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Vacuum Charge and the Eta Function

John Lott
Department of Mathematics, Harvard University, Cambridge, MA 02138, USA

Abstract. The vacuum charge of a second quantized spinor field in a static
classical background field on a static spacetime is studied. When g,,=1 the
vacuum charge is shown to be essentially the eta function of the spinor
Hamiltonian at s=0. This is computed for compact and noncompact spaces
and a boundary dependence is derived in the latter case.

1. Introduction

A phenomenon of current interest in quantum field theory is the possible nonzero
electrical charge of the vacuum state. Jackiw and Rebbi showed that when a
fermion field is second-quantized in the background of a soliton the ground state
can be degenerate with the different vacua having half-integral charge [1]. Later,
Goldstone and Wilczek demonstrated that any vacuum charge could be obtained
if the conjugation symmetry of the fermion in the external field is abandoned [2].
Their method of calculation was to sum the Feynman diagrams for the expectation
value of the current of a free fermion in a slowly-varying background field. We shall
show how the vacuum charge can be computed nonperturbatively in the most
general static case by identifying it with the eta function of spectral geometry.
For an elliptic self-adjoint pseudo-differential operator H acting on cross-
sections of a vector bundle over a compact manifold M without boundary, the eta
function is defined as ny(s)= Y A4;]4] !, where the sum is over the nonzero
AiFO

eigenvalues of H [3]. Although this series only converges for
Re s>dim M/order H, it can be analytically continued to the whole s-plane. Its
value 754(0) is a regularized measure of the spectral asymmetry of H. Remarkably,
Ny is always holomorphic at s=0 [3, 4]. This value #,4(0) enters in the integral
formulae for characteristic classes of a manifold with boundary [3].

We shall show that on a compact manifold the vacuum charge essentially is the
eta function. We also show that a natural extension of the eta function to
noncompact manifolds gives the boundary dependence of the vacuum charge
found in [2], but generalized to the case of an arbitrary static Hamiltonian.

2. Vacuum Charge in a Static Spacetime

Notation. Greek letters will denote four-dimensional indices and latin letters will
denote three-dimensional indices. We let |/g and |/ g'® denote the four- and three-



534 J. Lott

dimensional volume elements. The Dirac matrices {y*};_, satisfy {y*,y"} =2n*"I
=2(26"°6"°— ") I, and 2* = 1[y* y*]. All curvature conventions are those of [6].
Let 7 denote a matrix trace.

Suppose that Z is a static spacetime, meaning that there is a timelike Killing
vector field 0, such that the vectors orthogonal to d, form an involutive
distribution. If the maximal integral submanifolds generated by this distribution
are compact and oriented and if the flow lines of d, are topologically R, then we
can take Z to be isometrically R x M with M compact and oriented, and with a
metric

ds2=g00(x)dt®d[—— > 3gij(x)dxi®dxf.

15i,j<

For a spinor with no external fields the equation of motion is
3 .
VOB = —iy’y V= —i(eo+1/2L o2 )p— by %V
=

1 .
= —i<~—— 0o+ 1/2ra,,02“ﬁ> p—iy*y V=0,

Vd0o

and so Ey=i0qp=1/goo(—iy°y'V;—i1/2I ,;0Z*)p=Hy gives the Hamiltonian
H, which is formally self-adjoint with respect to the 3-metric volume form.

To find the vacuum charge Q= [ <J°(x)>]/g®d>x at a fixed time, we Wick-
M

rotate from the regularized (negative-definite) Euclidean version of R x M with
metric

d$? = —goodt@dt— Y L {(x)dx'®dx’, connection,

1=ij=

Y { Faz/iy lf a,ﬁ,)):l:o

Iypy= .
apy Iy, if =0 or B=0 or y=0, M

Dirac matrices 7° = —iy°, =9 and D= —i§*V,. For invertible & define
{J*(x)> = (finite part at (f.p.a.) s=0) iet(j*D(P?) 2 - 1) (x,x), 2
[7] (provided that the vacuum is nondegenerate). Then I7I<J #(x)>=0 and
Q=(p.a.s=0)ie [ t(°DDB?) 2 ) (x,x)|/¢dPdx. 3)
M

Proposition. If' H is invertible, then
e s
Q=(f.p.a.s=0)Tr—§|/g00H(H2) 2 4
Proof. We have Q=(f.p.a. s=0) Q(s) with
Q) =ie [ <(°P(°D)'7°D) 7 ) (6, 0|/ g% dx.
M
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1
Because 7°P'= ———(id, +iH),
Joo

L ((E+1H)((E—1H) (E+iH)) 2 (x,x)md%c)

M —o Joo

=—ef T dE }O (—%sinE>y‘s‘1——1
M mo 2 I/ 900

-1
(E—iH)gL(E +iH)+ u2> > (x,x)dudE)/ ¢ d*x
00

X

Q
TN
=
/N 8

® dE * 2 . ms\ _._ _
‘-—e_j E£<—;Sm?># 3 1TrH|/ Joo(E*+H? 4+ 1?g40) dp

® 2 . ms\ _ _
=—1/2e(f)<—;sm7),u Y Tr)/goo H(H? + p?goo) ™ Pdp.

Everything here is implicitly analytically continued from Res>dim M. Now,

Q(s)= —1/26*1—050 OJO (— —sin 2> TSTIT U2 Tr)/go He T #2900 4y d T
77w 00
1 |®® 2
=—1/2e—[§ j(——sinn—s>u‘s‘1T_“2Tr JooH
nloo i 2

2 2 0 ©
e THTRD g gT 4 <——sm7r ) [ fps—rr12
i1 2)00
T
. Tr gOoH<£e_V(H2+”2900),U2(1—goo)e(V_T)(H2+#2)dV> d,udT].

. . . . . TS
The integral in the second term will not have a pole in s to cancel the sin—- factor,

and so

@ 2
Q(S)N'—l/zej. (“‘ ;Sin%s>‘u_s_1 Trl/gOO H(H2+ﬂ2)—1/2d'u,
0

and
s—1

0=(fpa.s=0)—1/2eTr}/gooHH?) 2 . O

If goo =1 and H is invertible, then this shows that Q = —1/2 eng(0). If H is not
invertible the prescription for a compact Z is to use the Green’s operator for P in
(2). Suppose that we approximate Z=R x M by Zp=S'x M, where S! has a
radius R. Let H have cigenvalues {1,}. Then on Zp,

0=(pas=0) ¥ le(ll)/((R) 12>2 !

2nn/R+iA; 0

—(fp.a.s=0) ¥ le(zz)/«z;”)z zZ)"“
e
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As R—oo this becomes (f.p.a.s=0)— g > 403 Thus we take
A F0

Q= —1/2eny(0) for all H.

The preceding analysis extends easily to the case when H has time-independent
external fields in it to give the same answer (4). It also extends to an arbitrary
number of dimensions.

