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Abstract. We prove that the Lyapunov exponents of periodic orbits are a total
family of invariants for C* conjugation of families of diffefomorphisms to a
two-dimensional toral automorphism. In case of families of canonical dif-
feomorphisms, the corresponding conjugating diffefomorphisms are also
canonical.

During the last few years there has been a considerable advance in perturbation
theory of Anosov hamiltonian systems (see [GK, CEG, LMM]). In this paper we
start the study of the corresponding C* conjugation problem for general (not
necessarily hamiltonian) systems. We prove in some particular situations that the
simplest conjugation invariants, the Lyapunov exponents of periodic orbits, are a
total family of invariants for C* conjugation.

We also show that Lyapunov exponents are relevant to perturbation theory of
hamiltonian Anosov systems. We prove that for hamiltonian systems of the class
under consideration, the constancy of the Lyapunov exponents implies the
constancy of the action invariants, which are known to be a complete family of
invariants for canonical conjugation. This in turn implies that the Lyapunov
exponents are (in our situation) a complete family of invariants for locally
hamiltonian, as well as for hamiltonian, conjugation. We find this interesting since
it is shown in [CEG] [see the comments following (1.9) and the example in
Appendix E] that Lyapunov exponents are not a complete family of invariants for
conjugation of locally hamiltonian perturbations of geodesic flows with negative
curvature in space dimension 2 under globally canonical maps, and no positive
result in this direction was known up to now. It is tempting to conjecture that our
results can be extended to cover perturbations of suitable flows, at least in
dimension 3.

We work in the context of one-parameter families of diffeomorphisms of the
two-dimensional torus T?=1R?/Z?. Such a one-parameter family f,, a <e<b, will
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be called an isotopy if the map (e, x) — f,(x) is C*. The generator of the isotopy is
the (parameter depending) vector field X, determined by

df;

de Xeo o
If each generator is locally hamiltonian (respectively hamiltonian) with respect to
the usual symplectic form w=dx A dy we shall say that f, is a locally hamiltonian
isotopy (LHI) [respectively a globally hamiltonian isotopy (GHI)]. The hamil-
tonian F, of X, with vanishing average over T2 is called the hamiltonian of the
isotopy. Obviously, LHI’s are just isotopies made up of canonical maps (area
preserving maps in our case).

We shall use the basic theory of Anosov diffeomorphisms, as developed for
example in [A] (where they are called C-cascades) or in [S], without any special
mention of it.

Before stating our main result, we define the invariants. Assume f: M —>M is a
diffeomorphism of M, xe M, and f™(x)= x. The Lyapunov exponents of / at the
orbit of x are the logarithms of the positive N'* roots of the absolute values of the
eigenvalues of the linear map T, /. They measure the rate at which points near x
separate from the orbit of x under iteration. Obviously, if g=¢ < fo ¢~ with a
smooth ¢, the Lyapunov exponents of g at the orbit of ¢(x) are the same as those of
f at the orbit of x, so the Lyapunov exponents of periodic orbits are smooth
conjugation invariants. Let us point out that Lyapunov exponents can be defined
for almost any x with respect to an invariant measure (see [P]), and they are still
invariant under conjugation. For transitive Anosov systems, which have a dense
set of periodic orbits, one expects the invariants of these orbits to contain all the
relevant information for smooth conjugation. The theorem below is a specific fact
in this direction.

If £, is an isotopy and the periodic point x, of f; is hyperbolic, we can follow x
along the isotopy for small values of the parameter. If f, is uniformly hyperbolic
(i.e. an Anosov system) all the periodic orbits can be followed along the same
interval —¢g, <& <eg, since such systems are persistent under perturbations. Thus,
Lyapunov exponents are defined for —e¢,<e<e, and x, corresponding to a
periodic point x, of f.

Theorem. Assume f,, —1 <e<1,isanisotopy (respectively an LHI ) (respectively a
GHI ) on T? and f, is defined by a 2 x 2 hyperbolic integer matrix. Then there exists
another isotopy (respectively an LHI), (respectively a GHI) ¢, satisfying
fo=0,of,00, !, —eg<e<eg, if and only if for any periodic point x, of f,. the
Lyapunov exponents of the corresponding x, have a value independent of .
Moreover, ¢ =1.

Remark 1. If we assume that each f, is Anosov, then we can make ¢,=1.

