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Resonances for the AC-Stark Effect*

Kenji Yajima**
Department of Mathematics, Princeton University, Princeton, NJ 08544 USA

Abstract. The resonance problem for the AC-Stark effect is discussed. We
prove that all bound states of the system —(1/2)4 + V(x) will turn into
resonances after an AC-electric field is switched on and the order of the
imaginary part of a resonance is determined by the number of the photons it
takes to ionize the bound state which is turning into the resonance; if two bound
states have energy difference of the photon, there exists a state which oscillates
between the two states for a long time.

1. Introduction

Suppose that a quantum particle of mass m and charge e in a potential field V (x) is
subject to an alternating electric field uE cos wt. Then the Schrodinger equation for
the motion of the particle is written as

ihou/ot =[ — (h*)2m) A + V (x) — pe Ex cos wt] u. 1.1

Here u>0 is the strength of the field, E€R3,|E| =1 is the direction, w is the
frequency, A= h/2r and h is Planck’s constant;

— A= —(0%/0x% + 0%/0x% + 0%/0x2).

The purpose of this paper is to study the resonances for Eq. (1.1). We shall argue that
the resonances should be defined as the poles of the resolvent of the “coupled
photon-particle Hamiltonian” — ik d/ot — (h?*/2m)A + V (x — uem™ ' w2 E cos wt)
in the second Riemann sheet and show, in particular, the following two results under
suitable conditions on V(x):

(A) For sufficiently small 4 and almost all w, all the bound states {(¢;(x), — k})}
of H= —(h*/2m)4 + V (x) will turn into the resonances {(¢;(t,x,u),4;)} and the
imaginary part of 4; is determined as Im 4, = C (w) u*" + O (u*"* '), C(w) < 0, where
nis the smallest integer such that — k7 + nfiw> > 0:(¢ (2, x,1), }(x)) = e~ +"" + O()
uniformly in ¢ =20 (Theorem 3.5 and 3.6).

(B) If two bound states (¢;(x), — ki) and (¢;(x), — ki) of H have the energy
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difference — k7 + k7 = + hw, then the time dependent wave function for (1.1) with
initial state ¢ ;(x) will oscillate between ¢ ;(x) and ¢,(x)for a long time (Theorem 3.6).
We shall employ a technique which is a synthesis of the complex scaling method of
Aguilar—Balslev—Combes ([1],[2]) and the Floquet theory ([3],[9],[21]). Here-
after we shall take the unit and coordinates such that A=m= —e=1 and
E =(1,0,0) and assume 0 < 1 < Q < c0. We consider Eq. (1.1) in the Hilbert space
H =L2R3).

Throughout the paper we assume that the potential V(x) satisfies the following
condition (4,) (n=0,1,...,00) with sufficiently large n. Some additional assump-
tions will be made later. We write as C,(R>) the Banach space of all continuous
functions f(x) on R* such that f(x)—0 as |x|— oo equipped with the norm
[ fllo=sup{|f(x)]:xeR3}. If f(x)eCo(R®), the function f(e’x+pE) is a
Co(R3-valued continuous function of (6, p)e R>.

Assumption (A,). (1) V(x)eC,(R?) and is a real-valued function.

(2) There exists a constant 0 < a < n/4 such that for any fixed —w ?Q<p <
»~%Q, the Cy(R3)-valued function V(ex + pE) of eR' can be extended as an
analytic function to the strip C, = {zeC: —a <Imz <a} of the complex plane.

(3) For any fixed 0eC, the C,(R?-valued function V(e’x+pE) of
(—02Q<p<w™2Q) is a C"function and (¢*/0p")V(ePx +pE) 0<k<n or
0 <k < oo in the case n= o0) is again a Cy(R?)-valued analytic function of 6eC,.
Typical examples of the potentials which satisfy Assumption (A4,) are smeared
Coulomb or Yukawa potentials:

V(x) =£*((27t8)_3’2e“"‘12/2£), V(x)= Ze ™™
|x] ||
Although with some extra work we can accommodate some singularity for the
potential ¥ (x)in the direction perpendicular to E, the analyticity in the E direction is
essential.
Before explaining the problem more precisely, we first make a transformation for
Eq. (1.1). Notice that if V(x) =0, then (1.1) can be solved explicitly as

u(t, x) = T(t)(exp ( — itH ) T(0)~ *u(0, ))(x), (1.2)

where H, = —14 is the free Hamiltonian and

#((2me) =32 ¢ 11712,

T(t) f (x) = exp(— iuExsin wt/w
+ ip?sin2wt/8w> — ip*t/4w?) x f(x — uEcoswt/w?). (1.3)
Equations (1.2) and (1.3) show that the effect of the AC-electric field on the free

particle amounts to the addition of the harmonic oscillation to the free trajectory.
Suggested by this, we define the new wave function u(t, x) by

ult, ") = T(@up(t, ).
and write Eq. (1.1) in terms of up(t, x):
iOup/0t = H(t, pup =[ — (3)4 + V(x + uw ™ 2Ecos wt)Juy, (14
(see Kitada—Yajima [14]87). This transformation eliminates the high singularity
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of uExcoswt by introducing the oscillating potential which is more tractable. We
may apply a standard theorem (Kato [13]) to see that Eq. (1.4) generates a unitary
propagator U(t,s,u) and the solution to the original equation (1.1) can be given as

u(t) = T U(t,s,1) T(s) ™ * u(s).

Hereafter we shall discard the trivial oscillation T(t) and consider Eq. (1.4) only. We
write up = u, H(t,u = 0) = H and U(t,s,; =0) = exp(— i(t — s)H). We remark that in
the limit w — 0, Eq. (1.2) reduces to the free propagator for the DC-Stark problem
given by Avron—Herbest [24] and (1.4) to the time dependent Schrodinger equation
for DC-Stark Hamiltonian in the moving frame:

iou/0t = [ — Q)4 + V(x — suEt) Ju.

after an additional translation by $uw~2E is made at initial time.

We now explain the problem. To avoid unnecessary complexity we assume here
the potential is short range: |V(x)| < ¢(1 + |x]) ! 7%, ¢ > 0. When u = 0, the solutions
to (1.4) are well understood: The spectrum o(H) of H consists of the absolutely
continuous part o,,(H)=[0,00) and the point spectrum ¢ ,(H)={ —k}};. The
absolutely continuous subspace #, (H) for H consists of the scattering states: for
any f e ,.(H) there corresponds f e such that as +¢— oo, ||exp(—itH)f —
exp(—itHo) f+ | = 0; for each —k}eo,(H), the eigenfunction ¢;, Hp, = — ki ¢,
is well-localized (see Kuroda [14] for example). If u=0, this picture is still
preserved. Considering the Floquet operator U(s + 2n/w,s, i), which is unitary, in
place of H, we have that o(U(s + 2n/w,s,p)) = 0,(U(s + 2n/w,s, 1)) vo (U(s +
2njw,s,p1)); if  feH,(U(s+2n/w,s,p)) there corresponds f,es# such that
WU, s,1) f —exp(—i(t—8s)Hy) f+| >0 as t—-+o0; if Uls+2n/w,s,pnf =
e~ iRMA £ (QeR), Ult,s,u) f =e " 9% f(t) with f(t) periodic in t, and U(t,s,u)f
stays essentially in a bounded region of the configuration space for all time
(Yajima [21], Howland [9] and Kitada—Yajima [14]). We believe, however, that
these bound states are in fact absent and that after the field is switched on the
eigenvalue — k7 of the unperturbed operator will disappear forming a resonance pole
4;in the unphysical sheet of the complex plane. Correspondingly, although U(t, 0, 1)
¢; will be eventually free as t — co, it behaves like a bound state for a long time. It is
also believed from the analogy from classical mechanics, that there is a resonance
phenomenon between two states whose difference of energies is exactly equal to
nhw, exibiting the “photon property” of the electro-magnetic field (see Landau-
Lifshitz [16], also Sargent—Scully [18]). Our subject here is to provide a sound
mathematical justification to these phenomena.