3. The Case of a Compact Space

Tosumup, if Z=IR x M (M a compact oriented spin manifold of dimension m) has
Lorentzian metric  ds’=goo(x)dt*— Y  g;(x)dx'®dx’ and H, the

1<i,jSm

Hamiltonian for a spinor particle, is a self—adjomt pseudo-differential operator on
I? cross-sections of E, a vector bundle over M, then the vacuum charge is
s+1

Q=(fp.a.s=0)—1/2eTr)/gooHG * ,

where G is the Green’s operator for H. If g is not 1 this expression will generally
have a pole at s =0. The residue of this pole can be easily calculated. First suppose
that H is invertible. We have

_sZt 1 d 1-s
H(H?) * (X,X)=EE (H+eD?) * (x,x).
=0
Using (H*) *= F(l 5! f T* 'e~TH’QT, and the asymptotic expansion

e TH(x, )~ 3 E(HY ()T
n=0

Ress=0Q(s)=Ress=OT( —12e— M(x) ((H+81)2)%(x,x) g<'">d'"x>

Ele=0

1
= _ 2 -
Ress—oT -1/ ‘15 |/ 9oo (x) ,F s—1
2
j‘ 2 —T(H+sI)2(x’ X)dT g(m) d™x
0
1

=Ress=or< ~1f2eq— Va(x)

s—1
(3
s—3 o

T 2 Y E((H+cD)?)(x) T%dT g™ d"‘x)

o8

d
et (1& ]/gz(x) e

—

= E,i1(H+eD)?) (%) g"”’d'"X>- )
2/ n
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This expression can be computed by the formulae of the next section. If H is not
invertible let P be the projection on Ker H. Then for a0, H + o.P is invertible and
Op +.p(5) — Q(s) is holomorphic at s =0. Applying (5) to H + «P and letting « go to
zero, we have that (5) holds for all H.

For goo=1, Res,-,Q(s)=0 and Q = — 1/2 eny(0). The %4(0) function can easily
be computed by varying H [3]. Suppose that H(e) is a smooth one-parameter
family of invertible first-order differential operators with the same first-order parts.
Then

d -1 dH St §
a;TrH(HZ) 2 = -sTr%(Hz) 2.
The heat kernel expansion gives

d dH -

el — . _ wr ® _THZ
gp 0= lim =sTrog, <s+1>£ 4T
r
2
w =1 n=m
:1im—sr<f ciiH : T2 Y EMH)T % (x) g"")d"'x>
s=0 M aé r S+1 0 n=0
()
2 dH
=——V:T<fd m—1(H?) (x) (mdmx>- (6)
n \M ag

The first seven E,’s are known [8], so #,(0) can be computed on manifolds up to
m="7.

If, on the other hand, the family H(¢) passes through a noninvertible operator
at, say, ¢=0, then there is an integer jump in #4(0). This is because #4(0) essentially
adds the signs of the eigenvalues of H. If a particular eigenvalue A, passes, for
example, from A4;<0 to A4,>0 as & goes from e¢<0 to &>0, then
Na0 +0) = e -)(0) =2 and 75)(0) = 1/2(1 g0 +(0) + 110 -(0)). The total number of
sign changes along the curve H(¢) is called the spectral flow. If H(¢) is a closed curve
y the spectral flow is topologically determined [3] and an integral formula for it is
(spectral flow)= —1/2 § o, where wis a closed 1-form on the space of H’s defined by

s+1

{w,H)= hng —sTrHG 2 .

For the cases considered in [1] there is a conjugation symmetry, meaning that
there is a bounded operator C such that {C, H} =0. Then eigenvalues occur in
pairs of opposite sign and #,(0) =0. However this is not necessarily the vacuum
charge because (2) had the stipulation that the vacuum is nondegenerate. If
Ker H=+0 then the vacuum is degenerate. To interpret this we must use the op-
erator formalism. Restricting attention to the physical states corresponding to
Ker H, the observable algebra is a CAR algebra associated to the finite dimension-
al vector space Ker H. Letting {y;} be a basis for Ker H, we have operators e;
and ¢f satisfying {e,el}=06,, {e,e;}={el,el}=0. The charge operator is
0=1 /2eZ(2e§e,~— 1) and the energy operator is E=0, [9]. Thus the vacuum is

1
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2dimKerH times degenerate. The state ¢ described by (2) is not a pure state but
instead satisfies o(1)=1, g(e;) =0(e}) =0, g(eje;)=1/26;;, giving ¢(Q)=0. For a
pure state g, 0(Q) = + 1/2 e, and the pure vacua states are considered to have half-
integral charge. This can be seen from the functional integral method by adding a
degeneracy-removing term « > d,P; to H, where P, is projection over ;. If the d;’s

are nonzero the new vacuum is nondegenerate and as a—0, Q— —1/2 e signd,.
i

4. Vacuum Charge on a Noncompact Space

If M is noncompact it is found that there is a contribution to Q from the boundary
behavior of H [2]. {-I can now have continuous spectrum and for the operators of

interest H(H?) 2 will no longer be trace class. For simplicity we take M to be
topologically R™, g,,=1, and H e pdo,, meaning

i) The C* symbol h(x, &) of H satisfies |DED2h(x, &) < Cx, 5(1+[&))* ! for
some constant Cy , s, Where x ranges over the arbitrary compact set K, and

ii) Thereisasequence h,, ho, h_,, ... of C* functions on R*" such thatif T>1,
|&]=1, then hy(X, T&)=T'h(X, &) and

N
Dng <h_ .gohl—i> (x, f)} SCx o pn(1+ 4 I

for all xe K.
Suppose also that H is uniformly elliptic on M, meaning that a, is uniformly
bounded away from zero when |£_|1=1. The analysis of [10] shows that if H is

invertible then Vxe M, (H(H?) 2 )(x,x) is a meromorphic function of s with
poles only at m+1,m,.... Define ¥ ={H ewydo,: H is uniformly elliptic, self-
adjoint and Fredholm from H(E) to H %E) and

i) H is invertible and t(H(H?) 2 )(x,x) is Riemann-integrable on M for
those s at which it is defined, or

ii) H is not invertible, but if P denotes the projection onto KerH, H+ P
satisfies 1).}

Note. If a differential operator H has all nonzero derivatives of its coefficients
vanishing at infinity, a necessary and sufficient condition for it to be Fredholm is
that its symbol a(x, &) is uniformly invertible for large spheres |x|* + &> =R? [11].

s—1
Lemma. If HeY is invertible, then ny(s)= [t(HH? 2 )(x, x)]/gd'”x is
meromorphic with poles only at s=m+1,m, ... .

