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Abstract. In a previous paper we proved the global existence of generalized
solutions of the spherically symmetric Einstein-scalar field equationsin the large.
In this paper we study the regularity properties of the spacetime and the scalar
field corresponding to a generalized solution. We also prove a uniqueness
theorem which shows that a generalized solution is an extension of a classical

solution.

Section . Introduction

In [1] we began the study of the global initial value problem for the Einstein-
scalar equations R,, = 8nd,$0,¢ in the spherically symmetric case. In terms of a
retarded time coordinate u and a radial coordinate r, the spacetime metric has the
form

ds? = —e®du® — 2e* " *dudr + r*dx?,

where dZ? is the metric of the standard 2-sphere. The problem is best formulated in
terms of the function h: = d(r¢)/ér. If [ is a function of u and r we denote by f the
mean value function of f:

1 r
Ju,r): = ;gf(u, ¥ydr'.
Defining then

« dr 0
g: =GXp[ —4ng(h —5)27], Di=o =10~
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592 D. Christodoulou

and

m:=£<1 —g>, & =2rDh,
2 g

we showed in [1] that the spherically symmetric Einstein-scalar equations are,
through the identification e’** =g, e*"*=g and ¢:=h, equivalent to the
equations

1 _
Dh=—(g—g)(h—h) and Dm= — &
21‘ g

The function m(u,r) represents physically the mass which at retarded time u is
enclosed within the sphere of radius r. The initial data of the problem is the
specification of the function h at u =0, namely on a future light cone with vertex at
the center of symmetry. The integral curves of D play an important role in the
problem and we call them characteristics.

In [ 1] we first proved the local, in retarded time, existence (Theorem 1 of [1]) and
global uniqueness (Theorem 2 of [1]) of classical solutions of the initial value
problem. We then proved that if the initial data is sufficiently small there exists a
global classical solution (Theorem 3 of [17). In [2] we studied the problem in the
large. We introduced the concept of a generalized solution of our problem and we
proved, without any restriction on the size of the initial data, the global existence of
generalized solutions (Theorem 1 of [2]).

In the present paper we study first the regularity properties of the spacetime and
the scalar field corresponding to a generalized solution (Sect. 1). Here the function &
plays a central role. This function is in physical terms the local radiative amplitude.
We also study the behaviour of generalized solutions at null infinity (Sect. 2). We
then state and prove the following uniqueness theorem (Theorem 1): a generalized
solution having the same data as a classical solution coincides with it in the domain
of existence of the latter. The proof of this theorem uses the quantity L, introduced in
Sect. 3, which is a measure of the difference between the two solutions. In Sect. 4 we
derive various estimates of which the main one depends on the spacetime integral of
the main integral identity of [2] and on an inequality in Orlicz spaces. These
estimates lead to an ordinary differential inequality which in turn leads to the proof
of Theorem 1.

We wish to note that for generalized solutions of the Navier—Stokes equations a
uniqueness theorem of the above type was proven by J. Leray in his original work of
1934 [3]. Despite the fact that we now have a better understanding of the regularity
properties of those solutions (see [4]), the situation regarding uniqueness has
remained unchanged.

In a subsequent paper we shall study the asymptotic behaviour of generalized
solutions as u — co.
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Section 1. The Structure of Generalized Solutions

We have seen in the proof of Theorem I of (2] that the restriction of ¢ to the
characteristic x,, (;r,) through each (uy,r,),r; # 0 belongs to L? (0,u,) considered as
a function of u. This implies that the restrictions of i and g to each y, (+;7,) belong to
H,(0,u,) and the restrictions of m and g are absolutely continuous functions of u.
Hence the tangent of each characteristic is absolutely continuous in the parameter u.
These results follow from the corresponding evolution laws.

