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Abstract. The purpose of this paper is to establish an asymptotic fomula for the
Ray-Singer analytic torsion associated with increasing powers of a given
positive line bundle.

Let M be a compact complex manifold, equipped with a smooth Hermitian metric.
Let £ be a holomorphic Hermitian vector bundle, and let u be a positive Hermitian
line bundle. For pe N, let E, be a holomorphic Hermitian flat vector bundle on M.
By the Kodaira vanishing theorem, for p large enough, the sheaf ¢,,(u®? ® ¢ Q E,,)
has cohomology only in degree zero. We first equip x4 with a metric whose curvature
is positive. Let 7, be the Ray-Singer analytic torsion [RS] of the Dolbeault complex
on u®? @ ¢ QE,. In this paper, we establish an asymptotic formula for Log (z,) as
p— +o0. To prove this formula, we essentially use results of Bismut [B1], where the
asymptotic Morse inequalities of Demailly [D 1] were established by using a heat
equation method. We also establish an asymptotic bound for Log(z,) when the
metric on y is arbitrary.

This work was partly motivated by a lecture given in February 1988 by
Y. Miyaoka on his current research on analytic torsion. Our asymptotic results may
have useful applications in the theory of determinant bundles of direct images and
their Quillen metrics, along the lines of Quillen [Q] and Bismut-Gillet-Soulé
[BGS2]. In view of a result of Bost [Bo], which relates Quillen metrics to metrics
introduced in Faltings [F], our asymptotic formula refines an asymptotic result of
Faltings [F, Theorem 2]. It has been recently used by Gillet and Soulé in [GS] to
establish ampleness results for arithmetic manifolds, and also by Vojta [V].

Our paper is organized as follows. In Sects. a)—e), we assume that the metric on
the positive line bundle x has positive curvature. In a) we give our main assumptions
and notations. In b) we establish a key estimate for the lowest eigenvalue of the
Hodge Laplacian associated with the Hermitian vector bundle u®? ® & ®E,.Inc),
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we recall the results of [B1] concerning the asymptotics of certain heat kernels as
p— + 00, and we derive asymptotic formulas on linear combinations of traces of
such heat kernels. In d), we establish our asymptotic formula for Log (,). Ine), we
give an application of this formula to asymptotic anomaly formulas on the L,
metric of the determinant line det H*(M, u®? @ ¢ Q®E,). In f), we obtain an
asymptotic bound for Log(z,) when the metric on p is arbitrary.

The results contained in this paper were announced in [BV].

a) Assumptions and Notations

Let M be a compact connected complex manifold of complex dimension /. Let TM
be the complex tangent space to M.

Let (u, || |,) be a holomorphic Hermitian positive line bundle on M. If F'* s the
holomorphic Hermitian connection on (y, | |,) and if 7 is the curvature of V¥,
positivity here means that if Xe TM, X+0, then r(X, X)>0.

Let £ be a holomorphic vector bundle on M. We assume that & is equipped with a
Hermitian metric “ ]l ¢ Let V¢ the corresponding holomorphic Hermitian con-
nection on ¢ and let L¢ be its curvature. Let E be a holomorphic Hermitian flat
vector bundle on M. Then if V£ is the holomorphic Hermitian connection on E, the
curvature of V¥ vanishes.

We now take pe N. For0<q, ¢' </, let Q@9 (u®? ® &£ ® E) be the set of smooth
sections of A@(T*M)@u®?@E®E on M. Let d, be the Dolbeault operator
acting on the Dolbeault complex Q©?(u®? ¢ Q E).

We equip p®? with the metric | |©?. So u®?®¢®E is a holomorphic
Hermitian vector bundle on M. We note by {, ), the Hermitian product on
P @EQE. Let|| |1 beasmooth Hermitian metric on TM, and let { , )1, be the
corresponding Hermitian product. Let dx denote the corresponding volume form
on M. dx will be considered as a (/,/) form on M.

