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Abstract. We establish that the finite temperature KMS states of the spin-boson
hamiltonian have a limit as the temperature drops to zero. Using recent
advances on the one-dimensional Ising model with long range, 1/r2, interactions,
we prove qualitative properties of the ground state(s) in the ohmic case. We
show (i) the asymptotics of the critical coupiing as the bare energy gap goes
to zero and to infinity, (ii) a jump in the order parameter, and (iii) that the
number of bosons is finite below and infinite at and above the critical coupling
strength.

I. Introduction

The spin-boson Hamiltonian models a “spin” coupled to a Bose field and is given
by

H= — 0, + [dka(k)a* ()a(k) + /220, [ dkA(K)(@* (k) + a(k) — ho,. (L.1)

Here 0,,0, are the Pauli spin matrices. a(k), a* (k) is a scalar Bose field with
commutation relation [a(k),a”(k')] = d(k —k’). The Bose field is over R? the
d-dimensional Euclidean space. w(k) is the dispersion relation of the field, w(k) = 0.
A(k) = A(k)* are the couplings.

The spin-boson system is a prototype for the interaction of a localized degree
of freedom with a field. No wonder the spin-boson Hamiltonian has a rich history.
The reader is referred to [1] for an excellent and up-to-date review.

We consider here only the case characteristic of most physical applications,
the so-called ohmic case: the frequency distribution is linear for small o, i.e.

JdkA(k)*6(w(k) — w) ~ w. (1.2)
Equivalently

W(t) = [ dkA(k)*e~=®! :tiz (1.3)
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for large t. More precisely, the coupling constant o is normalized in such a way that

lim 2W(t) = 1. (1.3

t— 0

To complete our assumptions we require that
[dkA(k)* < oo, (1.4)

which amounts to W(t) being bounded. More singular cases could be dealt with
if needed. We regard A and o, hence W, as given. h =0, with the proviso h—0,
in case of symmetry breaking. We investigate the structure of the ground state(s)
of H in dependence on the coupling strength o and on the (bare) energy splitting
e, 0=0,¢e20.

In [2] we studied the ground state of the spin-boson Hamiltonian exploiting
the connection to the one-dimensional, continuum Ising model with long range
interactions. In particular we showed that the “flip” symmetry is broken for
sufficiently large a.

In the recent two years the rigorous Ising technology for one-dimensional
lattice systems with ferromagnetic long range interactions has staged spectacular
progress. The purpose of this note is to indicate how the proofs of Aizenman and
Newman [3] and of Aizenman, Chayes, Chayes, and Newman [4] extend to the
spin-boson Hamiltonian. In particular we show

—bounds on the critical coupling strength o« (¢) which imply 1 < a.(¢) £2 as ¢—>0
and o, (g) = ( j dtW(t))” e + 0(¢) as e — oo (ot (¢) is increasing in &),
0

—jump in the order parameter across a,(¢),
—the asymptotic decay of the average boson density in space for all .

The theorems are stated in Sect. 3. Their proofs are given in Sects. 5 to 8.

We use the opportunity to establish that the finite temperature KMS states of
the spin-boson Hamiltonian without Bose—Einstein condensate converge to the
ground states studied here in the limit of zero temperature, cf. Sects. 2 and 4.

2. Ground States as Temperature Zero Limit of Thermal States

If
[dki(k? < oo, [dki(k)*/w(k) < oo, 2.1)

then H is self-adjoint on C*® &, where % denotes the standard Boson Fock
space over R? of symmetric wave functions. A domain of essential self-adjointness
is the domain of — ¢o, + [dkw(k)a* (k)a(k). H is bounded from below as

YIHY Y Z — (e + [h] + [dkA(K)* [ (k) Y 1Y ). 22
Thus, a ground state is a vector yeC? ® %, which minimizes
YIHY S, Ylyr=1 (2.3)

This standard definition of a ground state is not adequate for our purposes,
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because of the possibly large number of infrared bosons. To see why we consider
the particular case ¢ =0, i.e.

H, = [dko(k)a™ (k)a(k) + \/o/20,[dkA(k)(a* (k) + a(k)) — ho,. (24

For h=0 H, has two ground states related by the flip symmetry, o, —o0,,
a(k)— — a(k). h breaks this symmetry. In the ground state the number n(A), of
bosons in the region A of momentum space has the Poisson distribution

Prob ({n(A) =n})= %G J dki(k)z/w(k)2>n exp [ _ % J dk/l(k)z/a)(k)z} 2.5)

where A is such that [dkA(k)*/w(k)> < oo and A = {keR?|w(k)  0}. For disjoint
A

regions the n(A)’s are independent. Thus if {dkA(k)?/w(k)* = co, then the number
of bosons is infinite and the ground state does not lie in Fock space. On the other
hand the ground state energy equals

- (% [ dka(K)* oo (k) + [h|> 2.6)

which is finite by (2.1). Note that j dk(A/w)?* = oo for (1.2), (1.3).

In view of this situation we define “ground state” as the temperature zero limit
of a thermal state. One could adopt other definitions, cf. the discussion below. A
thermal state has an infinite number of bosons. Therefore, the state has to be
defined on a suitable algebra of quasi-local observables. This construction has
been carried through in [5]. The algebra of observables is M, ® /. M, are the
2 x 2 complex matrices. Let # be the Hilbert space with inner product

(f.9). =[dk(1 + w(k)™") f(K)*g(k). 2.7

Then « is the CCR-algebra generated by the Weyl operators W(f) with fe#.
We regard —eo, as a perturbation of Hy, cf. (2.4). We define the state wj on

M,® < by
(1+e7 M~ 10f 0
O_ ’ﬂ
wp _< 0 1+ e a0, )" (2.8)

where %, ; are the states on & given by

Mk
o ,(W(f)) = exp [ 4 [dk| F(R) coth (Bok)/2) + /a2 fdk%(f(k)* —f(k))].
2.9)

To wp there is associated the GNS-triplet (#,,7,,£2,). For notational con-
venience, the algebra M, ® 7 is identified with its representation. Let (M, ® <7)”
be the von Neumann algebra generated by M, ® «/. Since H, is the sum of two
commuting quasifree Hamiltonians, the dynamics o generated by it on (M, ® /)"
is given explicitly. wj is a KMS state (equilibrium state) for o;. The full dynamics,
a,, and the KMS state, wy, of the spin-boson Hamiltonian H is then constructed
by a strongly convergent perturbation expansion in ¢ [5,6]. Note that in this
fashion only a W*-dynamical system is obtained («, as defined is not a group of
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automorphisms on M, ® /). The ground states studied here are the limit of the
states w; as f— oo.

wy is the thermal state without a Bose—Einstein condensate. H, could have
other KMS states. They must have then a condensate with non-zero density. The
perturbation of such states results in a thermal state of the spin-boson Hamiltonian
with condensate. These other states are of no particular interest to us: Either (i)
the condensate does not couple to the spin. This happens if A vanishes continuously
at such k-values where w(k) = 0. The thermal state is then a superposition of w,
and the unperturbed condensate. Or (ii) the condensate couples to the spin. In the
limit - oo, this forces the spin to be either up or down with certainty. Thus, in
the limit f— oo, we obtain a superposition of the unperturbed condensate and

0 1 .0 0
@t O for h > 0; respectively 2040 Lo for h =0. We briefly explain
0 0 0 20

why at the end of Sect. 4.

Under some regularity assumptions, which in particular exclude condensation,
Fannes, Nachtergaele and Verbeure [5] prove that w; is the uniqgue KMS state of
the spin-boson Hamiltonian.