In the course of the proof of Theorem 1 of [2] we have also seen that the metric
functions g and g are continuous with respect to r even at r = 0. However, this
property is not enough to guarantee either uniqueness or existence of characteristics
through a point on the central line r = 0. Nevertheless, since, g(u, 0) is a measurable
function of u and 0=<g(u,0)<1, we can define the measure g(u,0)du which
represents proper time duration on the central line. We note that the function g(u, 0)
may vanish for a set of values of u of non-zero du measure. Such a set will correspond
to a set of events on the central line whose duration as observed from infinity is non-
zero but whose proper time duration is zero.

Let us remind ourselves of the fact that the lines u = const represent future light
cones. If at a certain value of ug'/?¢/gr'/?e[*(0,r,) for some (and therefore for all)
7o > 0, we shall call the corresponding light cone “regular.” On the other hand, if at a
certain value of u the contrary is true, the corresponding light cone shall be called
“singular.” ¢ is physically the local radiative amplitude. By the definition of a
generalized solution g'/2&/gr'/2e 12((0,uo) x (0,7,)), uq, 7, arbitrary. Therefore at
almost all values of u g'/?¢/gr'?eI2(0,r,), ro arbitrary. Thus we have:

Corollary 1. The set of singular cones is of zero measure.
From Proposition 2 of [2] we have:

Corollary 2. On a regular cone £/G1/? is continuous and uniformly bounded and tends
to 0 as r—0.

Corollary 3. On a regular cone Dm—0 as r —0.

Let us consider the behaviour of the sectional curvatures. The nonvanishing
components of the curvature tensor are given by (4.8)—(4.12) of [1]. The sectional
curvatures for planes tangential to the light cones, that is K(,{,), K(/,{,) and

K1, G)
KL L) =KL EG)=—=(h—=h? K(,()="5

4n g 2m
7y 2

are continuous everywhere in the complement of the central line. The same is true for

R(n,CI’l’CO = R(n, Cz,l, CZ) :rﬂs.

On the other hand, the sectional curvatures for planes transversal to the light cones,
that is K(n,{,), K(n,{,) and K(n,I):

2 4 _ 2
Kn,) = Kl =", Kn, )= — e 27,
r gg r g r
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while continuous on each regular cone (we are excluding the vertices), may in fact
blow up at the singular cones. However, ateach r > 0: K(n, {,), K(n,{,)eL}(0, u,) and
K(n, )eI*(0,u,),u, arbitrary, as functions of u.

The following proposition clarifies the relation of the evolution law of & to that
of h.

Proposition 1. On each regular cone the limit

1
lim - jD< jhdr)dé
_ 0 €0 "
exists and equals Dh.
Proof. From the nonlinear evolution equation we can derive the evolution law of
1 r
~ [ hdr
v

for any given 6 > 0. We have:

D(%ihd;‘):%( fhd;—~h>+ j<1)h+ q(’h>d

lg r d 1 B
_2rv2<f 1—£hd1>~§rgh

0

1n/12g . Ch 10dg
+5<2m”+29af2“’7>d

- - 1 _ o 1 (/J

| R - 1 _.dr
~ 5,20°0h(0) 3 GO)H) K@) + 5 [alh— R

Now, on each regular cone

lim | g(h —h)—=¢.
5200 1

Also, by the bound (5.6) of [2] on h,
lim dh(5) =
-0

Thus, we need only show that

lim —- jg())hé)—h( 3))dd = 0.

e~0 €

r N 3 1/2 /¢ _ d}‘ 1/2
éjglh*hwi‘é(fgrdr) (]g(l1~—11)27>
0 3 !

< (r2/2>”2< . g(on)m.
4

But

[op——
Ql
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Therefore, by the continuity of g with respect to r at r =0,

e 1 v .
Ei 5))45._(8 G290 =9 g(0)12 50 as &—0.

We shall now show

Proposition 2. On a regular cone G/ h tends to a limit f as r —0. The function f(u),
which is thus defined for almost all u, belongs to I*(0,u,), uyarbitrary.