It should be clear from the above argument that the problem is virtually
equivalent to the spectral problem for the Floquet operator U(s + 2n/w,s, 1)
associated with Eq. (1.4). According to the Floquet theory ([3]), the spectral
property of U(s + 2n/w, s, 1) can be studied by means of the operator — id/dt +
H(t, ) with periodic boundary condition. Thus we introduce the new Hilbert
space A = LX(T,)®#, T, = R/(2n/w)Z is the circle, and the selfadjoint operator
K(u) = —id/0t + H(t, ) there. (The Hilbert space of space-time variables and the
operator —id/ot + H(t) were first used by Howland in the quantum scattering
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theory [8].) The unitary group generated by K(u) is given as
exp(—ioK(W)f(t) =U(t,t —o, W f(t — o). fe A, — 00 <7 < 0,

and the spectral equivalence of K(x) and U(s + 27/ w, s, u) is described as follows: If
9 is the unitary operator on 4 defined as

WU Y =U(t, s, f(t) for s<t<s+2n/w. (1.5
and extended by periodicity elsewhere, then for all s,
exp (—i2n/w)K(w) = U1 @ U(s + 2n/w, s, W)U . (1.6)

Furthermore if K(u)¢(t) = A@(t), then () is # -valued continuous function and
U(t,0, w)(0) = e~ *¢(t), and conversely if UQRm/w,0,u)p, =e *2") ¢  then
¢(t) = e*U(t, 0)¢,, is the eigenfunction of K(u) with eigenvalue A (see Lemma 2.9).
Here K(u) is unitarily equivalent to the original — id/0t — (3)4 + V(x) + pExcoswt
(modulo the energy shift by — u?/4w?) via the transformation T'(t) which is obtained
from T(t) by eliminating — itu*/4w? in (1.3), and it may be interpreted as the
‘photon-particle’ Hamiltonian: # = @ ((€*")® #) and (“™)Q A is
regarded as the (n-photon) + (particle) state space and — id/0t the photon energy
operator. We shall take this point of view in what follows.

If u=0, K(u=0)= —i0/0t + H has the spectrum ¢(K(0)) = U {n+o(H)}
and all the eigenvalues of K(0) are embedded in the continuum. If u # 0, we expect
these eigenvalues will dissolve into the continuum. This dissolution of the bound
states and the appearance of the resonances are best described by means of the

complex scaling technique ([1],[2]). For 0eC,, we define the operators on #
H,(0)=e"%H,, (L.7)
H(t,0, )= Hy(0) + V(e’x + pow ~?Ecos wt), H(0) = H(t,0, u = 0), (1.8)
and the operators on J4~

Ko(0) = —i8/0t + H(0), K(0, n) = — i0/0t + H(t, 0, 1). (19)

When u=0, o(K(0,u=0)) U [{nw + 0 ,(HO))} u{nw+e *R"}], and by
the dilation analytic theory for H(0), o ,(H(0))nR =ap(H) is f-independent (see
Prop. 2.1 and Lemma 2.7). Since the perturbation V(e®x + ,ua)‘ 2Ecos wt) is K(0, 0)-

ess (K(0, 1)) = U {nw + e *R™}is

independent of u, whereas the eigenvalues — k7 of H(f) will be shifted down into
the lower complex plane A u) (Im 0> 0). These complex eigenvalues 4(u) are
0-independent and may be computed by the perturbation series. We shall find that
Im 2A(p) = C (@) + O(u*"* 1), C{w) < 0, where n is the number of photons it takes
to ionize the bound state ¢(x), i.e. the smallest integer such that — kf +nw>0. We
call A{w)’s the resonance energies and the corresponding eigenfunction ¢ (t, x; 0) the
resonance state. Suppose now that — k? and — k7 are simple eigenvalues of H with
eigenfunctions ¢;(x)and ¢(x). If — k} + k? = nw,neZ,then — k} isno longer simple

compact (Lemma 2.8), the essential spectrum ¢
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as an eigenvalue of K(6,0). It is doubly degenerated with eigenfunctions ¢ (x) and
e"'$(x). According to the perturbation theory, the eigenvalue — k? will then split
into two levels and we shall find that U(t, s, u)¢; oscillates for a long time between
¢;(x) and ¢(x). This exhibits the resonances between two states ¢ (x) and ¢(x).

If the electric field is direct, i.e. @ = 0, the resonance problem for (1.1) has been
studied by several authors. Herbst [5], Graffi—-Grecchi [4],[5] and Herbst—Simon
[7] discussed it by the complex scaling technique and Yajima [22] and Jensen [ 11]
by the weighted space method. On the other hand if the field is alternating, the only
existing theory is the time-dependent perturbation theory by Dirac (see Langhoff—
Epstein—Karplus [17] for the review and the literature) and the mathematical
justification has been in order. We should mention here that Howland announced a
similar idea for defining the resonances for the AC-Stark problem (see [10]).

We use the following notation and conventions: Ris the real line, R* = [0, c0). Z
is the set of all integers. C is the complex plane. C,={zeC:—a<Imz <aj},

F={zeC:0< +Imz<a},C; ={zeC:0< +Imz<a}.For1 £ p=< o0, [A(RY)is

the Banach space of p-summable functions on R3, # = L*(R?). For 0 <5< o0,
HS(R?) is the Sobolev space of order s. For a Banach space X, 4(X) denotes the
Banach algebra of all bounded operators on X. || || stands for the norm of vectors as
well as the norm of operatorsin # or . For a closed operator T on X, o(T), 6.(T)
and o ,(T) stand for the spectrum, the essential spectrum and the point spectrum.
0{T)=0(T)\o.(T)and p(T) = C\o(T) is the resolvent set. D(T) is the domain of T.
F, stands for the Fourier transform with respect to the variable ¢. It is a unitary
transform from L*(T ) to [*(Z). We shall use the terminology of Kato [12], Chapter
IX for the semi-groups of operators. The statements or formulas which contain
+ should be understood as two statements or formulas, one for upper signs and the
other for lower signs.

2. Preliminaries

We collect here several preliminary results which will be needed in the following
sections. We always assume that the potential V(x) satisfies at least Assumption (4,),
although some of the results hold under a weaker Assumption (4,). We first recall
the following well-known theorem of Aguilar—Combes [1].

Proposition 2.1. ([1]). The family of operators H(0) = — (3)e™*°4 + V(e’x), eC,
with domain D(H(0)) = H*(R®) is a selfadjoint holomorphic family of type (A) in Kato’s
sense [12] and satisfies the following properties:

(1) o (H(O))=e *R™.

(2) o,(H(0)) is invariant in 0:0 (H(0)) = U o, (H(0)) for 0eCr.
0< +1md < £1mé

() o (HO)R=0,H) and for 0eC;, o,(HO)\R<{zeC:F2Imb<
+ argz < 0}. a,(H(0))\a (H(0)) consists at most of {0} in the extended complex plane
Cu{o}.