The first result ensures the existence of ground states. Our real goal is an
understanding of their qualitative properties. Existence is needed to set the arena.

Theorem 1. Let [dki(k)* < oo, [dki(k)*/w(k) < oo, and let wj be the equilibrium
state at inverse temperature 8 of the spin-boson Hamiltonian H as constructed above.
If needed the dependence on o, ¢ and h is indicated as w;, ., Convergence is
understood in the weak* sense on .o/, i.e. w,(A) has a limit as B — oo for all Aess.

(i) For h#0 the limit
lim g, .5 = O gen (2.10)

B0
exists. The states in (2.10) have a limit as h—0, and as h—0_,

hm woo,a,a,h = wi,a,s( = wi)' (21 1)
h—*0

w, and o _ are related through the discrete symmetry t,7°t = 1, defined by
10, =0, T10,=—0, 10,=—0, tW(f)=W(-/) (2.12)
(i) We define the order parameter
m* = w,(0,). (2.13)
If m*=0, then o, =w_. If m*>0, then o, #w_.
(iil) If h=0 and m* =0, then

lim wﬂ,a,s,O = w+,a,£( = w—,a,e)‘ (214)

p— 0
If h=0 and m* > 0, then

4 . .
ﬁhm 0,60 = 3D 4 20 T FTO— (2.15)
— 0

with the possible exception of a, at most, countable number of «’s (for fixed e).
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Remark 1. The limit (2.15) should hold for all «. Unfortunately, one can prove
(2.15) only for such o’s, where the ground state energy is continuously differentiable
in a. By convexity there can be at most a countable number of exceptions.

As already indicated one could adopt other definitions of a ground state. A
physically natural construction is the approximation through finite volume ground
states. In position space we restrict the Bose field to the bounded region A with
suitable boundary conditions. The system has then a unique ground state. As
ATR? sequence of ground states converges to a superposition of the states in
Theorem 1 and, possibly, an unperturbed superfluid condensate.

There is also the algebraic definition of a ground state, cf. [6, Definition 5.3.187.
w is an (algebraic) ground state, if

w(A*[H,A])=0 (2.16)

for all A in the domain of the derivation i[H,-]. Since «, has been constructed
only on (M, ® .«7)" the definition, as it stands, is not applicable. A quite different
problem is whether linear combinations of the states w ., w_ exhaust already all
algebraic ground states with no Bose—Einstein condensate. For the spin-boson
Hamiltonian I conjecture that w,, w_ are algebraic ground states and that there
are no others. It would be of interest to elucidate this point.

To summarize: For h =0 and m* > 0, there are two distinct ground states, w
and w . The flip (t —) symmetry of the spin-boson Hamiltonian is broken. With
Theorem 1 we have established the general framework.

3. Ground State Properties, Results
We return to the ohmic case stated in the Introduction, i.e.

[dki(k)? < o, lim 2W()=1. 3.1)

t— o0

To simplify notation we denote expectations with respect to w. ,, by {*) 4 (o, ¢).
m*(a, €) is increasing in o (and decreasing in ¢). The critical coupling strength, (),
is then defined by
o,y 4(a,8)=0 for a<ale), (3.2)
{o,) (0,8 >0 for a>o.le) (3.2)

In fact (3.2") holds also for o = «(¢). We have the following qualitative bounds for
the phase diagram.

Theorem 2.

(i) o,(e) is finite and increasing in ¢.
(i) The following lower bounds hold,

1 <0,(0), (33)
<°f dt W(t)) <o), (3.4)
0

(iii) One has the asymptotics
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lim supa,(e) £ 2, (3.5)
=0
lim %ac(a) - < [ dr W(t)) o (3.6)
£ 00 0

Remark 2. Equation (3.5) should read
lima,(e) =1,
=0
cf. Sect. 6 for details.
Remark 3. If
lim t2W(t) =0

t— 00

then m* =0 for any coupling strength. Thus w, = w_. In fact the state {-), lies
in Fock space. If

lim'W() =1, 1<y<2,

t— oo

then there is a critical coupling «, such that m* >0 for o> a,. For small ¢,
a(e) =27, in particular « e)—0 as e—0 [2]. Thus the non-zero «(0,) is
characteristic feature of the scale-invariant 1/¢? interaction.

Theorem 3. The dichotomy
either{c,>. =0 or alo, Y% =1 (3.7

holds. In particular {o,, (o, €) jumps at least by 1/, /a(e) at o.(e).

Theorems 2 and 3 (and some further details given in [2]) in essence cover the
ground state spin density matrix. Of interest are also properties of the Bose field.
For o < o, the average spatial boson density decays integrably for large distances
and the total number of bosons is finite. At o, the average density jumps to a
nonintegrable decay. The number of bosons is infinite with probability one. This
is due to the generation of very many infrared bosons of small energy.

Theorem 4. For h=0 and o < «, the total number of bosons is finite,
[dx<{a*(x)a(x) ) (o, €) < 0. (3.8)
On the other hand for h =0 and o = a,, the number of bosons is infinite.

Remark4. By (3.8) for h =0 and o < «,, the ground state lies in Fock space. General
positivity properties ensure that this is the only ground state in Fock space.
Therefore H as a self-adjoint operator in Fock space has a unique ground state
for h=0, « <o, and has no ground state for h=0, o = a,.

4. The Ising Representation of Thermal Expectations

The Weyl operators satisfy the commutation relations

W()W(g)=W(f +g)exp [ — [ dk(f(k)*gk) — f(k)g(k)*)], “.1)
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W) =w(-/) (4.2)
fed. In terms of the basic Bose operators
W(f)=exp[[dkf(ka*(k)— [ dkf(k)*a(k)]. (4.3)

The W( f)’s~ are unitary, in particular ||W(f)| =1. &/ is the norm closure of
{W(f)|feA}. A state, » on M, ® .o is determined by the expectations

CO(W(f)), CU(O'C W(f))? C: X, ),z (44)

for all f in a dense subset of H.

Thermal expectations of Weyl operators can be written as averages with respect
to the one-dimensional Ising model of length f. The f— oo limit corresponds to
the infinite volume limit for the Ising model, which one (almost) knows how to
control.

We have to introduce the Ising measures. For f < co we need their finite volume
version. A spin configuration, denoted by o, on the interval A is a function on A
which takes only the values + 1. n(4)(o¢) is the number of spin flips ( = points of
discontinuity) of the configuration ¢ in the set A. The space, 2 ,, of all spin
configurations over the interval A is given by

Q4= {t—a()e+ 1,teA|n(A)(0) < oo for any bounded interval A = A }.

We choose ¢ to be right continuous with left limits. Two configurations o,¢" are
close if a(t) = ¢'(t) except in the neighborhood of flip points. The Ising measures
to be introduced below live on £;_, 4.

Let

Wp([) = fdki(k)z ﬁ (e ot +e o®E= t))’ (45)

0<t=P. uj-p2 p2(do) denotes the free spin measure over [ —f/2, /2] with
periodic boundary conditions. Its flip points are Poisson distributed in
[ = p/2, /2] with density ¢ and are restricted to be even in number because of
a(— pB/2) = a(f/2). The Ising measure of interest is given by

1 o B2 B/2
—#f—a/z,ﬁ/u(da)CXp[~- [ dt | dswy(jt—s))(o(t) — a(s))?
Z 8 —p2  -p2
+h ﬁf dtff(t)}=<‘>p(oc, &, h). (4.6)
—B/2

If obvious from the context, (o, ¢, h) will be omitted. We will also need the measure
which has a flip at the origin with certainty. Let then {-);,(a, ¢,h) denote the
measure (4.6) conditioned that there is a spin flip at t =0.

