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Abstract. New representations of affine Lie algebras are constructed using
symplectic bosons of the sort that occur naturally in the BRST treatment of
fermionic string theories. These representations are shown to have analogous
properties to the current algebra representations in terms of free fermion fields,
though they do not act in a positive space. In particular, the condition for the
Sugawara construction of the Virasoro algebra to equal the free one is the
existence of a superalgebra with a quadratic Casimir operator, paralleling the
symmetric space theorem for fermionic field constructions. Both results are seen
to be particular cases of a more general super-symmetric space theorem, which
arises from considering an affinisation of the superalgebras. These algebras are
realised in terms of free fermions and symplectic bosons and lead to a super-
Sugawara construction of the Virasoro algebra. The conditions for this to equal
a Virasoro algebra obtained from the free fields are provided by the super-
symmetric space theorem.

1. Introduction

The “quark model current algebra construction” provides the simplest way of
obtaining representations of affine Kac-Moody algebras. (For a review see [1].)
Given an orthogonal representation of a finite-dimensional compact Lie algebra, g,

[, )= ifte (1.1)

described by real antisymmetric matrices, M*(¢*—~iM®), we can obtain a represen-
tation of the untwisted affine algebra, g, associated with g, by introducing fermi
fields, ¥/ (z), 1 £j<dim M, defined on the unit circle |z| = 1 in the complex plane and
setting

TG) =5 MW W) (1.2
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The fermi fields can be either all periodic or all antiperiodic and we shall refer to
these as the Ramond (R) and Neveu-Schwarz (NS) cases respectively. Thus

W)= iz, (1.3)

where the sum either runs over reZ (R case) or over re Z +% (NS case). In either
case T*(z) is periodic,

T(z)=) Tyiz ™", (1.4)
the sum being over ne Z. Canonical anti-commutation relations for //(z),
(Wi vd}=0, 07, (1.5)
imply the defining commutation relations for g,
[T, TN =if P T5 s y+kmdy, 6%, (1.6)
with the central charge k =xk/2, where
Tr (M* M%) = —x6% . 1.7

We impose the hermiticity conditions y#t =y, and, in consequence, T4 =T,
(The terms involving k and x in (1.6) and (1.7) can be taken to be diagonal, i.e.
proportional to 6%, if g is compact and simple.) From (1.7) it follows that

0y dim M=xdimg , (1.8)

where Q,, is the value of the quadratic Casimir operator ¢“z* in the representa-
tion M.

Directly from ¢, we can obtain a Virasoro algebra using Sugawara’s con-
struction [2] for the energy-momentum tensor in terms of currents,

1 X a a X
=2k+Qg z XT2)Tz) %, (1.9)

L@)=) Lz "

where the crosses denote normal ordering with respect to 7/,
xTaTex=TaT¢ , m<0
=TeTe, m=0, (1.10)

and Q, denotes the value of the quadratic Casimir operator in the adjoint
representation. Then we have the Virasoro algebra,

(Ls Lol =(n=1) L b5 (o = 1), (1.11)
with
2k dimg
=22 dmy (1.12a)
2k+Q,
=M ) (1.12b)

Kk+Q,
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There is also a construction of the Virasoro algebra based on the free fermion
energy-momentum tensor,

L'(z)=) sz'"=% Z:z dl/lé;;(Z) Wi(z): +—1% dim M (1.13)

n

where ¢=0 (NS case) or 1 (R case). This satisfies the Virasoro algebra with
c¢=%dim M. Here the colons denote fermionic normal ordering,

:bibi: =bibi | r<0
L, =0
_E roYsl » r=

= —bibi , r>0 . (1.14)
The difference

K(@z)=) K,z "=L"2) - %(2) (1.15)
also defines a Virasoro algebra [3]. This difference vanishes if
MEME+MEME+MiM5=0 . (1.16)
It was shown in [3] that this condition is equivalent to the single equation
20u=2k+0Q, . 117

In [4] it was established that a necessary and sufficient condition for this, i.e. for
Z(z)=L"(2) is that the representation M should be a representation given by the
tangent space to a symmetric space. That is, it should be possible to enlarge g to an
algebra g’ by the addition of generators v/, 1 <j<dim M, satisfying (with suitable
normalisation),

[t P =iMi* (1.18a)
[t o] =iM5%¢° . (1.18b)
J

One instance where this occurs is for fermions in the adjoint representation of g,
corresponding to the type Il symmetric space g x g/g. In this case it is possible to
construct super-Virasoro generators, G(z), out of the same fermi fields [3]. If we
take

G()=). Gz™" =——i~f"b°l//a(2) V(Y2 (1.19)

/180,

then together with L¥(z) (or #(z)), they form the superalgebra given by (1.11) and

[Ln,Gr]=<g_r>Gn+r 5 (120a)

1
{Gra Gs}zer+s+§ <r2—2)5r,—s ’ (120b)
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where c=% dim g and L, denotes L! or Z,.. G(z) has the same periodicity properties
(R or NS) as its constituent fermi fields and the indices r and s in (1.20)
correspondingly take integer or half integer values.

