(f)e ™ = s (Uym V)" W)V = ymU - )™

m— oo

= s-lim W([0 ' (Sym)0 ~ *(Tym) 1"/ W

m— oo

= s-lim W (0~ ((Sym Tym)™ IV » 2)

m~— oo

where we made use of U,P()U_ .y =PO S)f)y and V,P(f)V_ ¥ =
Y(0~(T,))y which followed from 5.11(ii) and the listed relations at the start of this
proof.

Lemma 5.13. Let {f,} =S be a sequence and assume that the limit
s-lim,, - o W(fu)¥ exists for all yy € F(S). Then s-lim,,, o, f,, exists and

s-lim W(f )¢ = W(s-lim fm>l// ,

m—> a0 m=— oo

m—> m— oo

s-lim Y(f,)¢¥ = Y’(s—lim f,,,)tﬁ Yy eF,.

Proof. By Reed and Simon X41(d) [26], the last two statements follow from the
existence of s-lim,. fn, SO we only need to prove this existence. Since
s-im,,.,, W(f,)¥ exist by hypothesis, and the exponential series
W =32, [P(f)I"¥/n! converges absolutely in the Hilbert norm for all
Y € Fy, we can interchange a limit with the limit of the series to obtain for all
Y eFy:

s-lim W(if, )¢ = i gs-lim[?’(fm)]"l//, so
k=0

4 hmWOLW| = slim ()0
d m- A=0 m— o
1 1
exists. Now  Y(f)Q=——=a(fn) + a*(f))2=—F<f,e VP =S, hence
I \/5( (fm) (fm)) \/Ef

1
s-lim o o P(fn) 2 = —=s-lim f,, exists. v

\/Em—mo

Now apply 5.13 to Eq. (2) to prove that the limit
s-lim 0 = (Sym Tym)™)f =:0"*(G}) f exists, and that

m-— oo

N (f)e” "My = W(0(GF)f)y and hence:
e (f)e Ny = W(OHGH )Y, Y eF,.

Thus from Lemma 5.11, e*¥®( f)e "y = &(G? f)y, ¥ € F,. Since all operators
in the definition of 6 are Hilbert norm continuous, Gf f = s-lim,,—. o, (Sym Tyym) f and
this completes the proof of 5.9(i), given that Q; can be treated in complete analogy.
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Proof of 59(i). G, QF eSp’(S, B) follows from the facts that U,, V,, e
ek eSp’(S, B) and the symplectic form is continuous w.r.t. the Hilbert space
topology (alternatively use the CCR’s of @(f) and the implementing equations in
5.9().)
To see that [G}, K] & 0 + [Q}, K], differentiate the implementing equations
in 5.9(i) to obtain

d .
a‘P(Gz"f)il’ = [iN,, 2(f)]Y = &(T,, /)y
t=0
and we already know that [ T,, K] * 0.
From eNneisNn — ois*D¥» and the implementation equations in 5.9(i) we also
obtain G} G} = G}, Vt, s e R, G§ = I and similarly for Q;. |

So we may regard G} and Q} as the integrated gauge transformations for the string,
given that they have the appropriate implementers. These will not be contractions
for all values of t(since expt T, is not). So finally, we have obtained as a starting
point for the C*-algebra of the string:

(i) a symplectic space {S, B} modelling the behaviour of the excitation modes «,,
(i) a one parameter symplectic group expAT, giving time evolution for the string,
(iii) a collection of one parameter families of symplectic groups

{GI, Qi IneZ*}

giving the gauge transformations of the string,
(iv) the Poincaré group acting as symplectic transformations on S.

The central term of the Virasoro relations is regarded as a representation depend-
ent phenomenon, as is the use of Krein spaces. In the next section we will consider
these issues in detail.

To obtain a full theory for the string, including gauge transformations, we have
two options:

(i) Consider the Fock-representation as physically unimportant, an historical
accident, and set up the algebraic part of the theory in a purely C*-algebraic
framework — a representation-free formalism. We intend to do this in the next
section, and also to find a criterion for selecting the physical representations.
We do not expect the Fock-representation to satisfy this criterion.

(ii) Consider the Fock-representation as physically important, but in need of
augmenting, and obtain the whole orbit of the Fock-representation under the
action of the gauge group as is done by Bowick and Rajeev [16, 17] enlarging
the field algebra correspondingly. We will explore this option in a future
project.

6. The Field Algebra of the String

In this section we will propose a C*-dynamical system to describe the string,
examine its physical representations and constraint conditions. Following that we
consider how the Virasoro central term is reintroduced at the algebraic level (if
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required) and study the set of Fock—Krein representations of the string from
a C*-algebra point of view.
Given that the string fields @( f) satisfy

[2(f), ®(h)]x = iB(f, h)x Vf heS, xeF,.

we can use the CCR algebra A(S, B) (cf. [9]) to abstract the algebraic structure of
these. In this case, there is an action o of the discrete symplectic group

a: Sp(S, B) —» Aut A(S, B) given by ar(d,):= dr; VT eSp(S, B), feS, where {J,|
f€S} is the set of generating unitaries of 4(S, B) satisfying the Weyl relations [9].