Besides periodic boundary conditions also the standard +, — boundary
conditions will be used. Note that in (4.6) the interaction is weakly f dependent
and tends to W(z), cf. (1.3), as f— c0. The + state is defined with respect to the
interaction W(t),
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1
COvr= ﬂ+ Jq- TT](dU)eXP[_“ | at j ds W(t — s)(a(t) — a(s))?

+h deto(t)——%<_j"T dt + Tdt) f dsW(t — s)(1 -a(s))Z:I. 4.7)
- — o T =T

Here pi_r r(do) is the free spin-flip measure with o(—T)=1=0(T), {4 1«
denotes the Ising measure <), ; conditioned to have a flip at x, [x| < T.

The Weyl operators produce local external magnetic fields in the Ising model.
For each fe# we define the external field

hyp(0) = 3/0/2 [ dlAR) (£ () + £ (K)*) ﬁ B(1) (e W — ¢ W6~ 1D)

+ 3/ %/2 [ dkA(k)(f (k) f(k)*) _ﬂw(k) (e~ Wil 4 g=0®B=ID)  (48)

with [t] £ B/2. ()= 1 for t =20 and 0(t) = — 1 for t <O0. h, 4(t) is bounded. The
regular part of its derivative is

w(k)

70 (e—w(k)ltl + e—w(k)(ﬂ—lll))
_ ,—Bow

Wy p(0) = —3/0/2 JAkAR) S (R) + 1 (K)) T — ot

+% /a/zj'dk( k) f(k)*)—(:‘t)gw—(k; B(t)( — o)t _ e—w(k)(ﬂ_m)) (49)

with |7] < /2.
Lemma 4.1. For arbitrary o, ¢, h and every f € # we have

wy(W(f)) =exp[ — 5[ dk| f(k)|* coth (Beo(k)/2]

< exp[ — pf dthfyﬂ(t)a(t):l> ,
—B/2 B

4.10)
wya.W(f)) = exp [ — 3[dk|f (k)| coth (Bew(k)/2]
.<o(0) exp [ — BF dthf,ﬁ(t)a(t)] > , 4.11)
B2 B

wyo,W(f)) = — ili—anp [ — 3 dk| f(k)|* coth (Beo(k)/2)]

B2 B2
< ﬁj dth/f,,,(t)<a(0)a(t) exp [ — _5}/2 dthf,,,(t)o(t)}>ﬂ

B/2

8/2
+/o/2 [ dkA)(f (k) + f(k)*)< exp [ - i/ dth ,,,,(z)o—(z)]> ) 4.12)



Ground State(s) of the Spin-Boson Hamiltonian 285

wyoW(f))=exp [ —3[dk| f(K)|* coth (Be(k)/2)]

.<exp[— ﬂf dthf’ﬂ(t)a(t):I> <én([0,5])> (4.13)
~pr2 8.0 5

with 0 <6 < f3/2.

Proof. We choose a finite mode approximation to H avoiding the set {k|w(k) = 0},
cf. e.g. [7, Sect. 5] for details. Then H has a unique KMS state. Integrating out
the bosons as in [2] results in the Ising expectations (4.10), (4.11) with Wj(t) and
hy ;(t) replaced by their finite mode approximation. As the number of modes tends
to infinity, because of (2.1), the Ising expectations converge to (4.10), (4.11) and the
finite mode KMS states converge to the state w; constructed through the

perturbation expansion in e.
An alternative route is to trotterize exp [ — fH] with respect to the interaction

\/07/5 0. |dkA(k)(a* (k) + a(k)). Let us use the short-hand a(f) = j dk f (k)a*(k). Then
averaging the product of Weyl operators yields

exp|: [t fds o(0)o(9)7 Lo () + a1} La* () + a1,

+//2 gdw(tK[a*(l) +a)[—a™(f*) +alf)])

+%<[—a+(f*)+a(f)]2>}- (4.14)
Here 7 is the time-ordering. { 4,4, ) are imaginary time correlations with respect
to H° = [dkaw(k)a™ (k)a(k), in particular,

CW(f)) =exp [ —3[dkl f(K)]? coth (Bo(k)/2)]. (4.15)

In (4.10)—(4.13) we only shifted the time-interval to [ — /2, /2] in order to make
the limit f— co more transparent.
Our construction covers (4.10), (4.11). To obtain (4.12) we use in addition that

1
e [H,0,]=0, (4.16)
and therefore, by periodicity,

11 b2
wylo,W(f)) = lim 5Eg<a(0)<exp [ = | dihy e+ é)a(t)J

~exp[— ﬁg dthf!ﬁ(t)a(t):|>> exp[— ﬂdklf(k)lzcoth(ﬁw(k)/2):l.

4.17)
To obtain (4.13) we use 0,0, = io, together with (4.16). Therefore

1 B/2
(0. W(f) = lim 51< (0(8) — 5(0))* exp [ - dthf,,;mo(z)pﬂ

-exp[ — 1 [ dk|f (k) coth (B (k)/2)] W (4.18)
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We want to prove that (4.11) to (4.13) have a limit as f— co. In essence, this
amounts to prove that a ferromagnetic Ising model with periodic boundary
conditions has an infinite volume limit. The answer is well known. For h # 0 and
for h=0, m* =0, the limit is the unique Gibbs state. For # =0 and m* > 0, the
limit is the 3 mixture of the + and — state. This last statement can actually be
proved only with the exception of a countable set of temperatures. In our context
we have three complications: (i) The interaction and the magnetic fields are weakly
p-(i.e. volume-) dependent. (ii) We have to show convergence also for the measure
conditioned to have a flip at the origin. (iii) The space of configurations is not
compact because of the arbitrary number of spin-flips in a bounded interval.

ad (i): Thiscan be dealt with by simple uniform estimates. We do not take the space
to write them out.

ad (ii): Fortunately the conditioning respects the FKG inequality. Thus the major
part of the argument goes through without changes. Only at one point do we have
to spatially average.
ad (iii) As is well known from the theory of stochastic processes, the convergence
of moments has to be supplemented by tightness. We use reflection positivity to
prove that the distribution of the number of spin flips in an arbitrary bounded
interval decays faster than any exponential.

Let us introduce the infinite volume Ising measures. The limit T — oo of the
measures <>, -y, cf. (4.7), defines the probability measure (>, (&, h)
(= {D4(-y) on 2y = Q, the space of spin configurations over the real line. FKG
domination ensures the existence of the limiting moments as T — co. For (- >, _,
the number of spin flips in a bounded interval has a distribution which decays
faster than any exponential. This follows from Lemma 4.4 to be proved below. As
usual we define the spontaneous magnetization by

m* = <0(0) ) («,¢,0). (4.19)
The conditioned measure -, 7, |x| < T, satisfies FKG. Spin flip at x means
o(x,)= — o(x_). This can be achieved by a strong local magnetic field to the left

of x and an opposite one to the right of x. Thus FKG holds. By FKG domination
the limit T— oo of {*), 1, exists and defines the conditioned measure (-}, ,
on Q. From Lemma 4.7 to be proved below it follows that for (- >, | the distribution
of the number of spin flips in a bounded interval decays faster than any exponential.
To state the limit f— oo of (4.10) to (4.13) we have to define the local fields

hy(t) = 33/2/2 [ dkAR)(f (k) + £ (k%)) O(t)e ~ "