(4) The eigenfunction ¢(x) of H with eigenvalue — k* <0 is dilation analytic, i.e.
the A -valued function ¢, = %2 (ex) of 0 R can be extended to C, as an # -valued
analytic function. ¢ is the eigenfunction of H(0) with the same eigenvalue.
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(5) Aea,(H(B))N R is a semi-simple eigenvalue of H(6).
For p > 0, we write as LP(R*) + L2 (R?) the set of all functions W such that for
any small ¢ > 0 there are two functions W, and W, which satisfy W(x) = W,(x) +
W,(x), W,eL?, W,eL® and | W, |, <e.

Lemma 2.2. Let WeL(R®) + L*(R3) with p > 3. Then for any 0eCZE, W(H,(0) —
AF i)~ (AeR) is a compact operator in # and
lim |W(H,0)—1Fi) | =0. 2.1)

A=t oo

Proof. Since |[(Hq(0) —AFi)~ || £1 for any AeR, and #eCZ, a simple approxi-
mation argument shows that it suffices to show the lemma for WeL?(R?) with
support which has a finite measure. Then the operator W(Hy(0)— A Fi)~*
=e*W(H, — e**(A +1i))” ! has an [*-integral kernal e’ W(x) exp((2e®(A + i))}/>x
|x — yl)/2n|x — y| with Re(2¢**(A F i))!/* < 0 and is of Hilbert—Schmidt class. By the
resolvent equation, we have

IW(Ho(6) = AF )~ "2 = | W(Ho(0) — 2 F i) (Ho(0) — A £1) ' W*|
=0 2Ime* (2 )| W{(Ho — (G £0) 7' = (Ho — G F D) WH| (22)

Since ||A(H,—2z) 'B||—»0 as |z|->co with Imz#0 for any A(x) and
B(x)eL'(R)N LY(R3) with 1 <r <3 <s (cf Ginibre-Moulin [28], Prop. 3.1, for
example), the right hand side of (2.2) converges to zero as A — + oo. This proves (2.1).

O

Since V(t, x, 0, 1) = V(e®x + uw~2Ecos wt) is a Cy(R?)-valued analytic function
of 0eC, H(t, 0, p) = Hy(0) + V (1, x, 0, ) also satisfies Prop. 2.1 for any fixed ¢ and p.
The following two lemmas guarantee the existence of the propagator U(t, s, 0, y) for
the evolution equation

iou/ot = H(t, 0, w)u. (2.3)
We write
SO) f(x) =e2 f(ex), OeR! (24
and
M =M, =sup {| V(’x + pE)| ,, 0C,, [p| £ 02}, 2.5)

We use Kato’s terminology for the semi-groups (Kato [12], Chapter IX).

Lemma 2.3. (1) For any fixed teR, 0eCt and 0 < u<Q,+iH(t,0, 1) + M with
domain H*(R3) is maximal accretive and +iH(t,0,p) generates a C,-semi-group
exp(FicH(t,0,1), 0 =0 on #:
{H(iiH(t,e,H) —2)7'| £|Re(z+M)|",Rez< — M; 26)
lexp(F icH(t, 0, )| < exp(Mo). '
If 0eC}t, exp(FicH(t,0, 1)) is a holomorphic semi-group of type # (20 — 8,y;) with

any 6 >0 and some y; > 0.
(2) For any fixed z with Rez< — M, (+iH(t,0,p) —z)~ ! is differentiable in
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(t, WeR! x [0,Q], continuous in(t,0, weR' x CF x [0,Q] and is analytic in0eC; as
a B(H)-valued function.

(3) The B(H)-valued function exp(FicH(t,0,pn)) is strongly continuous in
(0, t, 0, ))eR, x R x CF x [0, Q] and is analytic in 0eCF. For 0'cR and 0T},

(0" exp(F icH(t, 0, 1))S(O) ! = exp(F icH(t,0 + 0, 1)). 2.7

Proof. We prove the lemma for upper signs. The other case can be proved
similarly. Clearly iH ,(6) is maximal accretive for 0eC_” and if 6¢ R it is a generator of
a holomorphic semi-group of type #(26, 0). Phillips’ theorem for the perturbation
of semi-groups ([ 12], pp. 495-497) then implies the statement (1) for iH(t, 0, ). Prop.
2.1 with V(t, x, 0, u) replacing V(e’x) implies the analyticity of (iH(t, 0, p) —z)~ ' in
0eC/. The continuity in (¢, 6, u) and the differentiability in (¢, ) are obvious from
Assumption (4,). It follows from the property (2) and the strong convergence
of the semi-group ([12], Chap. IX. Theorem 2.18), exp ( —icH(t, 6, 1)) is strongly
continuous in all variables. Equation (2.7) follows from the equation
SO)H(,0,w)SO) "' =H(t,0 +6,p). Finally we prove the analyticity of
exp (—icH(t, 0, u)) in 0eC; for 0 < <Imb < a with any fixed 6 > 0. We take a
contour I' = {exp(i(x — 3)/2)A— L, A =0} v {exp(—i(zr —)/2)A— L, A= 0} with
sufficiently large L = 0 and write

exp(—icH(t, 0, n) = L [ e (H(t,0,p) — 2)” Mdz. (2.8)

27i

By Lemma 22, (H(60,0)—z) '=(Hy0) —2) 1+ V(e + pw~2Ecoswt)
(Ho(0) —z)~")™' is uniformly bounded on an e-neighbourhood I', of I'. Hence

d"/dO"(iH(t, 0, u) — z)~ * is also uniformly bounded on I" and the analyticity follows
from (2.8). [

Lemma 2.4. Let 0eC; and 0 < u < Q. Then Eq.(2.3) generates a unique propagator
{U(t, s, 0, w):+t= + s} such that:

1) U(s,s,0,0)=1, Ut,r,0,u) Ulr,s,0, ) = U(t,s,0, ) for+t = +r= +s;

(2) U(t,s, 0, ) HH(R? = HX(R3); if f eH*(R3), U(t, s, 0, p) f is differentiable in (t, s)
and

i(0/0)Ul(t,s,0, ) f = H(t,0, ) U(t,s,0, 0) f; (2.9
—i(8/0s)U(t,s, 0, u) f = U(t,s,0, ) H(s, 0, ) f ; (2.10)
[U(t,s,0, w)|l < exp(M|t — s]). (2.11)
(3) U(t + 2n/w, s + 2nt/w, 0, u) = U(t, s, 0, w).
(4 For 0'cR!,
U(t,s,0 + 6, u)=S(O) U(t,s,0, 1) SO) . (2.12)

(5) U(t,s,0,p) is strongly continuous in (t,s,0,u) for +t=+s, 0eCt and
0<u=Q. For any fixed +t= +5, 0< u<Q, it is analytic in feCZ.
(6) For 0eR, {U(t,s,0, u): (t,5)eR?} is a unitary propagator.

