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Abstract. By a suitable choice of the lapse, which in a natural way is connected
to the space metric, we obtain a hyperbolic system from the 3+ 1 system of
Einstein equations with zero shift; this is accomplished by combining the
evolution equations with the constraints.

Introduction

The success of the temporal gauge in Yang Mills theory for proving existence
theorems (cf. [17, 18, 7]) has led us to look for an analogous gauge in general rela-
tivity. It is well known that neither normal gaussian coordinates, nor other
arbitrary choices of lapse and shift lead to a hyperbolic evolution system for the
conjugate unknowns g;; and P, However this system is very useful in numerical
computations of space time models [16] as well as in certain quantization
procedures ([2, 1]).

We show here that if we call “temporal gauge” a choice of time lines
orthogonal to the space sections (choice always possible in a globally hyperbolic
manifold) the conjugate unknowns satisfy a hyperbolic evolution system if we
choose the lapse appropriately. The local existence and global uniqueness
theorems?, under their most refined form (cf. [6, 4]) can then be deduced with the
help of the usual machinery constraints — Bianchi identities. The explicit geometric
expression of the evolution system gives a better light to study global problems.

Let us remark, for numerical relativists, that the choice of lapse we propose
with zero shift, has the merit to make stable the solution of the Cauchy problem, a
property which could be useful in their constructions of dynamical models.

1. The 341 Equations

We recall the Einstein equations in the 341 form (see [15, 8, 1]), or the review
article [9]). Let S xR denote the space-time manifold ; we choose the time-lines

1 A different approach which also does not use harmonic coordinates is due to DeTurk (preprint)
that introduces an assigned 2-tensor
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orthogonal to the space sections (zero shift?). Then the space-time metric is given
by
@g,pdx*dx’ = — a*(dx°)? + g, dx'dx’, (1)
the “conjugate momentum” of g,; is the contravariant 2-tensor,
P=K—-gtrK{=)>PV=Ki—-g4iK", (2

where K der;otes the second fundamental form of the submanifold ¢ = const.
Putting f=0f/0x°, we have

i =a2Pi=gP), G

where P = P%
The Einstein equations in vacuum are

Yob =@ Raf _ %(4)90111 ®HR=0.

The evolution part is given by (i=1,2,3):

=~ é(Pff+Dina~gian)+Lif+sff, (@)

where
LY=2P*P{— 3PPV =g P" P, +1g"P?, (5)
SU=RV—3g"R. (6)

Here RY and R are the Ricci curvature and the scalar curvature of the space metric
g;;3 D denotes the covariant derivative with respect to the metric g;; and
A=g"D,D; is the usual Laplacian.

The constraint part, which does not contain second derivatives with respect to
the time variable, is

N
Yi0=_p P, (7)
o

1 .
ZOOE W(R—P”P”'F%PZ) (8)

2. The Hyperbolic System
Lemma. The following identity holds
S a}(D'Z + DIX — gD, 30 = a AP+ 4D'D/— giA) (@P)+ HY,  (9)

where HY is a given function of g™, a, of their derivatives of order at most 2, of P™
and of its derivative of order at most 1. Furthermore HY is analytic if g=det(g,;)%0.

2 Analogous results can be obtained with a nonzero given shift. For an intrinsic formulation of the
evolution problem with an arbitrary shift, see the papers by G. Caricato (e.g. [3]), that used the
technique of “projection” due to C. Cattaneo [4]
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Proof. A straightforward calculation shows that the principal terms — of order two
in P" — of the x° derivative of S¥=RY—14" are given by:
S¥~o(APY— D'D, P*— D'D, P*+¢D,D, P™* + X D'D'P— g 4P)).  (10)
Then by exploiting the identity (7) we obtain (9).
Theorem. The equations
U 4o} (DI04 DIX — giip, 3% =0, (11)

with the relation (3) between PY and g, form a strictly hyperbolic system in the
unknowns PV, and gV, if the lapse o is chosen such that it satisfies the equation

oo~ tg?)/0x°=0.
The “dependence domain” of the solutions is determined by the isotropic cone of the
space metric (1).
Proof. From (4) we get
Ti= %Pw SU+(g'"A—D'D) (0™ é)+ MY, (12)

where MY depends only on g*, « and their derivatives up to the second order, P™*
and their derivatives of order 1.
Taking into account (9) we get

24 q}(D'370 4 DX — gliD, XH0)

= —a[JPY+(g"4— D'D’) (g = %P) +MY+HY, (13)
where [] is the hyperbolic operator:
1 0
=20
We note that if a is such that
207 24=P, (14)

then the principal terms in (13) reduce to —a[JPY.
As P=o"'g71g, Eq. (14) can be written

g 'g=2a""a, (15)
which, because of the condition o >0, has the solution
a=e 12g12, (16)

where e=det(e;), ¢;; arbitrarily given Riemann metric on S.
With this choice the system (3), (11) becomes a quasi-diagonal hyperbolic
system
a9’
x°
OPY—(eg™ H'* (MY + HY)=0, (18)

(e”'g9)"*2P"—g"P) 17)
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whose characteristics at a point are the isotropic cone and the time axis. This axis
being interior to the cone, the cone determines the propagation.