+3/0/2 [dkAR)(f (k) = f (k)*¥)e ™M, (4.20)
Wy = =5 /02 [dkAR)(f (k) +f (k)*)*(k)e ~ ™
— 1 /2 [ dk i) (f (k) — £ (k) ¥)co(k)O(t)e ~ P! (4.21)

Proposition 4.2. -
(i) Let be either h#0 or h=0 and m* =0. Then for any f €A,

¢}i~m ws(W(f) =exp[ —3[dk|f(K)1?1{exp [ — fdth()o(t)] ) (4.22)
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lim w(o, W(f)) =exp [ — 4] dk| (k) 21<o(O) exp [ — [deh,(0o®)]>.,  (4.23)

B

1
lim (o, W(/)) = —5—exp[ - [ dk| /(k)*]

B0
([t ()< oO)a(e)exp [ — [dth()a()] >

+ /2 [ dkAGK)(f (k) + f (R)*)<exp [ — [ dth (1)o(t)]>), |
(4.24

l}im wg(o W(f))=exp[ —3[dk| f(k)|*]

(exp[[ - jdthf(r)a(r>1>+,o<§n([o, 5])>+- (425)

(1) Ifh =0 and m* > 0, then for fixed ¢ and with the possible exception of a countable
set of «’s the limit f— oo exists and is given by the expectations on the right-hand
side of (4.22) to (4.25) with respect to the measure 5>, +3{*>_.

To prove Proposition 4.2 we need some auxiliary lemmas.

Lemma 4.3. For h #0 and for h=0, m* =0, the moments converge,

lim < I O'(tj)> =< 11 a(:j)> . (4.26)
B ji=1 +

B0 \j=1
Proof. We use FKG domination and the Lee-Yang Theorem as in [8].

Lemma 4.4. Let A <[ — /2, /2] be a bounded interval and zeR. Then there is a
constant c(z), depending only on z, such that

<e—zn(A)>ﬂ < el Ale@), (4.27)

Proof . Because of the underlying Hamiltonian the measure {-); is reflection
positive. This can also be verified directly from the definition of (), The free
measure is reflection positive. The interaction can be written as

B2 B2
— g dt g ds Wy(|t — s|)(a(t)a(s) + o — t)a( — s))

B2 B2
—2{v(dd) | dte M o(r) | dse”*a(—s)
0 0

with a positive measure v because of (4.5). In this form [14] applies. Let A = [0, ],
0 <t < /2. By reflection at zero and Schwarz inequality,

<e—zn([0,t]) >B < <e"z("([0’t])+"([—t,0]))>}3/2. (4'28)

We repeat (4.28) n times such that 2"t < but 2"*!'t> . If z<0, we bound
expl—zn([ — B/2, — p/2+2"t])] Zexp[ —zn([ — B/2, 5/2])]. If z> 0, we bound
exp[ —zn([ — /2, — B2 +2"])] Zexp[ —zn([ — $/2,0])] and apply (4.28) once
more. In any case we obtain the bound
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(™= pI2AI2D yel AVB — exp[cm l-llg(fﬂ(e) —fplee™?)) +clAle(e ™ — 1)]
4.29)
with the free energy fy(e) = —logZ,Z of (4.6). W

As a prelude to the conditioned measure we need a result on the spin-flip
density, g, - r(x), in the measure with + (—) boundary conditions. g, (x) is
defined by

1
g+.r(x)= lim = {[o(x +0) — a()1* )+ 1 (4.30)
d—>

with |x| < T. Correspondingly we define g_ 1(x). g is the infinite volume spin-flip
density. By translation invariance it is constant. Thus g is defined either as in (4.30)
or by

1
g=5<n([0,01))+, (4.31)

independently of 4, § > 0. g agrees for + and — boundary conditions.
We note that

]
_fadxg+,T(X)= (n([=90,01)>+ 7 (4.32)
Hence
lim f dxg ., r(x)=20g. (4.33)
T —d

We have to strengthen the convergence.
Lemma 3.5. We have
lim g, ;(x)=g¢g (4.34)

T—-w
uniformly on compact intervals.
Proof. For |x| < T we differentiate and obtain

L g0 109 =059 40 (433)
X
with

op(x) =2 < < b+ hp(x) + % f AtW(t — x)a(t)) ex(a)>+,T,x, (4.36)

hy(x) = %(_T dtW(t — x) + 10 AWt — x)>. 4.37)

Here (), ;. is the measure {-), ; conditioned to have a flip at x. 6,=1 if
o(x_)=1land ,= —1if 6(x_)= — 1. Clearly

lar(x)] = c. (4.38)
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Now let [ — 6, ] be the interval of interest. Then

§ dna 1= § avenp | faxano) o200, 439
|y| £ 6. By (4.39) and (4.36) we conclude that
d
sup g+ r(x) =S¢, p d_g+,T(x) = (4.40)
|x| <o x| AX

uniformly in T. Together with (4.33) this implies the assertion MW

Lemma 3.6. For h+#0 and for h=0, m* =0, the moments converge

fim < I a(zj)> - < 1l o(tj)> . (4.41)
B \j=1 8,0 j=1 +,0

Proof. By FKG domination (4.41) holds provided that
Ca())+,0=<0a(t))- o (4.42)

for all t #0. We choose a sufficiently small é and average,

P
Jédx<0'(t—x)>+,T,o
5
= Jédx<a(t)>+,[—T+x,T+x],x
5
= _fadx<0(t)>+,[—r+a,r—5],x

d . 1
= | dxlim 7 (oot + )=o) ur g ol (443
-0 -0
By Lemma 4.5 g 1_;(x) converges uniformly to g. Therefore (4.43) is bounded by

———a(tyn([— 6,5 4.44
(1/T) On([—6,01) >+ -5 (4.44)
for sufficiently large T. Repeatmg the same argument for the—boundary condition
we obtain, for T sufﬁciently large,

7 M= 8,01 e

12

éjadt<0'(t)>—,T,o§ | dtdo(®))s 10

o
g—(1/T)
By Lemma 4.3 and 4.4 the upper and lower bounds agree as T — co. Thus (4.42)

holds t- almost surely. By spectral representation <{a(t)), . is continuous
n:t W

Ca®n([—6,01) )+, 7-5 (4.45)
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Lemma 4.7. Let A <[ — /2, 8/2] be a bounded interval. Then for any z <0 there
is a constant c,(z) such that

(e™My 1 S colz) (4.46)
uniformly in f.

Proof . Let g, be the spin-flip density for (-}, Let A be the interval A with a
border of length ¢ added. Then, using periodicity,

a
<e—zn(A)>B,O=% j‘ dx<e—zn(A+x)> <_ j’ dx<e*zn(/1 )>

= (e n([ 0,01)24/9- (4.47)

The claim follows now by Schwarz 1nequahty and Lemma 44 H

Proof of Proposition 4.2. The differences

B2 B2
[ dr | ds(Wlt —s)— W(t—s))(o(t) — ols))?
—B/2 —p/2

and
B/2
—/ji/z dt(hy 5(t) — h(1))a(t)

tend to zero as § — co uniformly in o.

ad (i): Lemma 4.3 and 4.4 for {- ), respectively Lemma 4.6 and 4.7 for {- ), ,, ensure
the convergence for averages over local functions as in (4.10) to (4.12),
respectively as in (4.13).

d (ii): If h=0 and m* >0 then { >, #{->_. Tightness holds as before. The
problem is to identify the limit(s) of the sequences {:»; and (- ,.