In this paper we first establish analogous results to (1.1-18) for bosons instead of
fermi fields. The usual construction of § in terms of boson fields is the vertex
operator construction [5], which is transcendental. The one we shall discuss is
bilinear in boson fields. Particular cases have been considered before [6, 7] but in
Sect. 2 of this paper we shall give a more general treatment to parallel that for
fermions. The boson fields used must act in a Hilbert space with an indefinite metric.
They are associated with a symplectic form, J*/, in the same way that the fermions
we have considered are associated with the symmetric form 5. We introduce 27 real
boson fields

(=) &z, (1.21)

where again we can take all the fields to be periodic, s € Z (R case) or all antiperiodic,
seZ+% (NS case), subject to the hermiticity condition £ =% (. They satisfy the
commutation relations

(&, El=i*s, - , (1.22)

where J=J is a non-singular real antisymmetric matrix, J'= —J. (Without loss of
generality, we could choose a basis for the boson fields so that J is block diagonal

with » copies of
0 1
1.23
(_ 1 0) (1.23)

along the diagonal and zeros elsewhere.) A pair of such boson fields occurs in the
system of BRST ghost fields in the conformally covariant discussion of the
fermionic emission vertex [8]. We take the fields to act in a space with vacuum
satisfying

EH0>=0, r>0. (1.24)

In the NS case, this vacuum will be unique, but in the R case there will have to be a
continuum of such vacua (naturally isomorphic to the space of quantum states of a
particle moving in » dimensions).

Just as we can build representations of g, for compact g, out of real orthogonal
representations using fermi fields, so we can form representations of § for suitable,
possible noncompact, g out of real symplectic representations using boson fields.
Having such a representation of §, we can perform the Sugawara construction and
ask under what circumstances this is equal to the free Virasoro algebra we can form
from the symplectic boson fields,

dc*(z)
dz

L'f(z):% iz E5(2) —gn , (1.25)
where, again, e=0 (NS case) or 1 (R case),

T @ =057, (1.26)
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and normal ordering is defined analogously to (1.14),

grel=gel r<0
2 ¥ N bl

=&, r>0 . (1.27)

The analogue of the “symmetric space theorem” (1.18) is a “superalgebra
theorem” proved in Sect. 3: #(z)=L*(z) if and only if the representation is that
given by the fermionic generators {s*} of a superalgebra, a, containing g as its
bosonic part and possessing a quadratic Casimir operator,

Napt“t* +idps*s” (1.28)

where 7, is the symmetric invariant form on g, used to construct £ (z). We may not
just take #,, =04, as in (1.9), because, as shown in Sect. 3, g may have to be non-
compact.

The simple superalgebras [9, 10] with such a Casimir operator are su(m|n),
osp(mln), d2|1;a), g(3) and f(4), and for these choices of a, g is su(m)
@su(n) Du(1) (m+n), so(m) @sp(n), so(4) @sp(1), 9. @sp(1) and s0(7) Dsp(1),
respectively. (For su(n|n), g =su(n) @su(n).) These examples of the “superalgebra
theorem” are discussed in Sect. 4. The cases su(n|n), osp(2n+2|n) and d(2|1; a) are
in a sense critical. In these cases, the Sugawara construction fails because 2k +Q,
=0, and it is not possible to renormalise

Q=Y D= nat TOTC) § (1.29)

so that .Z, satisfy the Virasoro algebra. In fact
(Z,, Z,1=0 . (1.30)

In this way, we obtain a natural construction of representations of 5u(#n), 56(2n +2)
and $p(n) of critical level —A,, where h, is the dual Coxeter number of the Lie
algebra concerned.

The Virasoro algebra (1.25) has a central term ¢= —n so that each of the 2n
symplectic bosons contributes —1/2, exactly the negative of the contribution of a
fermi field (1.3). Similarly, in (1.25), the term giving the vacuum expectation value to
L§is —1/16 for each Ramond symplectic boson field, again the reverse of a Ramond
fermion contribution.

We can understand these relationships, and much else besides, by extending all
of our constructions to superalgebras, or more precisely, superalgebras, a,
possessing a quadratic Casimir operator (1.28). In Sect. 5 we extend the Sugawara
construction to affine superalgebras, 4, of this sort, and in Sect. 6 we discuss the
construction of representations of such affine superalgebras using orthosymplectic
representations of a together with fermion and symplectic boson fields. This then
subsumes the construction of representations of affine Lie algebras, §, using
fermion or symplectic boson fields as special cases. When the fermion and boson
fields lie in the adjoint representation of the superalgebra, it is also possible to
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construct super-Virasoro generators from these fields. In Sect. 7 we discuss the
equivalence of the super-Sugawara construction of Sect. 5 to the “free” expres-
sion for the Virasoro algebra in terms of fermion and symplectic boson fields,
L¥(z)+ L%(z). The condition for this equivalence is given by a “super-symmetric
space theorem,” which contains the “symmetric space theorem” and the “super-
algebra theorem” as special cases. The complete classification of such super-
symmetric spaces does not appear to be fully clarified in the mathematics literature
as yet, although it has been done for “type I’ superalgebras [11, 12]. Consequently,
we limit ourselves to discussing a few illustrative examples of the super-symmetric
space theorem in Sect. 8. Conclusions are given in Sect. 9 and possible develop-
ments are discussed.

2. Symplectic Representations

We consider 2n symplectic boson fields £%(z), 1 S <2n, defined by the expansion
(1.21) and commutation relations (1.22) acting in a space generated from a vacuum
satisfying (1.24). With normal ordering defined by (1.27), we have the operator
product relation,

&)= 8@+ 4@, 2> @1

with the propagator function

z+( .
A(z, eriodic (R) case , 2.2a
(0)=5 g periodic (R) (2.20)
l{zC o
= & antiperiodic (NS) case . (2.2b)
From these equations it is possible to deduce that L; defined by
LG =3 Lis ™" =5 Juiz 5 £ - 3)

2

satisfies the Virasoro algebra with ¢= —n.