Remark 2. This theorem has the flavour of Arnold’s theorem on the conjugacy of
difftomorphisms of the circle to well behaved rotations (see [A, 12.A7]). Its
extension to more general systems, like arbitrary Anosov diffeomorphisms or
flows and higher dimensions is an interesting problem. Soon after a first version of
this paper was available, R. de la Llave has been able to substitute the isotopies f,
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in our result by two single diffeomorphisms, f;, and f;, close enough, without any
linearity assumption on them. His result appears in a subsequent paper, Invariants
for Smooth Conjugacy of Hyperbolic Systems, I1. Further extensions to flows and
higher dimensions, some of them without closeness assumptions, will be the
subject of successive papers in this series.

Remark 3. There are very strong conjugacy results for geodesic flows on manifolds
of negative curvature, mainly related to the length spectrum instead of the
Lyapunov exponents. See [ BK, Sects. 3 and 10], for a recent survey on the subject.
The nontrivial part of the proof of the theorem is showing that the
independence of the Lyapunov exponents on ¢ implies that all the f’s are
conjugate to f,. This is proved with the help of the following three Lemmas:

Lemma 1. If f, —e,<e<ey, is an isotopy of orientation preserving Anosov
diffeomorphisms on T?, f, is area preserving, and the Lyapunov exponents of
corresponding periodic points x, are independent of ¢, there exists an isotopy ,,
— &g < &<y, With po=1, such that vy, f,oyp; * is an LHI.

Lemma 2. If g, —¢o<e<eq,isan LHI on T?, and g, is defined by a2 x 2 hyperbolic
integer matrix, then there exists an LHI 1n,, —e,<e<egg, with yo=1, such that
N.og.om, ' isa GHI.

Lemma 3. If h, —¢y<e<eq, is a GHI of Anosov diffeomorphisms on T? with
hamiltonian H,, h, is defined by a 2 x 2 hyperbolic integer matrix, and the Lyapunov
exponents of corresponding periodic points x, do not depend on &, then for any
periodic point x, of period N N1

2 H dhi(x,))=0. (1

The theorem is a consequence of Lemmas 1-3, and Theorem 1.3 in [LMM],
which states that if (1) is satisfied, all the h,’s are conjugated to h, by a GHI. We give
now the proofs of the lemmas.

Proof of Lemma 1. As a consequence of the independency of the Lyapunov
exponents with respect to ¢, the determinant of T, f;" is independent of & (N
denotes the period of x,.) Since f;, preserves area, and orientation, the determinant
is 1. If we call D,(x)=logdet T, f,, we see that as a consequence of the chain rule,
given x,, N as above,

¥ DS =0,

Each f, is a transitive diffcomorphism, since it is conjugated to the area
preserving map f,. Thus, according to Theorems 2.1 and 2.2 in [LMM], there
exists a C® family of C® functions ¢, —e,<e<egy, such that £,=0 and
D,=¢,— &, o f,. This implies that

fopledx ndy)=e*dx ndy.

If we consider n,=¢,+ K, for a one-parameter family of constants K,
— o <&< &, that will be fixed in a moment, we also have

fesle™dx ndy)=e"dx ndy. (2)
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Moreover,

dn,

e e dx Ady

d
— s —
dEsze dx ndy 7&

d dK
= oKe & ¢
=e <d87!2e dx Andy+ pi

&

[ evdx A dy> .
T2

So if we fix K, with K,=0, and

dK d
¢ _ e e
m (ds TLe dXAdy>/<7§2e dxAdy),

then the measure du,=e"dx ndy is invariant under f, and has total volume
independent of e.

By a well known theorem of Moser, [Mo], for cach ¢ there exists a C*
difftfomorphism y, such that y,, du, = dx A dy, and yp, = 1. Since 1p, depends on ¢ in
a C* way, so it is an isotopy. Then,

(Weofeow, g (AX AN AY)=ey fog dite =1y di, =dx ndy,
and this shows that y,o f,oy, ! is an LHI. The proof of the lemma is finished.

Remark. The above proof can immediately be extended to the higher dimensional
case: if f, is an isotopy of Anosov diffeomorphisms on an n-dimensional manifold
M, wy € A"M is a volume form, invariant under f;, and the Lyapunov exponents of
corresponding periodic points x, of f, are independent of ¢, then there exists an
isotopy 1p, with v, =1, such that w, is invariant under v, f,oy, ' for any e.

Proof of Lemma 2. 1t is a direct consequence of Theorem 1.2 in [LMM], which
says that whenever Id —g, . is an isomorphism on H'(T?), and g, is an LHI of
Anosov diffeomorphisms, they can be conjugated by an LHI to a GHIL

Remark. Lemma 2 is true in any dimension without the assumption on g, since by
[M], each g, is topologically conjugate to a difffomorphism defined by a
hyperbolic matrix.