Let us assume that
f dt W(t){a(0)a(t) >+ (o, &,0) (4.48)

is continuous at a. By convexity of the ground state energy (= Ising free energy)
in o, this holds for all a > o, except possibly a countable set. By tightness, we can
choose a subsequence such that (-, has a limit measure ¢:), on £ as f#— oo.
(> is translation invariant [9], cf. also [10], and hence jdt W(t)<{a(t)a(0)>, =
[dt W(1)<a(t)o(0). Since W(t), {o(t)o(0)),, {a(0)a(t)) are positive, we have
{a()o(0) >, = {a(t)a(0)>. By [9] all even correlation functions must agree. Since
for (-}, hence also for (-}, all odd correlation functions vanish, we must have
=3O +3).

For the conditioned measure we average, as before, over a small interval. Then

14
jﬁ dx{[ a(t;—x) 350 = {[ Tt )n(L — 0.01) 3p/9;- (4.49)

The right-hand side converges to

9
_fadx(%<l—[0(tj— X))+ 0+ 5] Tolt; = x)> o),
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which identifies the limit measure for {-);,as f—oc0 W

By definition the state w; has no superfluid phase. Let us try to understand
then how the spin-boson system behaves in the presence of a condensate. For the
sake of discussion we assume that w and A are continuous, w(0)=0 and w(k)
strictly bounded away from zero otherwise. The average superfluid density, p;,
depends on how the limit of infinite volume, i.e. of infinitely many modes, is carried
out. However, if this limit exists at all, because of (4.14), the functional integral
for wy(W(f)) must acquire the extra piece

exp [%m(%z(mz ( Ja o(r)) 201/~ 07 [ deot) ~ O ) }
(4.50)

fcontinuous close to k = 0. If A(0) =0, then the condensate does not couple to the
spin. If 2(0) #0, p, > 0, then the long range term

BB
[dt[dso(t)a(s)
o 0

dominates for f— oo, since it is proportional to 8% rather than B. The long range
term forces the spin to be either up or down with probability one.

We do not attempt to give a full proof here. Rather let us explain the case of
a pure condensate, denoted by wj. Then, undoing the square,

wF(W(f))=exp[ —p,lf(0)*] {fdée"”‘z’ 2P| uto py(do)
“exp {(Zj +h+ iy)fdta(t)]/jdée-éz/zuj#fo‘m(do.)

~exp[(é + h)fdta(t):‘}, 4.51)
0

where D = pA(0)%/2 and y = A(0),/2/2 Imf(0). The integration over u(do) yields
cosh (,6’\/62 +(E+h+1iy)?). For large B the ¢ integral is estimated by steepest
descent. Since the functions are given explicitly, it is not hard to show that the
error term vanishes as §— oo. As a net result the term in the curly brackets tends
to one as f§ — 0. The corresponding computation for wj (o, W(f)), { = x, y, z, yields

. X 0 for {(=x,y and (=zh=0
1 2 * = .
;Ln:oexp[zps[f(())l Jwi (e W(f)) {signh for (=zh#0

(4.52)

Thus, in the limit — oo, the spin decouples from the condensate. If h>0(<0),
the spin is up (down). For h = 0 the spin state is a 3 mixture of up and down.

5. The Fortuin—Kasteleyn Representation and Continuum Percolation

Symmetry breaking for the spin-boson Hamiltonian is equivalent to the existence
of a ferromagnetic phase transition for the one-dimensional continuum Ising model



292 H. Spohn

with long range, 1/¢2, interactions. Thus we have to analyze the phase-diagram of
the Ising model in the («,¢)-plane. Since the results of [4] refer to the standard
Ising model over Z, an immediate impulse is to use a discrete approximation to
the continuum model. We choose a lattice spacing ¢. The Ising model approxi-
mating (4.7) as § >0 has then

(i) a nearest neighbor coupling of strength 3|log &d|
(ii) a long range coupling of strength (a/2)52W((i — j)é), i,jeZ.

We note that the asymptotics of the long range part,

lim j2(82W(jd)) =1 (5.1
j—o
independent of the lattice spacing. On the other hand the nearest neighbor coupling
is increasing whereas the long range couplings are decreasing as § 0. For this
reason we do not know whether there is monotinicity with respect to 4.

Let ¢-)°. be the infinite volume Ising measure for the potentials (i), (i) above
with + boundary conditions on a lattice with lattice spacing J. In the obvious
way, we may think of (-)°, as a measure on £. Tightness can be shown as
before, using reflection positivity. Therefore there exists a subsequence such that,
weakly on £, (-)°, has a limit as 6 —0. Let us denote the limit measure by ().
Since ¢-)°, is translation invariant, so is {-». The limit measure {-> has to be
a Gibbs measure for the potentials % and (a/2)W¥(t), because the conditional
measures for (- satisfy the DLR equations with respect to these potenials. If
h #0, then the continuum model has a unique Gibbs measure. Hence

hm <.>6+ (O(, &, h) = <>+ (OC, &, h)’ (52)
000

h#0. We expect (5.1) also to hold for 4 =0. Unfortunately we do not know how
to show this from abstract arguments.

In order to prove Theorems 2 to 4 we are forced then to pay closer attention
to the proofs in [3,4]. Their essential tool is the Fortuin—Kasteleyn (FK)
representation which leads to a percolation problem with long range bonds. This
construction works also here giving rise to a continuum percolation problem.
Incidentally Aizenman and Newman [3] also studied a continuum percolation
bearing some similarity to ours.

We work in finite volume [-T, T] with + boundary conditions. The external
field h = 0. For the discrete approximation, lattice spacing J, the FK representation
yields the following bond percolation:

(i) Nearest neighbor bonds {jd, (j+ 1)d} are occupied with probability 1— &d,
empty with probability &d.

(ii) General bonds {10, jo}, i <j, are occupied with probability 1 —e
empty with probability e~ 2**" (=19,

—6%aW ((i—j)9)
b

The bond variables are independent. To obtain the Ising model each bond
configuration is weighted by

(independent weight) x ¢, (5.3)
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q =2, where Cy is number of connected components. Here (— o0, — TJU[T, o0)
is considered as a single connected component. This is the proper transcription
of the + boundary conditions.

As 6 — oo the discrete Ising model tends to its continuum version (4.7). Clearly
also the bond percolation has a well defined limit:

(i) On the real line we have a locally finite configuration of points. We refer to
them as points of fracture. A configuration of points of fracture is denoted by
t={1|j=0, £1,...}, 1;=1;,,. For independent percolation the points of
fracture have a Poisson distribution with constant density .

(i) On the half-plane R} = {s,z|s <t} we have a locally finite configuration of
points denoted by w = {w;|j = 1,2,...},w; = {s;,t;}. Each point {s, t;} is referred
to as bond starting from the site s; and reaching the site ¢; s;<t; For
independent percolation the bonds are distributed according to an inhomo-
geneous Poisson process with density aW(t —s)dtds. Bonds and points of
fracture are independent.

The open intervals (t;,7;.,), j=0, +1,..., form the basic components. Two
intervals, (t;, 7;1,) and (1, ;) belong to the same connected component if there
exists a bond {s,¢} such that se(t;,7;,,) and te(}, 7;,). The bonds of (ii) link the
basic components. This concludes our prescription for the independent continuum
percolation.

To obtain the correlated percolation corresponding to the Ising model we have
to go through the finite volume construction. Let 7_ be the smallest point of
fracture with — T<7_ and 7, be the largest point of fracture with 1, < T. Let
Cr(t, w) be the number of connected components in the configuration (z, ), where
(— o0, T_)U(t4, 00) is taken as a single component. In the finite volume [ — T, T]
the configuration (1, w) is weighted by

(independent weight) x g¢7®®), (5.4)

g = 1. Independent percolation is ¢ = 1 and Ising means g = 2. Normalized to one
(5.4) defines a point process on RUR3. Let P, denote the corresponding
probability measure. Again the object of interest is its infinite volume limit

Tlim P, =P, (5.5
The limit exists by monotinicity in the FKG sense.