Now suppose we have a real symplectic representation of a (possibly non-
compact) Lie algebra, g, specified by commutation relations (1.1). By thiswe meana
map t*—iN* where (N%)je R,

[N% N°]=fN° , (2.4)

and the matrices N* preserve the symplectic form J=(J),;. This last statement is
equivalent to

JNS= —(N%'J=(JN ; 2.5)

thatis R*=JN“is a symmetric matrix. We can use N°to obtain a representation of §
by setting,

To()=, Tz "= 3 R &) E): 2.6)



Superalgebras, Symplectic Bosons and the Sugawara Construction 597

The argument to show that the 73 defined by (2.6) satisfy the algebra g parallels
the contour deformation argument, reviewed in Subsect. 5.2 of [1], used to
establish the corresponding result for the current algebra representation in terms of
fermion fields. From (2.1) it follows that

T T ()= :T*@) T*(C): —i(JN*N®)p : £(2) () : 4(2,0)

—Ié Tr (N*N®A(z,0)? . 2.7)
Since

(IN“NP)yp: E4(2) EP(0): =% (JIN N"Dgp : E°(2)EP(0) 2.3
the usual arguments lead to

[T TE) =2 T4 5 0, 2.9)

where
Tr (N*N®)=xny® . (2.10)

Equation (2.10) does not provide as explicit a normalisation as Eq. (1.7) did in
the fermionic case. We have replaced 6*° by the less specific #*° to cater to the fact
that we shall be considering possibly non-compact algebras. If g is simple, we can fix
the normalisation of #** by requiring it to have eigenvalues + 1 and to be (equivalent
to) 5 on the maximal compact subalgebra of g. The change of sign between (1.7)
and (2.10) ensures the central charge, k, of § is given by k/2 for both fermion and
symplectic boson constructions, and will be seen to be entirely natural in the context
of the more general supersymmetric construction given in Sect. 6. In any case the
level of the representation (2.9) is given by

x=2kN?=x/y? , (2.11)
where )2 is the squared length of a long root of g, calculated using the metric 7, with
NapN™ =0y , (2.12)

and is independent of the choice of normalisation.
Whether or not g is simple, we can consider the quadratic Casimir operator
—1,5N°N®, which will have to be a multiple of the identity if N is irreducible,

~Hap N*N°=Qn 15, (2.13)
From (2.10) and (2.13), it follows that
kdimg= —Qydim N , (2.14)

paralleling (1.8) but with a sign difference we shall understand better in Sect. 6.

3. The Sugawara Construction and a Superalgebra Theorem

We now consider the application of the Sugawara construction to the symplectic
boson representation of ¢ discussed in Sect. 2 and the circumstances under which
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the Virasoro algebra it produces equals the “free” Virasoro algebra (2.3). We define

L(2)=) Lz "= T°()T?(2) % , 3.1

1 <
K—_;’Q"—gnab x

where Q, denotes the value of the quadratic Casimir operator for g in the adjoint
representation, with the normalisation implied by #,

S fh= Qg (32)

(for the moment we shall assume g to be simple) and the crosses denote normal
ordering as defined in (1.10). Then it follows directly from the algebra (2.9) that the
Virasoro algebra (1.11) holds with

_kdimg xdimg
Ck+Q, x+h,

) (3.3)

where h,=Q,/y? is the dual Coxeter number of g. Note that we are assuming
implicitly that x+ —Q, or, equivalently, that the level x of our representation is
different from the critical value of —#, [13].

To compare (3.1) and (2.3), we can again follow the arguments used in the
fermionic case (see e.g. Subsect. 5.4 of {1]). We can obtain two expressions for
T*(z)T,({) by normal ordering in two ways:

T T =5 Q) T & +5 dimg (;% (3.42)
T T+ iQn g EXDEND): AR D)
+g dimg A(z, 07, (3.4b)

where (3.4a) has been derivéd exactly as in [1], and (3.4b) follows from (2.7).
(We are using #,, #*° to lower and raise indices on 7* etc.) Now

14 e
Az, () - G4 (3.5)
and from (2.3),
Lim {% Jap 1 EXDENQ) A )} =LE(2) +% dim N . (3.6)
z¢

Consequently, we can suitably rearrange Eqgs. (3.4), using (2.14), and take the limit
z—{ to obtain, just as in the fermionic case,

% x T2 T,(2) §=% :T2)T(2):+ OnLi(2) . 3.7

We can see immediately from comparing the values of the central charges of
L%(z) and Z(z), given by c= —% dim N and (3.3) respectively, that a necessary
condition for L*(z)= % (z) is that

20y=K+0Q, . (3.8)
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Then from (3.1) and (3.7), we see that we require
:T*(2)T,(2): =0 . 3.9
This condition is equivalent to
RipRyys+ Ry Rasp+ ResRapy =0 . (3.10)

Equation (3.10) is also easily seen to be sufficient for L*(z) = #(z). In the fermionic
case, the analogues of (3.8) and (3.10), namely (1.17) and (1.16), were equivalent
conditions, but this is no longer the case here because we are dealing with algebras
possessing an indefinite invariant form, #,,. For both fermionic and bosonic
constructions, we can construct a third Virasoro algebra, K(z)=L"*(z) — % (2),
where £ (z) is given by (1.9) or (3.1) respectively, which has vanishing central
charge. When K(z) acts on a positive space, it can be shown [14] that only the trivial
representation is possible, i.e. K(z) can be consistently taken to vanish. However,
for the symplectic bosons, we no longer have the positive space necessary for this
argument to hold and equality of c-values for #(z) and L%(z) by itself no longer
guarantees equivalence.