There is then an invariant state w, e S(4(S, B)) for the action «, and it is given by
wo(ds) = 1if f=0 and we(d;) = 0 if £+ 0. Now, as remarked at the end of the
previous section, all the relevant transformations of the string have been written as
symplectic transformations acting on the string field smearing space, so we can use

the action a to define these as automorphisms on 4(S, B). Let ¢ be the group in
Sp(S, B) generated by the time translations and gauge transformations, i.e. by the
set {e'To, G, QF|te R, ne Z*}. Let £ < Sp(S, B) be the group of Poincaré trans-
formations on S, and G is the discrete group generated by both % and by.Z. Since
& only acts on the MP** part of S = R? x MP*! x [? and % only acts nontrivially
on the R?x[? part, this means that G ~ % x%. We now define the action
o: G — Aut4(S, B) by the restriction of the action a on Sp(S, B) above. Our claim
is that at the abstract algebraic level all the physical information of the string is
contained in the C*-dynamical system (a, G, 4(S, B)).

Now physical representations of the string should be representations of 4(S, B)
which are covariant or at least projective covariant for this dynamical system. This
requirement can be easily absorbed into the abstract framework as follows. Start by
making a choice of cocycle ceZ?(%, T) which we require for the projective
representation of 4. (E.g. ¢ = 1 for a covariant system, and if we want specifically
the Virasoro central term, then we obtain a nontrivial ¢ + 1 from the unitaries e’°,
eNn_ ™ on 7 (S) for it.) Extend the cocycle trivially from % to G =~ ¥ x ¥, and
construct the twisted crossed product %, := G x, ,4(S, B) (consult Raeburn [30]
or Sutherland [31] for its definition). Then %, has the following properties: there is
a canonical injection i: A(S, B) — &, as well as a twisted injective homomorphism
u:G-U(%#,) such that wu,=a(g,h)u, Vg, heG and i(ay(4)) =
ugi(A)u, ' VAe A(S, B), ge G. Moreover #, has the universal property that its
nondegenerate representations are in bijection with the g-covariant representa-
tions of 4(S, B) and in such a way that given a o-covariant representation (z, V),
n:4(S, B) > B(H), V:G—U(H), V,V=0(g, )V, 1(05(A)) = Vym(A)V; ",
then there is a representation #: %, — #(#) for which i == and V, = @(u,)
VYgeG. So #, is a good candidate for the full field algebra for the string if all
physical representations are required to be g-covariant.

Now in a representation of %, we need to select the physical subtheory of the
string, and this is done through the enforcement of constraints. Guided by our
findings in [19], we will not require that physical states be either regular (i.e. the
maps t —n(d,;) are strong operator continuous for all feS) or that the one
parameter unitary groups t — 7 (texp 7, ) t — (Ugr), t = m(ugr) be strong operator
continuous. So we allow for the fact that gauge generators may not be definable,
nor the infinitesimal theory of the string used by physicists in these representations.
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This is to avoid the problems that occur when constraints cannot be enforced
because they are eigenvalue equations with the eigenvalue in the continuous part of
the spectrum. This problem occurs in the Fock-Krein representation of the string
in the preceding sections.

The case o = 1 is most easily dealt with, and its existence is a bonus of the
C*-approach. This corresponds to the absence of the central term in the commuta-
tion relations of the heuristic constraints. So at the heuristic level, for such a theory,
physical vectors i can be selected by

Loy = o)y, Ny=0=M,y VneZ*
or at the exponentiated level:
el = 5Oy = oitNnyy = oM — ) ViR, neZ* . )

Now in a given representation 7: #, — %(# ), we have that n(uexp 7, ) (resp. 7( uGr)
n(ug,)) correspond to the heuristic objects e'Lo (resp. e™Nr, ¢*Mn) "and this suggests
the choice of a C*-constraint set

U= {uexpir,e ", ugy, ugr| tER, neZ*}

as abstract constraints in %, (cf. [32,29]) from which the physical states are
selected as Dirac states:

Cp={weS(F))|wU)=1VUe%}

and each vector state induced by a vector ¥ satisfying Eq. (1) in some representa-
tion will be in S;. Then Sp, #+ @ iff 1¢ C*(% — 1) (cf. [32]) and in this case % is
called first-class, otherwise it contains second class constraints [33]. Now if
a(0) = Oit is easy to see that % is first class: this is because there is already given the

a-invariant state wg on 4(S, B), and by the technique in the proof of Theorem 3.3
[29], such an invariant state can always be used to construct a Dirac state on & . If
a(0) =+ 0, there is an additional phase in the constraint relations, and this may make
% second class. This question calls for detailed analysis of the structure of %. Based
on the heuristic findings, we guess that for some values of «(0), % is second class.
This analysis is left for the future.