The FKG property is an important tool for analyzing the correlated percolation.
Therefore let us summarize the main points. Let I” denote the set of all
locally finite point configurations on RURZ. We introduce a partial order between
configurations by

(1, w) < (7, ), (5.6)

(t,w") dominates (t,w), if as point sets 1>1" and w<w’. A function on I
is said to be increasing if it is non-decreasing with respect to this partial order. A
probability measure, P on I" is an FKG measure if

P(fg9) 2 P(/)P(g) (5.7)
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for all increasing, bounded and measurable functions f,g on I'. For two
measures P, P’ on I', P’ dominates P in the FKG sense, P’ > P, if

P(f) 2 P(f) (5.8)

for all increasing, bounded, and measurable functions f on I.

In [4] it is shown that the lattice version of the random cluster model is FKG
and that the measures for + boundary conditions decrease as T — oo. These
properties carry over to the continuum percolation. Thus P, » and P, are FKG
measures, g = 1, and the domination

Por>P,r (5.9)

with 7" = T holds.
There are two other, most useful comparison inequalities with respect to g, W
and e If ¢ 2q=1 and ' W'(t) S aW(t), ¢ = ¢, then

P, >P,. (5.10)
Ifg2qg=1and ! W(t)/qg 2 aW(t)/q,e'q’ = ¢q, then
P,<P,. (5.11)

If we choose g = 1, then the correlated percolation is compared with independent
percolation. From this we can read off regularity properties of P,. In particular,
the number of points in any bounded region of RURJ has a distribution which
decays faster than any exponential. Also, all accidental degeneracies have measure
zero. Thus, by discarding a set of measure zero, we may assume that 7; <7, 4,
s;<tjand s; #71;, 1; #71; for all i, .

Let A be an event defined by specifying the configuration in an arbitrary subset
of RUR2. Then also the conditional measures P, +(:|A) and P,(-|A4) enjoy the
FKG property. It remains to state the correspondence with the quantities of
interest. We have

m* = {a(0)), =P,({0 belongs to an infinite cluster}), (5.12)
{a(0)a(t) ), =P,({0, belong to the same connected component}). (5.13)

6. Bounds on the Critical Coupling
We prove Theorem 2

Proof of Theorem 2 (i). The existence of o.(¢) is proved in [2]. Decreasing ¢ increases
the nearest neighbor coupling. By Griffiths inequality {a(0) ), («,¢) is decreasing
in ¢ and hence «.(¢) is increasing M

Proof of Theorem 2 (ii). The lower bound (3.4) is the mean field bound [2].

This bound misses the important qualitative feature that o.(¢) tends to a limit
larger than zero as ¢—0. To prove that 1 <« (¢) we need the machinery of [3].
In fact, 1 < a.(¢) follows from the dichotomy (3.7) since <o, ), < 1. Nevertheless
it is useful to study the simpler probiem (3.3) first. It exemplifies the changes needed
in the proof of (3.7) as compared to [3]. Actually, they are surprisingly minor.
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Let a, () be the critical coupling strength for the independent percolation P,
and m¥ be its percolation probability. Since by (5.10) m* < m¥, we have

o, 1(8) < (). (6.1)

Hence it suffices to show that, if o < 1, the independent model does not percolate.

Because of the points of fracture we have to redefine the points of “furthest
direct reach,” cf. [3, Sect. 2]. We consider the stochastic process {L,,n = 0} with
L, =0, L, the smallest point of fracture, 7;, such that t;_; <L<rt;, and for n> 1,

largest point of fracture, 7;, such there

is a bond between some xe(L,_4, L,)

and ye(t;_,7;), L, < 1;-4, if there is such a point

L otherwise. (6.2)

n>

L=

The increments are U,=L,—L,_;.
Because of independence the conditional probabilities for the increments can
be obtained explicitly,

0 ©
P,(U,,, ZulU,,..., U,,)=e“8"exp|:—oc [ ds§ dtW(t—s)}
—Un 0

+Ed§se‘séexp[—a jq ds 39 W(t—s):lg(1+U,,/u)"°‘, (6.3)
0 —Un u—=¢&

if u>=D™" with D™ sufficiently large.

In the definition of the set A, x we add the requirement that £, and £_ are
points of fracture. In the definition of the set F y we require that ¢ is a point of
fracture. It is advantageous not to impose such a requirement for the left endpoint
0.

With these changes Lemma 3.1 of [3] holds. The remainder of the argument
carries over unaltered: only events referring to bonds are estimated. The information
on the points of fracture are contained in “F), , and "F§ ,, which are estimated
by [3, Lemma 3.17 B

Proof of Theorem 2 (iii). (small &) Let m¥(a, ¢) be the percolation probability for
the independent percolation P,. By (5.10) we have

m¥(x/2, 2e) £ m*(a, ¢). (6.4)

We have to show that for any « >2 we can achieve m¥ >0 by making ¢ small
enough. We scale distances by a factor 2e. Then the density of points on the line
is 1 and the bond density is (c;/2) (2e) " 2W((t — s)/2¢). To {t;} we superimpose the
eually spaced configuration {n, neZ} of points of fracture. Using only bonds with
s,te(n,n+ 1), an open interval (n,n+ 1) is a single connected component with
probability p,. The intervals (m, m + 1) and (n,n + 1) are connected at least with
probability

(xm+1

p(n—m)=p£p£<1 —exp[—i I dsn}ldt(Zs)“ZW((t—s)/28):|>, (6.5)
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m < n. Thus (6.5) defines a long range independent percolation problem on Z. Its
percolation probability is a lower bound for m¥(a/2, 2¢).

Using that the points in [n, n + 1] and the bonds are independent and that both
have a Poisson statics, we bound p, by

I —p,< [dgexp [ ~ %T ds | du(2e)" ' W((t — S)/23)]. 6.6)
0 0 q

Therefore p, — 1 as ¢ — 0. For large n — m, p(n — m) ~ p2(2/2)|n — m| ~ 2. The nearest
neighbor probability, p(1), tends to 1 as e—»0. If ¢/2 > 1, [11, Theorem 1.2] asserts
that the system percolates provided ¢ is small enough M.

Remark. Imbrie and Newman [12] proved recently that the standard Ising model
with pair interaction («/2)|i — j| ~ % for large separation has a non-zero spontaneous
magnetization provided o> 1 and the nearest neighbor coupling is sufficiently
strong. Clearly, for the spin-boson Hamiltonian we expect then lime/(e) = 1.

=0

We lost a factor 2 by estimating m* by m¥. Let us try to use the same tecnique
as for large ¢. The flip density is one and the scaled interaction &~ 2W((t — s)/e).
We break the systems into blocks of length one. In each block ¢ is constant with
a probability approaching one as ¢ —0. The interaction decays as 1/¢? for large .
The difficulty arises when trying to estimate the effective nearest neighbor coupling.
Taking the worst case, spins a distance two apart, yields e 2W(2/e) = 1/4 as ¢ — 0.
(This cannot be improved by changing the block size.) The large effective nearest
neighbor coupling is due to spins which are close.