Just as (1.16) is equivalent to the statement that the fermionic representation is
one given by the tangent space to a symmetric space [4], so (3.10) is equivalent to the
statement that N“ is given by the fermionic generators of a superalgebra, a, but a
superalgebra with the special property that it possesses a quadratic Casimir
operator. To be more explicit, if Egs. (2.4), (2.5), and (3.10) hold, then

(2%, 1=t (3.11a)
[t s,]=iN“ .55, (3.11b)
{80555} = Ragnap?” (3.11¢)
define a superalgebra, a, with quadratic Casimir operator
Qo= t°t" +iJ* 5,55 . (3.12)

(In checking this it is useful to note that the Jacobi identity for £ implies the total
antisymmetry of f*=fn%*) Conversely, given a superalgebra (3.11) with
quadratic Casimir operator (3.12), it follows from the Jacobi identities that N*
defines a representation of g, the bosonic part of a, and that (3.10) holds; the
symmetry of R*=JN* follows from the fact that Q, commutes with a. Thus the
cases in which £ (z)=L%(z) are in one-to-one correspondence with the super-
algebras (3.11) possessing Casimir operators (3.12).

For cases where this equivalence holds, g has to be noncompact, or at least
possess an indefinite invariant form #,, (9 may be the direct sum of compact
algebras with the sign of the invariant form of some of the factors taken negative).
To show this, define

X*=Rx*x* | (3.13)
and multiply (3.10) by x*x’x”x° to obtain 3#,, X*X®=0. If 5,, were positive (or

negative) definite this would imply X =0 for all x*, x#, and hence R =0, which is
not the case. Thus we conclude that #,, has to be an indefinite form.



600 P. Goddard, D. Olive, and G. Waterson

In order to fully establish these results, we ought to explicitly allow for the
possibility that g is not simple, because this is typically the case for the bosonic part
of asuperalgebra. Let us suppose that g is the direct product of a semisimple algebra
and an abelian algebra (i.e. that it is reductive),

9=9 gt (3.14)

where each g is either simple or a u(1) factor. The invariant symmetric form, 5, we
use in (3.1) is no longer unique up to an overall constant, but rather has one free
parameter for each factor g# of g. Equation (3.2) now has to be modified to

= =0, (3.15)

where we sum the structure constants over each factor g separately. (They do not in
any case connect different factors.) Correspondingly,

Tr (N°Nb) = x4yt | (3.16a)

—NaN*N°= Q{130 » (3.16b)
and

k?dimgl= —Qfdim N , (3.16¢)

the sums over a, b in (3.16b) being over those values corresponding to g#. It then
follows that we can establish (3.7) more generally with

Ov=) 0Of . (3.17)

If the superalgebra (3.11) exists and the #,, we have chosen is one for which we
have a Casimir operator (3.12), then evaluating it in the adjoint representation of a

shows that
2QN=;cA+Q$;'1 (3.18)

for each 4 as will be seen in Sect. 6. (Here we are assuming that the Casimir operator
takes a unique value in the adjoint representation, but if this is not so we can write a
as a direct sum of superalgebras, corresponding to different eigenspaces, and
consider these separately.) Thus the quantity by which we divide in (3.1) to
construct #(z), is common to the different factors g# and the argument goes
through as before to show % (z) = L*(z). Conversely, if these Virasoro algebras are
the same, k*+Q;' must have a common value, that is we must choose the
parameters in # so this is so, in order that (3.1) makes sense. Then (3.18) has to hold
and the argument proceeds as before. Hence the ““superalgebra theorem” has been
established independently of whether or not g is simple. Note that although # has a
number of free parameters, a priori, their relative size is fixed by the requirement
that (3.12) commutes with the superalgebra a. We shall see how this works in
practice when we illustrate the result by specific examples in the next section.

4. Examples of the Superalgebra Theorem and Critical Levels

It is possible to list the simple superalgebras (i.e. those with no non-trivial ideals)
possessing quadratic Casimir operators [9, 10]. They are su(plg), osp(plg), 9(3),
f(4), and d(2|1;). For each of these, the fermionic generators will provide a
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symplectic representation of the bosonic part of a asin (3.11) and the corresponding
symplectic boson field representation of § will be such that the Sugawara
construction of the Virasoro algebra is equivalent to the free symplectic boson
construction. It would be good if we could conclude that all cases in which this
happens are direct sums of the cases on this list but, for one thing, the structure of
superalgebras in terms of simple superalgebras is more complicated than it is for
(compact) Lie algebras [9]. So we are not sure that our list of examples is in any sense
complete.

To illustrate the way the theorem works, we shall calculate the form #,, in each
case and determine the various quantities in Eq. (3.18). To define 7,,, we introduce
invariant forms 7734,, which we take to have eigenvalues + 1, again being equal to &,
on the maximal compact subgroup of each factor g4. We fix the normalisation of the
generators so that, for g4,

S ftl= —hyang® | 4.1)
where /1,4 is the dual Coxeter number of g4. Then, restricted to g4,
Mab=A"Tap » (4.2)
where h,a =240, and the level of the representation of g# provided by N is
xA=AAxA (4.3)
So, using (3.16-18),
(x* 4+ hya) /A% =2 Z QF | 4.4)
where , BB
0= -Gl (4.5)

If fis the number of factors g* of g, Egs. (4.4-5) constitute fhomogeneous equations
in the f parameters A2 Thus they constitute a non-trivial constraint.
We consider the cases in turn:

(@) su(plg), p+q:  g=su(p)®su(q) ®u(1), dim N=2pq,

hwp=p , x'=-32q, M=1, On=q(p*=D/2pq ,
hwo=4 ., X*=-52p, MP=-1, Qf=-p(@~12pq,
hy =0, X=ulp—q), P=u,  Qk=(q—p)2pq ;