Next consider the case ¢ + 1. In this case it is very easy to see that % is second
class, and one may impose the constraints either by using the method proposed in
[33] for dealing with quantum second class constraints, or by imitating the
heuristic constraint conditions L,y = a(0)d, ¢ Vn = 0. (We do not expect these
two methods to give the same answer.) The latter is done as follows. Recall the
correspondences Lo 7 (uexp i7,), €™V > m(ugy), e > m(ug,) for a representa-
tion © of #,. Then we propose selection conditions for physical states by:
an we S(&#,) is in Sp if
(l) w(uexp tTo) = eita(O) VtE]R’

(i) lim, oot 'w(A[ug —iugr + (i — D1]) =0 Vn=1, A€A(S, B).
(Since in the Fock-representation ny, N, is the generator of the one parameter
group ¢ — np(ug:) and M, generates t — np(ug), and N, — iM, = 2L,.)
Whether S # ) we do not know. Our preferred option for dealing with second
class constraints is the method of [33] which is somewhat more refined than just

the selection of the gauge invariant part of 4(S, B) as the physical observables.
Moreover, even at heuristic level, the splitting of the constraint set in half by the
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Gupta-Bleuler type method used for the string does not get rid of all the gauge
degrees of freedom.

Finally, we wish to examine Fock—Krein representations of the string from the
C*-algebra point of view Since the string field @(f) on the Fock—Krein space
{Z(8), (*,* s} exponentiated up to unbounded operators exp i®(f) (cf. Sect. 3),
this forces us to consider 6, — expi®( f) as an unbounded Krein representation of
the *-algebra A4(S, B). (Exponentiation of i®(f) is in terms of a power series).
However we can use the auxiliary field

Y(f) = ®(P-f) — KO(KP.f), [¥(f), ¥(h)]=iB,(fh)

(which is modelled by A4(S, B;) in an ordinary Fock representation on % (S) to
convert the problem of these Krein representations to a C*-algebra one. Also, by
Lemma 5.11 it is sufficient for Te Sp”(S, B) to study implementability of 6(T) on

A(S, By) to obtain information of implementability of T"on A(S, B) in the Fock—
Krein representation. Note that time evolutions and gauge transformations are all
in Sp’(S, B), but the Poincaré transformations are not. These arguments are easily
made into a proof of:

Proposition 6.1. (i) A Fock-Krein representation n¥ (as in Sect. 3) of A(S, B) is by

construction uniquely associated to a Fock-representation g of A(S, By) on & (S).
(i) For TeSp’(S, B) and unitaries Uy on F (S) with [Ur, I'(J)] = 0, we have

Urm’v(éf)Uflx = n%(én) VfeS, xeF,,
iff Urnp(d5) Uty = np(Serys)x V€S, x€F, .

This can be generalised to other regular representations of A(S, By) and also to

other Krein structures J' # J, in which case the auxiliary C*-algebra 4(S, B;-) and
dynamical system is different.

We leave the important and difficult problem of the enforcement of the
constraints and consequent selection of physical representations for a future
investigation. We claim that at this point the aim of the paper that of obtaining an
adequate C*-framework for the string — has been achieved.

Appendix

All the operators here act on and preserve F oo, and so for ease of notation we do
not indicate this explicitly. Recall identifications

a (o(n,p))=ak, a*(d(npu)=a,, nz0
with [al ;o] = —20'ng" 0p4mo Vn,

1
20

Lo=

1"1 1
L,= 4,Zakank+2,z‘xkan+k+a ‘D,
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for n = 1. Then [ L,, p*] = 0, and using notation i = K for the complex structure:
[Ln,q*]1=ioy Vn, [Lo,ap]=may Vm=+0, and
[L,, at]=mak,, Vn,m Recall now:

o(f) =p(f )+ q(f®)
—pf D 4 gf@ 7__ S (i — o) f& + (g + ) fP) .
So VneZ:

[L,, &(f)]=if o + f S ([Lo - 1P+ ) + L 12 — )
k=

= io, f(2’+—5 Z k(e (f% = 130) = i (Fi0 + 13) -
k=1

For this to make sense on Fy,, we also need to restrict f to be in S,. So the
infinitesimal time translations are:

(adiLo)((/)) = [iLo, D(/)]
~ o ‘“+—Zk(ak (F& + i) + a1 = i)

—22'pfP + Y k(per (=) + a4 i)
k=1

=®(Tof) VfeSo, (A1)
where  (Tof)V:i=(=2a'fP, —f O, — 2P, -39, .. ),
(T f)®:=0.1,209, 35, ...) VfeS,. (A2)

Observe that T, preserves S,, though it does not preserve S. Next we need to find
the infinitesimal gauge transformations adiN, and adiM, with N,:= L, + L_,,
M,:=i(L,— L_,),

[L—m (D(f)] = - ([Lna Q(f)])+
mir S S k(e (- O — )
2k=1

+ oy (S0 = 1))
[Nu, ()] =[L,+ L_,, ¢(f)]

o 4 asn) P+ \kik[(f‘” ) (G + )
k=1

— ([P + ) (i + 2—pmi)]
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. >k
= l\/iqn.fg) + z = (2) ((‘xk n O‘n—k) + (O‘k+n - O‘—k—n))
k=1 \/5
- if;cl).((ak—n + an—-k) + (ak+n + fx—n—k))]
2 e ¢]
=1/2¢,fP —i Y, k(P pia-iisign(n — k) — £ pies
k=1
+f(1) In+xk +f§c1)'q|n-k|)

