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Abstract. By means of the exterior complex scaling of B. Simon an existence
proof of resonances is given for the time-dependent Schrodinger equation

oy
i
where I belongs to a class of potentials which includes the Coulomb one. The
resonance width is given by the Fermi Golden Rule to second order
perturbation theory and is nonzero for u small and almost every w.

i (= A4+ V+ux, coswt)yp,

1. Introduction

The time dependent Schrodinger equation
ay
ot
describes the so-called AC-Stark effect, i.e. the quantum motion of a particle of
mass 3, unit charge, coordinates x =(x,, x,, x;)€IR? in a potential field ¥(x) under
the action of an oscillating electric field of strength $ucoswt, pelR, directed along
the x,; axis. Here weR, and A=1. If ¥V is not only dilation analytic, but also
satisfies some extra smoothness assumptions, Yajima [12] has obtained, through a
synthesis of Floquet theory and complex scaling, a mathematical justification of
the well-known physical picture associated with the time dependent perturbation
problem (1.1) (see e.g. [5, 11]).

Let us describe in some detail the results of [12], because the purpose of this
paper is to extend the main one, i.e. the existence of resonances, to a class of
potentials sufficiently general to include the Coulomb one. Setting, as in [3]:

w(t, x)=T(e)o(t, x), (1.2)
(T(t)f) (x)=e—i(w“ Lux sinwt— 16u“2w‘3sin2wt+8u2w‘lt)f(x1 _'uw—z coswt, X2X3) , :

i= =(— A+ V(x)+Lux, coswr)y (1.1)
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Equation (1.1) becomes:

0
za—v—( A+V(x, + o~ ?ucoswt, x,, x,))v=H(t, wo. (1.3)
Then Eq. (1.3) generates a unitary propagator U(t,s;u) and the following

assertions hold true:

. 2 . '
(1) The eigenvalues of the Floquet operator U (s-}- g, s; u), if any, define the

bound states of the problem. Namely if AeR is such that

A2mi

U(s-i—%,s;u)f:e_Tf, fe L3(R3),

then U(t,s; u) f=e~"*"9*f(¢) with f periodic in ¢ and localized in space;
(2) Let A" be the Hilbert space L*(R*)®L*(T,), T, the circle R/(2n/w)Z, and

let K(u) be the self-adjoint realization of H(t, u)—i g—t— in . Then

2
a(U(s+ —n,s;,u)),
w

the spectrum of U(-), is analyzed through o(K(u)) in the following way: if
K(wo(t)=1¢(t), then ¢(t) is a L*-valued, continuous and periodic function of ¢
with U(t,0; p)@(0)=e~**¢(t), and conversely if

2 .
( n,O,,u)¢ — e it2mlag

then ¢(t)=€"U(t,0; w,, is such that K(p)d(t) = id(t).

0 0
(3) Consider K(O)——za— +H= —za— — A+ V.Then a(K(0)) = U {nw+ao(H)},
so that all eigenvalues of H appear as embedded eigenvalues in o(K(0)).
For u=+0 small enough these eigenvalues turn into resonances of K(u),

and hence of (1.3), in the standard sense of dilation analyticity. More precisely : if

0 0
K(6, u)= _iﬁ_t +H(,0,p)= —ia —e 24+ V(e’x, + uw ™ coswt, e’x,, e’x,),

then K(0 ) is a holomorphic family of operators in " for [Im0| <%; o, (K(0, 1))
U {nwo+e ?’R_}; for ImO+0, K(6,0) admits all points of o,(K(0)) as

isolated eigenvalues, and any such eigenvalue is stable for u>0 small. The
eigenvalues of K(0, u) are independent of 6, and for almost every w have strictly
negative imaginary part if Im6<Q0.

(4) Let A,,4, be isolated, simple eigenvalues of H=—A4+V, A, —4,= o,

0
with eigenvectors ¢,, ¢,. Then the solution U(t,0; u)¢, of H(t,0, uyy=i a—lf with
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initial state ¢, oscillates in time between the two states ¢, ¢, whose energy
difference is + . This “classical resonance” phenomenon displays the “photon”
property of the electric field.

If now V=(x?+x2+x%) " 2=(x?+x%)" /%, we see that
V(e’x, + pw~ 2 coswt, e’x ), O=igp,

is singular for x, = —(w ™ *ucoswt)cosd, |x,|=|(w™ *ucoswr)sing|. This repre-
sents a circle of square-root branch points. Therefore the critical assumption that
V(e’x, +w™ 2 coswt, e’x ) extends for all ¢ to a holomorphic family of compact
operators from H?(R?) to L*(R3) in some strip [Imf|<a, >0, is not fulfilled by
the Coulomb potential. We will sidestep this difficulty by means of a method, the
exterior complex scaling, introduced by Simon [9] to overcome the very same
problem arising in the attempt of defining molecular resonances in the Born-
Oppenheimer approximation. Motivated by the fact that the above singularities
are confined within a bounded sphere, the exterior scaling transformation on a
function fe L*(R%) replaces the unitary dilation (S(6)f)(x)=e3"%f(ex), OeR, by
the following unitary map:

(S(6, R)f) (x) = [detds(0, R)x/dx]1*f(S(6, R)x), (1.4)
where R>0 is fixed, X=x/|x|, and

for |x|=R

X
(R+€%(x|—R)x for |x|=R. (1:3)

S(0, R)x = {
Therefore the following conditions on the potential V(x) will be assumed: (We
always take |u/|<1 and |w| =T~ for some I"'>0.)

Al. There are R>0, a>0, such that the function 6—V(S(0, R)x + 1E), E=(1,0,0), is
a Cy(|x|ZR)-valued holomorphic function of 0 in €C,={0eC:|Im0|<a} for any
fixed p, and a continuous function of p for any fixed 0.

Here C(|x|ZR) is the set of all continuous functions from {x:|x|=R} to C,

vanishing as |x|— co. <Note that Al implies

sup |V(S(6, R)x + uw~ 2 coswtE) e L*(|x| Z R)
t

and | llim sup|V(S(0, R)x + uw ™~ 2 coswtE)| =0 uniformly on compacts with respect
X|— oo t

to (u, 0).)

A2. Let x(R) be the characteristic function of the ball |x|<R. Then:
sup [x(R)V(x,+¢,x )I"*eL?, 3<g<o0.
lel=T?
A3. There exists a function B(x) >0 such that the following conditions are satisfied :
(i) For some 3<q=o0, B(x)e L|x|=R) and Be C,(|x|ZR).
(i) sup |V(S(0,R)x+¢E)|"'><B(x) for all xelR® and 0eC,.
le|sr?
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(iil) B(x)™'V(S(6, R)x + pw~* coswtE)'? is a C(T,)® C,(|x| = R)-valued analyt-
ic function of 0eC,.
(iv) lim || [V(S(0,R)x + uw~ 2 coswtE)'? — V(S(6, R)x)*/*(B(x) ! Il oo (3 xgy =0
u—0

Ad. The function t—(—A+1)"2V(x+ uw ™% coswtE)(— A+ 1)~ Y2, taking values
in B(L*) by Al and A2 above, is strongly differentiable in t>0.

It is easy to check that the Coulomb potential fulfills the above assumptions.

In the subsequent sections we will explicitly realize the holomorphic families
associated with K(0) and K(u) through the analytic continuation of their unitary
image under the exterior scaling. This cannot be obtained through a straightfor-
ward generalization of the arguments of [ 12] essentially because V is too singular
and the operator family — S(6, R)4S(6, R)™ !, the exterior complex-scaled Laplace
operator, is not normal for Im0=+0. The main technique will consist in working
out Kato’s type estimates [2] with — 4 replaced by — S(6, R)4S(6, R)™ %, so that the
arguments of [13] can be generalized to this particular non-selfadjoint case.