(®) su(plp):  g=su(p) ®su(p), dim N=2p?,
hup=p , x'=-%2p, =1, Ox=0"-Df2p ,

hsu=p » xzz—%'ZP B Qﬁ:-(pz—1)/2p 5
() osp(plg):  g=s0(p) ®sp(q), dim N=2pq ,
hso(p)—:'p’—z > x'= _2q s At=1 s QI%I=%(P—'1) 5

hyp@=4q+1, xzz_%p . AM=—F, QI%I="‘]"% >
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d) g(3): g=g,®sp(1), dimN=14 ,

hy, =4, x=1(=2), M=4, Qi=},
hsll(l):z > x2:——%—-7 > A=-3 > Ql%l: _é_ 5
() f@: g=s0(7)Dsp(1), dimN=16 ,
hso(7):5 > x1:1(_2) B /,{1:3 5 Q]{'Z%>
hsp(l)zz , X=-38, AP==2, Q]%J: -3 ;
0 d2It;0):  g=su(2) ®su(2)sp(1), dimN=8 ,
1 1 1 1 3
hsu(2)=2» X‘—‘i(—‘z), AZ‘& QN:_:u’
U 4
2 2 1 2 3
hsu(Z):2 s x =1 (‘_2) s /1 =T QN:'— (1 —,LL) 9
1—u 4
hypiy=2, xX=-3-4, AB=—1, Or=—%.

(In cases (a) and (f), u is an arbitrary constant.)

The cases su(p|p), osp(2q +2|q), and d(2|1; o) deserve special attention because
for them Qy =0, and so the level of the representation of each factor g# is equal to
the critical value —A 4. In this case, as we mentioned in Sect. 1, it is not possible to
renormalise (1.29) so that we obtain an £ (z) satisfying the Virasoro algebra, but
instead the “unrenormalised” operators

Zit=kna XTI %, (4.6)

defined by summing over the indices a,b corresponding to a given factor g4,
commute:

(2 Z8=0, 4.7
and, from (3.7), we have instead of Li=.%,,
Y Z4=0 . 4.8)
A

5. The Super-Sugawara Construction

To see the symmetric space theorem of [4] and the superalgebra theorem of Sect. 3
as particular cases of a more general result, we need to work in the context of
affine superalgebras, in particular those obtained by affinisation of the super-
algebras that occurred naturally in the results of Sect. 3. Associated with the
superalgebra, a, of (3.11), with quadratic Casimir operator Q, as in (3.12), we have
an affine superalgebra, 4, defined by the relations

[Trgv ]1nb :lf’:ab rst+n+km'1ab5m,~n 3 (518')
[Ta,S¢1=iNgSE., | (5.1b)
{Sr, S8} =R T, +ikrJ?5, (5.1¢)
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where m, ne Z and either r, s € Z (R case) or r, s € Z +% (NS case), and we have raised
and lowered certain indices according to

Ni#=Jp,J°N; , RP=TNP g ¢.2)

for notational convenience. As usual k is a central element; the relative normali-
sations of its occurrences in (5.1a) and (5.1c) are dictated by the Jacobi identities.

As we explained in Sect. 3, we might as well assume that the quadratic Casimir
operator for a,

Qu=Hapt“1" +iJpps*s" (5.3)

takes a unique value, 2 Qy, in the adjoint representation of @ becuase a can always be
written as the direct sum of the superalgebras on which Q, takes different values.

The first result we wish to extend from affine algebras to affine superalgebras is
the Sugawara construction ; this section is devoted to this objective. The existence of
the quadratic Casimir operator (5.3) is, of course, crucial for this. Proceeding as in
the familiar affine algebra case, we first define ‘“‘unrenormalised” Virasoro
generators by

2, =2F+ 25, (5.4)
where
PT)=Y Zrz"=kny X TDT(2) % . (5.52)
and
P5(z)=Y ,éﬂ,,sz-n:% w3 SU2)SHe) S +E (5.5b)

where the normal ordering implied by the crosses in (5.5b) is defined in an exactly
analogous way to (1.10) and £€=0 or —k dim N/16 according to whether S*(z) is of
R or NS form respectively.

It is easiest to calculate the algebra of the 2, in stages. The usual construction
for § implies that

[QVZ:TV?]: _n(k+%_Q;)Tr‘:1+n (563)
if 77 is a generator of the factor g# of g. A similar calculation yields
(L SE1= 5 rOnSpisr (5.6b)

where we have used (2.13). The corresponding results for Z3, obtained in the same
way, are

[grg’ Tr;z]= _% nKATr?1+n > (573.)
and
[(Zn, SH1= —r(k+5 ON)Sm+r - (5.70)

Putting (5.6) and (5.7) together and using (3.18), we sce that we get a single
number k + Qy by which we need to renormalise Z,:

[Zns Til= =+ 00 Tien (5.82)
[ Lo SE1= =1 (k+QOx) Sisr - (5.8b)
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So we define 1

cios D (5.9)

and we can then verify that %, satisfies the Virasoro algebra with

£,=

k
C:k+QN (dim g —dim N) (5.10a)
2k sdim a

where the superdimension, sdim a =dim g —dim N, is defined in the usual way, and
Q.=20Qy is the value of the quadratic Casimir of a in the adjoint representation as
will be seen in the next section. This constitutes a very natural generalisation of
(1.12a), and we shall see that other formulae generalise similarly. Again we can have
critical representations for which 2k + Q, =0, where it is not possible to renormalise
the Virasoro generators (5.4); examples of this will be given in Sect. 8.

6. Representations of Affine Superalgebras

In this section we describe the construction of representations of the affine
superalgebra, d, defined by (5.1). This construction, in terms of fermion and
symplectic boson fields, generalises the fermionic current algebra construction of
representations of an affine Lie algebra, §. Just as in that case we start with a real
orthogonal representation, as in (1.2), we now start with an orthosymplectic
representation of a. The new construction will also subsume the symplectic boson
construction of Sect. 2. Particular cases of it occur in [6].