Proof. We use the general fact that if {f;}2, is a sequence of meromorphic
functions with all poles in D, a discrete set without limit points, satisfying
i) Vde D, In,;=0 such that the pole of each f; at d has order <n,, and

0 o0
i) > fi(s)exists and is continuous in C\ D, then 3 fi(s) is meromorphic with
i=1 i=1

all poles in D.
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To show this, around a point d € D consider > (s—d)"*f,(s). Egorov’s theorem
i=1

implies that this is holomorphic on a dense open set and Morera’s theorem implies
that it is holomorphic.
First partition M into cubes; it is enough to show on each cube C that

jt(H(Hz) 2 ) (x, x)fd"‘x is meromorphic with all poles in D. For this it
sufﬁces to show that for any loop I'CC\D, fr(H(H 2y 2 )(x x)Vd"‘x is the
uniform limit on I' of meromorphic functions w1th all polesin D. Fix pe N*. For

n(s)
any seT, 3 a partition C= |J (E)), such that
j=1
_s-t
Re j t(HH? 2 )(x, x)l/gd'"x

- Z Ret(H(H?) E )(x,, X))/ 9(xp) w(E)y)| < 2,,+2
for any choices of x; e (E;),. By the uniform continuity of the integrand on I" x C,
the same inequality holds in a neighborhood V; of s on I'. Let {V, }{_, be a finite
number of such neighborhoods which cover I'. Let C= U F, be the partition of C

which is the mutual refinement of {{(E;), }7$1},, and let {Ji}r=1 be a choice of
points in {F;};-;. Then for se V,,

Re[(H(HY) ) (x.0)/gd"— £ ReeHED) 7 )0k 20} a0 (P

Re j t(H(H?) %) (x,x))/gd"x

=<

n(s;)

- Z Ret(H(H?) T )(x,,X)I/g(x H(E))| < ,,+2 o

Thus (7) holds for all s € I'. Doing the same with the imaginary part and refining the
two partitions, there is a meromorphic function F,(s) with poles only in D such
that Vse T,

g t(H(H?) %) (x,x)}/gd"x— Fp(s)} < 2% .
Define F,=0. Then
[e(HEH?) ) (0} pdn= 3 Fpi=F ),
and

S Fypi—F &) <IFi(0)|+ 3 ~ <o for seC\D.
p=0 r=1 2P
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By hypothesis, > (F,.;—F,)(s) is continuous in C\D, which proves the
p=0
lemma. [

For noninvertible H € &, define ny(s) =ny 1 p(s) —dim Ker H.

Unlike the compact case, ny(s) is generally infinite at s=0. As in (6) of the
previous section, the residue at s=0 is the integral of a local expression. Because
the residue is zero when M is compact, it must be the integral of a divergence in the
noncompact case, as we now show.

Proposmon On the (positive-definite) Riemannian manifold M, suppose He & is
—iy%y V., + N, where {e;}7-, is a local orthonormal frammg of M and N is a self-
adjoint multzplzcatzon operator on E. Let P; denote —iy®y’. Then

i) If m is even, Res,_ yu(s)=0.
ii) If m=1, Res,-ohu(s)=0.

I __
iii) If m=3, Res,_ onu(s) = Aj{ — W(dle)ng x with
Li=1/4t(NP.N[P,, P;])+2/3¢;1(N). (8)

Proof. (i) Because H is a differential operator, E,,, ;((H +&I)?) is zero for m even.
(i) In terms of the P’s, V, y=e;p—1/81 4;[P*, P"]y. We work in Riemann
normal coordinates for {e;}7-,. Then
(H+¢l)? —(P N +el)?

=—V, V., +1/4[P;, P][V., Vo 1+ {N+el, P}V, +Pie;N + (N +¢l)*.
Define D, =V, —1/2{N +el, P;}, and
E=1/A[P;,PJ[V. V., 1—1/2{e;N,P;} +1/4{N+¢l,P;} {N +¢l,P}}
+Pje;N+(N+¢l)>.

Then (H +¢l)*=—D, D +E. This is the right form to apply the tabulated
formulae for E,, 4, [8] (Our formulae differ slightly from Gilkey’s because of

R
different conventions.) These give |/4n E,((H +¢l)*) (x) = 3 —E, and so

Van &

E,((H+¢&l)?) (x)=—1/4{2P,{N,P;}}—2N.

=0

Then
d
Vant|
T < T
(ii) Following the notation of [8], the connection w is given by w;= —1/8
I[P, Py]1—1/2{N +el, P;} with curvature

ij:ejwk_ekwj+[wja wl=— 1/8Rabjk[Pm P,]— 1/2{ejN: P}
+1/2{ekN,Pj}+1/4[{N+81,Pj},{N+81,Pk}].

E((H+¢l)?) (x)) —1(—2NP;P;—2N)=0.

e=0
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Because

1/ (@n)® E((H +¢I)?) (x) = 1/30 PR+ 1/72R> — 1/180 R ;R + 1/180R 3, Ri
—1/6RE+1/2E>+1/12w,w;;— 1/6V2E,

d dE dE d
34 2 __ o= 2= W
|/ (4n i £=0E4((H+.31) ) (x) 1/6R 7 +1/2 {E, ds} -I-l/12{w”,d(g w,J}
dE
—1/6V2==.
/ de
We have
1/4[P;, PV, . Ve 1= —1/32R [P}, P[P, Py]=1/4R.
We need
El,—o=1/4R+1/2[P;,e;N]+1/4{N,P;} {N, Pj}+N2,
P 1P, NP ON,
d8 =0

Wifle=0=—1/8 Rupi;[Po Py]1—1/2{e;N, P} +1/2{e;N, P;} + 1/A[{N, P;}.{N, P}],

b

%’;8:0 =1/2[P;, {N,P}]1+1/2[{N,P},P]]. o
Then
VW% . T(E4((H +¢D)?) (X))
= —1/6Rt(2NP;P;+2N)+t((1/4R +1/2[P;,¢;N]1+1/4{N,P;} {N,P;} + N?)
-(1/2{P, {N, P,}} +2N)

+1/67((—1/8Rypi;[Po Py 1—1/2{e;N, P} +1/2{e;N, P}
+1/4{N, P;}, {N, P;})(1/2P;,{N, P;} + 1/2[{N, P}, P;])),

—1/6V21(NP,P;+2N)= —1/3Rx(N) (10)
—1/48 R ;5T ([P, Py ] (1/2[P, {N, P;}1—1/2[P;, {N, P;}])) (1n
+1(1/2[P;, ;N1 (P.NP,— N)+1/6(— 1/2{e;N, P;} + 1/2{¢;N, P;})

~(12[P, {N,P;}1—1/2[P;,{N, P;}1)) (12)
+7((1/4{N, P}} {N, P;} + N*) (P,NP,— N)
+1/24[{N, P;},{N, P;}]1(1/2[P;, {N, P;}]1—1/2[P;,{N, P;}1)) (13)
+2/37(V2N). (14)

The term (11) is
—1/96RabijT(N({Pj, ([P, Pyl P1} —{P,[[P,, P}] Pj]}))~
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Let C denote P,P,P;. Then [C,P;]1=0, C*=1, and [P,, P,]= —2¢,, CP..
Thus
{Pja [[Pm Pb]api]} Z{Pj’ _28abc[CPc9 Pl]}
=4epcbeial P P = 83abc8cij
= — 8 (3¢5 o00)
and
(11)=1/6R 4;;T(N) (5?(5? - 5;55?) =1/3Rt(N).