Let J be the complex structure of T M. w denotes the Kéhler form on Tz M,

X, Y>o(X, Y)={X,JY >y . )

Let * be the star operator associated with || |1, [GrH, p.82]. We equip
QO (u®? @ ¢ ® E) with the Hermitian product

a,a €I UCPRERE) > a'>=[ (a,*a'), . ?2)
M
Let 5';,“ be the formal adjoint of EP with respect to the Hermitian product (2). Set
D,=3,+3r , O,=(D,) . 3)
Equivalently s
0,=0,05 4030, . ()

Let {HY(M,u®?®¢EQ®E)}<,<; be the cohomology groups of the complex
Q) (u®? ® & ®E), J,). By a form of Kodaira’s vanishing theorem [GrH, p. 159],
we know that there exists p, € N, such that for any p=p,,

HY(M;u®?®EQE)=0, g=1. (5)
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Let ¢ be the restriction of O, to Q2 (u®? ® ¢ ® E). By Hodge theory, we
deduce from (5) that for p=p,, g21, Iflg is an invertible operator.

b) The Lowest Eigenvalue of 01
We now prove a refined version of Kodaira’s vanishing theorem.

Theorem 1. For pe N, 0=g =/, let A% be the lowest eigenvalue of the operator Iflg
acting on QO (u®? @ ¢ ® E). There exist constants ¢ >0, ¢’ >0 not depending on E,
which are such that for pe N, g=1,

Mzcep—c' . ©)
Proof. We proceed as in the proof in [GrH, p. 160] of the asymptotic vanishing
theorem of Kodaira. Let K, =det (T*M) be the canonical bundle on M, and let
K} =det (TM) be its dual. We equip K, K with the metrics induced by the metric
of TM, and with the corresponding holomorphic Hermitian connections.

Since K,,, Kj; are holomorphic Hermitian line bundles which are such that
K, ® K} is canonically trivial, by comparing the corresponding 0 operators,
one easily verifies that for any peN, 0<¢</, the Laplacian O acting on
QO9(u®P®¢ QE) has the same spectrum as the Laplacian O'¢ acting on
QLI(UBP QLR ER®KRY). 3

Set E=¢®@K}, E’=FQ®E. Let L° be the curvature of the holomorphic
Hermitian connection on .

Let w, , ..., w, be an orthonormal base of TM, and let w!,..., w' be the dual base
of T*M. w,,...,w, and w',..., w' denote the corresponding conjugate bases. Set

1 o~
A=-y-1 ;iw_jiw ’ NP=L€®IE+prI§~’ . ™)

N, will be considered as a section of A*V(T*M)®End (Z"). By the generalized
Bochner-Kodaira-Nakano formula of Demailly [D2, Theorem 0.3], we know that
there exists an elliptic second order nonnegative operator (0, and an operator 7 of
order 0 acting on A“?(T*M) and not depending on p or E such that

0,=0,+i[N,, A1+ T®1; . ®)
Take xe M. We may and we will assume that for i=j, r,(w;, w;)=0. Then one
easily verifies that at x
1
ifr, A=Y r(w;, w)) W/ ad, +wi nig —1] . )
1
There exists ¢>0 such that for any xe M, and any XeTM, |X|z =1, then
r(X,X)=c. Also if aeQ®?(u®?®E"), we deduce from (9) that
i, Alo, ay =cqlo, o) . 10)
Clearly, there exists C >0 such that
Jii A+ =C . (11)
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Finally O, is a~nonnegative non-operator. From (8)—(11), we deduce that if
aeQE?(u®? ®E"), then

(O,%a, 0y = (cpg—C){a, ) (12)
So if 4,7 is the lowest eigenvalue of (0,7, we find from (12) that
Az cepg—C . (13)

Since A1=4,%, (6) follows from (13). O

¢) The Asymptotic of the Heat Kernels as p— + oo

We assume that the flat bundle E itself depends on p, and will now be denoted E,,.
We will otherwise keep the notations of Sects. a) and b).

For peN, 05¢=</, >0, let Trexp(—t0O%)] be the trace of the operator
exp (—t0f). Foranype N,0=<g </ ke N,as |0, we have the asymptotic expansion

1 -IT I t q l 2 q 4i k
—_— —_— . . 14
%( )p r exp( Dp) ; ,a””t +o(t"*) (14)

Of course, since E,, is flat, al ; does not depend on E,.
Let w,,..., w, be an orthonormal base of TM, let w,..., w' be the dual base of
T*M. r acts as a derivation r, of A)(T*M) by the formula

ra=—y r(w, w) W aig . (15)