Proof. Consider the identity

. Ve dr [ (o &Y Tg—9) ,,dr
L |

r

This identity shows that on a regular cone the integral

ro ,dr

I(g g)h*— ;

is bounded by a constant independent of either r or r,. Also, integrating (1.1) with
respect to u shows that the integral

ko ro __dr
| J(g—gh*—du
o r r

is bounded by a constant independent of either r or r,. It then follows by monotone
convergence that (g — §)*/?h/r'/?eI*(0, o0). The identity (1.1) then shows that on a
regular cone the function g(h — &/g)? tends to the limit

2 ro
fz::[g—<ﬁ_§> :|r=r0+£(g g) “r j- d?‘

as r—0. Hence, considering the fact that on a regular cone §'%(h— &/g) is
continuous for r > 0, the function §/?(h — ¢/g) tends to a limit f = + \/— asr—0.
Therefore, since on a regular cone ¢/g/? - 0asr—0,5'/2h— fasr — 0. The function
f(u), defined in this way for almost all u, is then a measurable function of u. The
identity (1.1) implies, in view of Proposition 2 of [2], that the functions (Gh?)(-, r),
r> 0, are dominated by an integrable function of u. By the dominated convergence
thcorem we then have fel*(0,u,), u, arbitrary, and

jf du—llmj(Jh )(u, ¥) du
r=00
Corollary 4. For a regular cone h is continuous at the vertex if g is positive there.
Using Proposition 2 we can also show:

Proposition 3. For a generalized solution, the quantity
0

| h*(u,r)dr

0
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is an absolutely continuous function of u and
0[% 1= ~ d
—(I h*(u,r) dr) +5 [ Lg—ah* +gh— h)*1(u, N
6u 0 2 0 r

1
#3120 = (1 - g(u.0))
Y
Section 2. The Null Infinity of Generalized Solutions

Let us introduce the following notation. Given a function f defined in Q, the
complement of the central line, we shall write

f= Ok("_l)

if fand 0'f/or,i=1...k, are continuous in Q and at each u:f =O(r"') and
o fjori=0("""1),i=1...k, for r - o0. According to (5.2) and (5.4) we have

h=0,(72).
Let us set
N:= | hdr. (2.1
0
Then, since
N 1=
h=———[ hdr,
r ro
and
[ hdr=0,0"2),
we obtain:
~ N
h=7+02(r‘3). 2.2
It follows that
N2
g=1-27t—r2~+02(r_4). (2.3)

According to (4.7) of part I, the total mass M can be expressed in the form

M= {(—-g)dr

N —
o3

Then, since
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we have:

1—g=2TM——°f(1—g)dr 2.4)
Taking into account (2.3) we obtain from (2.4) that:

—1~2—A1+2nN +05(r7%). (25

At each regular cone we can define

= lim jg(h ﬁ)— (2.6)
-0 0
The function Z(u) is defined for almost all values of u. = is physically the total
radiative amplitude. It follows from Proposition 2 of [2] that Eel?(0,u,),u,
arbitrary. Since

N NM
E=E+———+0,(r73). (2.7
r r
We shall now find the relations between the functions N(u), M(u) and Z(u). Since
ON/ou 1<
oRJou = r/ " [ ohjoudr

and, by the nonlinear evolution equation, 0h/du = O(r~3), we have

oo aN/au

+0(r7?).

Since, furthermore, £goh/or = O(r~2), we obtain

Dh= @ +0(r2). (2.8)
On the other hand, by (2.7),
¢ ’ —2
== 2.9
DR 2r 2r o). @9
Comparison of (2.8) with (2.9) yields:
N =iz (2.10)
Ju

Taking the limit of the mass flux relation [(5.43) of [2]] as r; — o0 we obtain:

M(u1)+n£52du=M0. (2.11)
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Therefore

= —nE2 (2.12)

Also, the fact that M(u) tends to a nonnegative limit M, as u— oo implies that
Zel?*(0, cv). We then conclude from (2.10) and (2.12) that Ne H (0, uy), u, arbitrary,
and M(u) is an absolutely continuous function of u. The function 7.5 (u) represents
the radiative power at retarded time u. It may blow up at the values of u
corresponding to the singular cones. However, given any ¢ > 0 there exists a 6 >0
such that for all systems of retarded time intervals whose total duration is less than d,
the total energy radiated in these intervals is less than e.