[co]
=i/26, fP =1 Y k(fL Guir = Pusi) — /20 V0o
k=1
n—1
=i Y k(P Pai + £ i)
k=1

Z k(fgcl).qk—n_ ;:2).pk—n)

k=n+1
_lfqn 2) i\/infﬁ,l)'%c'p

Z (k - n)(f;cl)n dk — f}cz—)n‘pk)

k=n+1

n—1
—1i Z (n— k)(ffzz—)k‘l’k +f$tl—)k‘qk)
k=1
ol 1 1 2
—i Z (k+n)(filna— i) — i20(f5) qn —F 5 Pn)
k=1

Y (A KN e~ )

k=n+1
= —i/2a'nfP p2 —ig,-QufS) — 21 P) + i2nf 2 p,
n—1
—i Y {a((n+ k) fe+ =k )
k=1
+o (=R f2 = (n+ k) f2

S (g (n 4 RS + (k= m) S,

k=n+1

F o (=R f2, — (n+ k) f20)}

—i®(T,f),
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ie. (adiN,)(®(f)) = O(T,f) Vfe S, where:

(L) =2/2anfP,

(T.N) =

(LA = —2mfS),

(TN =2nf% — /218,

(LN ==k fli =+ f 2 k+n,

(LD =In—klfP +(n+ k) f k+n.

By an entirely similar calculation we find (ad iM,)(®(f)) = ®(R, f), where

(RS =2/2a' fPn
(R.)P =
R =+ k) f N —1n =kl f () + 2/ Db k21,

RO =+ k) f &+ =k f1Ph, k=1,
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(A3)

(A4)

Observe that T, and R, preserve S, though not S. It is possible to show by direct
calculation that 7, and R, are infinitesimally symplectic operators on S, (and this
provides a useful check on the somewhat cumbersome algebra), but it is far easier

to deduce it from the consistency of the setup and:

B(T,f. h) + B(f, Tuh) = — i([&(T,.f), (k)] + [2(f), D(T,h)])

=i([[iNy, @(f)], @(h)] + [D(f), [iN,,, (h)]1]1 =0

making use of the Jacobi identity and [iN,, [®(f), ®(h)]]=0.

~ 1 R ~
Lemma A5, Given for n =1, L,»=—Y" o_y 04k, Lp:= L, — L,, with the
20’ —k=1

corresponding N,, M, N, M, operators as in Sect. 5. Then
[iN,, ®(/)1x = &(T,/)x
and [iM,, &(f)1x = ®(R.f)x VfeSo, x€Foo

with T,, R, as in Sect. 5.
Proof. First observe that

[L,,at]=

20" /=2 mok, ., otherwise

1 & {0 f—n<m<0,
n+ks m]=
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[L_,,at]1=0if 1 <m < nand ma* ., otherwise. So:

mok . f0<m<n
[Ny ah]=[L, + L, 0] = {mas-, if —n<m=<o0,
m(ak,,, +ak_,) otherwise,
imak . f0<m=<n,
[M,, ah] =ilL, — L_,, af] ={ — imat,_, if —n<m=<0,

im(ak,,, —ak_,) otherwise .
So using the smearing formula:

O(f)=pfY +qf& + ﬁkZ (iQo— — o) [ + (aoi + @) i)
we obtain:

(R, 0001 = 3, (8 -G8+ 1) + [ ] (14 = 1)

QJ

fi K{ (oo — ) 2 — (s + 0mnms) S D)

- = Z k{(an k OCk—n) 'f§(2) + i(an—k + ak—n)' ;(1)

k n+1

+ (a—k—n - an+k)‘f;c2) + i(an+k + (x—n-—k) .fil)}

= Z ki(pu+r fk — Gn+k fm)
k=1

Z kl(— Dk—n" + qk—n" (1)

k=n+1

2
— DPn+ik .f}c ) + qn+k‘f§c1)

2n
z (k —n)(px fch)n — d f(l)

k=n+1
. 2 1
+i Z (k+m) (D fin — G f i
k=1

0

+i Y (k=neS R - a s,

k=2n+1
- (2) (1)
=iy (k+n)(pxfidn— G Skin
k=1

+i Z (k —n)(pe* ;c2)n_’qk fm

k=n+1
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= —io(T,f), where T‘,,=< 0 S"),and

-5 0
Guf = —(n+ k) fusx — (k —n)0(k —n) f_p .
From an entirely similar calculation we find [ M,, ®(f)] = — i®(R, f). |
AkTE

Proposition A.6. The exponential series )" W—" £, n > 0 converges absolutely in
1 1
the Hilbert norm of S for all fe Sy and for all A e< ~ 5 £> . This series diverges in

11
the Hilbert norm topology for all nonzero fe Sy and A€ IR\( — ;) . In the region
of convergence, denote the limit by exp(AT,)f, n > 0.