Thus (10) plus (11) is zero. The term (12) is

©(1/2(e;N) [(PNP,—N), P;]1+1/24(¢;N) {P;, [P, {N, P;}1—[P;, {N, P;}1})
=1(1/2(e;N)[(PyNP,—N),P;1+1/24(e;N)(—3NP;+ NP,P;P;
+P,NP,P;+P,NP;P,—P,P;NP,—P;P,NP,+3P;N—P,P;P;N))
=1/27((e;N) [(PyNP,—N), P;])
=1/47((¢;N) (P.N[Py, P;]1—[P;, PLINP)))
=1/4e;t(NP,N[P,, P}]).

The term (13) is
1/41((N*+P;N*P;+ NP,NP;+P;,NP,N) (P,NP,—N)

+1/6(NP,;NP;+NP,P,N+P,N*P;+P,NP;N)
([P, PN +2P,NP;—2P;NP;+ N[P;, P;]))

=1/24v(6(— N>+ N?*P,P,NP,P;,—2N*P;,NP;+2NP,P,NP,NP))
+(—18N*+28N*P,NP;+4N?P;P,NP;P,—2N*P,P,NP,P;
+8NP,P\NP;NP,—4NP;P,NP,NP))

=1/24t(—24N*+16N*P;,NP;+4N*P;,P,NP P, +4N*P;P,NP,P;
+8NP;P,NP;,NP,+8NP;P,NP,NP;=0.

The term (14) is itself. Adding these,

1/ (4n)* % . T(E4(H +¢D)?) (x) = 1/4¢;1(NPN [Py, P;])+2/31(V2N).
Because this was derived in normal coordinates and is a divergence, it must be V;L;
with

L;=1/4t(NP,N[Py, P;])+2/3¢;t(N). U

In order to find the constant term of n4(s) at s =0 we use the method of varying
H, but with attention to the boundary terms.

Proposition. Let H(e) be a smooth one-parameter family of invertible elements of & .
Let P be a bounded operator on I*(M) whose operator kernel has compact
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distributional support on M x M. Then

s—1

s—1 ©
%TrPH(HZ)_T = —sTrP‘fi—I:(HZ) R <cosﬁ> fus

'Tr([HZ,P](M(H%M)‘li—f(mwz) 2 H(H ) H(H2+ 2" )
+[H, P] H(H2+,u2) ) (15)

Proof. We use the facts that if 4 € pdo, with Rek>dim M then PA is trace class,
and if C is trace class and D € B(s#) then TrCD =TrDC. Formally,

d s d(2 ms\%® _ 2 a1
— =—|=cos— ST H d
dSTrPH(H ) T (n cos 2) (f)u rPH(H? +u*) " 'dp
o H
= <gcosﬁ> I,u‘sTrP(cfl—g(H2+;12)_1—H(H2+uz)“1
dH dH 2
<Hd +d H>(H+u) )
Now

_s—1 2 o dH
—sTrPﬁ(Hz) 2 =—s<—cosn—s> fu=sTrP==(H*+ > 'du
T 2 0 de

_s—t dH 5=t 9 )
Then iTrPH(H ) 2 4+sTrP—(H?*» 2 is “cos™ times
de de i 2

o dH
j"y‘sTrP<2%H2(H2+,u2)_2—H(H2+u2)_1< ‘ZH+d—H>(H2 )“Ddu
0

= Tu‘sTr<— %(Hzﬂtz)“[ﬂ H*(H? +p*) ']
_d_HH(HZ 2)_1[P,H(H2+u2)‘1]>du

= Tu‘sTr<u2d—(H2+u2)‘1[P, (H*+p»)™1]
0 &

~ e ey e, H(H2+ﬂ2)’1]> du

@ dH ) .
=£u sTt(—uZE;(H”uZ) 2[P, H? + 2] (H + )}
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dH . -
— o HH? +u*)*([H + %, PIH—[H, P1(H” + %)) (H” + 1?) 1>d,u
= Iu‘sTr<[H2,P] (uz(Hzﬂlz)_l%(H“ruz)_z—H(Hz+u2)’1
-Z—I:(szz)*z) +[H, P] H(H2+u2) )

If (H? +p2) ™! is replaced in the above by [ ™ T#**#)4T and Res>dim M, then
0

all of the above manipulations are valid. Because both sides of (15) are analyticin s,
(15) holds for all s. [J

Hereafter suppose H is a first-order differential operator. If we take P=M,,
multiplication by the characteristic function for a bounded domain R, then
[H?, P]and [H, P] are distributions with support on dR. Thus the second term of
(15) is actually a surface integral. Letting R expand to fill M, in principle the
membership of H in & can be determined by (15).

d . .
We can use (15) to compute EJ 9(2) in terms of H. Take the flat metric on R™

Let H be M (x)d;+ N(x), let O(x, y) be the operator kernel for an operator O and
define

(0:0) (2,2) = 0,0(X, y)lx=y =2 (0,0) (2,2) = (3,0) (X, Y)l =y = -
Then Tr[H,P]0= —TrP[H,0]= — | t([H, 0] (z,z))dz. Now
R

(£[H,019) = f1(x) (MI(x) 0+ N(x) O(x, ) g(y)dydx
— J1 1600k, ) (M) 85, + N(») g(y)dydx
=] /1) (M(x)0,,0(x, y) + N(x) O(x, y)

+0;,(0(x, y) MY (y)) — O(x, Y)N(»)g(y)dydx .
Thus

[H,0](z,2)=M(z) (8;,0) (z,2) + N(2) O(z, z) + 0;,0(z, z) MY(z)
+0(z,2) (O;M?) (z)— O(z,z) N(z),
and
Tr[H,P]10= — sz ©(M(2) (0;,0) (z, 2) + M?(2) (0;,0) (2, 2) + (0;M7) (2) O(z, z))dz

=— Ijzajzr(Mj(z)O(z, z))dz.

Similarly,

Tr[H?, P10=—TrP[H?* 0]=—~TrP[H,{H,0}]
= jajo(Mj(Z) {H> 0} (Z> Z))dZ .

Taking R

0,(H) =2 +42) A (124 2y B ) S )2,
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and

dH
0,(H) = - HUH? +4%) 2,

we have
%Jo(z)= —1/2 eli_r}rg <%cos?> Oj:,u‘sr <<L;—I:(H2 +u?)" 1) (z,2)
—3;,(MY(2) {H, 04} (z,2) + M'(2) 0,(z, Z))> du.