From the expressions for the sectional curvatures given in the preceding section
we can obtain, using (2.2), (2.3), (2.5) and (2.7), their behaviour at null infinity. We list
below the leading terms:

n=?
K(nvgl):K(n>C2): 7'2 +
4TNE + 2M
K(n, )= _ 4 3+ )+...,

p
.. M
R(N,Qpl,(:l)=R(n,C2,1,C2)=r—3+

2M
K(C1a£2):r—3+ ey

47N?
K(L{)=K(L¢,) = %_, n

Section 3. The Uniqueness Theorem
The purpose of this and the last section is the proof of:

Theorem 1. A generalized solution having the same data as a classical solution
coincides with it in the domain of existence of the latter.

According to the above theorem a generalized solution is an extension of a
classical solution. Let h be a generalized solution and h, be a classical solution
having the same data

h(0, ) = hy (0, 7).

In this and the last section all quantities subscripted by a 0 shall refer to the classical
solution. The generalized solution is a global solution, while the classical solution
will in general have maximal interval of existence [0, u, [. We shall show that in any
closed subinterval [0, u, ] of the interval [0, u,[ h coincides with h,. We therefore
confine our attention in the following to a given subinterval [0, u,].

Let:

Bi=h— h,, 3.1)
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B=p-p2. 32
and
o =e" 48 (3.3)
We have
gla=e"go, (3.4)
where

o

= =82 [ (6= B — i) (33)

By Theorem 1, of [2] at each u: h — heI?(0, ), and
[ (h—h)*ar

0

is uniformly bounded in [0,u,]. It follows that the same is true for f—B. In
particular, at each u; § — feL!(0,1) and

im—mw

is uniformly bounded. Then, since dh,/0r is uniformly bounded, h, being a classical
solution in [0,u, [ x [0, 00[ = [0,u,] x [0, o[, the integral

@ﬁ—mm%mum

is bounded by a constant. For any given r, >0,

sup {r|lh—h|}

r2rg

is uniformly bounded in [0,u,]. Hence

sup {r|f — B}

r=1
is bounded by a constant, and since furthermore r?dh,/dr is uniformly bounded, the
integral

?ﬁ—mw%mnm

is bounded by a constant. Therefore

1 18— Bllohy/or|dr

0

is bounded by a constant. Hence

|w§8n@ﬁ~mm%mnmgc. (3.6)
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Here and in the following C denotes various positive constants (which may depend
on ug,). Since hy is a classical solution, g, is bounded from below by a positive
constant. We thus conclude from (8.4) that there exists a constant k > 1 such that

U g
! < g <k, and therefore also —=< 5{ <k 3.7
k™ a k=a

We now define the nonnegative quantities

= [t —w)dr (3.8)
0
and
Tg
= [=(1 —o)dr. (3.9
o

The quantities N and L are measures of the difference between the two solutions
h and h, at each value of u. If we were to set h, =0 in N and L we would obtain
N =L=2M, where M is the total mass corresponding to h. By (8.7) we have:

N
k

I\

L

IIA

kN. (3.10)

The fact that at each u(1 — ) = O(r ~?) as r — oc, implies that

05

a 2 12 0/1
ga(ﬁ B dr_47z£m8r(cx >—~—j(~—l>d(m —j(l—oc
Thus N can also be expressed in the form:
N =4 | g(/s —P?dr. (3.11)
0
Using this expression together with the corresponding expressions
MR =27 [ S — B2 dr, MLh] =27 [22(hy — Ro)? dr
09 090

for the total mass corresponding to h and h, respectively, and taking into account
(3.7), we can show that N, and therefore by (3.10) also L, is bounded by a constant
multiple of the initial total mass:

N,L<CM,. (3.12)