Proof of Theorem 2 (iii). (large ¢) As in [2] we break the continuum spin system
in blocks of suitable size. W(t —s) is bounded below by a function constant on
each block. We then average for fixed block magnetization and compare to a

+ spin system by means of Wells’ inequality.
© -1
We set opyp= (j dtW(t) We have to show that if &> oy, then
0

{o(0)) . (ed, &) >0 for ¢ sufficiently large.
We scale the flip rate into the interaction. Then the flip rate is 1 and the
interaction is ¢~ 2W((t — s)/¢). The block size is &b, where b_is chosen such that

b
il dewin > 1. 6.7)
0
Let
1 G+1/2)eb
= dto(r) (6.8)
&b (j—(1)2))eb

be the magnetization of the j — th block, [m;| < 1. The lower bound for {a(0)) , (o, ¢)
is associated with the Hamiltonian

H= —(8/4) Y b*W(|i—jl + D)mm; + b.c, (6.9)

i#j

and the measure
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1 _
7 ]:[ Vi(dmje . (6.10)

&b
The single site measure, v, is the distribution of the magnetization m = 1/¢b j dto(t)
0

with respect to

%,u[lo,gb](da) exp [(8&/4) 1{) dta(f dse *W((t — s)/a)a(t)a(s):I. (6.11)

[0, 1s the spin flip process with rate 1 and free boundary conditions in the
interval [0, eb].

Equation (6.11) is a standard mean field model. A given spin interacts with
the other spins through a weak long-range potential with integrated strength of

b -1
order one. The mean field model has the critical coupling strength o?c<j dt W(t)) .
0

Therefore, by our choice of b, in the limit & — oo
vi(dm) > 3 (6(m — m*) + 5(m + m*)), 6.12)

where m* > ( is the spontaneous magnetization of the mean field model (6.11). m* is
independent of e.

For ¢ sufficiently large we can satisfy Wells’ inequality with discrete spins of
magnitude m*/2. Therefore

(a(0)) (ed, &) = o) (edm™*?/4). (6.13)
The left-hand average refers to a discrete Ising model, ¢; = + 1, with Hamiltonian

H = — (eam*2/16) Y. b>W((|i — j| + 1)b)a,a;. (6.14)
1#]
& m* and b and do not depend on &. The interaction is |i — j| ~ 2 for large separation.
Therefore increasing & we can achieve that (o, ), (edm*?/4)>0. N

7. Jump in the Order Parameter

For the proof of Theorem 3 we only indicate the major changes as compared to
[3, Sect. 4]. This procedure puts a somewhat heavy burden on the reader. The
alternative choice—a complete transcription of the proof—would be too much of

a repetition.
Since we want to show absence of percolation, the main worry are intervals

of points of fracture which are too long. FKG helps again.

Lemma 7.1. Let n;(A) be the number of points of fracture in the bounded interval
A. Then

P,({n,(A) = 0}) < P, ({n,(4) = 0}) = e 4, (7.1)
|A| the length of A.
Proof. y({n;(A)=0})is an increasing function. Thus (7.1) follows from (5.10) M
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We note that (7.1) holds also for the measures conditioned on the configuration in
an arbitrary subset of RUR3.

Proof of Theorem 3. (in the spirit of a guiding comment to Sect. 4 of [3]). The
strong FKG property holds also for the continuum system, cf. Sect. 5. Let 4 be
the event of specifying all points of fracture and all bonds except in the set
[x,x +dx] x [y,y + dy]. Then the conditional probability

P, (there is a bond from [x,x + dx] to [y,y +dy]|A) = aW(y — x)dydx. (7.2)
This identifies K*(z) = W(z), a = B*. We define
My =P, 4(0 is connected to R\[ — H, H]). (7.3)

M . =m* in our notation. Because of FKG My, is also obtained by conditioning
P, on all fracture points outside [ — H, H] and on all bonds with both endpoints
in R\[ — H, H] and taking the supremum over the conditioning.

For xeR let C(x) be the connected component to which x belongs. C(x) is a
countable union of open intervals of the form (r;_;, ;). Adapting Definition 4.2
we call a bond {x,y} H-anchored if C(x)* n(R\[x — H,x + H]) #0 and C(y)*n
(R\[y—H,y+ H]) #0, where C(x)* and C(y)* are connected components of x
and y obtained when removing the bond {x, y}.

In Lemma 4.1 4 is any event determined by bonds with both sites at a distance
greater than H from x and y and determined by points of fracture in
R\([x — H,x+ H]u[y— H,y+ H]). The estimate reads

P, (there is an H — anchored bond from x to [y, y + dy])|A)
S(BTMG+e)/|x—ylPdy.

The modified 4, x and F, x are given below (6.3). Lemma (4.2) remains
unchanged.

Cy(x) = C(x)"n[x — H,x + H], where for the connected component C(x)” only
bonds with both sites in [x — H, x + H] are admitted. The left anchor is a bond
{w’,w} such that w'eCy(x) and w is maximal. In Definition 4.3 ii) of a span we
add the requirement that the right endpoint is a point of fracture, i.c. the span
[r,s] has r = x and s the smallest point of fracture larger than the s of [3,(4.9)].

Lemma 4.3 and 4.4 are unchanged. The bound (4.10) reads now

P(=)s | (BTME+e)/ly—xP, (7.5)

dist(y,4) = J

(7.4)

and the bound (4.15) now reads

Pz(—)gl—exp[—fdx ] dy(B+M,2,+28)/|y—x|2:|. (7.6)
A4 dist0B)SJ
In the proof of Lemma 4.3 we have also the case where the distance between y
and the smallest point of fracture larger than y is larger than J. This case is covered
by Lemma 7.1. For (4.12) and (4.13) we use that W(t) is decreasing for ¢t = 0.
With the basic estimate (7.6) the remainder of the proof is identical to
[3,Sec. 4] MW
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8. The Boson Density

Let

n(f)=[dxf(x)a*(x)a(x) (8.1)
be the Boson density in position space and let

nn(f) = [ dkf(K)a™ (K)a(k) (8.2)

be the Boson density in momentum space, f some smooth, rapidly decreasing test
function. Averaging the Weyl operator, W(f), over the appropriate Gaussian
measure yields

Cexp[—n(f)])+ = <exp [ - gf dt [ dsa(t)o(s)(1 — 0(1)6(s))

[dk [ i A(K)e @0t g =@l (1 — o= 1Y (k — k’)]> ., (8.3)

+

“denoting Fourier transform, and
(exp[—my(f)]>+ = <exp[ — g Jdt [ dso(0o(s)(1 — B00()

[ dlei(k)2e = Wl g = e®Isl (1 — -f)(k)D . (84

We restrict our discussion to h = 0. If « = o, thus m* > 0, we substitute o(t) by
(a(t) — m*) + m*. In (8.3), (8.4) thereby a term is factored out of the average. This term
equals the ground state average of exp [ — n(f)], respectively exp [ — n,,(f)], for the
spin-boson Hamiltonian with ¢ = 0, h = 0, but an effective coupling constant am*?,

We also note that the distribution of the number of bosons with momentum in
the region A decays faster than any exponential provided [dkA(k)?/w(k)* < co. If

A

| dke™*A(k)/w(k) is locally L2, then the distribution of the number of bosons in any
bounded spatial region decays faster than any exponential.