The proof of Lemma 3 is based on the following lemma:

Lemma 4. There exist one-parameter families of closed one-forms of, ok,
—eg<e<é&g, of class C' 72 as functions of (¢,X)€(—eq,&0) x T2, such that

(a) hiog =20,
h¥ol = A%,
where the constants 2°, 1* are the eigenvalues of the matrix that defines hy, 0<|4|
<1<|2¥. Moreover,
(b) Ay =dx ndy,
and [£], [o] e HY(T? R) are independent of e.

Lemma 4 is very natural, since in the case e =0 it is a trivial consequence of our
assumption regarding h,,. It actually gives a lot of information about the dynamics
of each h,, except for the regularity of the stable and unstable foliations.



Invariants for Smooth Conjugacy 685

We shall assume Lemma 4 for the moment, and we will see now how Lemma 3
can be deduced from it. The main idea is that differentiating (a) with respect to ¢
gives an expression for H, from which (1) can be proved explicitly. One of the main
points of the proof is that we never perform more derivatives on of, o than is
allowed, namely either one derivative along the parameter or along the space
variable.

Proof of Lemma 3. Let V2, V* be the dual basis of o, o*. For any C' function G on
T? we have

dG=(V7G)ey +(VG)or. 3)
By (b), if h, is generated by the hamiltonian vector field X, with hamiltonian H,,
dH, = o}(X ) o — (X ) o2,
so by (3) we get
ViH,=u(X,), VPH, = —oi(X,). (4)

Differentiating in (a) with respect to ¢ we have

do dog
* =)
h (d”‘ de > e’
and similarly for o¥. If we evaluate the previous expression on V® we are led to
do doc
[VoX e(veoh) =
This gives by (4)
d dog
Ve, = Pesons - e, (5)

This formula looks close to what we need, since the right-hand side is of the
formn, o h, ' —n,. If we knew how to solve the equations V77, =1, and Vij, =1, we
would have VSVXH,—1#,oh; ' +1,)=0, and then H,=4#,° f,—17,, and (1) would
follow immediately. In the particular case ¢=0 both equations can be solved
explicitly (up to constants) by Fourier Analysis, since they are first order PDE’s
with constant coefficients, but for arbitrary ¢, Lemma 4 does not give us enough
regularity on of, o (hence on V2, V¥) as to solve them. However, we can still use the
remaining informatlon in Lemma 4, in order to prove that H, has the desired form
as follows.

Since [«], [«¥] € H'(M,R) are independent of ¢, there exist functions G, G* of
class C'*? on T? for each fixed ¢ such that

S
do

e =dG3, (6)
and similarly for o and G¥, and we shall have
S uU U.,S daz u da? S d S uy __ d j—
d(Gok — Gha )—— A= /\ocs—da(ocg/\oce)—g(dx/\dy)—O.
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Since [«%], [«*] are a basis of H}(M,IR), by adding suitable constants to G5, G* we
can achieve that G — G¥« is exact. Then there exists a function G, of class C?*°
for fixed ¢, such that

Gt — Gloy = dG, .
By (3) this gives

VoG, =—G;,  V'G.=G. (7
Substituting (6) and (7) into (5) we obtain
I/ES '[/slle — (I/ESI/EUGII) ° hs_ 1 . ‘[/ESI/EUG8 R (8)

but
FulVi=iSVe, L V=V
and, since /*A*=1, we have that
(VSVAG) o hy Y= VSVHG, < h ).
Substituting this in (8) we are led to
VSVY{H,+G,—G,oh 1)=0. )

Since the integral curves of V* are the stable manifolds of h,, which are dense in T?
by Anosov’s structural stability theorem, from (9) we get that

Vzu(Hs—i_Gs_Gaohz-l):CSI

for some constant C;. Evaluating at a maximum of the function between
parenthesis, we see that C! =0, so

H,+G,~G,oh '=C,

for a new constant C,. Since we have assumed that f H,dx ndy=0, we have

C,=0. From this we get that for any x,e T* with hx, —x

N-1

3, HhGe)=

This proves (1), and the proof of Lemma 3 is finished.

Remark. Notice that we do not need f, to be CY-conjugate to a linear
automorphism, but it suffices if the Lyapunov exponents of periodic points of f,
are independent of the point. Since Lemma 2 also holds in general, the part of the
theorem dealing with LHI’s or GHI’s remains true under these apparently weaker
assumptions.