We prepare three lemmata for the proof:

Lemma A.7.
k k-1 k-1
(l) T,%k — <(snpn) (Snpn) Sntn + tr;(sn(pnsn) > , k g 1 .
0 (PnSn)

P 2U+1 _ ta(8aPn)*  (SuDn)*sn .
® T -<(pnsn)"pn (pasn)r,)” F20

Proof. Observe from the matrix expressions that:

tr%:():rr%’ pntn=0= nDn »

2n + 1)
column
0... 0 —4\/§oc’n2 0...
tws, = [ 0... O 0 0... and
0 0
o= o ...
" @20+ 1)st \/En 0
oW 0 .

Now p, or s, applied to a sequence shifts its entries by n modes, multiplying also by
a number. So the first column of (p,s,)r, is 2ﬁn2(o, ...,0,1,0,...,
0,1,0,...)T and it is zero elsewhere, and the nonzero entries are in the rows
labelled (n + 1) and (3n + 1). In general (p,s,)*r, has nonzero entries only in the
first column in the rows labelled (mn + 1), where m must be odd. Hence from the
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form of t,s, displayed above, we see:
t,,s,,(p,,s,,)"r,, =0= tn(Snpn)ksnrn vk 2 0.

To prove (i) we do induction on k. If k = 1, by the equations above:
g2t S 2 _ t2 4 SPn  uSy + SuTw
ToA\Pn T Putn + TaDn  PuSu + 77

— Snpn tnsn + Snrn
0 PuSn '

Now assume that (i) holds for k and prove it for k + 1:

T2+ — T2kT2 _ <(Snp")k (sn22)" o + t"sn(pnsn)k_1>
0 (Pusa)*

X(snpn taSy + s,.r,,)
0 PnSn

— (Snpn)k+ 1 (Snpn)ksnrn + tnsn(pnsn)k
B 0 (Pusa)*+1

n n

using the identities above, which completes the induction.
(pn Ty

To prove (ii) we also do induction on k. When k =0, T, =
Assume that (ii) holds for k and prove it for k + 1:

T2(k+1)+1 — T2k+1 T2 — < tn(snpn)k (Snpn)ksn> (Snpn tnsn + Snrn>
(Pasn)*Pn (Pasa)*ra )\ O DnSn
_ < tn(snpn)k+1 (Snpn)k+lsn>

(Pusn) ' Pw (Dusa) 1y

) as required.

which completes the induction v

Lemma A.8. Using our previous notation where &, is the unit vector for the n'® mode

in ly, we have the following estimates where k = 1:
k

1(Su) em | < /' 25%1 L4 (m + In) Z [[(Pa)*Emll »

2k
1(Supn)¥emll < /227 T (m + In) Z | (Pusn)*emll »
1=0

2k-1
NtnSn(Pasn)* ™ temll < n2’2%71 [T (m +1n),
1=0

“(Snpn)k—lsnrn'gm“ g 50,m\/ 2a/(2n)2k(2k)! s and Spég = O = pn'gO .

Proof. The last equation follows directly from definitions. Recall that the norm in
[Zis | f12=f3+20'Y 7 mf2, and so |&,]|? = do,m + 20'm(l — &,,,) (and

m=1

so in general for f= Zf=0/1mamelo, we find | f[2 =43 + 20’ Y m=1mi2). By
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definitions:
M(Ep—m — Entm)s fm<n;
Spém = { — NEpy, f m=n;
— M(Ep—p + Emsn); I m>n,
$O1  [|SuemllZ S mP|ley_mll®> + m* |l eprml? = do'm?n
<2m?|eyymll? = d'm?(n + m).

The same inequality is true for p,e,, because s, and p, only differ in the signs of the
coefficients. Observe now that s, and p, applied to an ¢, create at most two g;’s,
multiplied by +m, and so for a monomial in s, and p, applied to &,,, the magnitude
of its leading term (i.e. the entry for the highest mode which is nonzero) is always
larger than all the other stepwise created terms. That is,

l(s0)¥emll < 2N L(G0)*em)ll s 11(Pn) ¥ emll < 25N LIU(P)  Em)l »
[(snPn)*emll < 2% L((8upw)*em)ll,  etc. ,

where L(f) for fely denotes the leading term of f. By examination of the forms of s,
and p, we see:

k-1

L((s0)*em) = &£ emirn p, (m+In) = L((ps)*en), etc.
1=0

Hence

k—1

(52 emll® < 20/ (m + kn)22* T] (m + In)?
1=0
k
S 2% 2 [T (m+ In)?,
1=0

ie.

k
I(sa)eemll < /2252 T (m + In),
1=0

and exactly the same inequality holds for any monomial of order k in s, and p,. For
the next inequality of A.8, observe from the form of t,s, at the start of the proof of
A.7, that t,s, f picks out the 2n'™® mode of f, multiply by — 4\/§cx’n2, and insert this
into the 0" mode (whose norm differs from that of the other modes by a factor of
(2')*2). So since || foull < [ £,