Also we identify the two form r with the self-adjoint matrix 7€ End TM such that if
X, YeTM, then

r(X, V)=<X, 7Y . (16)

For0< g </ letr{ be therestriction of r,to Q@2 (u®? @ ¢ Q E, ). As 1|0, we have

the asymptotic expansion

Lo (det?)Trfe™) &
(27'5) imdx- z ajt +0(t ) i (17)

==

Theorem 2. For any t>0, 0=¢=</,

det(F) Tr [e"] J

p~'Tr [exp (- 1—’, )] =Qn) k() | v, (18)

lim —tF
p+ow rk(Ep) M det (I—e r)
and the convergence in (18) is uniform as t varies in compact subsets of R¥ . Moreover

for any j= ~1,0<q<l, as p—>+
P

ag)j=rk(f)a}+0<i> . (19)

Vr

In (14), o(*) is uniform with respect to pe N. Finally there exist C>0, ¢>0, ¢'>0
such that for any pe N, 1<q<1, t21,

p t =, ¢’
m Tr[exp(-; DpﬂéCexp(—(c—;) t) . (20)



Asymptotics of Ray-Singer Analytic Torsion 359

Proof. If E, does not depend on p, (18) is a consequence of [B1, Theorem 1.5]. We
now briefly show how to modify the arguments in the proof of [B1, Theorem 1.5] to
obtain (18) in full generality.

The first difficulty is to prove the analogue of [B1, Eqs. (1.34)—(1.36)] so that
the asymptotic representation in [B1, Eq. (1.37)] can be used. Since E|, is flat, if
P} ,(x,x") is the smooth kernel for exp(—t0Y), by [B1, Eq. (1.34)], E, only
contributes to Tr [PZ ,(x, x)] by a unitary parallel transport operator from E, , into
E, . along loops starting and ending at x. The absolute value of the trace of this
operator is dominated by rk(E,). When dividing Tr [PZ ,(x, x)] by rk(E ), we are
essentially back to the situation considered in [B1, Theorem 1.5],1.e. the problem of

calculating the asymptotics of ————Tr[P{,(x,x)] can be localized in an

k(E )
arbitrarily small neighborhood of x. The proof of (18) then proceeds as in [B1,
Theorem 1.5].

vector bundles which we now consider are equipped with holomorphic Hermitian

connections.

Since the af , do not depend on E,, we may and we will assume that E, is the
trivial Hermitian line bundle on M. To make our formulas simpler, we will also
assume that the Hermitian metric | ||z, on TM is Kéhler.

Let 4, be the horizontal (or Bochner) Laplacian acting on Q@) (u®? ® ¢). Take

Wy,..., w,asin (15). By Lichnerowicz’s formula [B 1, Proposition 1.2], we know that

2

_ 1 1
Dp= 'wj(Lé-l—E TT[RTMllé)(Wi,Wj)——z- Lé(Wi,Wi)

r _
—pri =L (wy,9,) e

Take x e M. Using geodesic coordinates, we may and we will identify an open
neighborhood U of x in M with the open ball B(0, &) of center 0 and radius ¢ > 0in C'
(with x identified to 0 e C*). We also trivialize the vector bundles A©)(T*M), & and
u by parallel transport along the radial lines in U~ B(0, ¢). Let Y=(¥1,..., Y?!) be
real coordinates in C'~R?!,

Let (ey,...,€,,) be the real orthonormal frame in 7; M obtained by parallel
transport along radial lines from a given orthonormal frame in (T M),.. Thenif V,is
the holomorphic Hermitian connection on AC:)(T*M) @ u®? ® ¢, we have the
identity

21
4 '—Z( pel Z pvIMe; - (22)

Let I', 4 be the connection forms of the holomorphic Hermitian connections on

A©C)(T*M) ® & and p with respect to the considered trivializations. Then if 0. 18

i

the differentiation operator in the direction e;, we have

0
17},’ei=£—i—1"el+pAei . (23)
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Remenber that 4(Y) vanishes at Y=0. Also since p is trivialized by parallel
transport along straight lines starting at 0, for Y e B(0, ), 4,(Y)=0. We then find
easily that for any Ye B(0,¢), as p— + o0,

|/p4 (%)—% r(Y,.) . (24)

We now express the operator lflp in the coordinates Y using the previously
described trivializations of A% V(T*M), pand &. Let 0, , be the operator obtained
by making the change of variables Y—»]/;Y in0,.