In this way we will be able to extend to the present situation, beyond (2) and (3)
above, the existence result for resonances. Furthermore we will see in Sect. 5 that
under an additional condition described there which is also satisfied by the
Coulomb potentials the imaginary part of the resonance is given by the Fermi
Golden Rule to second order perturbation theory. In particular this implies that
the width of such resonances does not vanish for almost all w and sufficiently
small p.

However, we were not able to prove in the present context the validity of the
“photon property” recalled in (4) above. Here the main difficulty comes from the
lack of an existence theorem for the time-dependent complex-scaled Schroedinger
equations with potentials as singular as the Coulomb potential.

The reader is referred to [12] for all notations not explicitly recalled in this

paper.
2. Exterior Complex Scaling

We collect in this section some results on the theory of exterior complex scaling
introduced by Simon [9], strictly necessary in what follows. The reader is referred
to [10] for a complete treatment.

Let us denote by x=(x, X,, x;), the generic point in R?;, r=|x|
=(x?+x3+x2)"/2 is its length, and % =x/|x| its angular vector. For R >0 we define
a one-parameter group of exterior scaling transformations S(0, R), 0 R, by

X for |x|=R,

(R+€%x|—R)%x for |x|=R. 1)

S, R)x= {

This group has a natural unitary representation S’(G, R) on # = L*(R3), given by
(5(6, R)f)(x) =[detdS(0, R)x/0x]"/f(S(6, R)x). 22
where, as is easily checked

1 for |x|=R,

e”*(R+é%|x|—R))/|x| for |x|>R. 23)

[detdS(0, R)x)/dx]"/? = {
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Let H, be the unique self-adjoint extension of — 4 defined on CZ(IR?). We define
the exterior scaled free Hamiltonian H, in the following way:

Hy(0,R)=S(0,R)H,S(0,R)™*, 0eR. (2.4)
2.1. Proposition. Let 0 R and R>0. Then

D(H(6, R) = {f =1 @f, eH (x| <R)@®H(x| > R)

and lim f_(rt)=¢”"*lim £, (r5), (2.5)
rl

rt R

im 7 (7_r9)=e 2 lim =0f 30}

rtR 7’

and for feD(H(6,R))
x2—(S(0, R)x)%e~%*
(S0, R)x)*

2 0 3 02
fa—= 2 v 352 : 2.
(“ x| 3 j,k:l"fx"axjaxk>f +(x)) (26)

Here the limits are taken in L*(S?), S? the unit sphere in R>.

Ho(0. R)f()= — 4F_ ()@ (— e Af (x)—

To prove Proposition 2.1 and for later convenience we introduced a unitary
transformation O from L*(R?) to L*(R,, L*(S?),dr), defined by

Of(r,0)=rfrmw), rz0, weS>. 2.7
As is well known, @ is the transformation into polar coordinates and
_ > A
OH,0 ]=_F+r—2’ (2.8)

where A is the Laplace-Beltrami operator in S2. By a simple computation we see
that

) ), 0=r<R,
(SO, RO~ f(r, 0) = {i;(/rz fa()zl +e’(r—R),®), R >r'j )
and
_fo+Af 0<r<R,
OH,(0,R)0 ™ f(r, )= o
0 f(r,w) _e_zedz_f Af R>r. =10

(R+€(r—R)*’

Proposition 2.1 can be proved by using (2.8)-2.10) and the change of variables. We
omit the details. [

Hereafter R>0 is fixed and we shall often omit the dependence on R in the
following expressions. We assume |a| < x/4 in what follows.

Now we wish to extend the variable 6 in the complex plane in such a way that
Hy(0,R) represents a holomorphic family of operators in 6. For



282 S. Graffi and K. Yajima

0eC,={0:Im0f|<a}, we define a quadratic form Q(6) as:

D(Q(0) = { SeH (x| <RI@H' (x| > R):lim S-ry=e""lim f+(rfc)},

(2.11)
O)(f.9)= ’ Ij;R Vf - Vgdx
+}Odr . j {e‘zocj_r(9f~j—r(9_g+(R+ee(r—R))_ZI/Z(pf(r, w)- [/Z(Dg(r, a)_)}da).
R s
(2.12)

To simplify the notation, we write Q_ ={|x|<R},-Q, ={|x|>R}, and
J(x, 0)=(det0S(0, x)/0x)*/?,
where the positive branch is taken for feIR.

2.2. Proposition. (1) If 0eR, Q(0) is the quadratic form associated with the self-
adjoint operator H (0, R).

(2) For 0eCZ, Q(8) is a closed, strictly sectorial form with numerical range :
Wy(0)={z:0= Fargz< F2Im0}. (2.13)

Proof. We first show (2). Let {f,} be a sequence in D(Q(6)) such that f,— f in s
and QO)(f,— f,» f,— £,)—0, as n,m—oo. Writing 0=¢+in, e5(r—R)=1, we see
that for |n|<a

R?+2Rtcosn+12cos2n . cos2a
(R?+2cosyRt+1%)? ~ (R+1)*

Thus by taking the real part of Q(6)(f,— f,. f,— f,.)» we obtain
[ V(fn_ fm)”LZ(Q_)_’O, ”d(pfm, ,,(r, w)/dr”LZ([R, oo),LZ(Sz),dr)—_)O’

Re(R+e€") 2=

and

==t ﬂ@fm,n(ra o) L2(R, oo),LZ(SZ),dr)—’O s =T 1

From this we conclude that f,— f both in H'(]x|] <R) and H'(]x|>R). Since the
trace operators on the boundaries |x|=R are continuous both from H'(|x|<R)
and H'(Jx|>R) to L*(|x|=R), f satisfies the boundary condition and we have the
closedness of Q(6).

Since

2tsiny(R + 7 cosn)

(R2+2cos;7RT+,L.z)2 <tan2n Re(R +e'7)?,

0= —Im(R+e")*=

it is easy to see that the numerical range is given by (2.13).

To show (1) it is now sufficient to prove that, for f,ge D(H,(0)), <H,(0)f, g
=Q(0)(f, g). Since this represents a simple computation, integrating by parts and
using the boundary condition together with (2.10) and (2.12), we omit the
details. [J
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Now by Proposition 2.2 and a general theorem (cf. Kato [2], Theorem VI1.2.1)
there exists a unique m-sectorial operator H (6, R) such that Q(6) is its associated

quadratic form for any fe C; <O§a< g)

2.3. Proposition. For 0eC* and R>0, the domain and the action of the operator
H (0, R) are given by (2.5) and (2.6), respectively.
Proof. Let us denote by 9(6) the right hand side of (2.5), and by T, o(0) the formal

operator in the right hand side of (2.6). Clearly P(0)C D(Q(0)), and by (2.10) after
integrating by parts, we get

(T,0)/,9>=00)(f.9), feD6), geDQ(0)- (2.14)

Thus Ty(0) with domain P(0) is a restriction of Hy(0,R) (cf. ibidem Corollary
VI.2.4). Let us show that 9(6)> D(H (0, R)). By its construction (cf. ibidem p. 324).
feD(H,(0,R)), if and only if there is ue# such that Q(0)(f,g)=<u,g) for all
ge D(Q(9)).