Remark 1. The system can be written as a third order system in the unknowns gg*/,

0 y
with principal part [ {W (gg”)}, because

.1 0 y
P”=ﬂ5x—o(gg”)'

Remark 2. Condition (16) coincides, for the time-lines orthogonal to the space
sections, with the harmonicity condition of time-like index :

9L =0.

Remark 3. The hamiltonian constraint (8) cannot be used as the other constraint to
obtain hyperbolicity: the principal part of R is a linear differential operator acting
on the principal terms of the other constraints.

We need to verify that every solution of the system (17)—(18) is a solution of the
Einstein system. This will be accomplished by use of the following:

Theorem 2. Let g*/ and PV verify the hyperbolic system (17), (18), then the Einstein
tensor Z*, corresponding to the metric

2(7,0\2 i -
—a*(dx")* +g,dx'dx’, a=]/g/e,
verifies a linear hyperbolic homogeneous system.

Proof. By Bianchi identities (V¥ denotes covariant derivation with respect to the
metric g,,;) we have

Vx4 =0, (19)

Equation (18) says that the metric —a*(dx°)*+g,dx'dx’ with a>=e" g, verifies
the equations:

24 oX(D'EI0 + DIX0 — gliD, M%) =0. (20)
Hence also
D {2 +oa*(D'E° + DX — gD, X"0)} = 0.
So using (19) we obtain:
Oz+ (=0, (21)

where f* is a linear form in 2* and D*2"°. The system formed by (20), (21) and the
identity :

7,20+ 730=0,

is a strictly hyperbolic system in the unknowns 3*#, analogous to the one of the
preceding section, which moreover is linear and homogeneous.
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3. Existence for Einstein Equations

Let S be a C* manifold, equipped with a properly Riemannian metric e, regular,
that is (cf. [6]) we suppose e is C®, has an injectivity radius on S (for the
exponential map) strictly positive and has null curvature outside of a compact set.
We call H, a space of tensor field f over S, which are square integrable as well as
their generalized covariant derivatives in the metric e of order k=<s, which we
denote by o*f.
As in [3] we denote E"s, E, the (Banach) spaces of tensor fields over S X I:
E(SxD= () C* LH,_) (| Wi(L.H,_,),
1sk<s 0<k<s

and (G? bounded continuous tensors)
E(SxD)={f|feCASxI), ofeE,_,(SxI)}.

Theorem 3. Let gi, PY, P be Cauchy data on S,=S x {0} such that g C? is
uniformly positive definite (with respect to e) on S, and:

dgieH,_,, PieH_,, PieH, ,, with s=3.

Then : i) There exists an interval I such that the hyperbolic system (17), (18) admits a
solution g'e E(S x I) uniformly positive definite, PV E__ |, having the prescribed
initial data. This solution is unique.

(i) If moreover the Cauchy data verify 2 =0 on S, then the solutions of (17),
(18) also verifies X*=0 on S x I.

Proof. i) It is a theorem on hyperbolic equations, which may be obtained by
refining the methods of Leray [13] in a manner analogous to the one used in [3].
The energy estimates for the linear case can be obtained in multiplying by a
hyperbolic second order expression, with characteristic cone which separates the
temporal axis from the isotropic cone.

ii) It is a consequence of the uniqueness of the solutions of the Cauchy
problem for hyperbolic equations and of Theorem 2; the Z* being zero for x° =0
by hypothesis, and also X because of Bianchi’s identity VX% +V,X%=0 con-
sidered at initial time.

Theorem 4. Let (y,K) be initial data for Einstein equations on a regular riemannian
manifold (S, e). We suppose
yeC) and uniformly positive definite,
oyeH,_,, KeH,_,, sz3.

Then, if the constraints are satisfied, there exists an Einstein space time (S x I, g),
ge E,, development of the initial data set (S, v, K).

Proof. It is an immediate consequence of Theorem 3, after remarking that, if we
denote by g§ and K} the image of the contravariant tensors associated with y and
K by the diffeomorphism S—S,=Sx {0} CS X R, and set

-1 1/2
5

9o)
the equation X¥=0 (cf. [7]) determines P¥.

o, =(e
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Remark 1. The metric g constructed on S x I is of the form:
ds*= —e” 'g(dx°)> + g, dx'dx’,

with g,; uniformly bounded and positive definite with respect to e,;. Thus (S x I, g)
is globally hyperbolic, with S, a Cauchy surface (cf. [9]).

Remark 2. The geometrical (physical), global uniqueness theorem (cf. [97]) can also
be proved in this context, but the proof seems to require more regularity than with
the use of harmonic maps.

4. Equivalent Hyperbolic Systems

The lower terms M*/ + H" that appear in (18) are extremely complicated, but if we

choose K,; or K% as unknowns instead of PY, we obtain simpler hyperbolic

systems. For instance let
= —y 1 =
kij_o‘Kij’ a;=0""0a, f(ij)—fij‘*'fjia
if x=(e”'g)*'?, we have:

gij: - 2kija
Dkij + 3kh(iRj)" — 2Rihjmkhm +2kR;;—2a,D k- 4kDiaj

—ky,D;a"+2a"D k;,—a"Dyk;;—2a"D k,, — 3ka,a;
— o2y, K

— ( YR 2x9
=2k, YR} +2kWR;— “R,;— D {«* 27}

An expression using K/ has been given in [10].
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