Proof. The existence and the uniqueness of the propagator U(t,s, 6, u) which
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satisfies (1) and (2) are direct consequences of Lemma 2.3 and Kato’s theorem
([13]). (3) is a consequence of the uniqueness of the propagator and the periodicity
of the Hamiltonian H(t, 6, u). We prove (4) and (5) for 0eC and 0 < s <t < T < 0.
The other case can be proved similarly. For integers n=1 we set
H,(t,0, 1) = H(kT/n,0, w1 for kT/n<t<(k+ 1)T/n, k=0,1,....n—1;
U,t,s,0,p)=exp(—ilt —s)HkT/n,0,p)) f kT/n<s<t=(k+1)T/n and
U,(t,s,0, ) =exp(—i(t = IT/m)H(T/n,0,1)) exp(—i(T/mH((I - 1)T/n,0,1))....
exp(—i(T/m)H((k+ 1)T/n,0,u))exp(—i((k + 1)T/n —s)HkT/n,0,1)) if kT/n=
s<(tk+ D)T/nZIT/n<t<(l+1)T/n. Then it is easy to see by Lemma 2.3 that
for 'eR

U(t,s5,0 +0', 1)) = S0 U(t,5, 0, )SO')*; (2.13)

U,(t,s,0,p) is strongly continuous in (t,s,0, n), analytic in 0eC; and (U, (t,s,
0, )|l < exp((t — s)M). Moreover for any fe H*(R®), there are constants M and
C >0 such that

“ (Un(t’ S, 9’ ,Ll.) - Um(t’ S, 07 “))f H

t (2.14)
é CCXP(M([ - S))_“l (Hn(r’ 0’ 1“) - Hm(i’, 07 u))||H2—+LZ “f”l-lldr

Since the right hand side of (2.14) converges to zero as n, m — oo uniformly in (¢, s, 0,
1) on every compact subset, we have statement (5). By taking the limit n— oo in
(2.13), we have Eq. (2.12). (See Tanabe [20], Chapter 4.4 for the details.) Statement (6)
is obvious. [

Using the propagator {U(t,s, 0, 1)} constructed in Lemma 2.4 for 0eC; and 0 <
p<Q, we define a one parameter family of operators {#(c,6,1): +0 =0} on
A =L*T,) @A by

U, 0,0 f(t) =U(t,t —0,0,0) f(t —0), feX. (2.15)
Lemma 2.5. For 0eC}, let {U(+ 0,0, 1): 0 = 0} be defined by (2.15) and K(0, 1) be

the maximal operator defined by (1.9). Then
(1) {u(+ o, 0, p): 0 20} is a Cy-semi-group on A" and

l%(+ 0,0, )| < exp(Mlal). (2.16)
(2) +iK(0,u) + M is maximal accretive and
U(£ 0,0, 1) =exp(F icK(0,1)). (2.17)

(3) For OeR, {U(5,0,w): — 0 <o < o0} is a unitary group and K(0,n) is self-
adjoint.

Proof. The first statement is obvious from Lemma 2.4. We prove the second for
upper signs. Since iK ,(0) is clearly maximal accretive and V (¢, x, 0, 1) is bounded, the
maximal operator iK (0, u) = iK,(0) + iV (t, x, 0, p) is the closed extension of iK(0, u)
defined on 2 = CY(T,,,#) C(T,,H*(R?) and iK(0,u) + M is maximal accretive.
Since 9 is invariant under {%(o,0, 1) } by Lemma 2.4, & is a core for its generator; for
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f€2,i(d/do)U(0,0,1)f |, -0 = K(0,1) f by (2.10). Thus we have (2.17). Statement (3)
follows from Lemma 2.4, (6) and Stone’s theorem. []

For the unperturbed operator K ,(0) = (—i0/0t) ® 1 + 1 ® H ,(0) we clearly have,
for Im 6 # 0, D(Ky(0)) = L*(T,) @ H*(R*)nH(T,,) ® L*(R?).

Lemma 2.6. (1)Let 0= p < Q be fixed. For 0eCt, K(0, ) is a holomorphic family of
operators of type (A) with the common domain

D(K(0, ) = L*(T,,) @ H*(R*) n H'(T,,)) @ L*(R®).

(2) For 0eC} and 0'eR, KO +0', 1) =(1 ®S(0))K (0, 1)(1 ®S(O")~1).
The spectra for unperturbed operators K,(6) and K(0, u = 0) are easy to locate.

Lemma 2.7. Let 0eC,. Then
(1) 0(Ko(0) = 0o (Ko@) = | {noo+e 2R*};

2) 6 (K(0,0)) = 6. (K(0,0)) o (K(0,0)) and

€ss

0.ss(K(0,0)) = 6(K,(0)) = G {(now +e *R*Y;

n= —o0

0 (KO,0)= ] {nw+a,(HO)).

n= —oo

Proof. By Fourier transform K,(6) is unitarily equivalent to the multiplication
operator by nw + e~ 2%¢% on the space [*(Z) ® L*(R%). This implies statement (1).
Similarly regarding [*(Z) @ LA (R*) = @ L?*(R3), we see that K(6,0) is unitarily

equivalent to ég (nw + H(0)). Since (H(0)—z)" ! =(Hy0) —2) (1 + V(e’x) x

(Ho(0) —2)~ )" " for z¢a(H(6)), Lemma 2.1 and 2.2 imply the second satement.

To locate the essential spectrum of K(6, ), we need the following lemma. We
write the multiplication operator on 4" by V(e’x 4+ uw 2 E cos wt) as (6, p).

Lemma 2.8. Let 0<u<Q and 0eC;. Then the following statements hold:

(1) For any z¢a(Ko(0)), (0, u)(Ko(0) — )~ * is a compact operator on A .

(2) For +1Im z > 0, ¥ (0, W)(Ko(0) — z) ! is analytic in 0 CE, norm continuous in
0eCZ and |+ (0, W) (Ko(0) —2) || -0 as Im z— + co.

(3) If fe A satisfies f+ V7 (0, WK o(0) — 2) " f=0 with z¢a(K(0)), then z is an
eigenvalue of K(0, u) with the eigenfunction (Ky(0) —z)~1f.

Proof. We prove the lemma for upper signs. The other case is similar.

(1) Since 77(0, W)(Ky(0) —z)~! is analytic in zep(K(6)) it suffices to show
(0, W(Ky(0) £ i)' is compact. We prove-—case only. Let us write W(x,0)
=sup {|V(e’x + uw™?E coswt)|:teR} and denote the multiplication operator by
W(x,0) in " as #(0). Clearly W(-,0)eI?(R3) + L* (R?) for any 0 <p < oo and
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W(ONK0)—i) ' =7 1( _éo-) W(x, 6)(Ho(6) + nw — i)~ 1)97,, where we regar-

ded I2(Z)® # = @ #.Hence by Lemma 2.2, # (0)(K(0) — i)~ ! is compact on
A which in turn implies the compactness of ¥ (0,u)(Ky(0)—i) 1=
VO,09(O) 1. W (O)N(Ko(0)— i)~

(2) Except for the norm continuity of ¥7(0, u)(K o(0) — z)~ ! at the boundary R of
CZ, the statement is clear by Assumption (4,). For proving the norm continuity, it
suffices to show it for(K,(6) —z)~! ¥~ (6,u),0eC,,Imz < 0. Let ,€R and suppose
0eC, approaches 6, Then for Imz<0, we can check by an elementary
computation that

1(Ko(0) ~ 2)” 1 (Ko (0o) — 2) || = sup [nw + e~ 2% p?/2 — z|/|nw + e~ * p?/2 — 2]

is uniformly bounded in 6 and for feC*(T,,CZ(R?)), (Ko@) —2)"(Ky0,) — 2)f
— f strongly as 6 —0,. Thus (K,(0) —z)~ (K, (6,) — z) approaches the identity
operator strongly. Since (K,(0,) —z)~ ' #7(6, ) is a compact operator and is norm
continuous by statement (1) and Assumption (A4,), we see that

(Ko(0) —2)" ¥ (0,0) = (Ko (0) — 2) ™ (K(0) — 2) (Ko (0) —2)~ ' (6, )

approaches (K, (0,) —z)~*#7(0,, 1) in norm as 6 —6,,.
(3) Statement (3) is obvious. []

As the last topic of this section, we discuss the relation of the eigenvalues of
K(0, ) and U(s + 2n/w,s, 0, u). We assume 0eC,; here for simplicity.

