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A Proof of the Axial Anomaly
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Abstract. The local form of the axial anomaly with both left and right-handed
gauge fields and a metric present is given and proved using the families index
theorem

The axial anomaly is the variation of the determinant of the Dirac operator ψ
under axial changes of the gauge field [1]. More specifically, the zeta-function
definition of operator determinants gives that lndeti?) = — |(finite part at 5 = 0)
(d/ds)Ύτ(P2)-s. Under a variation δp = {αy5,^}, δlndet If) = 21imTrαy5(^>2Γs.

S-+0

Thus all we need know is HmTr'y5(|)2)-s(x,x) = lim(l/Γ(5))|τry 5Γ s" 1

s->0 s^O 0

e~Tlf>2{x,x)dT, which is given by a certain term in the asymptotic expansion of
e~ T]/>2(x, x). It has become clear that the nontriviality of this variation is related to the
topology of the space of gauge fields modulo gauge transformations [2]. We wish to
show that in fact the exact form of the anomaly is given from topological arguments.
In the physics literature the above heat kernel term is computed by expanding the
kernel perturbatively around the flat kernel [1]. We believe that the following is the
first nonperturbative (i.e. nondiagrammatic) proof of the axial anomaly in arbitrary
dimension. The situation is similar to the special case of vector gauge fields, in which
the heat kernel expansion of the square of the Dirac operator can be used to prove
the index theorem [3]. With axial gauge fields present the direct analysis is
surprisingly complicated. We work backwards and use the families index theorem
along with invariance arguments to derive the expression for the local anomaly.

In the physics terminology, Lemma 2 below is the Wess-Zumino consistency
condition and Lemma 4 amounts to showing the uniqueness of its nontrival
solution.

Let Λ + , A~ be connections on a principal G-bundle G-+P-+M with G a
compact Lie group and M an even rc-dimensional closed Riemannian spin manifold
with metric g. Let V be an associated bundle to P and let S = S+ ®S~ be the
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spinor bundle over M. With the Clifford algebra {γi9yj} = 2δij9 define ε = ίn^-^2

7i...yπ, so that (l/2)(l+ε) is projection from Γ(S) to Γ(S+). Define @Λ:
Γ(S+®V)-+Γ(S-®V) as 0A=-ίyj(Vj + Aj), and define #>^-:Γ(S®FH
Γ(S(g) V) as lf)A+iA- =<βA+ + $A-. Let τ denote a spinor trace, Tr denote a matrix
trace and Tr denote an operator trace.

Let αn(x)eΈnd(V ® S) be the nth term in the asymptotic expansion
2

e-τ»*+-*-(x,x)~ T~n/2 £ fl|(A+,i4-)
i = 0

Lemma 1. Under the isomorphism between Λ°(M) and Λn(M)9 τ(s(an(Λ+

9Λ~) +
an(A~,A+))) is a differential form on M which is a polynomial in A+, A~9 g9 g~x

and their derivatives.

Proof For convenience write V = (1/2)(A+ +A~) and A = (1/2)(A+ -A~\ so
that P2

A+ A- = l-iyj(Vj+Vj + εAj)]2=-DjDj + E with Dj = Vj+Wj9 Ws =
Vj + 2εσjkΆk, and -E = ^(Vi3 + εAi}) - (l/4)R + εb.A, + (n - 4)σij[Ah Λj] +
(n - 2)AiAi Here Vυ = (l/2)(Fμ + ) y + F(A ") y ), 4 y = ( l /2)(Fμ + ) y - F(4 ") y ),
β ^ = V ^ + [7£, ̂ ] and σ« = (1/4)\_y\ y*].

Then an(A+,A~) + an(A~, A+) is ^/detgr times a polynomial in W,E,g,g~x and

their derivatives [4] which is even in A. The ε terms in £ and W always accompany

one A, and so there is one net ε in ε(an(A+,A~) + an(A~,A + )). But τ(εΠy)

always contains a factor ε μ i μ 2 " μ n = ( v/det^)~ 1[ iu 1 . . .μπ] and the factors of

y/detg cancel. •
By a faithful SU(AΓ) representation of G we can hereafter assume G = SU(ΛΓ)

with AT arbitrarily large. For a polynomial ω in ^-valued forms with value in the
universal enveloping algebra of g we do not assume a priori that ω is symmetrized
in its components. If ω is a sum of terms of the form φx A φ2 Λ ••• Λ φj9 let
sω be the sum of (1//!) £ + 0 σ ( 1 ) Λ Λ φσ(j) with the signs chosen such that

if {Φi}i=ί were all [R-valued then sω = ω.