1,2
NPENE

Itu8(Pusn) ™ I(Pasn)* ™ tem

= (2a/)1/2
2k—-2
<2 2%1 I (m+1In),
1=0
”(Snpn)k_lsnrnao H = “(Snpn)k_lan\/i”

2k-1

< /2027 TT (1 + Dn = /24 (2n)*(2k)!
1

=0

and r,e,, = 0 for m & 0. \Y
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Lemma A.9. Let A be any monomial of order k in s, and p,. Then

| Al = /2e'(m + kn)kl:[1 (m+ In) .
1=0

Proof. Due to orthogonality con51derat10ns M= IL(f))] for all fely,
hence  since L(As,,,)— +s,,,+k,,ﬂl ;(m+ln), we obtain || Ae,|* =

20 (m + kn)([T5Z2 (m + In))2. v

ﬂk k
Proof of A.6. We first do the convergence of )" k=0 F1 ——" ffor fe S,. Since T, acts as

the identity on MP*1 i.e. it does not mix space-time indices and acts identically for
each, it suffices to show convergence with respect to the Hilbert space topology of

R2® 12, Observe now that {5;})::((1))@3,", 5$):=<0)®sm; mel+} is
a real basis for R? ® I, and that T, is real linear. So for f= Z, . 2 lf,f)éf,f),

l(}) R, j'kT )V(J) A T 5(1) H ffi
eR,wegety, k' “f= Z} o PN ence it suffices to
/1k
show that Zk 0 Rl (5(’ ) converges for the Hilbert space topology of R? ® 2.
Using A.7 write for N even:
N lka N/2 AZkTZk N/2—-1 /12k+1T2k+1
=1+ X Gt L e
= k! (2k)! =0 k+1)!
N/2 2k k-1 k—1
— 1 + Z A‘ ((S”pn) (Snpn) Snrn + t:sn(pnsn) >
k=1 (Zk)' 0 (pnsn)

N/2—-1 l2k+1 tn(snpn)k (Snpn)ksn
X G ‘ k
( + DI\ (PnSn)"Pn (PnSn) 7w

and it suffices to show that both the even and odd series converge on 83’ a
N - 0. From A.7 and the norm of R? ® 2 we see:

1T 650 | = (5aPn) Em]l »
ITZSSN 2 = [1(5aPn)* ™ Sl nm + taSu(Pass)  eml| 2 + | (Pusn)emll? 5
NTZ* 6002 = Nta(Supa) emll > + 1 () Patm® »
NT22SDN2 = 1| (55Pn)*SnEm | > + [ (Pasn)*ruml® (*)

where the norm on the Ief~t-hand sides is that of R2® [ 2, and the norm on the
right-hand sides is that of /2. Hence on employment of A.8 we get:

2k
T30 = /o 2% [T (m+1n), k21,
1=0
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and using orthogonality:

I T2 1% = 1 (5uPa) ™ Sulum | + 1 £aSu(Pasn)*  emll 2 + | (PaSn) em || 2
2k—1
< 8o w20/ 20)*[(2k)112 + (a')2n*2%+2 [] (m + In)?

=0

2k
+ a/24k+2 H (m+ ln)Z
1=0

2k
< 8o, m20' 2n)*[(2k)1]% + o' (o'n* + 1)2%*2 [ (m + In)* .
1=0

Hence
2k
IT26P || < 8o, ma/20'20)*(2k)! + (/o' + a'n2)22%* L[] (m + In) ,
1=0

N7 80 1 < ltn(3upn) emll + [1(PnSn)*Putml

4./2a'n? 2k+1
S(T;—)U—z ” (pn Sn 1)pn'gm” + \/0722k+2 H (m + ln)
2k+1

< da'n22% 1’[ (m + In) + Ja'22++2 [] (m + In)

2k+1
< S (Ao + 1222 I (m+1n),
1=0

2k+1

ITZ4 6P| < /o222 T (m + In) + 1 (Pusn)*€un/21 S0.m
1=0

2k+1 2k
<22 I (m+ In) + /2022450, [] (1 + Dn
1=0 =0

2k+1
= /&2 2 [T (m+ In) + 22/ @n) >+ 12k + 1)186. -

1=0
Now return to the series:
N ),ZkT,%k ”

k; @kt "

N 2k

kzl (2k)!
(2/1)2k 2k ; N
_2fz Gt L m+ln)E2\/oTkZ b ,

I 7265

and this will converge as N — oo if it satisfies the ratio test: Di+ —fir<1:
k
2k+2
biss| _ 9%+ TT, 1= (m 1) (b)!
b | (2k+2)! 2 (m + In) e
24)% 2(k+1 k
=( )e(m + 2(k + )n)(m + 2k + 1)n) : in)?