Because H is Fredholm, its continuous spectrum is bounded away from zero
and its kernel is finite dimensional. If y={H(¢): € [0, 1]} is a smooth curve in %,
then the continuous spectra are uniformly bounded away from zero and, as in the
compact case, #4(0) has integer jumps when H(g) passes transversely through
noninvertible elements. The spectral flow, defined as the intersection number of

U (e, spectrum (H,)) with the line A= — ¢ for ¢ a small enough positive number,
&[0, 1]
is homotopically invariant if y is closed. Thus there is a homomorphism n,(¥# ') —>Z

for each connected component &* of &.

Let S(H)(x) denote the surface term of (15). If H has a radial limit, then one
might expect that for large domains R only the limit of H contributes to S(H) (x).
This is plausible because the Fredholm property of H means that the spinor is
effectively massive at large distances and its propagator should fall off
exponentially in distant regions. Such a property makes it easier to compute the
boundary term. Let H, be the constant coefficient operator obtained from H by
freezing its coefficients at x. The following proposition shows that in the large R
limit we can approximate S(H) (x) by S(H,) (x).

Proposition. Let (v, 0) be polar coordinates for x on R™ with 0 € S™~ . Suppose H(e)
is a curve of invertible elements of ¥ with a constant first order part in ¢ and x. Let
H(e)=M’0;+ N (x). Suppose also that

L d

1) %N +(x) is bounded ,

ii) sup|D2N]| is bounded for all 8,
iii) N,(r,0) approaches a limit N (oo, 0) uniformly in 6. Then for s>m—4,

S(H) (r, 0)—S(H,) (r, 0) uniformly in 0. If M is not constant in x, but d%Mﬁ(x) is
bounded and sup|D? M| is bounded for all B, then the same result holds for s>m—3.
Proof. We have

S(H) (9=~ =005 ™ { ™%, (MILH, O (D) (x, )+ O(H) (x, ).

It is convenient to rewrite this as an integral over the curve I’ =%}. This gives
s—1

S (=517 7 £e(MIH, 0,(H} (5, )+ 0a(H) (v, )
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with
0,(H)=—-XH?*=A)"~ 14 (H2 A)"*—H(H*— /1)' H(H2 N2
and _
02(H)=ii—I:H(H2—/1)*2.
Then

s—1

SCH) (00— SUHL) ()= 5§ A~ 2 (M {({H ~ Hyy 0, (D) (x. )
{H,, 04(H) = 04(H,)} (%, )+ (0a(H) — 0o(H.)) (5, 9.

s—1

By definition of H,, é {4 2 {H-—H,O0,(H)} (x,x)di=0. We need
r

01<H>—01<Hx)=~A<<H2—A>-1‘Z—f(HZ—z>-2—<H§—A>-1%§<H§—z)-2>

—(H(Hz—i)‘l%H(HZ—A)‘Z

2 _1dH 2 -2
_Hx(Hx_l) 1EHx(Hx_’q') >
=i =i —a-n S ar-n
+<H,%—z>—1d—H«Hz—i)-Z—(H,%—z)-ﬂ]
[H(H2 A~ 1 H((H2 A~ 2—(H2 A~ 2)

+H(H2—/1)‘1—(H—Hx)(Hﬁ—/l)‘z
F(H—H)H>—1) ! HH(HZ—/I) 2

+Hx((H2—/1)_1—(H§—/1)I)EHX(Hi—i)_Z],

0x(t)—01,) = iy 2=y a2y

=*((H—Hx)(Hi—i)'z)+H((H2—/1)_2—(H§—/1)’2),
(H? =)' —(H; =) '=—H; =) (HH-H)+H-H)H)(H* =)',
(H? =2 =(H:=N)"?=—(H*~ )" (HH-H)+HH-H)H,

+H(H-H)H*+(H—H,)H>—2\H(H—H,)
—2M(H—-H)H)(H?—1)"2.
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Again by definition of H,, the term i—f (H—H,)(H?—2)"?of 0,(H)— 0,(H,) will

not contribute.
This expresses S(H)(x)—S(H,)(x) as a sum of terms of the form
s—1

T (] A % Py(x,y,A)(H—H,) )Py, x, i)d/l) with the properties that each P,
r

and P, contains a factor of (H2— )~ !, (H*—A) !, (H2— /) % or (H*—2) 2, and
there is a factor of (H2— 1)~ i or (H2—2)~? on one side of each term. We wish to

show that basically [A 2 P,(y,x,A)P,(x,y,A)dA is at most singular as
|x—y|?**72™ and has exponential decay in |x — y| for |x| large enough.

For simplicity we just analyze the term H(H?—1)"! T (H—H,)

(H2—1)"%H,; the same analysis will apply to the other terms. By the Fredholm
property 3d >0 such that x| >d = 36 >0such that |o(H,) (¢)| > forall ¢ e R™ By
a theorem of Hormander [13], 3¢ >0 such that

o(H,) (&) is nonsingular for all £ e C™ with [Im¢&|<4p. (16)

Because H has a radial limit we can pick a ¢ such that (16) holds whenever |x|>d.
Take ke R™ with 0<|k|<g. Let M, be the operator (M, f)(z)=¢e**f(z). Then

=) ) (2 -2 2H = =) ),
MM - H M) (M _(H: =) 2M)M .

By the nonsingularity of a(H,) (¢) for |Im | < 49, we can make the circle in I' small
enough so that a(H2— 1) (¢) is nonsingular for [Im¢| <2¢ and AeT'. In the above
equations (HZ—/) ? represents the fundamental solution for the operator
(H?—1)* which is a tempered distribution. We can extend the Fourier transform
representation of this fundamental solution into the region |Im¢é| < of €™ and
obtain a tempered fundamental solution of M _,(H2—1)"2M,. Because this
tempered fundamental solution is unique,
s—1

T(x)= jl_T<H(H2—i)’l(fi—lz(H—Hx)(Hﬁ—/l)"sz> (x, x)dA

s—1

= d
=fdy]2 "2 (H(HZ—A)*(x, DL O)H-H) (y))
(Mk(M oHy Mk)((M WHx Mk)z—l)_ZM © (¥, x)dA

s—1

=Jdyf2 2 (HH> - (x, J') (J’)ek(y “(H—H,)(y)
(V2= (y,x)dA, 17)
with V=M _ H M, =M'd;+k;M’'+ N(x). Again, (V>—2)"?(y,x) denotes the

tempered fundamental solutlon of (V?—1)?; it is only the Fredholm property of
H, which allows such a substitution in terms of V.
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We now show that
H T V(V*=2)"2(y,x) (HH?>—=2)"") (x, y)dA 18)

is at most singular as [x—y|>"*72™. Let the symbol of H? be Z hy=h, &
+hy j(X) & + ho(x). The algorithm to form a parametrix for H z—l is to solve
(hzjkfjék_)v)b 2=1
(& — )b _3+hy(x) &b 2+ Z DY(h 5 &7E) (—i0,)"b _ yfat =

(thkfjék—i)b—4+h1j(x)fjb—3+ho(x)b—2
+ Z (DU &8 (—i0,)"b _ 5+ D¥(hy;— &) (—i0,)°b _ ,) 0!