Theorem. sA = $)s(τ(ε{an(A+,A~) + an(A~,A+)))) is given by the following
algorithm: Construct the secondary characteristic class

Λ (TF+ + (1 - T)F~ - Γ(l - T)(A+ -A-)Λ (A+ -A~))kdT.

Under an infinitesimal gauge transformation write (d/dβ)\β=0Sk(A+ +
βDA+X,A-ί) = dΎr(XBk) for a local expression Bk(A+,A~). Put B(A+,A~) =

JΓ Bk(A+,A~). Then sA = the Λn part of B(A+,A-)A(g).
k = 0

Notes. 1. In general τ(εan(A+,A~))φτ(εan(A~,A+)).

2. The symmetrization 5 ensures Bose symmetry. An explicit calculation in

n = 6 shows that it is necessary.
3. Let UeΓ(AdP) be a gauge transformation. We can write Witten's

remarkable low energy anomalous Lagrangian L [5] as dL = Sn/2(UA + U~1 +
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UdU~1,Λ~). (This L differs from that of [5], which uses a different subtraction
scheme and is not independent of the choice of trivialization over M = IR4).

As in [3], the metric must enter in a polynomial in the Pontryagin forms. Let
V and V be vector bundles over M and M' with connections A±

t Af±. Take
{7M® 1> 8M®7M'} a s generators of the n + n' dimensional Clifford
algebra. By separation of variables,

k

The proof of Lemma 1 shows

^ - ^ + ) ) ) = 0 for i<n.

Because ΪΦn+n'(an+ΛA + ®A'\ A~ ®A'~) + an+AΛ~ ®Af~,A+

is c o m p l e t e l y skew o n M x M\ it e q u a l s ^τ(εn(an(A+, A ) + an(A , ,4 + ) ) ) x

HΦn'(A'+, A'~) + an{A'-> A'+))). Write AM = ̂ Tn.3(A\ A~9 n)PJpM9 n)

with PjeΛs(M). We have Tn(A+\A~\ή) = Asn and PJ[pM9n) = Άn(g). Taking a
connection over M = Sι x N pulled back from

i ϊ

with N an arbitrary n — i dimensional spin manifold and applying the above, we
obtain Tn-j(A+,A~,ή)=Tn_j(A+,A~,n- j) and P/pM, ή) = λfg). We can hereafter
assume that M is isometrically Sn.

For large 5, let 51 denote the space of Hs connections on P and (5 denote
the group of Hs+1 gauge transformations (base-preserving automorphisms of P)
{φ:φeΓ(AάP), φ(oo) = I} which are fixed at some ooeM. Then © x ( δ - >
ϊ l x 21 -> (91 x 9ϊ)/(© x (δ) is a principal fiber bundle and ^ defines a vertical
1-form ω on 91x91 by ω(F x, F y ) Ξ ω ( ( d / ^ ) | / ? = 0 ( ^ + +~βDΛ+X)9 (d/dβ)\β = 0

(A- + βDA-Y))= $ +

Lemma 2. Upon restriction to a fiber, ωei/1((5 x ©,R).

Proof. In general let O(α, β) be a smooth 2-parameter family of elliptic operators
on cross-sections of a vector bundle over M with positive-definite symbol. Let ωτ

be the 1-foπn Tr(dO/doc)doc + (dO/dβ)dβ)e-τo. Then

M-voM ,V_T)O _M_VOM )O

\dae dβ dβ6 da

-dVdocΛdβ = 0.

We apply this to O = ]f)2

A+>A- with A+, A~ lying on a fiber of 9Ϊ x 9ϊ. Let
(g(β% h(β)) be a smooth 1-parameter family in © x © with g(0) = h(0) = /



374 J. Lott

and let (A+(
(β)dh(β)). Then

p\e -τp2

= 2Tr
dβ

l + ε , - i 1 - ε _ t

and so

1

Γ(s)l

= 2Tr

dβ

dβ ig-h) \εp
1 = 0

(g-h))εp2e-τφ2dT

-f t ) )εe
0 = 0

e-τt>2dT

— m e~mlτ

e
(g-h))εe-τ*>2dT

i = 0 )

defines an element of #*(© x ©, R) for m φ 0. Taking s->0 and m-»-0 gives that

)}•
0

dβ β = 0

{g-h))βe~τφ2dT

β = 0

(g-h)ε

also gives an element of H1^ x (5,R). The second term of the 1-form is clearly
closed. Symmetrizing in A+ and A~ gives that ω is closed. •

Because PA+.A- ^S a relatively compact perturbation of the self-adjoint
operator φΛ+tA+9 its spectrum is not C and so it has discrete spectrum {λj}
with \λj\-• oo. If P is the projection onto Ker $)2, define A = ̂ 2 + P. Let ̂ 4 + (β),
i4-()8) be a family as above with (d/dβ)\β=0A

+(β)=Vx, (d/dβ)\β=0A-(β)=Vγ.
Then with a fixed branching of C,

-s-l
dβ

= Ίj(ί-P)(X-Y)εΔ
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and

λi=-ΎτP(X-Y)εMm Σ
s^oλψO

We can do the same with (l/>2)\ having conjugate spectrum and, say, projection
Q onto its kernel. Because Index{ψ — λjl) = 0, the multiplicities of λj for ψ2 and
Ij for (]p2y are the same.