Our proof of Theorem 1 is by deriving an ordinary differential inequality for the
quantity L.
Subtracting the nonlinear evolution equation for h, from that for h we obtain

ohy 1 —
DB~ g~ DB~ P =4G— G050 + 30— 0— G+ Go)lho—F) (313)

where
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is the derivative along the characteristics of the generalized solution. Subtracting
also the evolution equation for h, from that for i we obtain

O n  _ _ 0Oh
/7—5}:—5“‘2(9_90)*

) .14
or (3.14)
Here
0:= hmjg B — B)4 (defined for almost all u) (3.15)
6—09

and

’ dr

=[G —go)tho — ho)—. (3.16)

0 r

We have 0= ¢ — {, where

r — dr
C = jg(ho - ho)i,
0 r
since
IC I _7
E I
0
The fact that oh,/0r and r? 650/61’ are uniformly bounded implies that {/g r and (/g

are uniformly bounded. By Theorem 1 of [2], g*/? £/gr*/?eI?((0,uq) x (0,7,)), 7o
arbitrary, and (by Proposition 2 of [2])

sup|(£/g""?)(u, )| € L0, uo),

r20

and at almost all u¢/g'* -0 as r—0. It follows that also g*/?6/gr'/?eL*((0,u,)
x (0,74)), 7o arbitrary, and

sup|(0/4"2)(u, )| € L* (0, u),

r20

and at almost all u6/§'*—0 as r—0.

The function B defined by (3.2) is weakly differentiable in the complement of the
central line. By (3.13) and (3.14) we have:

29 29

9t~ B7 + 28 @[Dﬂ AL EE _DB]§~

1 ° =~ 09 , ~ OB
=598 - B+ j (B—ﬁ)[é;(ﬁ )+a5
(B—Pp) o

27D g
r

(h

—h, d
g —go—g 0 e g 0%—}1
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Taking into account the fact that

159 _(/3 By (B-P° g ~, 0 [ gp—py
B+ g —ﬁ(ﬂ—mug[ - }
we obtain
© =l g - dr % . dr
DB=[(f~ )[E(ﬁ— )~0]r-2~+ [P, (317)
where
of ot oh,
= (g~ go) ’°+(g—go)< O’r——z°ﬁj~>~’] (3.18)

We shall now show:
Lemma 1. At almost all u
ODB(u,0)—0 as 6—0.

Proof. The function w, defined above, is uniformly bounded; hence the second
integral in (3.17) is bounded by a constant multiple of

_dr
f B—Bl--
Since at each u ( — B)eL}(0, 1), we have:

5172 pooou2

5]![3 /3!—~ glﬁ—/')"ldrﬂo as 60,

and
1
MIB m <5”2j"[/3—[?|dr—>0 as 6—0.
s1/2 0
Therefore
1 —di'
5j|,8*ﬂ]7~+0 as 6—0.
)
Since

sup {r[f — B}

r=z1
is bounded by a constant, the integral

[18- ik

is bounded by a constant. We conclude that at all u,

5C§Iﬁ~ﬁ_[%~r—>0 as 0—0.
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The first integral in (3.17) is bounded by 1J, + J,, where

@ o4
Jii=[ob— PP,

and
® _ o d
73:= 18— BIIOI:
By (3.7) we have

—zﬂ k © 0o dr
2 dmnyorr’

J <kfap—P)

Since o is continuous with respect to r at r =0, we have

2200 dr _ % 0

0 5 p 21 5 dr=o8")—u9) >0 as 0.
Also,

© Jo dr % Jol

5 [ DT <512 (g~ s12(1 — N

(Jzarr_ gardr S12(1 —a(0)>0 as §-0

We conclude that at all u,
0J(u,0)—>0 as 0—0.