+ Z D(hz,kéfé")(—lax)“‘b 2ful=

(thkéjék_j')b—Z—p-i_ > (D‘th)(—iai)br/a=0-

a,q,r
a+r 2= —p
q<2

The same algorithm gives a parametrix for V2 — A and the parametrix for (V2 — 1)?
comes 1from composing that of V?—/ with itself. The most singular term in

ii_T(V(V2 =70 x) (HH? =)™ (x, y)dA is

-1
(2r )sz 32 [0S0 V(2= 1)) (| 5D,

: (H(H2 —A)" 1) (x, &)d¢
-1 . . oo~ .
= 2 ST M Vo -2
(hop e —2)"tdédnda.
Dimensionally this is ~ |x—y|> s~ 2™,
We wish to approximate (18) by substituting the parametrices for the inverse
operators and bound the operator. This can be done by showing that the difference
continuously maps H* to H*"# for B large enough; however, the analysis of [10]

gives mappings from Hg, . .., to H2'B. In order to apply [10] it is necessary to
make the trivial change of the operator class from ydo to S ,.

Lemma. When ReAi>0, b_,_,€S7 77, meaning that
By, (1+[EN+2*\DEDIb_,_ (x,&)| is bounded . (19)

Proof. Because H? is self-adjoint and nonnegative, h, ;¢ > 0. Then 3¢ >0 such
that |(h,;&/¢*—2) " <c(1+1¢)) 2. We have

(DEDW_,_,) (x,&)= Z Z (coefficient)

(DY *(hoy & = 1)1 (D yDiihq) (DL D+ =%,)
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and so
(DEDW_, )(x, 6 X 3 (coefficient)
0=6<p @, q,r
0s¢sesyq+r—|a|=—p
g<2

(1+1&)~>~""=*|Dg*?D3h | IDE*D*# b, .
For p=0, (19) is clear. Assume that (19) holds for p> —2—p’. Then
I(DEDb 5 ) (x, &)l <const  sup (1+1gp—2-=

(L&)~ a1 1)) 71917 = comst(1 4]¢)) =2 1.
Define

Opb—-p) by (Op(b—\-)f) ()= [ Pb_,_(x,&) f(y)didy.

(2n )'"
The analysis of [10] shows that Ry=(H*—1) ' — Z Op(b_,_;)isin ST %" ** for

0<0<1 with each seminorm sup(l+|é|)"”+2’+“’||D"‘D”RH(x &| of order
O(A®~DU+I2)  Then HR, is in S!V*2 with sup(1+|£|)"("+2)+“’| !
IDZDE(HRpy) (x, &)| of order O(|A|“~ 1)““/2)) Similarly setting

RVZ(VZ—/D Z—kZK@P(C—2~k) . we have VRVESI,%)-O(K+2)’

with seminorms of order O(|A|¢~ D@ +K/2~1)

Write
[ A (V=) (%) (HH? =) "Y) (x, y)dA
as
5ot
{42 (VR,) (y,%) (HRy) (x; y)d2 (20)

o1

+{4 72 (VRU)(y,x)(Hj;J@p<b_z-j))(x,y>dz 1)

+ A‘T(V( > @p(c_z_k)>2> (v, x) (HRp) (x, y)dA (22)

r k<K

L (V(Z O0e-2-0Y) 0o x) (H T 0plb-2- ) (v, )k (23)

We use the fact that if A€ S{$ and Be S{ % with a+b>m, then the operator with
kernel A(y,x)B(x,y) is in S; §**~™. By picking 0=6'=1/2 and J and K large
enough, we can ensure that (20) (21), and (22) converge uniformly in 4 and give

operator kernels of operators in Sy, m+1)_ Because an element K of ST " ") maps

H % to H 2 , its operator kernel K(x, y) is bounded. Therefore

'H 2= @) HE=D)T) (x, y)dA

- ; T (V<k§K Oplc—, —k)>2> (%) (H ,;J Op(b- 2—j)> (x, y)di

is uniformly bounded in x and y.
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It has been shown 3¢ >0 such that
s—1

III/’»_T@p(U—s(V(VZ—i)‘Z)) (v, x)Op(o - (H(H* =)™ 1)) (x, y)dA
§5|x_yl3+s—2m.

The other terms in (23) will have similar bounds but with less singular exponents.
The terms without singularities will have bounded kernels, and so 3¢”> 0 such that
s—1

[ 2 (V72 =2) ) 50 (HIH =) ) (6 )] SER) (x =y 724 1),

From (17) this implies

'H 2 (HXHZ—2)"?) (y,%) (HH*—2) ") (x, y)dl}
Sc(k)e ETI(|x—yP ).
Ranging over the sphere k| =g, we can find ¢= sup ¢'(k) <oco. Thus
[kl=e
ITC)ScJI(H-H))le” ™ (x—yP 72"+ 1)dy for |x|>d.

Let a(r,) be a monotonically decreasing function approaching zero such that
IN(ry, 0,) —N(o0, 0,)] Safr). Let fi(z) be IN(x+2)—N(x)|e ¢I(|z[> 72"+ 1).
Then |T(x)|§cj( sup fw(z)> dz. Because |D.N| is bounded, 3K >0 such that

sup f(2)<Klzle” Q'Z'(Izl“z 2m 11), an L' function if s>m—4. For a fixed z
|wl=lx|
consider |x|>|z|. Then for |w|=|x|, IN(w+2z)— N(Ww)|=|N(c0,0,,,,)—N(c0,0,)|

+ a(]x] —|z|) +a(]x[). By the uniform continuity of N(c0,0), sup f,(z)—0 as |x|

lwl=x]|
—00. By dominated convergence, |T(x)|—0 as |x|— 0.
The same estimates go through when M; is not constant in x provided that
s>m—3.

Corollary. With the same hypotheses, assume that |V,(H)|(r,0)=o(' ™/Inr)
uniformly in 0. If R,=B,, the ball of radius r around the origin, then

lim | (S(H)(x)—S(H,)(x))dx=0. (24)
r—w gR,
Proof. Let (r,, 0,) be the polar coordinates for x. Then

T@I= § | T r0)— HOle (2 D dr do,

= 1 T b, — HOL | e G2 4 1) 1 didr,do, .

sm-1 0 dF,

Take B(r) monotonically decreasing to zero with [VN|(x) < B(|x|)|x|* ~™/In|x| for
|x|>1. Let M, be sup|VN|. There are constants M,, M ,, M; >0 such that for all
r. >0,

j'e Qr(~3+s 2m+1)r~.m—1d7~:§M1ri+s-m’



Vacuum Charge and the Eta Function 551

and for all r,>1,
Te*g?(i:3+s—2m+ 1)fm~1di7§ Mzriup(:i +s—2m,m— 1)e—er§M3 .
rx

Taking ¢ so that 1 <c<|x|—1,

H 1
| ()] évol(S’”*l)Lf)ﬂ(lxl —r) (x| —r)? ‘mm(w—_r)eri””"'drx

+ [ B =1 (1=, Mydr,

L
n(lx|—7.)