Taking ge CT(R*\0Q)C D(Q(0)), we see that T,(0)f =u in 2'(Q_UL,). Since
T,(0)= — 4 for |x|<R, and, for |x|> R, T,(0) is uniformly strongly elliptic with
coefficients converging to constants such that T,(0)~ —e~2°4 at infinity, by the
elliptic regularity theorem near the boundary and at infinity (see e.g. Mizohata [6],
pp. 213 and 222), fe H*(|x|>R)®H?(|x|<R). Now using (2.10) once more with
ge C*(Ix| ER)NC*(|x|Z R)nD(Q(0)), and performing a partial integration we

. . o .0
see that f has to satisfy the additional boundary condition lim g(rf(rfc))
rtR

= lime™ w2l 5, %) O

We write J(H, x)=¢"?(R + ¢(x| — R))/|x| for Oe C,. Let . (x) denote the charac-
teristic function of Q.. For 0eC, and ze C we set:

L exp(~ l/__zlx_yl)x_(X)x_(y),

G BXN=5z x—)
1 exp(— /=2 {(x— S0}
67 e x = g SPV SO, a0,
(2.15)
1 exp(— /= z{(S(O)x— )*} /2
G =g o «‘/Sgii(y)l’él/zy)} W06,
1 exp(— /= 2{(S(O)x— S(O))*}
i eox )= g SRV EOCSOITE, (10990,

Correspondingly we define the operators

y (2)f(x)= f Gy ~(zx,))f()dy, etc., (2.16)
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and
Gy2)=G, ~(2)+ G, “(2)+ G, (2)+ G, *(2). (2.17)

Here in the right hand side of (2.15), we take |/ —z =0 for z<0, and the positive
branch of {-}1/? for 6eR (unless x = y).

Note that
0/2 exp(— ) —zey))

G, T(z,x,y)~¢ as |yl—- o0,
0 y 4]y by
_ _ 6
Gi (3 o2 RV =2 XD o (2.18)
47|x|
V=2~ N
Gy "z, x,y)~e* exp( zebx=)D as b Iyl 0,
dr|x—y| [x—y|— 0.

2.4. Proposition. Let 0cC, and Gy(z) be defined by (2.15)~(2.17). Then for any
0eC,, G,(z) is a bounded-operator valued analytic function of z in {z: —2Im6
<argz<2m—2Im0O} on the Riemann surface of |/ —z,; for any z in the first

Riemann sheet of |/ — z it is a bounded-operator valued analytic function of 0 in the
domain {0eC,: — Jargz<ImO<n— Jargz}.

Proof. Except for the analyticity in 6, the statements are almost obvious. However
for later convenience let us prove somewhat more detailed estimates than those
stated above when z varies along lines parallel to the real axis. We first show the
boundedness and analyticity (in z) for any fixed 6eC;. The case e C, can be
treated in the same way, and the case feRR is easy.

(i) G, ~(2) is O-independent. When z ranges over the sector {z: —2Imf<argz
<2n—2Im6} of the Riemann surface of [/——z, along a line z=a+ib, b fixed, we

have
Re—|/—z=<0 if b=0, (2.19)

Re—|/—-z=C, if b=0, forsome C_,>0. (2.20)
Thus there is M,>0 such that, along this line:

exp(2C,Ix—yl)

IIGg"(Z)HzéIIGJ“(Z)IIﬁ,S,é(‘lﬂ)“ZQf!f) ;7 dxdy<M,. (221)

oo Ix—)l

The analyticity in z is obvious.
(i) Write now 0=¢+in, n>0, o=x— R},

t=e%|y]—R)y for xeQ_,yeQ,.
By the unitary equivalence, it is enough to consider the case £=0. Clearly
{o,7) =0, (2.22)

(x—S8(0)y)* =(0—e"1)?> =02 — 201 cosy + 12 cos 2 + i(1% sin 2y — 20T siny),
(2.23)
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From (2.23) it is easy to see that

0<arg{(x—S(O)y)*}"*=n, (2.24)
and that, for any >0, there is M, >0 such that, for [y|= M,
0=n—e=arg{(x—SOy?*}"*<n  (n>0), (2.25)

cos2n(x— Ry— (11— R)P)* = x = SOy =(x—Ry—(y|—R)P)*.  (2.26)
Hence we have the estimates:
Re— |/ —z{(x—S(0)y)*}2 < C,, on z=a+ib,|y|=M,, (2.27)

Re— ]/ —z{(x—S(0)y)*} "> < — cos 2 sin(n — &)|x — Ry — |yl — R)jl ||'/>
on z=a-+ib,bz0,|y|ZM,. (2.28)

If z=a+1ib, b<0, and z ranges only over a closed half-line not intersecting the half-
line e IR, so that & + 2¢—n <arg(— |/ —z) < 2n— 2¢—1, an estimate analogous
to (2.28) holds with sine in place of sin(y—e¢) in the right hand side. Combining
these estimates, we have for z=a+ib, aeR, b<0, a ranging over half-lines of R
such that z does not intersect e” 2R, :

1G, *@IPZ1G, *(2)Es = [ dx
x|SR R

C, 0, r(}/cos2nlx—Rj—(lyl— R)J)~?

<lylsM

exp(—C 12| x —Ry—(|y|— R)¥
+C0 j’ dx y p( a,r]lZI I)f y ('J’lA 5 )yl)
IX[SR =M. cos2n|x— Ry —(ly|— R)Y|

SCre<0.

(iii) For G, ~(z), we can apply the above estimates on the integral kernel,
interchanging the roles of x and y, to get an analogous uniform bound. We omit
the details.

(iv) Let us now consider G, *(z). By unitary equivalence, it is enough to
consider the case O=iy, n=0. We have:

(S(O)x —S(0)y)* =e*’(x— y)* +2¢°(1 — ") R(x — ) - (X — )

+(1—e)? R%(% — §)? = {cos 2y(x — y — R% + Rj)?

+2cosn(x|+ [yl = 2R)(1 — - )+ R* (X — J)*}

+i{sin2n(x — y— RX + R$)? + 2 siny(|x| + [y|— 2R)(1 — % - $)}.(2.29)
Using the identity

x=9)-(x=y—RE =) =(x+[y-2R)(1 - %)), (2.30)

together with (2.29), we get:
cos2nlx — yI* IS(0)x — SO)yI* < |x— yI*, (231)
0=arg((S(O)x—S(O)y)*)! 2 <n. (232)

Moreover for any £>0, there is M, >0 such that for |x—y|>M,
n—esarg((S(O)x—S(0)y)) > <n. (233)
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By means of (2.31)—(2.33) we can see that

sup [ |Gy Tz x,pldx<sup |  C[]/cos2nlx—yl)~'dy

x PI>R X |x—y|SM,

+sup | Cy()/cos2nlx— )~  exp(— Cylz|**|x— y))dy <D, ,< 0,
X |x—ylzM,
whenever z ranges over a line z=a+ib, b=0 or two half-lines z=a+ib, b <0 taken
as in the case (ii). A similar estimate holds for sup [|G, *(zx,y)ldx, and this
y

proves the uniform boundedness.

(v) Finally let us prove the analyticity in 6.

The proof above shows that ||G,(z)| is locally uniformly bounded in 0. Then it
suffices to show that (G,(z) f,g) is analytic for f,ge C3(2,uQ_), since the latter
space is a dense set in #. We show the analyticity of <G, *(2)f;,g,),
Gy (D) f-9:>, Gy (D) frrg-). (G, "(2)f_,g_) is trivially analytic. Here
(f+,9)CT(RQ,), (f-,9 )eCT(Q).

On the support of f_(y)g.(x) [respectively f.(»g_(x)] G, (z,x,)
[respectively G, *(z,y,y)] is analytic in 0, (x,y) fixed. Using the estimates in (ii)
[respectively (iii)] we see that <G, ~(z)f_,g.» [respectively <G, (2)f,,g_>] is
analytic in 6. To see the analyticity in 6 of <G, *(2) f,, g, ), let us approximate it
by an operator G, ", whose kernel is given by G, (z,x,y)=G, (zx,)

1 . ..
x<|x— y|> ;) By the estimates (iv) it is clear that (G, ' (z) f,.g. ) is analytic in 0

and it converges to <G, *(z)f,,g,» locally uniformly in 6 as n—oco. This
completes the proof. []

2.5. Corollary. Let 0eCr and z¢{e R, —wZ}={e *x—wk:x>0, keZ}.
Then

sup||Gy(z+nw)| =C(0,z)< + 0, (2.34)

where z+nw runs over the sector W={w:—2Imf<argw<2n—2Im6} of the
Riemann surface of |/ —z.