We decompose J,(u,d) into:

10 ="] B BI04 | 1p—ple

2 2
e sin r

+jf|ﬁ—/3’||0$. (3.19)

Since 0/g'*r'2eI2((0,uy) x (0, 1)), at almost all u we have 0/g/>r'/>€12(0, 1). Thus,
taking into account (3.7) we can estimate:

(;1/2 _ d 51/2 _ d
5[ IB=RI015< | 18— Bl0~
S5 r o r
s51/2 _ d 1/2 51/202d 1/2
§<Ig(ﬁ—ﬁ)2—r> (J——r>
b} r s g r

51202 1/2
ékl/z(awl/Z)_a(é))I/Z(fB_dr_r> -0 as 5_)(),

L)
and

L i d L S
6 [ 1B—BlIOIS =618 Bl10)
0 r

o1/2

1 1/2 102 1/2
<o (for—p ) (1)

é 51/2k1/2<i‘0_2 ﬂ

172
> -0 as 0-0.
0og r
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Furthermore, since the integral

0 d
[1p-B%
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is bounded by a constant, the third integral in (3.19) is bounded by a constant

multiple of

sup|0|,

which is finite for almost all u. We conclude that at almost all u.
0J,(u,0)—»0 as 0—0.

The Lemma then follows.

d

The quantity L defined by (3.9) is a weakly differentiable function of u and

oL

azll‘i'lz,
where
®g 0o © 0B
I.=—([Z—dr=4 -
! (j)ozau ’ nigaudr,

and (see (3.4)):

g/oc)dr = Ojo(l - oc)e“’(qo—lk + %) dr.
0 0 0

Now, Lemma 1, together with the fact that at almost all u DB = O(r~

implies that:

{DBgdr= | DBd(rg) = — [ g2 ar
0 0 0 or

Therefore:

From (3.17) we have:
0 _
( =1y ?B>:~U(;_ 3B — Po.

2) and considering the fact that

«Q

Substituting this in (3.2

_(ﬁ E)Q 9_ —(%92),
or

and that at almost all u:0 —0 as r— 0, we obtain:

I,==210*+4n | §(f— p)wdr,
0

(3.20)

(3.21)

(3.22)

2)as r— o0,

(3.23)

(3.24)
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where
Ou): = 1im O(u,r); OeL*(0,u,).

Also, from (3.5), (3.13) and (3.14) we obtain:

a.p ~ a2h‘ L Oho (2B 0B
- 8f[ P aur 7%(5;“5;)]”

ph , 10k,
=8 j{ Yaudr 2ar[r @6~ B)"J’“’]}d

that is:
o 6h_0 0
Y anlogppran e
—8nf [(ﬁ B +3 @ :ldr, (3.25)
where
L 6250 1 _62h—
= Guar 29792 (3.26)

Section 4. The Orlicz Inequality; Proof of Theorem 2

To derive an ordinary differential inequality for L, we have to estimate dL/0u, given
by (3.20), in terms of L. In estimating I, we shall use the following:

Lemma 2. There is a universal constant ¢ such that
19— gol S c(1 —a)'2
Proof. Let
he=hy+tf, 0=t=1,
and let

AG): = ATh = | (b — P

Then h, = h and
19

gd—go= e—4nA(1) _ e—41rA(0) — j‘a(e-‘tmi(t)) dt,
0

since
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we have
g—0o= —87tj<j h, — h)(B — P)- ) —4nd® gy

Therefore (by the Schwarz inequality)

1/21

o d
lg—9gol = 8ﬂ<f(ﬁ~f>’)27r-> (f)A”Z(t)e_“”A‘”dt = 8nb-B'2,

where
b: = max {x'?e 4™},
xe[0 o]
On the other hand, |g — ¢g,| < 1. Hence:
) 1 . ()—41rB \ 1/2
|9 —gol = min {87h B2, 1} < (T;—Q‘T,Té—m) : O
According to (3.24),
I, <4n| [ §(B - P dr,, (4.1)
0
and form (3.18) we obtain
ég —Pllg— goi 2\ dr
7 ho 0hy 11
+ (gl =BG —dol| . ZA" dr +§6/[/3 [f[A—dz (42)
0

By Lemma 2 and (3.7) the first integral on the right is bounded by a constant multiple
of:

Zfefw—m(l — o)\ dr,

which in turn is bounded by (see (3.11)):

© - 1/2 / «o 1/2 N 1/2 . N
(!)O( B ‘B-Zdr> <£(1—O€)d7'> é(i;) N/2=2~“n1‘[§.