Lemma 2.9. Let 0eC; and 0L < Q. Suppose that K(O,u)f=Af. Then f=
f(t) is an A -valued continuous function and f(t) = e~ Ul(t,s, 0, n)f(s). In parti-
cular, U(s + 21/, s,0,u)f(s) =e *CW f(s). Conversely if U(s +2mn/w,s,0,u)p =
e 1AM g then f(t) = VUL, s, 0, u) e D(K(O, w) and K(O, u) f = Af.

Proof. If K(6,u)f=Af, we have exp(—ioK(6, ) f(t)=U(t,t — 0,0, 0)f(t —0) =
e o f(t)for all 6 >0, or U(t+0,1,0, 1) f(t) =e " f(t + o) for all 6 >0 and a.e.t.
Thus by Fubini’s theorem and the strong continuity of the propagator, f(t) is
continuous and the first statement holds. For proving the converse it suffices to note
that for all ¢ = 0 and teT,,

exp(—ioK(O,n) f()=e*"" Ut t—0,0,)U(t—0,s0,0)p =" (). [

3. Theorems

Using the lemmas obtained in the previous section, we first show the following
spectral properties of K (6, ).

Theorem 3.1. Let Assumption (A,) be satisfied. Then for 0= u<Q, {K(6,u),
0eCZ} is a holomorphic family of operators on A~ of type (A) with the common domain
LAT,) @ H*(R}) nHY(T,) ® LAR®) and for +Im z >0, (K(0, u) —2) "' is a B(A)-
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valued strongly continuous function of 0 CF . Furthermore the following statements
hold for any 0 < u < Q and 0eC;.

1) oK O = ) {no+e 2R*}.

(2) o(K(0,p)) is a discrete subset of C;\ (J {nw+e 2*R™} with possible

accumulation points in {nw:neZ}. Any i€a,(K(6, ) is an eigenvalue of K(6, u) with
finite algebraic multiplicity.

(3) 0,(K(0, 1)) is invariant in O C; as long as it is free from .., (K(0,u))

4) 0 (K(0, 1)) "R = 0 (K(0 =0, 1)) and Aec(K(0, ) "R is a semi-simple eigen-
value of K(6, p) with finite multiplicity.

Proof. We prove the theorem for upper signs. The holomorphy of K (6, u) is proved
in Lemma 2.6. By Lemma 2.8, (2) and the resolvent equation, we have thatif Imz > 0
is sufficiently large then zep(K(0, u)) and

(K(O,p) —2)"" =(Ko(0) —2)™ ' = (K(0,1) —2) " #7(0, ) (Ko (0) —2) ™
=(Ko(0) =27 1+ 770, (Ko(0) —2)"H~ 1. (3.1)

By the first equation of (3.1) and Lemma 2.8, (1), (K(0,u) —2) "' — (K,(0) —2) "' is
compact. It follows then by Weyl’s theorem and Lemma 2.7, (1), 0. (K(6, 1)) =

0

() {nw+e 2R} On the other hand by the analytic Fredholm theory

(éteinberg [19]) and Lemma 2.8, (1)-(3), the last expression (3.1) extends as a
meromorphic function of z to p(K,(6)) with a discrete set of poles at the eigenvalues
of K(6,1) and that the residues at the poles are all of finite type. This proves that

0,(K(0,1)) is a discrete set of the complement of () {nw+e ?R*} and

A€0,(K(8,u)) is an eigenvalue of K(8, ) with finite algebraic multiplicity. Since for
0'eR,K(0 +60',un) is unitarily equivalent to K(6,u) by Lemma 2.6, (2), and the
eigenvalues of K (6 + 6, u) are analytic functions of §’'!/* with some integer k by the
analytic perturbation theory ([12]), o,(K(6,4)) is f-invariant and its possible limit
points are a subset of {nw:neZ}. Moreover, since K (6, ) is selfadjoint for 0eR and
Y(0, u)(Ko(0) — z) ! is norm continuous in feC, for Im z >0 by Lemma 2.8, (2),
for any 0eC., (K(8,p) — z)~ ! cannot have a pole for Im z > 0. Thus ¢,(K(0,u)) is
confined in the closed lower half plane and this completes the proof of statements (2)
and (3). Since the proof of statement (4) is virtually the same as that of Lemma II, 2 of
Aguilar—Combes [1], we omit it here. [

Now we make the information about ¢,(K(0,u)) more precise using the
perturbation series. Under Assumption (4,), we have

V(t,x,0,u) = V(e’x) + pow ™2 cos wt(dV /0x,) (e’ x) + W, (¢, x,0, 1)
=To(0) + uT,(0) + W, (0,p), (3.2)

where u~ | W, (0, )]l gy 0 as u—0. We write W, (6, ) = puT,(0) + W,(0, p).
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Theorem 3.2. Let Assumption (A,) be satisfied, 0cCZF and let 1eC* be an
eigenvalue of H(0) with (algebraic) multiplicity mg(2).

(1) Suppose that A + n;w,j = 1,...,1, are the eigenvalues of H(0) which differ from A
by integral multiples of w and m {2) are their multiplicities. Then for sufficiently small

0=y, there exist exactly Z m;(4) = N(J) eigenvalues A{(u),...,An(1) of K(O,p)
=0
(counting the multiplicities) such that A u)— 4 as p—0.

(2) Suppose that 1.<0, my(A)=1 and 1=0 in (1) and that H(O)p, = Xpy,d,
being the eigenfunction which satisfies Prop. 2.1, (4). Then A,(u) = A + o(x) and the
corresponding eigenfunction ¢,(t, x, 1) of K(0, ) can be chosen as

(L, x, 1) = qﬁo(?c) =27 'o 2ufe M @HB) — A — o) L0V /0x,) (€’ x) Py(x)
+ e QHO) — 1+ w)” 1OV [0x,)(€°x) do(x)} + o), (3.3)

where o(y) stands for an #-valued continuous function fyt,x,u) such that
I f(&, | =o(p) as u—0 uniformly in teT,,.

(3) Suppose that . <0,my(A)= 1,1 =1 withn, = + 1 and m,(A) = 1 in (1) and that
H(0)pV =4 ¢i, HO)PP = (A + ), where ¢§ satisfies Prop. 2.1, (4). Then the
eigenvalues A;(u) are given as

A =4 = (=127 w7 2 u(@™M,(0V /0x ) (x) 9P 4 + o(w),(j =1,2).  (3.4)
If (@1, (8V [0x,) $'P) # 0, the corresponding eigenfunctions ¢§(t, x, u) are chosen as
P (t,x,0) =271 (PP (x) + (— 1)~ e PP (x) + O(u), (3.5)

where O(u) stands for an # -valued continuous function f§)(t,x,p) such that
I £, W 5 =0 as u—0 uniformly in teT,,.

Proof. Letus write as e,(t) = ¢*“' and the projection to the space spanned by e, (t) in
LAT,)as Q, k=0, +1,....R(z,0,n) = (KO, u) — 2)~ ..