This corollary is proved in the proof of Proposition 2.4.

2.6. Proposition. Let 0cC,. Then
(1) a(Ho(0, R) =0 (H(0, R)=e"*R,.

(2) If z¢a(H (6, R)), (Hy(0,R)—2)~ ' =G,(2).

Proof. For 8RR, (1) and (2) are easy to obtain from the definition and the well

known formula (—A—2z)"'f(x)=@n)""[lx—yl~'exp(— |/ —z|x—y) f(y)dy.
Thus for (z,z')¢R, we have

G(2)—G(2)=G(2)Gy(2)(z—2), OeR. (2.35)
Since both sides of (2.35) are analytic in 8 by Proposition 2.4, (2.35) holds for 6 in
{0: —targz<ImO<n—Jlargz}n{0: —targz <Imf<n—}argz}nC,  Then,

using the same argument first for z and then for z', we see that for any e C,, (2.35)
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holds for z,z’e{z: —2Imf<argz<2n—2Im6O}. By a standard computation we
have that G,(z) fe D(H (0, R)) if fe Cy(R?). Since, for e, z¢R, f,ge CT(R3):

(Gy(2) f,(Ho(0, R) = 2)*g)> =<1, 97, (2.36)

and the left hand side is an analytic function of 6 (and z), we see that for any
feCP(R? and —2Imh<argz<2n—2Im0:

(Hy(0,R)—2)Gylz) f=f in ZD'(RY). (2.37)

It follows then that (2.37) holds for all fe #, since H (0, R)— z is a closed operator.
This implies that G,(z)~ ! exists and is the inverse of an operator which is of course
(H,(6, R)— z). This proves the second statement and also that o(H (0, R)) Ce” >R,
Now the converse statement, e~ 2R, D o(H (0, R)), can be easily shown by using a
sequence of trial functions, and this proves (1). [

Let us now study some properties of the semigroup exp(FitH (0, R)), 0 CZ*,
generated by H,(0, R), which will turn out to yield the key estimates needed in
what follows.

2.7. Lemma. Let 0 CE. Then:
(1) FiHy(0,R) generates a strongly continuous contraction semi-group
exp(FitH (6, R)), t 20, on the Hilbert space # = L*(R?).
(2) For 0eCt, t>0, and fe L*nL? exp(—itH,(6, R)) f can be expressed as
exp(—itH(0,R) f=F; () f +F, ") f +Fy ") f+Fy *(0)f, (2.38)

where Fy " (1), etc., are the integral operators

Fr(0f()= | Fy ~(t.x ) f0)dy. e, (2:39)
]R3
whose kernels are given by :
— 3/2 l —Y|2
Fy ()= (4rit) 2 exp (X709,
Fy ()= (dnit)” Wexp(z ) J0,0)7_ (7. 0),
(2.40)

Fy ()= (dnit)” Wexp(z(s O ) T, 07, ()10
Fi () = (drit) 3/26Xp<(s O Se”’)z) T, 07007 ()7, ).

Similar statements hold for t<0 and 0eC, . ~
(3) There is a constant C>0 independent of 0 CF, t>0, and fe L' nL?, such
that

lexp(F itHo(0, R) fll , < Clel > 11 £ - (2.41)

Proof. (1) Since H (0, R) is strictly m-sectorial with numerical range (2.13), the first
statement is a well known result from the Hille-Yosida theory of semi-groups.
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(2) The second statement can be obtained from the Laplace inversion formula
from the corresponding formulae (2.15)-(2.17) for the resolvent and
Proposition 2.6(2). Since this computation is elementary (see e.g. Kato [1, IX.1.8]),
we omit the details here.

(3) As we have computed in the proof of Proposition 2.4 [cf. (2.23) and (2.29)],
the exponents have non-positive real parts. By unitary equivalence, it is enough to
prove (2.41) for 6=in. In this case |J(x,0)| <1, so that

lexp(FitHo(0, R) fll c <4(@xlt) > f1I,. O

2.8. Corollary. Let f,ge L*(R3), 2<p=< o0, and denote by F and G the_multipli-
cation operators by f and g in #. Then there is C,>0 independent of Oe CH, >0,
such that

IF exp(FitHo(0, R)G = C, 1>l f1l, gll,- (242)

Moreover if f and g have compact support, F exp(FitH (0, R)) G is norm continuous
in t>0.

Proof. The first statement follows from (1), (3) of Lemma 2.7 and a well known
interpolation argument (see Kato [2]). The second statement is obvious. []

2.9. Corollary. Let f,ge LAR*)NLY(R3), 2<p<3<q=co. Then
lim ||F(Hy0,R)—ATi) 1G] =0 (2.43)

A=t oo
uniformly with respect to Oe(f‘;—’.

Proof. We write:
F(Hy0,R)—AFi)"'G=Fi oj: Fe® MtHoO-RI£ikt =Gy (2.44)
Let us now decompose the integral in the right hand side of (2.44) as
i Fexp(FitHy(0,R) tilt—t)Gdt + ojo Fexp(FitHy(0,R)+iit—1t)Gdt.

Using Corollary 2.8, it is enough to show that for any ¢>0 the second term
vanishes in norm as |A|— co uniformly with respect to 6. By a standard approxima-
tion argument, we may assume f,ge C7(R?).

In this case a simple computation shows that

sup [[Fexp(FitH (0, R)£ikt =) Gl 1. 1io<i< s poy < + O
0eC

Since we can regard the integral as a Riemann integral in B(5#), by the Riemann-
Lebesgue lemma, we have (2.43). [

2.10. Lemma. (1) Let VeL?+L¥. Then for any 0eC, V(Hy0,R)—z)" ",
z¢a(H (0, R)), is a compact-operator valued analytic function of z.

(2) Let V=V, +V, be such that suppV,CQ_, V,eL?, 3<q=c0, and V,eL”
with |Vy(x)|>0 as |x|>o. Then for 0eCF, V(H,(0,R)—AFi)~ 'V and
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V(Hy(0,R)—AF i)~ ! are analytic in 0 and

lim | V(Hy(0,R)—AF i)~ 1| = hm IV(Hy(0,R)— AT 1) 'V||=0, (2.45)
A=t 0
sup iuﬂg(ll V(HO(G,R)—ﬁi)‘IVH + [ V(Ho(0,R)—AF i) t)<oo. (2.46)

Proof. (1) Since D(H (6, R)) CH*(Q_)®H?*(Q,), and the image of the unit ball in
H?*(Q,) under V is a compact subset of L*(Q,), the first statement is obvious.

(2) Let us first assume V, has compact support. In this case the second = of
(2.45) follows from Corollary 2.9. When 0€IR, H (0, R) is self-adjoint and

IV(H (6, R)—AF1)~ |2
SHIVHO, R)— A=) V] + [ V(H(0, R)— A+1) ™'V [} -0.

When Imf=#>0,
V(Ho(0,R)— A=) ' =V,G; *(A+i)+ V,G; “(A+i)+ Vy(Hy(6,R)—A—1D)"1,
and
IV,(Ho(0,R) = A=) SVl IVGy ~(A+DI = 1V,Gy ~(0)l < + 0.
Furthermore with 6=¢+ia, we have by (2.26)-2.28):
IV,Gy TA+DIP =1V, Gy T(A+i)ll s
=C j dx f dy

Ix[SR  ei(y|—-R)>M
) €|V, (x)|? exp(— cos2asin(a—¢)|x — Ry — e*(|y| — R)JI*) (RY+e%(|y| — R)})>
cos2alx—Ry—e*(|yl — R)JI*|yI?