Proof of Lemma 4. We take ¢, > 0 sufficiently small so that each h,, —¢e, <e<é,, is
an Anosov difffomorphism with stable and unstable vector subbundles E, E¥. We
shall need the fact that ES and E* are C' *° functions defined on [ —e,, ¢,] x T2,
This is a consequence of the C'-section Theorem 3.2 of [HPS], taking into account
the remark on p. 36, as well as Remarks 1 and 2 on p. 38. The mechanism needed to
obtain the C' " regularity of E$ and EY from this theorem is very standard and we
only sketch it. We consider the manifold with boundary X =[—¢,,&,] x T?, two
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vector subbundles ¥, E* of TT? that are C* as functions of (¢, x)e X and close
to E EY, and the vector bundle L(E* E%) over X with fiber over (e, x) equal
to L(E(S »E ). Now we consider the maps h:X—-X, h(e,x)=(s h(x)) and
F:L(E*, ES)1—>L(E“ E*) induced by the graph transform of Th, that is,
Tha(graph(L)) graph(F(L)). Here L(E*, E*), denotes the bundle of unit balls of
L(E* F¥) in some convenient metric that will be specified later. The situation is
expressed in the diagram

L(E", E*), —F— L(E", E¥)
X g X
We endow T? with a metric ¢ -,- ), adapted to h, and we fix on X the metric
<"’ >(£,x)=/‘n>lkd£2+n§<'a' >e>

where 7, : X —>[ —&q, 0], m,: X >T? are the projections and x>0 is some small
number. Now it is easy to check that, if E¥, ES are sufficiently close to E¥, ES and
>0 sufficiently small, F takes values on L(E" E®), and itis a fiber contraction with
Lipschitz constant k, ,, in the fiber over (e, x) uniformly close to

| Teh E*|-[(Tehy) ™V E",

and that o, ,,=[(T}, ,4)~ 'l is unformely close to
Max(|(Teh,) ™" |E [(Tehe) ™ IE", 1)=[(T.hy) ™" |EF).
If we take 6>0 small, k, .o, is close to
|Tehy E°| - [(Teh) ™V IEY] - (Tchy) ™t IE 2.
Since Ej has dimension one, this is equal to
(Th) ™t IEY - (Teh) ™' E¥?,
and, since |(T,h,)~'|E¥|< /<1, for some 6 >0 we obtain

SUp K ot by <1.
(&, x)eX
The theorem referred to in [HPS] allows us to conclude that F has a C!'*°
invariant section. Obviously this section is obtained from E! in the natural way
and we can conclude that E* is a C'*? function defined on X.
Now take two 1-forms &, & on T? such that ES'“=ker(&"*). We can assume
they are of class C' ™ as functions defined on X =[—¢,,,] x T2. We have

h*&s u__ls uzs,u

8 b

where /5 are some C' * real functions of (¢, x) € X and 15" = 1>*. We adjust &5" so
that &3 A &y =dx A dy. The hypothesis of constancy of the Lyapunov exponents
implies that for an N-periodic point x, of h, we have

N
LS togZ (hi(e)) =log ",
N &
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and by Livsic theorem [L], we can take a Holder solution @%* of
@} (h,) — @y =log(A/ 7).
The proofs of Theorems 2.1 and 2.2 of [LMM] show that @$*is C' *? as a function

defined on X. We also normalize ¢3“=0. Now we define the 1-forms

DU s U

ot =e™
of class C'™° on X such that
B = )5S (10)

We shall prove that o * are closed forms. Let V¥ be the dual basis of &' *. From
the last equality we have

hg* V;s.u — As, uVCs.u ,
and, since A°A*=1,
he LV V=0V VD

By hyperbolicity this implies [V, V*] =0, and this immediately leads to do *=0.

Since h,, =hg : H(T? R)—»H'(T? R) is constant and hyperbolic, we can
introduce some multiplicative factor in the definition of «)* so that the classes
[o5*] are constant. To obtain (b) it suffices to observe that of A & is an invariant
volume element for h,, and then it is a constant times dx A dy. Since the class
[ A 0] e H*(T?, R) is constant, & A o is cohomologous to dx A dy, and we obtain
(b). This finishes the proof of Lemma 4.

Remark. The previous theorem is still true in the context of real analytic isotopies
of real analytic diffeomorphisms. The proof is the same, except for the application
of the lemmata, where one uses Theorem 1.4 from [LMM] instead of Theorem 1.3.

Remark. Notice that since each h, preserves area, ¢ can be taken as close to 1 as we
want in Lemma 4.
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