(1) Since K(6,0) = ?,‘1(@ {nw + H(0)}>9’",, it follows from Lemma 2.1 and

2.2 that 1 is an eigenvalue of K(6, x) with multiplicity N. Hence by (3.2) and the
bounded perturbation theory ([12], Chapt. III), we have statement (1).

(2) We set Po(0)u = (u,dg)py, ue # and @,0) = ft, x,0)= (0/21)' *e, ® d4(x).
We write the reduced resolvent of K(6,0) at z =1 as R,(4):

Ry(A) =Y 1 ®@HO) + ko —2)")(Q,®1) + Qo ®H(0) — 2)~ (1 — Po(0))

k¥0
(3.6)

Using the second resolvent equation for R(z,0, u) twice and then the first resolvent
equation for R(z,6,0), we have

R(z,0,1) = R(z,0,0) — uR(z,0,0) T, () R(z,6,0)
—R(i,0,0)[(1 + (z — ) R(z,6,0)) (W, (6, )
— W, (0, ) R(z,0, 1) W, (0,)) R(z,6,0)]. (3.7)

Following the standard argument ([ 12], Chapt. II), we see that thereis a small circle
= {z:|z— A| =&} such that for sufficiently small |u| < e, K(0,u) has only one
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eigenvalue A, (u) in |z — 4| <26; |4, (w) — 4l <d/2 and |R(z,0,u)| for zel; is
uniformly bounded. Then

R™(z,0, 1) = (1 +(z = )) R(z, 0,0)(W(0, )

- Wl (9: 'U,) R(Z7 07 /’l') Wl (07 .u)) X R(Z5 67 0)
satisfies

sup { |R®(z,0,) [, zeI 5} = o(u) as u—0 (3.8)
and the eigenfunction @,(u) = P,(t,x,p) of K(0,u) with eigenvalue 4, (u) may be
chosen as

1
¢0(#) = —T j R(Z’Gnu') ¢6(0)dz
T Is )
= @y(0) — uRy(2) T, (0) B4(0) + R(i,0,0)(2mi) ~* | R®(2,0, 1) B,(0)dz. (39)
I's

Since R(i,8,0) is a bounded operator from " into H'(T,) ® L*(R?) by Lemma 2.6,
(3.8), (3.9) and Sobolev’s embedding theorem show that

sup @y, 1) = Py(t,7,0) — u(Ry(4) Ty (0) Py (0)) (1) 4 = 0(1) (3.10)

as u— 0. Equations (3.10) and (3.6) imply (3.3). For the eigenvalue 4,(u) we apply
Kato [12], Theorem VIII. 2.6 to obtain
A(p) = 4 = 1((Qo ® Po(0)) T1 (0)P(0), D5(0)) + o(u). (3.11)

Since the second summand in (3.11) obviously vanishes 4, (1) =4 + o(u).

(3) We prove the case n; =1 only. Since m(1) =1, 4 is an isolated semi-simple
eigenvalue of K(6,0) of multiplicity two with the eigenfunctions e, (t)® ¢i"(x)
and e_, (f) ® ¥ (x). By statement (1), there are two eigenvalues 4, () and A,(u) of
K (6, 1), which approach 4 as u—0. We write the total eigenprojection to these
eigenvalues as P(0,u). Having in mind the standard reduction procedure for
degenerate perturbation theory ([12], Chapt. I, §3), we set

KOO, 1) = p~ (K0, 1) — 2) P(0, ). (3.12)
By the resolvent equation, we may write as

K™, 1) = P(0,0)T,(0)P(0,0) + (2miw) ~* [ (z — A)R(z,6,0)
r

{W,0, 1) — W, (0, WR(z,0,0) W, (0, 1) } R(z, 0, p)dz, (3.13)

where I is a small circle around z = A. As in the proof of (2), the second term in the
right of (3.13), which we write as K®X0, u), satisfies

IR0, )l = o(1) as u—0. (3.14)

The unperturbed operator K*(6,0) = P(6,0)T,(0)P(6,0) of the reduced operator
KM@, ) has in P(0,0).# the matrix representation with respect to the basis
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(o) ®HIN), ¢ (OB}
0 R XCIC  Ci E
271 ¢, @V Jox, ) x)d'?) 0 - GD)

Thus P(6,0) T,(0)P(0,0) has the eigenvalues A, = + (1/2w?)(p", (6V/0x,)p?’) with
the corresponding eigenfunctions @.(0) = (3)(eo(t) ® PL(x) + e_ (1) ® PP (x)).
Therefore the eigenvalues A4;(u) and 4,(u) of K(0,u) are given by (3.4) and the
corresponding eigenfunctions @§(t, x, u) are given as

DY (t,x, 1) = D ,(0) + (i)~ | (KW(B,0) — 2) "' KD(O, u)(K (O, ) — 2)” ' &, (0)dz,
FJ

(3.16)

where I'; is a small circle around A.. Since (KV(6,0)—z)"' is clearly a

B(A, C(T,, #))-valued analytic function of zeI';, (3.14) and (3.15) imply (3.5). [J

If we assume a higher smoothness Assumption (A4,), we may compute the
eigenvalues of K(6, u) up to any order of u>0 and the problem of proving
Im 4,(u) # 0 can be reduced to explicit evaluation of certain integrals. We write for
integers n> 0,

Vit x,0,u) = Z Wi ™ 2cos wt) 0"V [0x*) (e x)/k! + W, . 1 (t, x, 6, 1)

k=0

= 3 (/207 0+ € O @QUN0)+ Wy 63.0,1)

= Z #ka(e) + Wn+ 1(09#)7 (317)
where | W,,,(0, )|l = O(u" ") as u—0. We assume for simplicity

Assumption (S). All negative eigenvalues of H = — (3)4 + V(x) are simple.

We remark that for generic potentials Assumption (S) is satisfied and that under
Assumption (S) except for a countable set of w, N(4) = 1 for all Ao (H) since o ,(H) is
a discrete set. We fix e (H) and write as

= T(0), S, = Ry(A) for k=1,2,...;8, = — P(6,0) = —|P,(0)>{ P4(0)],
S=S8,;R(nw,A,0)=HO)— L —-nw) ,n=12,..,

where we used the notation of the proof of Theorem 3.2, (3). By Kato [12], Chapt. I,
the perturbation series for the eigenvalue A,(u) is given by

=2+ Ciu+Cyi® + -+ Cit + 0 1), 1=1,2,..., (3.18)
with

~—
RS

l —
C, = Z( S uT,S...T,S,. (3.19)
p=1

p viH o, =1
kit +kp=p—1
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Since one of S, in (3.19) must equal to — P(6,0) and
—tr 7,58, ...T, P0,0)T, . ...T, S
= (T, Sk;esTo, Sk, Toy - T P(0), P5(0)) 5 (3.20)

we can rewrite the sum (3.19) as

Cl = i ( - 1)? Z (TmSTvz e STvp ‘po(O)a (pé(o))f
p=1

v+ to,=1
+ (terms with more than one S, = — P(6,0)). (3.21)
By (3.6) we have for v, + -+~ +v,=n, ky,...k,_1 F0
ST, Sy, -, Th, Pe0)

= (/2m) (1 207" <z><z) 2ty + 1= (DD
vj 2 P

0=, <
Ji=2,... p
R, + -+ L) — nyo, 2,000 ,ORR(L + -+ 1 )w
— (ny—v,)0, 2, 0) ... RQLw—0,0, 2,07 Q, (O)¢bs.- (3.22)