[Vi(X)I?IRy+ eyl — R)J|* dy

|x|SR 0<ed(ly|-Ry <M cos2a|lx—Rj— eﬁ(lyl - R)f’lzyz

+C

V. (x)|? —C,|lx—y? V. (x)|?
éc{ [ dx | dyl L (X)1* exp( 1,|>2C Jl )+ [ dx i | 1(X)|2}
ISR 2R cos2alx—y| xR  Rsplsr+M XVl
<4 0. (2.47)
Thus we have
sup sup||[V(Hy0,R)—A—i)"'|<+o0. (2.48)

Im6=0ora AeR

By this and (2.45), when 6€R, we have (2.45) for any 0e €, by Hadamard’s three
lines theorem (see e.g. [7], Sect. IX.4), since V(H (0, R)— )—z) Lis clearly analytic
in 0 for 0<Im6 < a. To obtain (2.45), (2.46) for general V, we split V= v, +V, with
V, of compact support and |V,|, <e for any ¢>0, and apply the result for
potentials of compact support.

Finally we prove the analyticity in 6 of V(H0,R)—1—i)~'V. By
Proposition 2.4, it is enough to show that V,G, *(A+1i)V, and V,G, ~(A+i)V, are
analytic. By (2.47) and an analogous estimate for |G, ~(A+i)V,|, it suffices to
show that, for feCy(€2,) and f_eCF(Q.), <V,G, ~(A+i)V,f_,f.> and
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V,Gy *(A+i)V,f,,f-> are analytic, and this can be proved as in
Proposition 2.4. [

Remark. 1. As the proof clearly implies, if we assume only Ve L?+ L* in (1) and
V,eL* in (2) without requiring V,(x)—0 as |x|—oco, the same results in
Lemma 2.10 remain true except the compactness. This extends the estimates in the
proof of Proposition 2.4.

2. The severe condition ¥V, € L, 3 <g= oo in Lemma 2.10 is required to obtain
estimates which are uniform in fe C*.

2.11. Lemma. Let O C; and Ve LP with 2<p and supp V CQ_. Then there exists a
constant C, ,  such that for t>0,

1V exp(FitHo(0, R)I = C, o gl 227+ 11 >) [ V], (2.49)

Proof. We prove the lemma for the upper signs only. Since suppVCQ_,
Vexp(—itHy(0,R)=VF, ~(t)+VF, *(t). Since y_eL? for any ¢, we have by
Corollary 2.8 that

IWVE==@I=IVF~(Ox_ | =|Vexp(—itHo)x_ | SC,IVI,ld~*7. (2.50)
By (2.23), we see that \
IE= @ 1,011, (2.51)

and

IF™ (0 fll oo < Co rt ™ *?llexp(— Co g /D 1 f 1, S Co ™ SN, (252)

Interpolating (2.51) and (2.52), we have |[VF~ *(t)]| £C, gt~ **"||V|,. This and
(2.50) obviously imply (2.49). O

3. Unitary Propagators and Coupled Hamiltonians
Let us denote by V{(t, x, 8, u) the exterior complex scaled potential with translation:

V(x+ uw = 3(coswt)E), x|<R,

V(R%+€%(x| — R)% + pw~*(coswt)E), |x|=R. (3-1)

Vit,x, 0, )= {
In this and next section O0<w is fixed and R>0 is taken in such a way that
R>2w™ 2 The positive branch of the square root is taken for e R. Note that for
f.9e D(H (0, R))CHYQ_)®H (Q.), {V(t,x,0, 1) f,g) . is a C function of ¢. Thus,
applying Kysinski’s theorem [4], we have the following result: write

H,(0)=D(Q(O) CH (Q_)OHN(Q,),

and let #_(0) be its dual space, #,(0)CL*CH_ (0)=,(0)*. V(1,0,u) is the
multiplication operator by V{(t,x,0,u), and H(t,0,n)=H,(0, R)+ V(¢t,0,n) with
domain D(H (6, R)).

Clearly H(t, 0, ) is self-adjoint for e R.

3.1. Theorem. The equation
0
ia—’: —H(t,60,u), 0cR (3.2)
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generates a propagator {U(t,s; 0, u)} enjoying the following properties :

(1) U(t,s;0,u) is a unitary operator and is strongly continuous in (t,s).

(2) Ut,t;0,u=10U(t,s;0, ) U(s,r; 0, ))=U(t,r; 6, u) and Ut + 2n/w, s + 2n/w ;
0,)="Ul(t,s;0, ).

(3) U(t,s;0,m)H,(0)CH,(0) and, for feH(0), U(t,s;0,u) [ is strongly differ-
entiable in (t,s) as an #_ (0)-valued function. Moreover

0
la_t U(t95907l“l')f=H(ts 9:/") U(t’sagau)f,

0
—ias U(t,s;0, ) f=Ul(t,s;0, ) Hs, 0, ) f .

@) SO)U(t,s:0,)S©O) = U(t,s;0+0, 1), 0'eR.

For the proof of this theorem, see Kysinski [4] or Simon [8]. The statement (4)
follows from the uniqueness of the propagator. [J

According to the program discussed in the introduction, we now wish to
analyze the spectrum of the Floquet operator through the operator defined on a
new Hilbert space # =L*(T,)®L*(R®), T, =RR/(2n/w)Z. For e C* and ¢ =0, we
define a one-parameter family of operators {%,(c,0)} on A" by

(Uy(0,0) () =exp(FicHyO,R)) f(t—0), feX. (3.3)
We also define, for 0elR, 4=0, and ceR
(%(O’, 9’ ,U)f)(l')= U(t,t—O’, 0’ /.l)f(f—O'), fe'%/ (34)

3.2. Lemma. (1) %(0,0) is a strongly continuous contraction semi-group on A . If
O€lR, it is a unitary group.
(2) For OeR, {%(0,0,u),0eR} is a strongly continuous unitary group.

Lemma 3.2 is obvious by the definition of the operator and the properties of
exp(FitH,(0,R)) and U(t,s; 0, p).

We denote the generators of #%,(c,0) and %(o,0,u) by K,(0) and K(6, )
respectively:

Uy(0,0)=exp(TiocK ,(0)),0eTE, 620, (3.5)
U(,0, ) =exp(TioK (6, ), 0 R,  oeRR. (3.6)

By Lemma 3.2, K,(6) is self-adjoint for 6eR and so is K(0, p); for 0 CF, +iK,(6)
is maximal accretive.

Let now A(t, x, 0, u) = V(t, x, 0, u)*/* with the usual choice of the branch, and let
A(6, 1) be the multiplication operator on " by the function A(t, x, 6, w).

3.3. Lemma. Let 9=HY(T,)QL*(R*NLXT,)®D(H,(0,R)). Then K,(0) is the

0
closure in A" of _ia_t +H (0, R) defined on 9. Moreover for any 0eC,

(K o(0) = U (nw+e 2R.). (3.7)

n=—o
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Proof. Note first that & is dense and %,(s, 0) invariant. For fe % we have

d é
== (0,6) f()lg-0 = (—ia—t +H,(0, R))f(t).

Thus 2 is a core of K(0) and K,(0)= — ia% +H(0,R) on £. This implies the first
statement.