To estimate the last two integrals in (4.2) we shall use the following: For any function
fel?(0, ) we have fel?(0, c0) and
[72dr=a]f2ar 4.3)
0 0

This fact is seen as follows. Since 8f/dr = (f —f)/r and since

2= (jfd7> <

f*dr—0 as r—0.

Oty

we have:

frar=rp= oyt D gy
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that its:
r v v r V2/r 1/2
[fPar=(2fFdr—rf?<(2ffdr < 2<jf2dr> <ff2dr> .
0 0 0 0 0
Therefore,
[frdr<4f f2ar
0 0
holds for every r, from which the result follows. Setting now
p= (1 —a),
we have by Lemma 2:
|g—gol = (J;|g —goldr =cy.

Thus, the second intergal on the right in (4.2) is bounded by a constant multiple of

[alp— Blidr,

0

which by (4.3) is in turn bounded by:

1/2 /o 1/2 N 1/2 © 12 N
( ﬂw~mwﬁ (ﬁmQ §<%> @!ww> -

From (3.16) we obtain

o= §

>
I

=

IIA

|G — goldr < Ccy.

R

C
r

Ot

Therefore, the third integral on the right in (4.2) is bounded by a constant multiple of

[alp—pl7ar,

0

which, applying (4.3) twice, is bounded by:

w 12 (e 12 N \1/2 ° 0\ 2N
(Joro—prar) (Trar) " s(3) (6] rar) = 2%

We conclude from the above that I, is bounded from above by a constant multiple of

N:
I, <CN. (4.4)
We now turn to I,, which, according to (3.22), is equal to I, ; + I, ,, where
o 0
I, ,= j(l — oz)e"’goidr, 4.5)
’ 0 ou
and
® 0
L, =[(1—a)er . (4.6)

0 ou
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The quantity dg,/du is uniformly bounded, h, being a classical solution. According
to (3.6) Y is also uniformly bounded. Thus I, , is bounded by a constant multiple of
N. We are therefore left with 1, ;. The quantity dy/du is given by (3.25). The third
term in (3.25) can be shown to be uniformly bounded. Therefore the contribution of
this term to I, ; is bounded by a constant multiple of N. The contribution of the first
term in (3.25) to I, ; is bounded by a constant multiple of

0

g(l —a)a|p— pldr,
which, since 0 <1 —a <1, is in turn bounded by N/2n'/2. We are left with the
contribution of the second term in (3.25). We have thus arrived at this point to the
following conclusion:
°° ©|0hy |10
ILLSCN+C[(1 —a)<§ . Udr>dr. (4.7)
0 vlor|r

Since the integral .
[ |0ho/or|dr/r
1

is uniformly bounded, for r = 1 we have

d <Csup|9|
" o

Also, since dhy/dr is uniformly bounded, for r <1 we have

< |0h, I()l aE oh,
ol o= el e 1 5

or

10 1/2 1d 1/2
_C[<j-r~dr> <j-’> +sup|0|:|
0 rr r

< CH(w)[log"?(1/r) + 1],

where

102 1/2
=<f7dr> +sup|d|. (4.8)
0 r

Since 0/r'?el?(0,uy) x (0,1) and
sup [0e L*(0, uy),

the function H(u) belongs to L*(0,u,). We conclude from the above that:

© o ah_o
(j;(l —d)(}!: W —dr)dr
<C {i(l-a Ylog!/2(1/r) dr+j (1—a)d } 4.9)
0

We shall now show:
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Lemma 3. There is a universal constant ¢ such that

L 1

J(1 —a)logh?(1/r)dr < cN(l + 10g<1 + N))

0
Proof. Let us recall the following [5]: If 2is a domain in |R" and A is an N-function,
the Orlicz space L ,(£2) is defined to be the linear hull of the set of all measureable
functions f defined on 2 and such that