Let A±(<x,β) be two smooth families: D2->5Ϊ with dD2 mapping to a fiber of
91. As J/>A+,A- varies over dD2 only a finite number of λt will wind around the
origin. For these λt the conjugate λ{ will wind in the opposite direction, giving
lim f (λΓs~1 dλt + If8'1 dλt) = 0. Thus

0= f (-TrP(X-Y)ε-TrQ(X-Y)ε + 2ω(A+,A-)(Vx,Vγ)).

Now Tr P(X - Y)ε + Tr Q(X - Y)ε = Tr|K e r^+ (X -Y)- Tr|K e r ή_(X - Y) +
T r | K e r ^ - ( * - y)-Tr | K e r r t + ( X - 7). Let ZA = K e r ^ - K e r ^ + [ m ] b e
the index bundle for # over D2, with [m] a trivial bundle pulled back from
9I/(δ. Let PZd denote projection from Γ(S®V) to the fiber of Z over
and define a connection </> on Z by φ(d/ds)(ξ) = Pz(dξ/ds) for ξeΓ(Z).

Lemma 3. J c ^ K Z ^ J - ^I(Φ)(ZΛ-) = {Vin) j^ω{A+,A~).

Proof.

= ^-: $Trφ(ZA+)
2πι dί2

Doing this also for ZA- gives

= ί
dD2

Let γ: [0,1] ^91x21 be

Then (image y) is a deformation of (A+,A ){dD2) and

J ω{A+,A~)= j

= i j 2 ( T r | K e r ^ + X - T r | K e r ^ _ X - Tr|Ker^_ Y + Tr|Ker,t_ Y). D
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Let ξt be an orthonormal basis for Index $A ->91. Then φ^d/ds) = < ξi9

(d/ds)ξj}. Under a gauge transformation we can assume ξ^gξi and φ^d/ds)^
φij(d/ds) + (κξbg~\dglds)ξjy. Thus Ίτφ is ©-invariant and the ©-induced
vector fields on Index φA-* 91 are horizontal for Trφ, giving a U(l) connection
on a line bundle over 91/©. Now c1(Tr0)eflr2(8I/©,R) = flrl(®»R)-
(πw + 1(G)/[πM + 1(G),πn+1(G)])(χ)R, which is R for large N [7]. The families index
theorem gives an alternative form of this cohomology element [8-10]. Consider

9txP-+(9IxP)/©

π| I

9IxM->9I/© x M

and put a ©-equivariant connection η on ®->9ϊxP->9IxM. Then c^) =

(chf/%))in//2(9I/©,R).
We compute the image of c^φ) in H 1(dΰ,R). Take

(yl + βB\ V ) = ((D%DA)~1DA

iB)(p) +n(A,P\dβ

Put 5 = JB-Di4(ί)5Dil)"1D5JΪ and e = C-Di4(DJZ)il)-:ι2)JC. The curvature
of η is

± + βQ,w
β = 0

1 Σ IBJ> CJ](P) + FΛ(V, W) + ̂
j

Take M = Sn, so A(g)=l and fix the connection ηo = 0 + Ao. Because
ΐ(M)Trί2o/2 + 1 =0, the image of c^φ) is given up to a constant factor by the
restriction of the secondary characteristic class

ί(M)Ύv](η - η0) A (TΩ + (1 - T)Ω0 - Γ(l - T)(η - η0) A (η - ηo))nl2dT

to a fiber. Acting on the tangent vector Vx, this is

ί(M)Ύr](X(TF + (1 - T)F0 - Γ(l - T)(A - Ao) A (A- A0ψ
2

+ M/χ \A - A0) A (TF + (l - τ)F0 - r(i - '

Λ (Γ(l - Γ)(Zμ - ^o) -(A- A0)X)) A (TF + (1 - T)F0 - Γ(l -

Λ μ - ^ o ) ^ 2 " ^ 1 ) ^ - J TτXBH/2(A9A0).
M

We now show that i/^© x ©,R) is the only obstruction to integrating the
anomaly.