By an orthosymplectic representation of a, we mean a superalgebra homo-
morphism a—osp(m|n), or, more precisely, osp (m;, , m,|n) because the bosonic part,
g, could have any signature, i.e. so(my,m,) @sp(n), m; +m, =m. We can define
osp(my , m,|n) to be the superalgebra which preserves, in a suitable sense, the form

Ay x'x! +i,,0%0" 6.1)

where # is a symmetric m-dimensional form of signature (m,,m,) and J is a
symplectic form of dimension 27n. Then a representation of a takes the form

M40
s (20 )= ive 2
t—>z<0 Ka) M (6.22)
Cfolix\ o,
S—+<Y°‘ 0 >—1X R (6.2b)

where M*“, K% X° Y* are real matrices and iM*, iX* satisfy (3.11) and also the
conditions

M= —@GiM% ,  JK=JKY , GX*=(Yy7, (6.3)
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in order that they should preserve (6.1). Then, if we define
i . 1 ~
T'@) =5 (@ TMY () —5 () JK () (6.4)

S*(2)=% Y (@' GX*E(2) % E@TY*Y(2)
=y (2)'1X*¢{() , (6.5)
where y/(z), 1 <j<m,and £*(z), 1 £A<2narerespectively fermion and boson fields
satisfying
Wyl =i, -, [, E=iT"6, -, (6.6)

we obtain a representation of 4. (Note there is no need to explicitly normal order the
expressions in (6.4) and (6.5).) This representation has k =x/2, where now

Str (M*M®) =Tr (M°*M®) —Tr (K°K®) = —xkn*® , (6.7a)
Str (X*X#) =i Tr (X? Y*) —i Tr (X*Y*) = —2i Tr (X*Y*) = —iJ* . (6.7b)

(Here Str (M) denotes the supertrace of the matrix M defined in the conventional
way.) To be sure that Egs. (6.7) will necessarily hold for some x, we need that (5.3) is
the unique quadratic Casimir operator for a, up to a scale, and that the
representation (6.2) of a is irreducible.

Following familiar arguments, we can relate x to the value of Qy of the
quadratic Casimir operator for g in the representation (6.2) by using

Ny MM+ T, X*YF= —0Oyu1, , (6.82)
N K KP + T3 Y°XP = —Ou 15, (6.8b)

together with (6.7), to obtain
ksdima=QysdimM , 6.9)

where sdim M =m —2n. In the context of the general Egs. (6.7) and (6.9), the sign
difference between (1.7) and (2.10), and between (1.8) and (2.14), respectively,
appear natural.

We can take each of the two fields i/ (z) and £(z) to be either Ramond or Neveu-
Schwarz independently. If we make the same choice in each case we obtain the R
form of d and if we make different choices we obtain the NS form.

A particular and important case of this construction is provided by the adjoint
representation of a. This corresponds to taking

Mj'=—ff,  K%=-N;, X",=Ny (6.10)

and identifying x and #, J and J. In this case, k = Qy = Q,=2Qy. The proof of Eq.
(3.18) follows from inserting (6.10) into Egs. (6.8a,b).

For a general orthosymplectic representation of d, we can write the central
charge (5.10) as

_xsdima QysdimM
T k+0, k40,

: (6.11)
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and for the adjoint representation this becomes 4 sdim a, which is also the value of ¢
for L¥(z) + L(z), where L¥(z) is given by (1.13) and L%(z) by (1.25), consistent with
#(2)=L"(z) + L*(z) holding for this representation. In the next section we shall see
that this is indeed the case for the adjoint representation, as we would expect from
previous results, and find the general condition for this identification to obtain.

The adjoint representation is of special interest because in this case it is also
possible to construct super-Virasoro generators out of the same fermi and
symplectic boson fields, analogous to the result (1.19). We find that by defining

—"__1_ i abc
G(Z)=;an = Vo {6f V(2 Yp(2) Y (2)

+3 UNDDECIE] (612)

then together with L(z) = LY (z) + L°(z), these operators obey the superalgebra given
by (1.11) and (1.20) with ¢ =% sdim a. G(z) has the same Ramond or Neveu-Schwarz
properties asits constituent fermion fields, independent of the periodicity properties
of the symplectic bosons.

7. A Super-Symmetric Space Theorem

We have seen in the last two sections how results on the Sugawara construction, and
on the fermionic and symplectic boson representations of affine Lie algebras fit
neatly into a supersymmetric framework. To extend this process, we shall generalise
the symmetric space theorem [4] and the superalgebra theorem of Sect. 3 into a
super-symmetric space theorem. This will give the conditions under which the
super-Sugawara construction of the Virasoro algebra, applied to the orthosym-
plectic representations of.the affine superalgebra, 4, constructed in Sect. 5, equals
the sum of the Virasoro algebras associated with the free fermion and symplectic
boson fields used in the construction, i.e.

P(2)=L"@)+ L) . (7.1)

To state the result, we need to generalise certain concepts from Lie algebras to
superalgebras. Firstly, suppose the superalgebra a=g+s is contained in a larger
superalgebra @' =g’ +s’ (g and g’ being the bosonic parts of a and a’ respectively,
and s and s’ being their fermionic parts). Suppose that the quadratic Casimir
operator Q, for a extends to one Q, for a’. Then we can write

g'=g+y, s=s+to, (7.2)

where y, o are orthogonal to g, s respectively, with respect to the quadratic form on
a’ corresponding to Q.. It then follows that

g,71<y . [g,0]l=0, (7.3a)
[s,79]lco , {s,0}cy, (7.3b)
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and so y+o provides a representation space for a; this is the representation
associated with a'/a. Secondly, suppose that ¢’ has an automorphism, g, of order 2,
which commutes with Q,, and such that a is the subalgebra on which ¢ =1. Then
y-+0 is the subspace on which g= —1 and