2k + 2)2k + 1)



520 H. Grundling and C.A. Hurst

i.e. this series converges absolutely when |A| < 1/2n,

N isz,%k @ N
"N < )*Q2k)! = /20" Y (2An)?*,
x=1(2k)! k=1

22(%n °
which converges absolutely for |1] < 1/2n. Now let m =+ O:

N /'{‘ZkTZk , (2]] 2k 2k
k; o1 5% _(f+an2)22 ot L ﬂ(m+ln)

20

=2(/o’ + a'n?) 2 by .
k=1

Hence the even series converges absolutely on S, for |A] < 1/2n. Now examine the
odd series:

N /’{2k+1

kzo 2k + 1)'

2k+ 1 5(1)

) (2‘l|)2k+1 2k+1
<2\/“(n\/“+1)z kDT H( + In)

=2(n*o + /o) Z s
k=1
and apply the ratio test as above:

mmﬂ”llo(m+w<%+n'
C @k TN o+ ) Q12D

Cr+1
Ck

_ (2A)*(m + 2k + 3)n)(m + 2k + 2)n)

2k + 3)2k + 2) @m)*,

so the odd series on 8.}’ converges absolutely for | 1] < 1/2n. Now

\/‘ Z (2"'2«!)2"-*—1 2k 4 1)' _ \/ﬂ; i (zn'/”)Zk'f'l
Rk+ 1) k=0

with convergence properties as before. Let m % 0:

N 12k+1

,(;0 2k + 1)!

2k+1 5(2)
T 90

N 12k+1 @ 2Ml)2k+1 2k+1
2k+1 < 2
kzo(2k+1)' FIS 2\/_2 T n (m + In) = fzck,
AkTk
which completes the convergence part of the proof of A.6, so Z:o o k1 ——"f con-

verges as required. For the divergence part of the proof we use A9. By the
equations () earlier in this proof,

IT250 0 = (supn)*emll, ITZ6D N = 1(Pusn) emll ,
[ T2 180N = 1 (PaSu) Putmll, [ TZFL8LN = 11(5uPn)* Sntmll »

and so:
2k 2k+1

= \/2a'(m + 2kn) (;k)' [T (m+1In)=¢.
SEY)

g o
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Now:
2k+3

2k+2 m+Q2k+2n [] (m+In)
Sevr 4 . =0 (2k)!
- 2k+1 %
=0

_pme (2k + 2)n\ Y2 (m + 2k + 3)n)(m + (2k + 2)n)
h m + 2kn (2k + 2)(2k + 1)

—>(nd)?,

Hence for |A| > 1/n, &, becomes progressively larger with k and hence
/12k

Yoo 0! T251 diverges for |A| > 1/n. It is sufficient for divergence of a series to

prove that it has one subsequence whose terms go to infinity, so we do not consider
the other subsequences (which has similar behaviour), and the divergence proof
ends here.
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Addendum

We have been asked by the referee to compare the string C*-algebra constructed
here, with the recently published string C*-algebra of Wiesbrock [34]. This latter
approach draws from a heuristic construction of Witten [35] in which the kine-
matics of an interacting string is modelled by a groupoid with strings as elements,
and where multiplication is joining of overlapping strings. Briefly, Wiesbrock’s
construction runs as follows. The classical string space consists of the set of
continuous paths w: [0, 1] —» R?, so classical string theory is given by the algebra
of functionals on string space with pointwise multiplication and addition, and the
sup norm. In the spirit of noncommutative differential geometry, this system will be
quantized by proposing a noncommutative product for these functionals. Each
string has a distinguished point at 3 which allows the part [0, 3] — R? (resp.
[%,1] - RY to be labelled “source” (resp. “range”), and two strings join if the
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range of the first is the source of the second, which leaves the product consisting of
the source of the first and the range of the second. For two string functionals @, P,
Wiesbrock defines the product functional (@ * ¥)(w®, w”) as an integral over all
possible splittings of w = (@°®, ®"), and so need a measure on path space. For this,
he chooses a measure u consisting of a Gaussian on .#'([0, 1], R?) with covariance
operator (— Ay) "2 on L?[0, 1] (cf. Glimm and Jaffe [20]), where — A} is the
restriction of the Laplacian with Neumann boundary conditions at 0, 1 to the
complement of its kernel, together with a Lebesgue measure on its kernel. This
necessitates the extension of the space of strings from the continuous strings to the
Schwartz space &#’([0, 1], R?), in which the set of continuous strings is of u-
measure zero. Moreover

suppycy’[o,%}xy”[%,l]xﬂ{,

where for w = (0°, o', x) € supp u, * is the source, " is the range and x is the jump
at 3. Given two string functionals @, ¥ e (supp u)*, the product (@ * ¥)(w*, »", x)
is defined as convolution over x and an integral over all possible splittings of
o = (0°, »", x) using the half-string Gaussian y, on &’([4, 1], R?) with covariance
(— 4%)~'* on L*[#, 1] taking into account Radon-Nikodym derivatives. Involu-
tion is naturally defined and this defines a C*-algebra &/ as the C*-enveloping
algebra of the L'-algebra.