; +KO(9)> fO)=2""(nw
++ IZ o0, R)NZ, f)(n) for f+eoo@. Thus K,(0) is unitarily equivalent to

&b (nw+Hy(0,R)) on B # and (3.7) follows from Corollary 2.5 and

n=—w n=—o

Proposition 2.6. [

3.4. Lemma. Let 0cC, and z¢0(K(0)). Then
(1) A0, 1) (Ko(0)—2)" " is a compact-operator valued analytic function of (6, z).
(2) A0, w(Ky(0)—z)~ ' A0, ) is a compact-operator valued analytic function of
0.2); i
(3) For any 6eCZ,

A6, W)(Ko(0)—2)" P A0, )| >0 as +Imz—oo. (3.8)

By Fourier transforming with respect to ¢, we have (—z

Proof. Let D be a compact subset of C, and F a compact subset of ﬂ (K, (9)). It

is enough to prove the lemma for (0, z)e D x F. Since A(9, u)B~* and B 1A(G u)are
B(A')-valued analytic functions of 6 by A4, it suffices to show the lemma with
A(0, u) replaced by B. By Fourier transforming:

FBK,(0)—z2) 'F = _é_oao B(H (6, R)+nw—2z)"1, (3.9)
FBKy0)—2) ' F 1= ééo B(H (0, R)+nw—z)"'B. (3.10)

By Lemma 2.10 and the resolvent equation, we see that | B(H (6, R)+nw—z)~ ||
and |B(H,(6, R)+nw—z)~'B| are uniformly bounded in 0eD, zeF, neZ. Since
each term B(H (6, R)+nw—z)~ ' and B(H,(6, R)+nw—z)~ ' B is analytic as it was
shown in Lemma 2.10, we have the analyticity of the right hand side of
(3.9) and (3.10). Furthermore since both |[|B(Hy6,R)+nwFi) '] and
| B(H (6, R)+nwF i)~ | converge to zero as n— + oo for any fixed z, the left hand
side of (3.9) and (3.10) are compact operators. This proves (1) and (2).

Statement (3) can be proved as in Lemma 2.10 since sup|B(Hy(0,R)
+nw—z)"'B||—>0, as +Imz— oo by a formula analogous to (2.44). We omit the
details. []

For a later use we present a stronger version of Lemma 3.4 for eR

3.5. Lemma. Suppose that for j=1,2 W, -) (respectively X {t, -)) is an L*(Q_)-
valued (respectively L*(,)-valued) bounded function of te T, with3<p. Let Y, be
the multiplication operator by the function Wit, x)+X (t, x). Then for each 06([3
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zeC* and R>0, Y,(K,(0)—2)"'Y, and Y,(K,(0)—z)~ ! are bounded operators on
A, and there exists a constant C, mdependent of W, and X ; such that

(3.11)

1,p>

1Y,(Ko0)—2)'II=C, (sgp Wt )l + sup X, 6, ) w) =C,t

1Y (Ko@) —2) 'Y, =Cty L, (3.12)

Here, of course, Wi(t, x)+X (t,x) is the function which is equal to W{t, x) for xe Q_
and X (t,x) for xeQ,.

Proof. Since 1=y _(x)+y,(x)and y_e L?for any 0 <q =< o0, it suffices to prove the
estimate (3.12). By the Laplace transform we have for fe C*(T,, Cg(R?)), writing
as Y{(t) etc., the multiplication operators by the functions Yz, x) etc.,

(Y (KoO)—2) 'Y, (@) =i | (Y,e” KO, f)(1)do
0

0

=i [ Y (t)elz " HORY (1 _g) f(t—0)do  (zeC*,0eC).  (3.13)

(=]

Hence by Corollary 2.8, Lemma 2.11 and its adjoint statement, we have

2n/w

Y, (Ko(0)—2)"1Y, fI12 = Jdt

2

j Y,(t)eioz ~ioHo@.RY (1 ) f(t— 0)do

27njw

2
SCly oy [ dt{fe‘“""”’o‘3“’llf(t—a)lldo}

/W

<C/ty o jdt{je_"“mz'o‘3/"||f( a)||2da}
. {? e—allm2|a—3/pd0}

0
2
—C,t, fz,,{J e “""‘Z'o‘3fpda} 11115 -

By the density argument this completes the proof of the lemma for the upper signs.
For the lower signs the proof is similar. []
By Lemma 3.4, and by the analytic Fredholm theorem, the function

(1440, W(Ko(0)—2)" A0, )~ ' =0(0, 1, 2) (3.14)

is a meromorphic function of 6 and z (separately) taking values in B(#"). Then by
the proof of Lemma 3.3 of Yajima [13], we have the following result whose proof
we omit because the argument is exactly the same:

3.6. Lemma. Let OcIR. Then for Imz+0:

(KO, )= 2) ' =(K(0)—2) " = (K(0)—2) " " A0, 1) Q(0, 11, 2) A0, W) (K (0) —2) ™.
(3.15)
Now as a #(H )-valued function, the right hand side of (3.15) has a meromor-
phic continuation to € and z¢o(K,(6)). We denote by L(6, u, z) the right hand
side of (3.15), continued in this way.
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3.7. Lemma. Let L(0,p,z) be as above. Then
(1) L(Ba K Z) - L(e, K Z/) = (Z - Z/)L(Gs K, Z)L(B’ X, Z/)'
(2) Ker L(0, u,z)={0} if z is not a pole of Q(0, u, z).

Proof. (1) can be shown as in Proposition 2.6. We omit the details.
(2) Let L(O,u,z) f =0, and write A(0, u)(K,(0)—z)" ' f=g.
By the definition of L(0, u, z), we see that

0=g—A(0, ) (Ko(60)—2)" A6, W Q(O, 1, 2)g = Q(0, 1, 2)g .

Since z is not at the pole, this implies g =0, which in turn implies (K,(0)—z) "' =0
by (3.15): L(6, 1, z) f =0. Therefore f=0. [

By Lemma 3.6, we find that for any Ge(l_?ai and p=0, there exists a closed
operator, denoted again by K(0, u), such that

(K0, w)—2)" " = L(0, 1 2), 0 T, z€ (K (0, 1)

3.8. Corollary. (K(6,1)—z)~* is a meromorphic function of 0eC* and ze o(K ,(0)).

0
Formally we see that K(0, u)= — ia_t +Hy(0,R)+ V0, u.
To conclude this section we recall a result which connects the spectral

. 2
properties of the Floquet operator U(z)73 +s,5;0, ,u) and of K(6, u), feR.

3.9. Lemma. Let O and let U6, 1) be the operator in A defined as
2
U010 fO=U530,0 f0,  sSt<s+ =,

extended by periodicity to all t. U0, u) is a unitary operator in A" and
2 2
(1) 0, u)(1® U(s+ —wf 530, u)) (0, 1) ! =exp(— iK(0, 1) (g))

(2) If feA is an eigenvector of K(0, p) with eigenvalue A : K(0, ) f = Af, then f
is an # -valued continuous function of teT,, and

Ut s;0,p) f(s)=e""72f(1),  teR.

2
3) If ¢e# is an eigenvector of U (s+ g—,s,H,u> with eigenvalue

exp(-il (2—ﬂ)), then
w
f(6)=e*"dU(t,s;0,0)p, —o0<t<oo,

belongs to D(K(6, w) and is an eigenvector of K(0, ) with eigenvalue 2.:
K@O.wf=Af.

Since the proof is identical to Proposition 2.9 of [12], we omit it here.
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4. Existence of Resonances

Let us now investigate the spectrum of K(6, ) for e C; by perturbation theory.
We first locate the spectrum of K(6,0). To this end, we need the following lemma.
Let us denote

V(x), x| =R

4.1
VR&+ (x|~ R)S), |x|ZR, (1)

Wix, 0)=V(t,x,0,0)= {
and let W(6) be the multiplication operator by W(x,6) in 5.

4.1. Lemma. Let W(0) be as above, and let H(0)=H (0, R)+ W(0) with domain
D(H (0, R)). Then

(1) The operator family H(0) is a self-adjoint holomorphic family of m-sectorial
operators.

(2) o (HO)=0,(H0,R)=e"*R,, o,HO)=0(H(0)\o (H(O) is con-
tained in the union of o (H(0)NR=0c,(H) and {zeC: F2Im0O< +argz<0},
(eCE;H=—A4+V).