Using (22)-(24), we find easily that as p— + oo,

1@ & ! }231 9 +1 r.(Y,e) i rd }lj Ix (w;, W,) (25)
p,1 x 2 n aei 2 x ’e; x f 2 i Vi

. . 1_
in the sense that the smooth coefficients of the second order operator —O, ;,
PP

converge uniformly on compact sets in C'~ R?! to the corresponding coefficients of

1_ . 1.
the operator .. More precisely,; O,,1 — &, is of order 7, i.e., forany ke N, the
p

norms of the derivatives of order <k of the coefficients of ;Ijl,p—fx are

dominated on compact sets by £
p

Now by Seeley [S], Greiner [Gre], we know that the coefficients in the small ¢
expansion of the heat kernel on the diagonal associated with an elliptic operator
depend smoothly on the local symbol of the considered operator. We then deduce
(19) from the previous considerations. The fact that in (14), o(z¥) is uniform with
respect to p also follows from the previous arguments.

With the notations of Theorem 1, for t=1, we have

Tr l:exp (—;} ljg)]g Tr l:exp (— %):I exp (—- (t; D) lf,) . (26)

P! 04 o
By (18),asp—» +00,——Tr [exp <— —")] has a finite limit. Also by Theorem 1,
Y P rk(E,) » Y

there exist ¢>0, ¢’ >0 such that for peN, g=1, =1,

exp(—(t;fl) l%)éexp<—(t—1)<c—%>> ; @7

(20) follows from (26), (27).
When the metric on TM is not Kihler, as explained in [B1, proof of Theo-
rem 1.5], the formula for 0, in (21) is more complicated, but all the extra terms are

1
killed by the factor Pt Details are left to the reader. O
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Remark 3. Of course (18) can also be derived from (25). An analogue of (25) has
been used by Getzler [Ge] to derive an extension of (18) for Heisenberg
manifolds.

For any pe N, ke N, as t|0 we have the asymptotic expansion

-1

- l ! “Lae) = ; i k
rk(E,) X (=1 qTrI:exp<7 Dp):l_'z b, it'+o(t") . (28)

g=1 j=-1

In (28), the b, ; do not depend on E,. Also as ¢]0,
o b—1
@m~" | det(®) Tr [(I—e")'l]dx=T+b0+ et bt o) . (29)
M
Remember that w is the Kahler form of the manifold M. w is given by Eq. (1).

exp <i§> denotes the exponential in A(TF M) of the two form (%)

Theorem 4. For any t>0,

1 ! t_
im ———p~! —1)2g Tr| ex -——El‘1>}
AT ;()q[p<pp

=Q2n)"'rk(&) | (det?)Tr [(I—e‘;)“l]dx , (30)
M
and the convergence is uniform as t varies in compact subsets of R* .
As p— + w0,
1 1
bp,j=0(-—>;j§—2 , bm=rk(é)bp+0<—>;j;—1 . 31
Vp Ve

The following identities hold

w —r / —r
b_={ — —1, by=x —] . 32
-t ,5, 2n exP<2in> 072 Aj{exp<2in> (32)
In (28), foranyke N, o(t*)isuniform withrespect top. Thereexists C>0,¢>0,
¢ >0, such that for any peN, t=1,

p—l 1 . —tE]g c'
(E) q; (-1 qTr[exp( . )].§Cexp<—<c—;>t> . (33)

Proof. Note the identity

! .
Zl (=1DgTr [e"3]=a—ab [det(I—be ™))~y - 34

From (34), we deduce that

4G 5 (ayagTr e = (det?) Tr (- )] (35)
det(J—e™™) q=1



362 J.-M. Bismut and E. Vasserot

Then (30) follows from (18), (35). Equation (31) is a consequence of (19). Note the
equalities of (/,/) form

( r >l
T 2in

Equation (32) is then a straightforward calculation, which is left to the reader.
Equation (33) is a consequence of (20). O

Remark 5. Assume temporarily that w is closed, i.e. (M, w) is Kihler. By [BGS1,
Theorem 2.16], we know that for j< —2. b, ;=0. If R™ is the curvature of the
holomorphic Hermitian connection on T M by [BGS1, Theorem 2.16], we also

know that if Td is the Todd polynomial given by the formula Td(x) :%, then

el ol ()
byo= p"’f{ab[ ( >] 0+sz<‘2§:">} 6)

Note that with the notations of [BGS1], D?*=20,, which accounts for the
discrepancy by a factor 2 in b, _; with respect to [BGS1, Theorem 2.16].