1,71y . [poles, {o,0}lcg. (7.4)

This is the natural generalisation to superalgebras of the concept of a symmetric
space for Lie algebras; we shall call a’/a a super-symmetric space if (7.4) holds.
The main result of this section is that (7.1) holds if and only if the
orthosymplectic representation of ¢ used is one associated with a super-symmetric
space a'/a.
Generalising (3.7) we have

P(z) =% Hap: T*(2) TP(2) : +§ Jup:S*2)SP(2) : + OuL(2) , (7.5)

where L(z) = L"(z) + L*(z). Again, comparing the value (6.11) of ¢ for £ (z) with the
value £ sdim M for L(z), we see that a necessary condition for £ (z)= L(z) is that

2QM=K+Qa s (76)
and also, from (7.5) and (5.9), that
1 )
S M T TH): +% oy S2)S(z): =0 . 1.7)

Equation (7.7) by itself is sufficient for ¥ (z)=L(z) and is equivalent to the
conditions

M?jMakl+Mi‘;cMalj+MialMajk=O 5 (783)
fl‘u Kavg + ggKauv + ngKagu =0 ) (78b)
T XS X 4 7, X% X K2 Mi=0 | (7.8¢)

where K3, =7 1 K*,, and we use #, 1] to raise and lower indices. Equations (7.8) are
precisely the conditions that allow us to extend a to a superalgebra a’, in such a way
that a'/a is a super-symmetric space, through the addition of generators t/, 1 <j <m,
and ¢%, 1 £A<2n satisfying

[, t/]=iMgisc + [t 0*]=iKita" | (7.92)
[t s"1=iX",6* , {s*, 0"} =T" X5/, (7.9b)
[t ¢)=iMft* ,  {d* "} =K"1*, (7.10a)
(¢, 0% =iJ g T X5 5" . (7.10b)

This completes the proof of our super-symmetric space theorem.

A common feature of symmetric spaces and superalgebras is a Z, grading, and
this is a crucial aspect of their role in the analogy between fermion and symplectic
boson representations of affine Lie algebras. A super-symmetric space has a richer
Z, x Z, grading (because we can define one involution by reversing the sign of the
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fermionic generators and another by reversing the sign of y + o). Corresponding to
the three Z, subgroups of Z, x Z,, we have three structures : the superalgebra g + o,
the symmetric space g'/g and the superalgebra a=g +s. Of these, g + o is associated
with (7.8b) and g’/g with (7.8a). In consequence, we have that L¥(z) and L*(z) equal
the Sugawara constructions for the fermionic and symplectic boson representations
of g given by y and o, respectively, as well as the more complex result (7.1).

The classification of automorphisms of order 2 of simple Lie superalgebras has
been givenin [11, 12]. The corresponding super-symmetric spaces are the analogues
of type I symmetric spaces, but it is not clear how a general supersymmetric space is
related to these. Consequently, we restrict ourselves to a few illustrative examples in
the next section.

8. Examples of the Super-Symmetric Space Theorem

As was shown in Sect. 6, the super-Sugawara construction of the Virasoro algebra
gives a c-value equal to the free field value of  sdim a when the fields are taken in the
adjoint representation of a. Also, the conditions (7.8) are satisfied by the quantities
givenin (6.10), thus establishing the equality of the two constructions. This is related
to a super-symmetric space a x a/a analogous to the type II symmetric spaces
discussed in [4]. The analogues of type I symmetric spaces provide further examples
of the super-symmetric space theorem.

As a first example, consider the superalgebra osp (m|n). The construction of the
corresponding affine superalgebra from fields in the adjoint representation involves
$m(m—1)+n2n+1) fermions and 2mn symplectic bosons, giving rise to a super-
Sugawara Virasoro algebra with

c=% (m—2n)(m—2n—1)=%sdim osp(mln) , 8.1

asin Sect. 6. Another possibility is to take m fermions and 27 symplectic bosons and
construct the first L m(m — 1) T%(z) generators appearing in (6.4) out of the fermions
alone, with the remaining n(2n + 1) generators being constructed from the bosons as
in Sect. 2. The 2nm S*(z) generators of Eq. (6.5) are formed from all possible
bilinear products of the fermion and boson fields. Using (4.3) and the normalisation
of roots implied by Sect. 4, we find the corresponding 7}, Sy obey (5.1) with k=1/2.
Combining this with the value of Q,=2Qy=(m—2—2n), we find the super-
Sugawara construction has a c-value given by (6.11) of
k sdim osp(m|n) 1
c= K0, > (m—2n) , 8.2)
which is the same as the free field value for m fermions and 2n symplectic bosons.
This suggests that we may have an equivalence of the two Virasoro algebras, £ (z)
and L(z), but the proof requires that we can find an appropriate super-symmetric
space. The relevant space in this case turns out to be osp(m + 1|n)/osp (m|n). We can
check that this yields the right number of bosons and fermions required for the
construction. The number of fermions is given by the difference in the number of
T“(z) generators of a’ = osp (m + 1|n) and a = osp(m|n) (i.e. by dim g’ —dim g), which
is just m. Similarly, the number of symplectic bosons is given by the difference in the
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number of fermionic generators, S%(z), of the two superalgebras, which here
is 2n(m+1)—2nm=2n. In [6], the particular case of m=1 was discussed.
Note that k+Qy=0 when m=2n+1, giving rise to critical representations of
osp(2n+1n).