Lemma 3.3. If v, + -+, is odd, then
(T, S, Ty, - Sk, - T, Pol0), P5(0)) = 0. (3.23)

Proof. If none of k; = 0, (3.23) immediately follows from (3.22) since 2(I; + -+ + 1))
—(vy + *** +v,) never vanishes. The case when some of k; = 0 isreduced to the case
where none of k;=0.  [J

Lemma 3.4. Let n be the smallest integer such that A+nw>0 and vy + - +0v,=
2n. Suppose that there exist no 1 i< psuchthatvi+ - +0;=n=0;11+ " + U,
Then

In(T,, S, T, Se, _, T, @4(0), ©5(0)) =0. (3.24)

Proof.  Under the condition of the lemma, for some Jyvy ++v;<nand
4 v, <n. Then

Uiy +
(TU1 Ski Tuz . 'Skp—l Tvp (p0(0)9 (pf;(o))
=Sy, .S, T, @0, TE SE ... St T dyf0)). (3.25)

By (3.22) and Lemma 2.1 this is an analytic function of @€ C, which is independent of
Ref and hence is independent of 0eC,. Setting = 0 and appealing to the fact that
R(kw, 1,0) is a real operator for k < n, we have the lemma. [J

Lemma 3.3 implies that C; = 0 for odd j’s and Lemma 3.4 implies that Im C 2j =0for
Jj<nn=n(i o) being the smallest integer such that A + nw > 0. Equations (3.22)
and (3.24) also imply that the second summand of (3.21) is real and moreover

ImC,, = — Im(R(nw, A, 0)p(n, o, 2, 0), p(n, >, 1, 0)) , (3.26)



346 K. Yajima

n

0, 2,00=Q20 2 3 (=1 3 Q, (ORmw —v,0,200Q,,(0)

p=1 vit...tvp=n
.‘.QUP_I(Q)R(UP(U, 40)0, (0)¢,. (3.27)

By Lemma 2.1 the inner product in (3.26) is independent of e C, and mimicking
B. Simon’s computation [27], we have

ImC,, = —Im lim(R(nw, A + ic, 0)p(n, w, 4, 0), p(n, w, A, 0))
el0

= F (dE(L 4 nw)/dip(n, w, 4,0), d(n, w, 4,0)), (3.28)

where {E(/)} is the spectral resolution of H. Note that, again by Lemma 2.1,
regarded as a function of w, the last expression of

2in((dE(L + nw)/dA)p(n, w, 4, 0), ¢(n, m, 4, 0))
=((H—2—nw—i0)"' —(H — A —now +i0) " Hd(n,w, 1,0),
¢(n7 0)9 }“’ O))
= ((H(B) - }" - n(l)) N ld)(na w, /19 0)3 d)(na , }L7 6))
= ((H(O) = 2 — nw)” *¢(n,,2,0), p(n,w,1,0)), . + nwéa ,(H), (3.29)
can be analytically extended from each of the real intervals (— co, — Ai/n), (— A/n,
—i/n—1)),...,(=2/2,— 2),(— A,0) to a complex domain: from (— o0, — A/n) to
{z:larg(A + nz)| > |2Im0|}, from (—Ai/k,—A/k—1) to {z:|arg(d+ kz)| <|2Im0)|
and |arg(A +(k — 1)z)|> [2Im0|}(k =2,...,n), (—2,0) to {z:]arg(l+jz)|<
|2Im6|}. Each of these branch can vanish only on a countable set of w’s unless it

vanishes identically where it is defined. Remark that the branch from (— co, — A/n)
vanishes identically except on its poles. Thus we have proved the following theorem.

Theorem 3.5. Let V(x) satisfy Assumption (A ) and (S), 0eC;", 1 <0 be an eigenvalue
of H and for n=1,2,...¢(n,w, A,0) be the function defined by (3.27). Then the
eigenvalue A,(1) of K(0, ) has a perturbation expansion

A )= 4+ Cylh o) + Cylls ot + -+ + Co (A 0p®" + 0" ™) (3.30)

up to any order. Suppose further that each branch of
I(A ®)= F n((dE( + nw)/dA)d(n, w, 4, 0), d(n, w, 4,0))

does not vanish identically for o > — A/n,n=1,2,.... Then for all but a countable set
of >0

{ImCZJ ()»,OJ)ZOfOFj:l,...,nO—I,

ImC,,, (Lw)=1,(1w)>0. (3.31)

Here ny = ny(A, w) is the smallest integer such that A + nw > 0.
Finally we would like to study the implications of Theorem 3.2 and Theorem 3.5
for the original propagator Ul(t, s, ). For this purpose we assume the following
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Assumption (SM)* There exists a point 6,eC;" such that
[V(t,x, 00, )| S CL+]x]) 72 7% e>0

for all (t,x)eR*, 0 u< Q.
We write as A(0, u) and B(6, u) the multiplication operators by |V(t, x, 6, u)|*/* and
Vi, x, 0, )| V(t,x, 0, )|~ *'* respectively. By the proof of Lemma 3.3 of Yajima
[21] it follows under Assumption (SM) that the operator-valued function
0(z,0,, 1) = A0y, W)(K(0y) — 2) " B(0,, ) has the following properties:

1) Q(z,0,,w) is a compact operator-valued analytic function of zep(K,(8,)).

2) 0(z,0,, 1) —0 as Im z— + oo (according to 0,eCF).

3) #(A")-valued function Q(2 +ie, 0y, 1) has a continuous boundary value
Q(4 10,0, 1) as ¢10.

4) exp( —inwt)Q(z, 0,, pexp (inwt) = Q(z + nw, 0, p).
We further assume

Assumption (R). For 0,eC; of Assumption (SM)*, (1 + Q(0 + 0, 0,, 1)) ~ ! existsin
B(A) for all small 0 < p.

Theorem 3.6. Let Assumptions (A,), (SM)* and (R) be satisfied and 1. <0 be an
eigenvalue of H.
1) Suppose Ais as in Theorem3.2,(2) and Hp = Ap. Then as u— 0, (U(t, s, W), @)
= e MW= L O(n) uniformly in +t > +s.
2) Suppose Ais asin Theorem3.2,(3) and Hp'V = J.¢pV, HP'® = (A + w)p'®. Then
as u—0
(U(t, s, u)d)“), d)(L)) — %{e— A (u)(t —s) +e” iA) (u) (¢ —s)} + O(#),
(U(l, s, ﬂ)(b(]) ¢(2)) — %{6_ iAW ()t —s) __ e~ P42 (u)(t ~s)}e~imr+ 0(/l)~,
uniformly in +t> +s.
For proving the theorem we admit the following lemma for a moment.