Using the expansion Td(x)=1+—)2£+..., one easily verifies that (36) is com-

patible with (31), (32). It is remarkable that asymptotically, (36) is still true, even if
(M, w) is not Kéhler.

d) The Asymptotics of the Analytic Torsion

By Theorem 1, there exists p, € N such that for p=p,, 1 £g =</, the operator O is
invertible.

Definition 6. For p=p,, Re(s)>1, set

+

1
] ts‘1<2 (—=1)2qTr [exp(—-tlflg)])dt . 37)
IO o T
By a well-known result of Seeley [Se], {,(s) extends into a meromorphic function
of s, which is holomorphic at s = 0. By definition exp (—{,(0)) is the analytic torsion
of Ray-Singer [RS] for the vector bundle u®? ® ¢ QE,,.

Remark 7. If we were to follow the conventions of [BGS1, 2], in (37), we should
replace Tr [exp (—¢0¢)] by Tr [exp (—2r0¢)], which is equivalent to scaling the
metric on TM by a factor L.

)=

We now prove the main result of this paper.
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Theorem 8. 4s p— + oo, then
1 pr —pr .
0= = det| — — . 38
£,0) rk(E,,)rkuf){2 I Log( e (u))e"p(zm )+o(p )} (39)

Proof. Set

1 + o0 ~ ts—l . q
C (s)= F(s) (I) p Irk(E) Z (-1 qTr[exp(p p>]dt . (39
Clearly
rk(E)c ©=p"T, ,
and so
p—l ' — 4 Zr
"k (E,) {,(0)=—Log(p){,(0)+C(,(0) . (40)

Also with the notations in (28), we have
L,0)=—~b,0 - (41)
By Theorem 4, as p— + oo,

bp,0=rk(é) fdet( )dx+0<‘/];> 42)

Also we have the obvious identity

00)=—] {rk(; j (Z (- 1)"‘1Tr|iexp(— E!")] J_Z_l b, }dt

+ o -1
p
— —1)g Tr|exp| — 0O¢ —— “+F Db, .
[ iy L cvem|em(Gar) [} 2 eron,
i
s 43)
By Theorem 4, we know that there exists C> 0 such that for any pe N, t€]0, 1],

—1 1
rIQE ) (Z (—1)‘1qTr[exp <7 El“)])—j;—l bmt"

Using (29), (33), (44) and dominated convergence, we find that as p— + oo,

<cCt . (44)

00)—»n=—rk(¢) | {(27:) ! f det (7) Tr [(/— er)” 1]dx~-£)—;——b0~b }a;t

—rk(¢) I {(Zn) ’Idet(r)Tr[(l )" l]dx} ‘i’

+rk(E)Yb_—b,+T'(1)b,) . (45)
For se C, Re(s)>1, set
(s) 1 +jw 1 {(270" j det (F) Tr [(I-e‘;)‘l]dx}dt . (46)
Ir(s) M
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It is clear that the function (s) extends into a meromorphic function of s, which
is holomorphic at s=0. One then easily verifies that

n=(k&){' ) , @7

Also since 7 considered as an element of End (7'M ) has positive eigenvalues, we find
that for Re(s)>1,

T(s)=2m)™ (j det (7) Tr [r“s]dx> oG (j) ot (48)

+

Let {g(s)= Z % be the Riemann zeta function. Classically, for Re(s) > 1,
1

+ o -t

e

GO | T “9)
So from (48), (49), we find that
Z(s)=2mn) ™" (f (det#) Tr [f“]dx)CR(s) . (50)
M

From (50), we deduce that
T'0)=—@2mn)" | det(#) Tr [logFldx{x(0)+(2m)~"1 | det (F)dx(x(0) . (51)
M M

Also we know that

{r(0)=—%; {z(0)= —FLog2m) . (52)
So from (51), (52), we get

Z(O)~— jdet( )Log<det<2n>>dx. (53)