Another, slightly more complicated, example involves the super-symmetric
space su(m|2n)/osp(m|n). Using the same counting arguments as above, we find this
space provides us with ¥ (m—1)(m+2)+2n+1)(n—1)+1 fermions (assuming
m=*2n for simplicity) and 2mn symplectic bosons with which to construct an
osp(m|n) representation. The T*(z) generators are constructed out of a sum of
fermionic and bosonic parts, where the bosonic part involves symplectic bosons in
the adjoint representation. The first & m(m —1) T*(z) generators have a fermionic
part constructed from fermions in a & (m — 1) (m + 2) dimensional representation of
so(m), while the remaining n(2n + 1) generators involve fermionsina 2n+1)(n —1)
dimensional representation of sp(#). The value of k obtained is 4+ (m+2 —2n) and
the super-Sugawara construction gives

_ksdimosp(mln) 1
c= K10, —4(2n m-=2)2n—m+1) , (8.3)

which again is the same as the value obtained by a free field construction.

As a final example, consider the super-symmetric space su(m + 1|n)/su(m|n)
x u(1) (assuming n +m or m + 1 for simplicity), which provides us with 2m fermions
and 2n symplectic bosons. As discussed in [1], when constructing affine Lie
algebras from fermions in the m dimensional defining representation of su(m), it is
necessary to double the number of fermions and consider a 2m dimensional real
representation. This results in an extra #(1) Kac-Moody algebra, commuting with
the 5u(m) one and the corresponding u(1) Sugawara construction has to be taken
into account when discussing equality with free field constructions. The same thing
occurs here, where the first (m* — 1) T%(z) generators are constructed using fermions
in a 2m dimensional real representation of su(m), with the remainder formed from
the 2n bosons. The super-Sugawara construction for 5u(m|n) with k = 1/2 then gives

_ksdim su(mln)
T k+Qy

This is 1 less than the free field value, but, as noted above, the extra contribution to
the super-Sugawara construction of the u(1) factor has to be added to (8.4) and this
does indeed contribute ¢=1.

The classification of “type I’ super-symmetric spaces is givenin [11, 12], but the
above examples embody the general features.

m—n—1 . (8.4)

9. Conclusions and Discussion

By using symplectic bosons to construct affine Lie algebras and related Virasoro
algebras, we have obtained results analogous to the fermi field constructions given
in [3, 4]. The analogue of the symmetric space theorem is a “superalgebra theo-
rem.” We have a complete list of examples of this theorem for simple super-
algebras with quadratic Casimir operator given by (3.12) since these have been
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classified in [9]. Unfortunately, it is more complicated to write an arbitrary
superalgebra in terms of simple superalgebras than it is to decompose a compact Lie
algebra into simple ones. Thus there may be more instances where the theorem
applies than those cases obtained by simply taking direct products of the simple
superalgebras for which the result holds.

Combining the symplectic boson and fermion constructions led to realisations
of affine superalgebras. The starting point for fermionic realisations of affine
algebras was an orthogonal representation of the corresponding Lie algebra.
Similarly, for the affine superalgebras, the construction involves an orthosym-
plectic representation of the corresponding superalgebra. Constructing super-
Sugawara Virasoro generators as described in Sect. 5 enabled us to prove a “super-
symmetric space theorem,” which contains the symmetric space and superalgebra
theorems as special cases. Again, although the “type I’ super-symmetric spaces
have been classified, the complete classification remains to be clarified.

We have defined critical representations of affine Lie algebras to be those
representations for which the Sugawara construction fails because the candidate
Virasoro generators cannot be renormalised to give the correct algebra. As we
found in Sect. 4, in these cases instead of establishing the equivalence of the
Sugawara and free field constructions, the superalgebra theorem gave Eq. (4.8),
which must be interpreted as meaning Y, Z, annihilate highest weight states of the

A

corresponding affine algebra. These are states | > satisfying
HY>=0, n>0. ©.1)

There are now many extra null states (i.e. states satisfying (9.1) and being
orthogonal to any solution of these equations) of the form

(ZA)r .. (A . 9.2)

The occurrence of such an unexpectedly large set of such null states is one of the
prime characteristics of the ““no ghost theorem” [15] of string theory, which suggests
we may have an analogous result for affine Lie algebras. The condition for the
existence of a critical representation is that the level of the representation should be
the negative of the dual Coxeter number of the algebra. The more recent approaches
to the “no ghost theorem” involve the construction of a nilpotent BRST charge,
which defines an equivalence relation between physical states. However, when these
methods are applied to the affine Lie algebra, the nilpotency condition requires the
level of the representation to be the negative of twice the dual Coxeter number [16].
A similar discrepancy of a factor of 2 occurs in comparing the condition for the
existence of critical representations of the affine superalgebras with the condition
for a corresponding nilpotent BRST charge. These discrepancies have caused
certain confusion in the literature [17] and require further investigation.

Another speculative idea is to consider whether vertex operators have a role to
play in the framework of symplectic bosons we have established. They do arise in
constructing the superconformal ghosts of fermionic string theories [8], which are
the simplest examples of the symplectic boson fields we have considered.

It is also interesting to note that as well as the superconformal ghosts of string
theory, our formalism also naturally includes the conformal ghosts. This is because
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the fermionic anti-commutation relations given in Eq. (6.6) involve i, rather
than §%, which can be of indefinite signature. In particular, choosing i,j=1,2 and
fi=diag (1, —1) gives rise to fields obeying the same anti-commutation relations
as the conformal ghosts. Both bosonic and fermionic ghosts are thus naturally
incorporated into the framework of representations of affine superalgebras
discussed in Sect. 6. However, the Virasoro algebras we have discussed are different
from the ones normally used in string theory, where derivatives of u(1) ghost
currents are added to the Sugawara Virasoro generators in order to give the ghost
fields their usual conformal weights. The precise connection between our con-
structions and those occurring in the ghost sector of string theories remains to be
established.
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