0
+ j M4M2r;up(3+s—2m,m—I)e—grxdrx:|
¢

< const [ﬁ(IXI— D= =D

1
1-m sup(3+s—2m,m—1) ,—gc
+cfB(x|—c) (x| —c) _ln(|x| 5 +c e ]

The first term is clearly O(|x|'™™). Take c=é(m—l)ln|x|+ln21n]xl. Then
(Ix]—¢)!"™=0(|x|* ™) and In(|x| — ) = O(In|x]), so
cB(xl—c) (Ix] =)' ~"/In(x| — ) = O(B(Ix] = O)lx|' ~™) = o(x]|" ™).
Also
Pt 2mm ) g e O((In x5~ 2mm D] 1= memeln?ing) _ o([x|1 =)
Therefore
| Tx)=r""to(r' ™—0. O

OR,
Unfortunately, in more than one spatial dimension this corollary only holds

when the radial limit of H is actually constant in 6, as otherwise there will be a "

behavior of |V N|.

5. Index Theorems

In some cases a zero ecigenvalue for H is guaranteed topologically. This is
important when H has a conjugation symmetry, as it is then the only source of

vacuum charge. If H can be written as ( [Ojf I(;> with L Fredholm, then

dim Ker H = dim Ker L+ dim Ker L = (dim Ker L — dim Ker Lf) (mod 2)
=(Index L) (mod 2).

If M is compact and odd-dimensional, then Index L=0 and nothing is learned. If
M is R™ and L acts on a vector bundle M x V, then the index is given by the
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pullback of the generator of H*"~*(GL(V)) under the symbol map evaluated on a
large sphere S$?"~!'={(x,¢&): |x|*+|¢|*=R}, [14]. A simple example of this
theorem which will be used in the next section is given by H on R x C? being
d
.24 1
io Ix +0'¢(x). Then
0 ¢(x)—i& >
O.(H)(x’é)—<¢(x)+lé 0 )

and H is Fredholm iff |¢| is bounded away from zero at + oo. Take L= — di +¢

P—i 2_
(x). The index is the degree of the map (x, &) » ———— from {(x, £): x> + > =R}
. V$+& 6
to S*, which is
. (o)
0 if H—0) >0

—1 if $(o0)>0, §(—00)<0,
1 if ¢(00)<0, ¢(—00)>0

The same theorem guarantees zero eigenvalues for fermions in the background of a
nonabelian monopole with a Yukawa coupling to the scalar field [15].

Another index theorem which may be less familiar is that for real skew-adjoint
Fredholm operators [16]. Suppose % is a real infinite-dimensional Hilbert space
which is a module for the real Clifford algebra C,_; by real skew-adjoint
generators, meaning 3IJ,,..., J,_;€B(A#R) such that J¥=-—J, and
{J;»J;} = —20,,I. Define F (#;) to be the space of real skew-adjoint Fredholm
operators on #. If k== —1 (mod 4), define

FHAM)={He F (Hp):{H,J}=0 for 1<i<k—1}.
If k= —1 (mod 4), define
FHA)={He F(H):{H,J}=0 for 1=<i<k—1 and J,J,..J, .,
H is neither essentially positive nor essentially negative} .

(Essential positivity means that an operator is positive on an invariant subspace of
finite codimension.) Now Ker H isa C, _ ; module and the question is whether it is a
C, module. A corollary of the index theorem of [16] is that this extendability
property only depends on which connected component of #} contains H. If
k=£0,1,2 or 4 (mod 8) then it is always extendable. Clearly if H can be path-
connected to an element of #* ,, then it is extendable.

As an example, suppose dimM =2 and a massless spinor is connected to a
gauge field in a real representation. (If M is compact, then (6) implies that # is
locally constant for invertible H’s and Q is only produced by spectral flow.) Take
90=02, y' = —ig>, and y*=ic'. Then H = —i(c'(V; +0(4,))+ a3V, +0(4,))). If
H is Fredholm (which is true if M is compact), then iH e % (), KerH| g
—(E®KerH|# Take J'=ig?; then whether dimg KerH|,, =2(mod4) is a
topological property If M is compact it only depends on the topologlcal class of
the vector bundle over M.
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Although in some cases neither of these theorems is applicable, the families
index theorem may give the existence of a noninvertible H in some class. For
example, if M is compact with dimension + 1 (mod 8), then there is some metric on
M to which the pure Dirac equation has zero eigenvalues [17].

6. Examples
A. 1+ 1 Dimensions

The most general static Hamiltonian for a 2-component spinor on R is
dx
the coefficients have limits at x = + co, H is Fredholm iff p*(c0) < ¢?(c0) + &%(c0)
dH . .
and @*(—o0)<¢*(—o0)+E&*(—o0). Take i dlg(x)+a3E(x)+d(x) and
P=M

H=—ic? <i + ieAl(x)> +0lg(x) + a38(x) + o(x). We can take 4, =0. Assuming

If H is invertible, then

Xla,b]

s—1 1

: 2y T2 _ 1 s —TH?
E%S(H ) (x,x)—lljrés—(s+1> (f) T2 e (x,x)dT
r
1

2
1 I | 1
=lim-— [T 2 1dT=—1,
s20 51/ o |/4nT
and
s°1 2

. _ b
lilré —sTrPH(H?* 2 =—;IQdX,

which is the volume part of the variation of #(0).

To give a necessary condition for membership in &, let y be a curve from H to
H, an invertible Hamiltonian with ¢ =0, which passes through noninvertible H’s
transversely. Then

_s—1 2b
TrPH(H?) 2 =—;fg(x)dx

+ (contributions from zero-modes crossed by y)
+ (surface terms).