Equation (38) now follows from (40), (42) and from (45), (47), (53). O

Remark 9. In [F, Theorem 2], Faltings gives an asymptotic estimate for the ratio of
the Faltings metric to the L2 metric of the determinant of the cohomology of a line
bundle on a Riemann surface. In view of a result of Bost [Bo], which compares the
Faltings metric and the Quillen metric, Theorem 8 provides a sharper estimate than
[F, Theorem 2].

e) Asymptotic Anomaly Formulas for the L, Metric

Letnow | ||za and || |74 be two Hermitian metrics on TM. We otherwise keep the
metrics on u, ¢, E, fixed.
Set
Ap=det (H*(M; u®? @¢ERE,)) (54)

As a subspace of the set of square-integrable sections of u®? @ ¢ ®E,, the vector
space H(M, u® ® ¢ ® E,) inherits two Hermitian metrics associated with the
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metrics || |y and || ||7a respectively, and with the given metrics on y, ¢ and E,.
Let | |, and | |, be the corresponding metrics on 4,.

Theorem 10. As p— + oo, then

Log(| l;zz)=rk(Ep)rk(5)|:p’ ] Log(det H ”;1'21>exp< )+o(p’} . (59
NF M | ae 2i

Proof. Let {,(0) and C,,(O) be the real numbers which appear in Theorem 8
respectively associated with the metrics | |ra and || |7 and the given metrics on
u, & and E,. By Theorem 8, we find that as p— + oo,

£;(0)—(,;(0)= —rk(E, )rk(é){ | Log(det | 173 )exp(2 >+o(p )} . (56)

| e

For p large enough, for ¢=1, HY(M; u®?* ® & ®E,)=0, and 4, coincides with
the determinant line of the cohomology of u®? ®¢ ®E

Let | ||, and || |, be the Quillen metrics on A, =4, 1 constructed in [BGS2]
respectively associated with the metrics | |1, and ” HTM and the given metrics on

u, &, and E,. Assume first that | ||;5,and | |7, are both Kéhler metrics. Then by
[BGS2, Theorem 1.22], we find easily that as p— + oo,

toe =gk g vow (o (7)o (500
(7)

Also by definition of the Quillen metric, we know that

~2 ~2
Log <—|u|—”2—>= —-Z,(0)+¢,(0)—Log (l I"2 ) . (58)
I 13 NE
Equation (55) then follows from (56)—(58).

If the metrics | ||za OF | |7ar are not Kihler, using [BGS2, Theorem 1.18]
(which is valid for any metric) and the methods of the proof of Theorem 2 (which
permit us to calculate explicitly the asymptotics as p— + oo of the terms appearing
in small time expansions of traces of heat kernels), we find easily that formula (57)
holds in full generality. Our theorem is proved. O

f) The Asymptotics of the Analytic Torsion of a Positive Line Bundle
with an Arbitrary Metric

We now assume that || |] . is an arbitrary smooth metric on the positive line bundle
. If 7#is the corresponding holomorphic Hermitian connection on y, and if s the
curvature of ¥# we do not assume any more that 7 is positive.

Take p, as in Definition 6. Then for p=p,, we can define the function C )
associated with the metric || |1, on 7M, with the metric || ||, on y, and with the flat
vector bundle E,.
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The main difference with the situation considered in Sects. a)—e) is that
Theorem 1 does not hold any more for the new Laplacian. Still we prove the
following estimate.

Theorem 11. There exists C>0 such that for p Zp,,
05 (0 S Crk(E,)p'*" . (59

Proof. We use the notations of the previous sections, the notation ~ now refers to
the new metric || |; . There exist constants d, D, 0<d <D < + oo, such that

dg(%)z <D . (60)

Now by proceeding as in Bismut [B2, Proposition 3.3] we find that if a=d/D, for
PEN, 0=q=/,

MzaPil . (61)
The identity (18) is still valid with respect to the new metric ||

Using Theorem 1 and (18), we find that instead of (20), we now have the bound
forpeN, 159/, 121,

r]f(;p) Tr [exp <%t Eg)}éCexp(—(C—%>a"t> . (62)

Note that 0<a<1. Then if p— + o0,

+ o _ dl
] exp<Tc a"t) —= —pLloga . (63)

1

Equation (59) follows easily from the analogue of (18) and from (63). O
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