LA(If(X)I)dx < 03

it is a Banach space with respect to the norm

1 aa= inf{k>o; §A<M>dx . 1}
o) k

If A and A are complementary N-functions, the following inequality holds:

220 filaall /2l 0

[ f1(0)f2(x)dx
2

We shall apply the above to the case where 2 =(0,1),4 and A are the
complementary N-functions

A) = (1 + t)log(1 +1)—t
and
At)y=e'—t—1,
and f; =1 —a and f, =log?(1/r). Then

1
g(l — a)log!? (1/r)dr < 2[/(1 — &) [ 40,1, 108" (1/) | 10.- (4.10)
We have

iA(log”z(l/r))dr = }(6'°g'”(1/r) —log""?(1/r) — 1)dr
0 0

(€s1/2 _ Sl/2 _ l)e—sds =g,

o= 8

where ¢ is a finite constant. Hence
Iog"(1/r) | 40, S € (4.11)
Now,
(=) 40,1 = N1 =) 40,0095

and

11 = )40, =inf{k>0:of[<l 44 _“)>1og<1 + U _°‘)> G “)]drg 1}.
0 k k k
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For t 20 it holds:

(I+tlog(l+1t)—t=Zlog(l +1).

Thus, taking into account the fact that (1 —«) < 1, we obtain:

j{(l L4 ;“)>1og<1 LU ;“).>_“ ;1)}{1‘
4]

(1 - -
< Jfg———i)log<l oy
0

where

k

— v
log(l + —)
k

We conclude that if for a certain positive value k; of k f(k,) = N, then [[(1 — o)l 40, )

Jlk):=

<k,. Let
1
k1:=N<1+10g<1+——>>. (4.12)
N
Then
I\
<1 +10g<1 +ﬁ>>
Sf(ky)=N- T T >N,
logl:l +— — ] :|
N{1+1 1+—
(1e(1e3))
therefore:
H(l‘a)”A,(o,ao)§k1- (4~13)
Considering (4.13), (4.12) and (4.11), the lemma follows from (4.10). O

From (4.4), (4.7), (4.9) and Lemma 3, together with (3.20) we conclude that:
oL 1
—=<C,N+C,HN +C3;HN| 1 +log 1+N . 4.14)
du

Thus, taking into account the facts that (see (3.10) and (3.12)) N/k < kN and
L<CM,, we conclude:

<

|

oL 2
‘<1 +H)Llog<£LM£>. (4.15)
u

(o))
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Let us set:
x:=L/2CM,, (4.16)

since L(u) is an absolutely continuous function of uin [0, u, ], the same is true for x(u),
and we have 0 =< x < 1/2. According to (4.15) x satisfies the ordinary differential
inequality:

dx 1
—< — 4.17
i _axlog<x>, ( )

a:=C'(1+ H).

Since Hel?(0,u,), the function a(u) also belongs to 12(0,u,). Integrating (4.17) we
obtain:

where:

log (1/log(1/x(u))) —log(1/log (1/x(0))) éf
0
which yields
() < (x(o»fi""" (4.18)

The exponent of x(0) in the above inequality is less than 1 and decreases
monotonically with u. But since ag1?(0, u,), and therefore a fortiori ae L*(0, uy), this
exponent is greater than 0. Hénce ¥(0)=0 implies x(u) =0 for all ue[0,uy].
Now, the fact that the initial data of i and h, coincide implies that L(0) = 0. Thus,
in fact, x(0) = 0, and therefore L(#) = 0 for all ue[0,1,]. It follows that o = 1 for all
(u,r)e[0,uqy] x [0, co]. Hence, f — f =0, that is, 0f/dr = 0, for all r and all ue[0, u,].
Since at each u f—0 as r— co, we conclude that =0, hence = 0. Therefore
h=hy on [0,uy] x [0, co[, and the proof of Theorem 1 is now complete.

We note that the generalized solution may not be unique beyond the domain of
existence of the classical solution as there may be bifurcations across the singular
cones.
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