The last two terms will be bounded as [a, b]—[ — 00, c0], so it is necessary that g be
Riemann-integrable.
Now assume that He &% and H is invertible. From (24),

d _ 2% 217 . 5
%”H(O)— - —jw odx - |:£ dut (( io?)
‘<{Hx,H2(Hx+#2)_1‘;_Z(H§+H2)_2—Hx(H§+M2)_I%

x=+ o0

e e+ S e e wn))[ T e

X=—o00
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with H, at x= =+ oo being —iozgd)? +0'¢(+ 00)+ 0638+ ), and ‘Z—IZ at x=+o0

being ol¢(+ oo)+a3§(+ o). Let o* denote ¢(x)>+&(x)*+u> Using
1

(H§+,uz)‘1(a,b)= e =P and (H2+ p?) ?(a, b)— 3(1+ozla b|) e a~bl

the first surface term of (25) is
2 ® dH
- ; j d.uf <(_ iaz) <.u2 <Hx_8(HJ2c + ﬂz)‘ 3> (X, X)
0

2 (%I;Hx(Hiwz)" )(x x)— (dH HHXH? + ) )(x, x)

—( 1, L ) )(x,x)))‘

d
By parity symmetry, the —iazd—x term of H, will not count and because

1((—ic?) {o'p(x) + 03&(x), ¢'p(x)+038(x)})=0, this term is zero. The second
surface term of (25) is

-2 T e ((— io) 012 410 2 x))
-2 ((—icﬂ) (0 00)+ 080 (6" 9() + 0 *80) - (HE) (. x))

== m 1((—io?) (619 (x) + 0%8(x)) (a1 p(x) + 03E(x)))

B m ($()3x) — 0 $(x)).-

Thus the change in vacuum charge between two Hamiltonians is

AQ=—1/2e (— 2 Oj9 (40) (x)dx + lA [tan‘lﬂx—)]x:erZ (spectral ﬂ0w>,
T "o T E(x)|x=—oo
(26)

] taken continuously along the curve from one Hamiltonian to

_1 9(x)
&(x)
the other. This implies the 1-dimensional results of [2].
As an example of the effect of spectral flow consider the case when ¢=0, £ is
constant and |§|(+ c0)=+0. Because

with 4 [tan

2 2
H2=<—-i02i+01¢(x)+a35> =—i——63@+¢2+€2,
dx X X

. s g . d, _
this will be a positive operator if ¢ is slowly varying in the sense that |—tan ™!

dt
¢( )

<|é. In the case ¢ =0, there is a conjugation symmetry and Q=0. If ¢ is
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linearly deformed from O to a slowly varying value, there is no spectral flow and
from (26),

_ e )T 4| ==
0= o [tan J with Range tan™'= 25 | 27)

é x=—o

Now consider what happens when & changes sign, such as going from £>0 to £§<0.

From (27),
x=+o00
AQ:E tan‘lﬁ with tan"'c| - %7
T & 2°2

and £>0 in this formula. From (26),

40= % [tan‘ I@TZ e —1/2 e(sign¢(co) —signg(— o0) + 2 (spectral flow)),

X = — 0

again with tan"'C | — g, g] and £>0. Thus spectral flow = —1/2(sign¢(oo)
—sign¢(— o0)). This is caused by the zero-eigenvalue of the previous section when
§=0, sign #(0) = —1.If ¢(00) >0 and ¢(— o0) <0, the corresponding eigenvalue

$(—0)
moves from positive to negative as H changes, and if ¢(00) <0, ¢(— 00) > 0, it moves
from negative to positive.

The various parts of H have the physical interpretations that ¢ is the mass, g is
the A, component of a U(1) gauge field, and ¢ is the pseudoscalar coupling.
Suppose now that £=0 and ¢ is a positive constant. For massless two-dimensional
QED, Schwinger found by explicit solution of the Green’s function that the
vacuum polarization completely screens a static external source [5]. We can show
that the same effect occurs for a constant ¢ > 0. Let the external source be a test
function with Fourier transform K(p). Because

dx dx

if suplo(x)| < 1/2¢, then H? is positive. If g(x) =0, then by conjugation symmetry
n(0)=0. Suppose that g is linearly deformed from O to the new value and that no
spectral flow occurs in the deformation (it is sufficient that sup|o(x)| < 1/2¢). Then

0= % T o(x)dx and <J~°> (p)= %/T(,(p) + ¢(p) with ¢(0)=0. From Coulomb’s law

H?= (—iozi +<r1<15+@(x)>2 T <i +i@(x)"2>2 +¢? +24o(x)a’

P*Ao(p) = R(@)+ T @) =R@)+ = Aop)+<(0).

s Ao(p)=(R(p)+<(p)) / <p2—§> and

I ((p) = %(Iz(p) + c(p))/(p2 - %) +c(p). Then (J®>(0)= —K(0) and the net
charge is <JO)(0)+ K(0)=0.
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B. 3+ 1 Dimensions

As shown in Eq. (8), there can be a pole at s =0 in #,(s) for three spatial dimensions.
This comes from the infinities of the Feynman diagrams shown with zero-
momentum current insertions:

Following BPHZ renormalization with subtractions at zero momentum, if one of
these diagrams is infinite for the class of fields being considered, the linear or
quadratic term in N of the constant term of n4(s) is ignored. Q is then — 1/2e times
the constant term of n4(s). For a Dirac spinor in an external gauge field A4,

H=—iy*y/(V;+0(4)) —ig(Ao) +my°,

and
1 .
Res,—o/1u(s)=— g > 1{4 )/gdivL,

with
L;=1/47t((—iy®°y*0(4,) —io(Ao) +my°) (—iy®y*)
(= iy%y%(A,) —ie(Ag) +my®) [ —iy®*, —iy%y'])
+2/3e;1(—iy%y'0(A4) —io(Ao) +my°)
= —8/3itp(0(Ay)) ,

and with 7 denoting the matrix trace on the gauge field. Thus for QED only linear
terms are subtracted and for a traceless representation of a gauge field (such as with
monopoles and dyons) there are no infinities. Varying 4,(x), 4,(x) and m(x), the

volume part of ;—8’111(0) is

) . 71 4 i R
H% —sTrH(H?) 2 = 7s < ) <ﬁ 0(4o)+2/30(4,)° +sz(Ao)>

[ e
(%) V§d3x>.
Proof. We have

_s—t
ling —s(H*) 2 (x,x)= lim !

T _THZ(x, x)dT

o'——.g

s+
"I 2)
i L (e o L5
_s_>0 S 0 (47t’1" - — (X)+ ~——47n2 g— (X)
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From (9),
E=1/4R+1/2[P;,e;N]1+1/4{N,P;} {N,P;} +N?,
Pi=—iy%’, N=P.(4,)—io(Ae)+my°.

Then

s—1

lim —sTrHH?) 2 =-— # I <(Pbe(fib)—i@(/io)+m?°)
R
. <_ 13~ 12[P; e;N]=1/4{N, P} {N.P} —N2>> )}/ gd*x.
The integrand is
4oy <(—iQ(1‘io)) < - % —o(Ape(A4;)—20(Ag)0(Ao) — P.Ppo(A) 0(A4,) —m2>

+ 2immg(A,)

d .. (R
= iy <§ o(4o) +2/30(4,)° +mZQ(Ao)> - 0

The secondary characteristic class does not appear because the spinors are Dirac.
Unfortunately, the surface integral for the three-dimensional case appears to
be very difficult to compute.

Acknowledgements. 1 am grateful to I. Singer and O. Alvarez for many helpful discussions.
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