Next the dependence on the initial parametrisation must be lifted, so repara-
metrisations y € Diff [0, 1] compatible with the groupoid structure (i.e. fixing the
points 0, 3, 1) are taken to comprise the symmetry group Diffy (a Frechet Lie group
with Lie algebra found by Witten). However, Diffy does not act as automorphisms
on o because reparametrisation can transform the Gaussian u to an incompatible
measure (since the covariance (— 4%)*/? is not invariant modulo Hilbert-Schmidt
under reparametrisation). To deal with this, Wiesbrock uses the Quillen determi-
nant bundle to define a line bundle of which the base is Diffy, and each fibre is
identified with a Gaussian measure, reparametrised by the base element in Diffy,.
This bundle needs to be combined with another bundle over Diffy to produce
a “Haar measure” on Diffy, via a Kahler structure on M = (Diff S /S'), proposed
in [15, 16], and an identification Diffy, = M. It starts with a canonical splitting of
Ty M which produces an almost complex structure on M with respect to the given
parametrisation, and making 7; M into a Hilbert space #. The resultant complex
structure is only invariant modulo Hilbert—Schmidt operators under reparamet-
risation, which allows identification of M with the index 0 component of the
universal Grassmannian over 2, which is a Hilbert manifold over the Hilbert—
Schmidt operators. This provides M with a Kahler metric from which one
constructs a line bundle over M with Quillen’s DET *-bundle, shift operators on
H#, and semi-infinite forms of T#M. Using Pickrell’s quasi-invariant cylinder
measure on Gr(s#), (and the fact that M = GL,.,), Wiesbrock obtains a quasi-
invariant measure on Diffy, and an action of Gr(s) on the space of classical
strings.

Enlarging now the string functionals to functionals on the product of string
space with Gr(s#), multiplication of two such functionals is defined as convlution
on the midpoint, integration over all possible splittings for the given fixed left and
right halves (as for /) and integration over all possible reparametrisations identi-
fied with elements of Gr(s#). Radon—Nikodym derivatives are taken into account.
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Whilst in general this multiplication is not associative, the claim is that the

Radon-Nikodym derivatives cancel when d = 26 to provide an invariant measure

and an associative multiplication. (The proof of the latter rests on the analysis of

the line bundles over Diffy,.) This structure is claimed to produce a C*-algebra,
appropriate for interacting strings.

Using the Gaussian cylinder measures, Fock-representations are easily ob-
tained with the right creation and annihilation operators, and the Faddeev—Popov
ghosts are defined as operators on & through exterior multiplication of the basis
elements of 77 M (identified with the L, in our case). However, this cannot
reproduce a BRST-charge, because the space is Hilbert, hence no proposed BRST-
charge can be both selfadjoint and 2-nilpotent.

To compare this with our approach, we will not dwell on the somewhat
impenetrable technical details, but point out general theoretical differences.

1) Our approach is less ambitious, in that we only aimed at obtaining a C*-algebra
which can reproduce the operator theory of the free string - once that was made
precise. Time evolution automorphisms and Poincaré transformations were
included. Wiesbrock, on the other hand, models the interacting string, omitting
time evolution and Poincaré transformations. (Since his strings are in IR?, he
would need to have sheets in IR?** rather than paths.) So Wiesbrock models
kinematics only, the dynamics is yet to be provided. Even classically one would
like to have a time evolution for which a string can be seen to go through its
splittings and joinings, with some coupling constant to control the strength of
the interaction.

2) The space geometry of the string is explicit in Wiesbrock’s approach in that the
classical strings as (discontinuous) paths is the starting point for his algebra. In
our case the geometry was flushed out at the heuristic level by taking the
Fourier transformed theory on the world-sheet (assumed as given). Quanti-
zation then proceeded by replacing the oscillator modes with quantum oscil-
lators and retaining the rest of the formalism. In Wiesbrock’s case, quantizing
was done through defining a new product on string functionals, as described
above. There is no way in which we can see how to imbed our theory into
Wiesbrock’s; multiplication in his case intimately involves the splittings and
joinings, and there is no obvious way to switch these off to produce a free string.
In fact, whilst Wiesbrock’s algebra can produce Fock representations, we
cannot see how to identify any Weyl relation in his algebra, so we are not sure
why it is said to have a “Bosonic part”.

3) In Wiesbrock’s approach the reparametrisations fix the points at 0, %, 1,
producing the group Diffy, as the restricted symmetry group. There is no such
restriction in our picture.

4) Wiesbrock’s finding that his Gaussian measure is not invariant under repara-
metrisations, we would like to identify with Bowick and Rajeev’s finding that the
complex structure of their Fock representation is not invariant under repar-
ametrisation and with our finding that the Fock—Krein complex structure is not
invariant under the gauge group. However, we deal with Krein representations
for Poincaré covariance, whilst Wiesbrock is concerned with Hilbert representa-
tions.

5) Wiesbrock claims his C*-algebra is only defined when d = 26 (when his multi-
plication is associative), but in our case there is no such difficulty, and we only
expect the dimension 26 restriction to arise in requiring the vacua of particular
Fock representations to satisfy the constraints.
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6) It is still necessary for both approaches to examine the existence and structure of
the physical states and representations, i.e. those satisfying the constraints.

35. Witten, E.: Non-commutative Geometry and String Field Theory, Nucl. Phys. B268, 253-294
(1986)
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