(3) ad(H(G)) is independent of (0, R) and o, (H(0))=0

(4) Let ¢, v be exterior dilation analytic vectors (i.e. S(9)d> and S(0)y are the
restriction to BeR of analytic vector-valued functions of 0€C,). Then the scalar
product

fo D) =<{d.(H=2)""p), 4.2)

which is a priori meromorphic in 0 <argz <2z, has a meromorphic continuation to the
sector —2a<argz<2mn+2a. The set of the poles {z: f, (z) has a pole at z for some
(¢, v)} coincides with ¢ ,(H(0)).

Proof. Since the arguments are very close to the Aguilar-Balslev-Combes ones (see
e.g. [7, Sect. XII1.10]) we shall be very sketchy. Writing

(H(O)—2)" ' =(Ho(0)—2) "'~ (H(0)—2)~ ' WVO) (1 + W'2(0)
“(Ho(O)—2)" WH20) " W(0)(Ho(6)—2)" ", (4.3)

by Proposition 2.4, Proposition 2.6, and Lemma 2.10, we see that (H(0)—z) " 'is a
holomorphic family. Since the second term in the right hand side of (4.3) is a
compact operator, (2) follows from Weyl’s theorem and the Aguilar-Balslev-
Combes argument. Statements (3) and (4) are also consequences of standard
complex scaling arguments. We omit the details. []

4.2. Lemma. Let K(0,u) be defined as in Sect. 3, and let K(6)=K(0,0). Then:
(1) K(0) is a holomorphic family of operators for 0e C.
(2) K(0) is a unitarily equivalent to the direct sum

Eéo (no+H(0) on é@o H. (4.4)
(0) oK)= | (ore™R); o KO)= U o+ mo),

o ,(K(0)) is independent of 0.
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Proof. By Corollary 3.7, K(f) is a holomorphic family in 6eCZF, since
Cc*c 9@1 (K ().
s +o
This proves (1). By Fourier transforming and regarding /XZ)@ # = P #,
we see by (3.15) that
+ o
(KO)—2)"'~ D (Hy60,R)+nw—z)~* —(Hy(0,R)+nw—z)~ ' W(H)'/?

n=—oo

(14 W(O)l/Z(HO(G, R)+nw—z)~ 1 W(O)l/Z)— 1
- W(0)"*(H (6, R)+ nw—2)"")

+ o
D HO+no—2""', zeC* 0eCr.

This proves (2). By (4.4) and the fact that, for any z¢e ?°IR,

I(Ho(0, R)+nw—2)" *W(0)> (1+ W(0)*(Hy(6, R)+nw—z)~ ' W(6)"/?) ™ W(0)"/2
(Ho(0, R)+naw—z)" 1| -0,

as n—oo by Lemma 2.10, we see that
a(K(0))= U (nw +a(H(D)). (4.5)
Statement (3) obviously follows from (4.5). [
It is not difficult to locate the essential spectrum of K(6, p).

4.3. Theorem. Let 0 C,. Then for any 0Su=1,

+

o (KO.W)= ) {no+e ¥R,}. (4.6)

Proof. This follows from Lemma 3.4, (3.15) and Weyl’s theorem. []

4.4. Theorem. Let 0=u=<1. Then
(1) shm(K(é+ts w—z2)"t=(K(&p—2)"", ¢eR, zeC*.

(2) If q’) w are 1®S(0) analytic vectors in A, then the scalar products
fd),t,p(z) = <(K(O) /l)"' z)” 1¢7 1P> s

which are holomorphic functions of z in C* can be continued respectively from the
upper and lower half-plane into the other one as meromorphic functions of z in

([‘\{ _UO (e™ IR, +nw)} ( for each fixed 8).
Proof. By the equation
(KO, p)—z+2) 1= Z (z—2 (KO, u)—2)" "1,

and a connectedness argument, it is enough to show (1) for z= +in, >0 large
enough. We prove it for the + case only. By (3.9), (3.10), Lemma 2.10 and
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Proposition 2.4, we see that B(x)(K,(0)—2z)*, B(x)(Ky(60)—z)~ ' B(x), as well as
(Ko(0)—z)~ ! are strongly continuous as §—&(z=in). Therefore by (3.15) and the
obvious remark that A(0, u)B~! and B~ 1A(0, u) are strongly continuous we have
(1). ) 3

To prove (2), we write: ¢, =(1®S(0)) p, w,=1A®S(0))y, and

Jo,20=(KO, 1) —2)" g 5, 0€C;, zeC*. (4.7)

For zeC*, this is an analytic function of 6eCZ, and by (1) we have
So (20— fs [(2,8) as O6—CeR. Since S(f), CeR, is unitary, f; (z,0) is
0-independent: f, (z,0)=f; ,(2). Now the right hand side of (4.7) can be
continued into the complement of the lower half-plane with respect to

+ o
) {no+e R, } as a meromorphic function of z. (Note that, as a function of
z, the choice of the branch depends on 0.) []
To prove the final theorem of this section, we recall that, by Assumption A3(2),

for any 0eC, we have:

111’1;1) ”(A(t, X, 0, :u) - A(t, X, 99 0)) : B(X)_ ! ” L®(ToxR3) = 0.
n

Hence, repeating the proof of Lemma 3.4, we obtain

4.5. Lemma. Let 0 C;. Then for any ze C*
lim [[(K(0, ) —2)” '—(K(6,00—2)" || =0.
s

Proof. By the proof of Lemma 3.4, we have, as u—0:

A6, W(Ko(0)—2) ™" — A(0,0)(Ko(6) —2) |
= [/(A(0, 1) — A(6,0) B(x) ™"l | B(K 4(0) — 2) ™ 1[0,

and similarly
A6, u) (K o(0) —2)~ ' A(6, 1) — A(6, 0)(K,(0) — 2)~* A(6,0)| 0.
Combining this with (3.15) we have the lemma. [J

4.6. Theorem. Let O C; . Then there is >0 such that for all p<[,
+ o0
(1) o (K(0,p)) is a discrete subset of €\ |J) {nw+e R, } with possible

accumulation points {nw,neZ}.

(2) 0(K(0, ) is O-invariant.

(3) o(K(o, ) *0. More precisely, if A is an eigenvalue of H with multiplicity
m(A), let A+n,o,...,A+n,w be the eigenvalues of H which differ from A by integer
multiplies of , and let my(4),...,m(L) be their multiplicities. Let N(A)
=m;(A)+... +m A) +m(A).

Then for all p<[i there are exactly N(1) eigenvalues A,(p), ..., Ay(1) (counted
according their algebraic multiplicity) of K(6, 1), such that

limA(w)=4, k=1,...,N.

u-0
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The proof is a direct consequence of standard arguments of perturbation
theory given the results obtained above and is therefore omitted.

5. Resonances and Perturbation Theory

Our purpose in this section is the justification, to the lowest non-vanishing order in
perturbation theory, of the Fermi Golden Rule for the resonance width under the
following additional condition on the potentials which is satisfied also by the
Coulomb one.

AS5. For some 0eC, the following properties are satisfied :
(i) There exist 3<p=oo and 9>1/3 such that for |y =T,

-GV (x+HE) = V(X)) 2]l Lo, = CHi®,
1+ ) (V(S(0, R)x + HE) — V(S(0, R)x) 2| o, S Ci®
(i) There exist 6/5<q and x>1 such that for |u|=T,
(0V/0x)(S(6,R)x)e LYQ_)nL*(R,),
1200, 1,9l o, + [ 200, 1,9 g, S CHt,
where Z(6, u, x)=V(S(0, R)x + uE)— V(S(6, R)x) — u(0V/0x,)(S(0, R) x).
It is not hard to check that the Coulomb potential V(x)=Z/|x| satisfies the

assumption A5 with any 3<p<9/2 with ¢=(6—p)/p and 6/5<qg<3/2 with
3

K=—-—1
p
Under this condition we can prove the following theorem. To avoid un-

necessary complications, we henceforth assume, as in [12], m(4)=1 in Theorem 4.6
so that N(4)=1 for almost every w.