Lemma 4. For (A+,A~)E<H X 91, let σeAn(M)®g be a polynomial in (A+ — A~),
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F+ and F~. Define a vertical I-form on 91x91 by (ώ(Vx, Vγ) = | T r ( X - 7)
M

σ(A + ,A~). If ώ is trivial in H1((5 x (5,R) when restricted to a fiber then sσ = 0.
Proof. Let ξ^1 denote the connected component of the identity of the Hs+1

automorphisms of P (not necessarily base-preserving) which are the identity at oo.
Let e be {AeW:heξ>ί9 h-AφA} and ξ>2 = {(Φi> Φiϊe&i* &i'>πφi =
πφ2}. There is an action of 9)x on K x S induced from its action on (£.
Arguments such as those in [11] show that for large N9 (£ is open and dense in

91 and E x ( E % x ty/fa i ( C x (E)/£2 are fibrations with (C x <£)/
πi πz

§ ! and (G x £)/§ 2 being H s Hubert manifolds. Because ώ restricted to (£ x £
is § ! invariant it descends to dx(ί/ξ^ί. On a local trivialization ©-•
( ( K x e ) / $ 2 ) x ® ^ ( ^ x % we can find a smooth / such that (Vx,VYy
%*f = ώ(Vx, Vγ). Using a smooth partition of unity (these exist for Hubert
manifolds) on (£ x &/ξ>2

 w e c a n extend / to a smooth function / on © x ©/§!
and hence to a smooth f = πff on ί x C which is ξ>x invariant and satisfies
(Vx,Vγ)f = ώ(Vx,Vγ).

Fix Aoe<£ and consider the Taylor series

/ = Σ < 2 M + * P = Σ < f k b k
k + l^p k + l^p

with fklε( Q<) iί^Λ 1 ®^))*. The infinitesimal automorphism of P given by

parallel transporting with respect to Ao over a vector field V changes A by

δAv = (Aμ - AOβ)VvV» + V"(DAω(A - A 0 ) v + F(A0)ωv - [(A - A 0 ) ω ,(A - A 0 ) v ] ) .

We can treat the VvF
μ part of this as an independent variation. Then

o = < W = Σ </*b Σ ( Θ ( ^ + - A O ) ) ® V V V » ( A ; -AOμ>

Σ (®(A+-
m^/-l

(i-m-1)

(x) μ--A0))> + δvκRp.

As this is true regardless of VvF
μ, /fcjZ must be supported on {(m l5...,m fc+z):

i,mj = m̂  for some j ^ i} in Mfc + i. As / M is a vector-valued distribution, it must
locally be ΣTiΠδinij — mjJDimj)) with each D a vector-valued distribution
on M and each T a differential operator, each mt occurring in at least one δ in

each term of the sum [12]. That is, QkA has the form £ Π ί Pi

Pi a local function of A+ — Ao, A — Ao and their derivatives, and possibly of
meM. Again by automorphism in variance there can be no explicit m dependence
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and the spatial indices must be contracted with saimmMn. Because (Vx, Vγ)f has
only one M integration we may remove any term with r ± 1 and preserve (Vx, Vγ)f
Each factor of A+ — Ao or A~ — Ao has a spatial index and so we may take
/ = j p with P a polynomial of degree ^ n. Because Ao was arbitrary we can

assume P is independent of Ao. Using the Bianchi identity and synchronous frames
first for A+ and then for A~9 we can write P as a polynomial in A+, A~,F+ and
F~. Because P is H1 invariant, P must actually be a poynomial in A+ —A~, F+

and F~.
As j Tr(X - Y)sσ(A+,A-) = (VX9 Vγ) J sP{A+,A~)

M M

we can take

sP(A\A~) = sΎr Σ cjkl(A+ -Ay A (F+f A {F')K
j+2k + 2l = n

Then

{VXiVγ)\sP{A\A-) =
M i

k-ί

(A+-A-y

M jkl \ m = 0

fe-1

m = 0

Λ (F+f A (F-)m A [F-, 7] Λ (F-y-m - 1 1 = 0. D

Proof of theorem. By Lemma 1, Tn is a polynomial inA+,A~ and their derivatives.
By Lemma 2 and Lemma 3, it is proportionate to Bn/2 in iί1((5 x ©,R) = R0R.
By Lemma 4, sTn is proportionate to sBn/2 = Bn/2. The normalization is fixed by
requiring that when A+ =A~ one recovers the integrand for the spinor index
theorem. •

Note. After this work was completed I learned of reference [13] which contains
a more complete topological discussion, along with the extension to the gravi-
tational anomaly. For a different treatment of the subject I recommend the paper
of Alvarez-Gaume and Ginsparg [14].

Acknowledgement. I am grateful to L. Alvarez-Gaume, R. Bott and D. Quillen for illuminating

discussions.
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