We differentiate (8.3), (8.4) at f =0. This yields the average spatial Boson
density

Cat (a(x)y . = %of (d2)] [ dke™ A/ + (k) 1, 8.5)

0

and the average momentum density
Ca*t(Ralk)> . '%Z VADLAR) + (k)] (8.6)

Here v(d4) is the spectral measure of the two-point function of the continuum
Ising model,

(o(t)o(0)y = | v(dAe™ . 87)
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In particular, the average number, N, of bosons in the ground state is

(N = i;- Z AW o(t)o(0) . . 8.8)

Thus the average boson density is tied in with the Ising two-point function.
We will prove below that for all o < a,,
(o(0)a(0)), ~t72 8.9

for large t. Close to o, presumably, {a(t)o(0)> , = m*? for intermediate ¢ and then
it eventually drops as t ~ 2 to zero. For o = o, the asymptotic decay of the two-point
function is more complicated. (This behavior is proved only for the discrete Ising
model [12].) At a« = «, the truncated two-point function is expected to decay as

1
(o(t)a(0)) , —m*? ~ log? (8.10)
For o > o, there is a power law decay as
(a®)o(0)y . —m*2 =t ™" (8.11)

for large ¢. k increases from 0 as « increases beyond «,. There exists another critical
coupling strength o, at which k =2 and k=2 for o >70,. o, <a <wa, is an inter-
mediate phase. One expects that o, () =2 as ¢ —» 0 and that «, (¢) has the same slope
as a,(¢) for large e.

For the sake of discussion let us assume that w(k) ~ |k| for small k and w(k) =
, > 0 otherwise. For o < o, we conclude from (8.9) that v(d4) ~ A for small 4. Thus

(a*(x)a(x)) . =|x| 7472 (8.12)
for large x and
(a*(Kja(k)y 4 =|k|7*"2 (8.13)

for small k. At «, the spectral weight at zero, v({0}), jumps from zero to m*2.
Correspondingly, for o = o, the decay of the Boson density jumps to

(at(x)a(x)) , ~ % m*?| | dke™*A(k)/w(k)[* ~ x| ¢ (8.14)
for large x and to
Cat(alk)y . :f;-‘m*%(k)zzmrd (8.15)
for small k.
In particular, we have
(N>, =00, for a<a, (8.16)
N = oo with probability one, for o« = «,. (8.17)

It remains the task to prove the decay (8.9) for the two-point function.
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Proposition 8.1. Let h=0 and a <a,(e). Then there exists constants ¢, and c_,
depending on o and ¢, such that

c_/(1+ )= <a(0)a(t)) + Sc. /(1 + 7). (8.18)

The lower bound follows from Griffiths inequality. The achievement here is
that the upper bound holds all the way to the critical point. As before we follow
[3,4]. This time the difficulty is that there is no Simon inequality available in the
continuum. With a little bit of extra work Lebowitz inequality does equally well
for our purposes. Since we work in the one-phase region, we always set
> ={>,(a¢). The proof is split up into four lemmas.

Lemma 8.2. Let 0 <L <|x| and let A(L)= {u,vl|either |[u|<L, |[v|=L or |u|=L,
|[v| £ L}. Then

(0(0)0(x)) = (2/2) | du A!L) dv{a(0)a(u)) W(u—v){o(v)a(x))

+ <0(0)>+,.{o(O)a(|x| - L). (8.19)

Proof. For the finite volume [ — T, T] the interaction is split as

[ dt[dsW,(t,s)a(t)a(s) = 4 | dt [ dsW(t — s)a(t)o(s)

[-T.T1 AN~ T.T7
+ dt[dsW(t — s)o(t)o(s).  (8.20)
[~ T TIM\AL)
We write
1 d
(a(0)a(x) )1 = {a(0)a(x) > + g; di ¥ <a(0)a(x)) ;1) (8:21)

where (->® refers to the expectation with respect to the equilibrium measure for
which the interactions between [ — L, L] and R\[ — L, L] are set equal to zero.
By GKSII and Lebowitz inequalities we obtain in the limit T — oo

(0(0)o(x)) < (o/2) [ du Aj;L) dv{a(0)o(u)) W(u—v){a(v)a(x)> + {a(0)a(x) )*.
(8.22)

Let x > L. By conditioning on ¢(L) and o(— L) we obtain
(o(0)o(x) > = JZU, (6(0)0(x) 5y = g.0(- 1y =0 COotty.a 0~ 1.0 >
= UZU $000)) 5 = a.00-1y=0' <O D5y = 0,00 1y =0 Oty O~ 1,0 >
= <J(O)>g&)=1,a(—L)= 1 {<J(x)>ff&)= lLo(-L)=1
—<o(x) >le(},) =-1l,0(-L)=—-1 } oy Og(-1).1 >®, (8.23)

where we used the Markov property of the free measure and symmetry. In the
expression inside the curly brackets we cut out the interval [ — L, L] and join the
resulting two pieces together. This gives the correlation 2 < g(L)o(x)) . with an
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interaction smaller than W. The first factor is bounded by (a(0)> , , and the third
factor is bounded by . W

To shorten our notation we set 7(x) = (a(0)a(x)>.0=t(x)= 1, t1(0) =1, 7(x) =
7(— x) and 7(x) i monotone decreasing for x = 0.

Lemma 7.3. Let
yo=[du | dotwW(u—nv). (8.24)

A(L)

The two-point function satisfies the weak bound

7(x) < constexp [ — (log (1 + | x))*/?] (8.25)
implying that
lim 7, = 0. (8.26)
L— o

Proof. The bound (8.25) is a consequence of the percolation analysis [ 3], compare
with Sect. 6.
We choose x, > L such that

W(u) < c/u? 8.27)

for |u| > x,. We partition A(L)n{u+v2=0} into four pieces. The remainder,
A(L)n{u+ v =0}, follows by symmetry.

L
(1) L—xo<u<L,L<v. The integral is bounded by [dvW(v) j dut(u) which
L

L
tends to zero as L — co.
(2) —L=u=<L-—x, L=< This case is discussed in [3].
L+ xo
(3) L<u<L+xy —L=<v<L. The integral is bounded by [dvW(v) | dut(u)

L
which tends to zero as L — c0.

4) L+xq=u, —L=v £ L. The.integral is bounded by

o]

c j du Ij dvt(u)(u —v) "% < ¢'(log L)t(L), (8.28)

L+xo

which tends to zero as L0 B
Lemma 8.4. The susceptibility is bounded,
| dx(x) < o0. (8.29)

Proof. We integrate Lebowitz inequality (8.19). Then for M > L

M

der(x)g Ij: dxt(x)+ [ dufdvt@)W(u—v)sup | drz(v’ —x)
M L AW) v’

+<cr(0)>+,L| [ dxt(x), (8.30)

|<M-L
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and therefore
M L
(1= 9= <00 u] | dxe() < | dw(x) (831)
L sufficiently large and M — oo yields a finite susceptibility W
Lemma 7.5. There exists some L such that for all x> L
7(x) < ¢/x? + Br(x/2) (8.32)
with 0 < <4
Proof. For each x > 3x, we apply (8.19) with A(x/6),
7(x) < A(I/G) du [ dvt ()W (u — v)t(v — x) + {o(0) >+ 67(5x/6). (8.33)

As before, we partition the domain of integration. If either |u| < x/6, |v| = x/2 or
[u| = x/2, |v| < x/6, then the supremum of W is bounded by const/x* and [ duz(u)
is bounded according to Lemma 7.4. On the other hand if either |u| < x/6, x/6 < |v|
<x/2 or x/6 <|u|l < x/2, |[v| < x/6, then the integral is bounded by y(x/6)t(x/2).
Therefore

(X) < ¢/x +((72/6) + <T(0)> 4 x/6)7(x/12) (8.34)
for all x > 3x,. Since y, s and {a(0)) ., tend to zero as x - o, (8.32) follows M

The proof of Proposition 8.1 follows by iterating (8.32), cf. [3].
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