5.1. Theorem. Let H= — A+ V(x), E(¢) its spectral measure, H= [ EdE(E), ¢ the

eigenfunction corresponding to the simple eigenvalue A, Hp =Ap. Let 0 CF and A(w)

be the simple eigenvalue of K(8, p) such that lil’I(l) )= A. Then there exists e >0 such
-

that
ImA() = F nu(d/dE) CE(E)(0V/0x,) h,(0V/0x )Pl = 51 o +OW?TF) . (5.1)

To establish (5.1), let us first collect some preliminary estimates under the form
of lemmas. Hereafter the parameter fe € is the one taken in A5, and we assume
0eC; taken and fixed. We denote by V(0), T(0,n), V(6)'/?, and T(0,n)'/* the
multiplication operators by V(S(6,R)x), T(0,u,x)=V(S(0, R)x+ pw™? coswtE)
— V(S(6, R)x), V(S(0, R)x)'/?, and T(0, u, x)*'?, respectively.

5.2. Lemma. Let F be a compact subset of o(Ky(0)). Then there exists a constant
C >0 such that for zeF,

IT(0, 1) (K o(0)— 2) "+ T(6, "2 ]| < Cu®, (5.2)
1T, WK o(0)—2)" ' V(O) 2] < Cue, (5.3)
170, 1) (K o(0)—2) " = Cpe. (5.4)
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Proof. These estimates are obvious by Lemma 3.5, A5 and the resolvent
equation. [

5.3. Lemma. Let F be a compact subset of 9(K(0,0)). Then for all sufficiently small
|, F is also contained in o(K(0, ). Furthermore setting R(0, u,z)=(K(0,n)—z)~!
and R,(6,z)=(K(0)—z)"*, we have
R(0, 1, 2)=R(6,0,2)— R(6,0,2) T(0, )"/> T(6, u) "> R(6,0, 2)
+R(6,0,2) T(0, w)*'* T(, W)'/> R(6,0,2) T(0, )" /- T(6, )*'* R(6, 0, z)
+R,(0.1,2), (5.5)
with |R,(0, u, z)|| < Cu* "¢ with some ¢>0 for all ze F.

Proof. By Lemma 3.5 and Lemma 3.6, we can write the following identities valid
in B(A):

R(0,0,z)=R(6,2)— Ry (6, 2) V(O)*(1 + V(0) 2R, (6, 2) V(6)/*) 1 V(0) /2R ,(8, 2),(5.6)

R(07 U, Z) = Ro(ea Z) - R0(05 Z) V(Oa ‘u)ll2
(14 V(6, ) Ry(0, 2) V{6, )2~ 1 V(6, )2 Ry (6, 2), (5.7

where V(6, 1) is the multiplication operator by the function
V(S(0, R)x + pw ™2 coswtE).

By Lemma 5.2, T(0, w)'*R (6, 2) T(0, w)*'?, T(0, w)*'*R(0, z), and R(6, z) T(6, pw)*/*
are bounded operators which satisfy (5.2)—(5.4). Hence by comparing the
Neumann expansions at large Imz, once more as an identity in #(4"), we have

R(0,1,2)=R(0,0,2)— R(6,0,2) T(6, )"
-(1+ T(0, )*'*R(0,0,2) T(0, )"'*) ™ * T(0, ) R(0,0,2). (5.8)

(This identity can be proved first for bounded V, then the general case may be
proved by an approximation argument.) Hence, through the second order
geometric expansion we obtain (5.5) with

R,(0, 1, 2)=R(6,0,2) T(0, ) > (T(6, )" R(6,0,2) T(0, ) *'*)*
(14 T(0, »*"*R(6,0,2) T(0, w)*'*)~ * T(6, w)"* R(6,0, z).
By Lemma 5.2 and (5.6), this completes the proof with 2+e=69. [
Proof of Theorem 5.1. Let ¢(6)=S(0, R)¢. Then under the present conditions, we
know that ¢(6):C,—L? is holomorphic and that H(6, R)¢(0)=A¢(6), H(6,R)
=H,(0,R)+ V(6). We can of course regard ¢(f) as a vector-valued holomorphic

function in 2", with K(6,0)¢(0)=A¢(0). Let P(6, 1) be the projection operator on
the eigenspace of K(8, ) associated with A(x). Then by [1,p. 77],

(K(0, W) — A PO, W)= —(2mi)~* [ (z— RO, p, 2)dz, (5.9)

r

where I'={z:|z—A|=#}, 0<y<d, d being the isolation distance of A. Then by
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Lemma 5.3, denoting by S() the reduced resolvent of K(6,0) at z= 4, we have

Mp)— 2=Tr(K(0, ) — A) P(6, ) = — Tr [P(6, 1) T(0, w) P(6, )]
—=Tr[P(6, W T(0, 1) S(O) T(0, 1) P(0, 1) + S(0) T(6, ) P(0, ) T(6, 1) P(6, 1)
+ P(0, 1) T(O, ) P(0, 1) T(6, W) SO)] + 01> ™).
Now S(0)P(6, u)=P(6, 1) S(0)=0, and hence Tr[S(6)T(6,w)P(6,0)T(6, 1) P(6,0)
+ P(6,0)T(6, 1) P(6,0) T(0, 1) S(H)] =0. Therefore, since P(6,0)p(0)= ¢(6), P(6,0)*
=P(8,0), and T(6, w* = T(0, ), we have
M) — A=< T(O, ) (0), p(B)> — {SO) T(6, 1) p(6), T(F, 1) $(9)) + O(u> ), (5.10)
which with (5.2) and (5.6) implies
Im A(u) = Tm<S(0) T(0, 1) p(6), T(D, 1) () + O(u>**), (5.11)

because the first term in the right hand side of (5.10) is 6-independent and hence
real. Now we expand

T(0, u, x) = uw =2 coswt - (0V/dx,) (S(0, R)x))+ Z(0, pw ™2 coswt, x).
Since ¢(0)e D(H(0, R))CHX(Q_)®H?*(Q,)CL(Q_)®H*Q,), and the assumption
A5 implies || T(6, &, X)|| Loy + | T(0, 1, X)| o2, < Cpt as well, Lemma 3.5 implies
(S(0) T(0, ) p(0), T(D, 1) $(6)>
= (/@?)*<S(0)(@V/0x,)(S(6, R)x) $(6), (0V/0x,)(S(B, R)x) $(B) - cos* wot)
+<{S(0) T(O, 1) p(0), Z(8, pw ™ 2 coswt, x) H(8)
+<{8(6) Z(6, pow ™~ 2 cos wt, x) p(0), T(O, ) H(0)>
+{S(0) Z(0, pw™ 2 cos wt, x) p(6), Z(B, uw ™2 coswt, x) p(6)»
= (#/?)*<S(6)(@V/0x,)(S(6, R)x) $(6), (0V/0x ) (S(B, R)x) $(8) cos® i
+O0( T+ 0! T+ 0, (5.12)

whehce, by the 6-independence of the inner product implied by the exterior
dilation analyticity, performing the integration over ¢ and repeating Simon’s
standard computation ([ 7, Sect. XIL.6]; see also [12] for further details), we obtain

ImA() = — n(u/?)* (d/dE)E)(@V/0x,)(x) $(x), (OV/0x ) (X) $x)) | 11 + O ™)

with suitably small ¢>0, which also implies Im(A(x) <O for almost every w and p
suitably small. []
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