Lemma 3.7. Let Assumptions (SM)* and (R) be satisfied. Then there exists a
constant C > 0 such that

1U@,s, 04, )] £ Cfor £s< +t (3.32)
Proof of Theorem 3.6. We prove the theorem only for upper signs with s =0. We

write 6, = 0.
1) By Lemma 2.9 and Theorem 3.2, (2) we have

U(t,0,0, 1) (dg(x) + Yg(x, ) =€~ M‘(u)t(qse(x) + YL, x, 1)),
where | W, ) || » = O(w) and [ Yy(t, -, 1) | » = O(r) uniformly in t. Therefore
(U(t,0, ), ) = (U(, 0,0, ), p5) = (e~ 14" ¢y, 05) + O(pt) = e~ *4 + O(p),

uniformly in ¢. Here we used Lemma 2.4 to obtain the first equality; and Lemma 3.7
to obtain the uniformity in t of O(u) in the second equation.
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2) By Lemma 2.9, Theorem 3.2, (3), and Lemma 3.7

U(t, 0,0, 1) (95"(x) + ¢§P(x)) = e~ *WHV(x) + e ; @7 (x)) +O0(),
U(t, 0,0, n) (57 (x) — ¢ (x)) = e~ #7W(P(N(x) — e, ®@FP(x)) +O(n), (3.33)

where O(y) stands for functions f;(t, x, u) such that sup || f;(¢, . u) | = O(u) as u—0.
t=20

Thus solving (3.33) for U(t,0, 0, u)p$"(x) and taking the inner products with ¢§(x)
and ¢ (x), we have

(U, 0,8, )i (x), p§1(x)) = §(e ™ 4V W1 4 = 22w 1 O(p),
and
(U(5,0,0, g1 (x), 0629 = He ~ 0" — e~ 4200) ¢~ 1 ()

Since the inner products in the left hand side are independent of 6 by
Lemma 2.4, we have statement (2) of the theorem.

Proof of Lemma 2.7. We prove the lemma for upper signs with s = 0 only. We write
0 =0, and prove that

|#(c,0,m)|| =€ for 020, 0=pus=Q (3.34)

Once (3.34) is proved, we obtain (3.32) as follows: For any fe#, we set f(t) =
U(t,0,0,p) ffor 0 <t < 2n/w and extend it elsewhere periodically. Then by (3.34) and
Lemma 2.5

@r/w)[|U(o + 21/w,0,0, 1) f |13,
2n/w
= g 1U(e +2n/w,0 +1,0,1)U(o +t,1,0, 01 (t) || 3, dt
2n/w

sexp(dnM/w) | Ut —0,0,0)f(t—0o)|5dt
0

< C*exp(dnM/w)| 7113
< C?exp(82M/0)(2n/w) | f 1% (3.35)

Equation (3.35) and Lemma 2.5 imply (3.32). For proving (3.34) we use the smooth
operator technique of Kato [26]. By the properties (1)—(4) above and the argument
in the proof of Theorem 3.1, (1 + Q(z,0,1))" ' is a meromorphic function of
ze p(K o(0)) with possible poles at the eigenvalues of K(6, 1) which are confined in the
closed lower half plane; for ze p(K(6, 1)),

(K(0,m)—2) "' = (Ko(0) —2) 7"

—(Ko(0) —2) " *B(6, ) (1 + Q(z, 0, 1)~ *A(0, ) (Ko (0) —2) 1.
(3.36)

Let us write the real poles of (1 + Q(z,0,)) "' as — ¥ (z—4;)~'0(0, 1, 4;), and the
j=1

corresponding one for (K(0, ) —z) "' as — Y (z—4;)” 'P(6,1,4)). Then by pro-
j=1

j=
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perty (4), P,(0, n) = Y P(0, 1, ;) satisfies

no €4, <(n+ o
P,(0, 1) = "' Py (0, pe =™, (337
and by Theorem 3.2
[P0, ) < oo (3.38)
since H has only finite number of eigenvalues. Writing (1+ Q(z,0,u)), ! =
1+ Q0@=0,u) * + i (z— AJ-)‘lQ(O, u,A;), we have by Assumption (R) that

Jj=1
(1+ Q(z,0, w).” * has continuous boundary values from the upper half plane and that

1A +0(z0,m) ' =Cy <o0,zeC*, 05 p<Q. (3.39)
We also note that as shown in the appendix,
sup §IA@, w)(Ko(0) — A —in) ™ f |5 dA= C| f1I 5, (3.40)
20—
sup §IBO, ¥ (Ko(0) = 2 —in)” ¥ 15 dA= C| f5%- (3.41)
120 —

Now by the semi-group theory we have for n > M,

(exp(—ioK(0, W) S, 9)n = — 5% _}) e ATI(K(O, p) — A —in)” fog)dA.  (342)

Plugging (3.36) into the right of (3.42) and using (3.39)-(3.41), we can see that
(exp(—ioK(0, w)f.9)x = (exp(—icK(0))f.9)x

LYY PO )

=-wnws i =n+ o
1 ® . .
shm [ e R4+ Q(0, p, 2+ in)) F A6, 1) (Ko (0) — A —in) Y,

+
27 4lo

B(0, u)*(Ko (Ko (0) — 4 — i)~ *g)dA. (3.43)

By (3.37)-(3.41) the right hand side is majorized in modules by a constant times
I /1 llgll. This completes the proof of the lemma. [

Appendix
Here we prove (3.40) and (3.41). We use the following elementary lemma.
Lemma A.l.  For any 0< ¢ < /2,
<11
7

where the constant C > 0 is independent of ¢ and fel*(0, o).

2

g e~ (y)dy| dx < C [1f(y)|*dy, (A1)
0

Proof. By the density argument, we need to prove (A.1) only for f eCg(0, ).
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We have for 0 < ¢ = n/4,

{75

2
dx

[ et (y)dy
0

— Li¢ d —ie2 xy dv- —ixy
e (E) X[\/gge f(y)yge f(y)dy]
<<})d 1 })—iemﬁxy d 2>1/2 < 2d 12
=\ X\/ﬁoe f(y)dy <(§)If(y)l y) ,

by a change of variable x — '’ x and Plancharel’s formula. It suffices to show (A.1)
for m/4 < ¢ < /2. For these ¢, we have

g — LG

feol

—ietp xy d _ _
f [e Sy dx = Yri(e®y — e 7 e_l¢z)dydz,
and
w _l/zdy w y 124y = =124y
j i j 2 iz = ) < .
o le?y oy 2C0$2¢)y+1) VY41

Thus by Hardy-Littlewood—Polya [25] we have (A.1). O

Lemma A.2. Let H be a selfadjoint operator and A be on H-smooth operator (Kato
[26]), ie. | | Aexp(—itHyu|?>dt < || Al |ul®>. Then for any 0< +¢ < m/2,

t oo

+ | [Aexp(—ite®Hul|%dt < Clluf .,
0
where the constant C > 0 is independent of 0 < + ¢ < /2 and ue .

Proof. Let E(A) be the spectral resolution for H. By Kato’s criterion for smoothness,
AE(A)u is absolutely continuous and dAE(A)u/dA=1u(A) is an # -values square
integrable function with | {|#(4)]|2dA < C| A||% |lu|?. Since
Aexp(—iteHyu= e " *{(A)dL
0
the lemma follows from a vector-valued version of Lemma A.1. O

Now we can prove (3.40) and (3.41). We prove (3.40) only. Let us write as M the
multiplication operator by (1 + |x|?)”© *9/2 It is well-known that M is H ,-smooth

operator ([28]). By the Fourier inversion formula, Assumption (SM) and Lemma
A2,

T 1AG. 1)K o(0) — 4 — i)™ f | 3 di < (2m) jnA(e e~ TOf 2 dg

SCf|Me 50|12 dg
0
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) 2n/w .
SCldo | |[Me o Hof(t — ) |3, di
0 0
Cfda
0

2n/w .
[ [Me™ 77 Hef (1) dt

0

SCI Sy

Here we used the periodicity of f to obtain the equality in the fourth step.
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