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Abstract. We estimate the vorticity of the flow of an incompressible, vis-
cous, three dimensional fluid near the boundary of its container. We obtain
a bound that is valid outside a small subset of space-time with special
properties. '

1. Introduction

It is the basis of the Prandtl boundary layer theory that vorticity is introduced
into solutions of the Navier-Stokes equations through a boundary layer. There-
fore, it is important to obtain estimates of the size of the vorticity close to the
boundary. The theorem below yields the following type of estimate: We fix a
small positive number t and examine points (x,t) in space-time, where x lies
at a distance t from the boundary. We also assume that the time elapsed since
the beginning of the flow is at least t2. Then the size of the vorticity at (x, t) is
at most O(r~?) unless (x, t) happens to lie in a certain set. This set is the union
of cylinders of size 7. The number of different cylinders is at most O(z~>/3).
Since the cylinders are subsets of space-time, their union is a small set.
However, the important point is not the measure of this set. The interesting
thing is the clustering of this set into lumps of size . Outside of these lumps
we have uniform estimates on the vorticity.

The proof of the main theorem in [1] involved the construction of a similar
set. There the set was the union of finitely many cylinders A; where ),

(diameter of A4,)*® was bounded by a constant that depended only on the
initial kinetic energy. In addition, the maximum of the diameters of the A,
could be made arbitrarily small. The theorem below is an improvement on
this.

One can go further and state that the vorticity is continuous at the points
where we can estimate its size. This is a consequence of the local boundedness
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of the velocity vector field at these points (this is brought out in the proof) and
of the argument that led to partial continuity of the vorticity in [1].

In this paper the vorticity is the curl in the distribution sense of the
velocity vector field. It is not difficult to show that it is actually a classical curl
at the points at which it is estimated. In other words, the spatial partial
derivatives of the velocity vector field exist in the classical sense at each such
point.

Theorem. Let U be an open bounded subset of R> such that the boundary of U
has Lebesgue measure zero. Suppose that w’: R*—>R? is an L* function such that
wl(x)=0 for x¢U and div(w®)=0. Then there exists a weak solution u:U
x (0, 0)—>R? to the Navier-Stokes equations of mcompresvzble fluid flow in U
with adherence at the boundary of U, initial condition w° vzscoszty—l and the
following property: If 0<t<1 and

T={(x,t)eR®*x R:t=1? and distance (x, R*~U)=1},

then there exist (xy,t,), (X3, t5), ... (Xpr» Lag) Where (x Xp t)eT, MSNt > where
N is a constant that depends only on |[|w°|,, and the inequality
[(curl (w))(x, t)| £ Ct~ 2 holds whenever

M
(x,)eT~ U1 {(.9): ly—xj| £, t;—* <5<t}
Jj=

We use the notation introduced in Sect. 1 of [1]. The constant C in the
theorem does not depend on any of the parameters. Saying that u is a weak
solution means that u satisfies the properties listed in Theorem 1.2 of [1] when
the domain of u is extended to all of R x (0, c0), using the definition u(x, 1)=0
for x¢ U. The condition div(w®)=0 means that | w®(x): Vf(x)dx=0 for any
C® function f:R*—R with compact support. R}

In later sections we will use the definition

(f*g)(x,0)= Sf(y,t)g(x ydy

when AcR, f is a function defined on R* x 4, and g is a function defined on
R3.

2. Preliminaries

The following definition is consistent with Definition 2.1 of [1].

Definition 2.1. If AcR®*xR and f is a function defined on A, then we ab-
breviate I(f, A)={f and M(f, A)=the supremum of {|f(x,1):(x,t)eA}. If
A

xeR? teR, r>0,5>0,h>0, and ke{1,2,3,...}, then

B(X, r):{yER3: |y~X|§r},
K(x, t,r,s)={(y,w)eR*xR:|y—x|<r and t—s<w<t},
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T(x,t,r,5,h)={(y,w)eR*xR:r—h<|y—x|<r+h and t—ssw=t},
D()={(y,w)eR>xR:w<t},
G(x,t,r, k)=K(x,t, r(1 =275, r2(1—2-2).

Lemma 2.2. There exists an absolute constant C, with the following property:

Suppose u:R*x R* —R? is a continuous function such that {j lu(x, 12 dx: t>0}
R3

is a bounded set of real numbers and Du is an L[* function. Suppose also that

{a,c} <R3, {b,d} =R, {m,p,n,q} is a set of integers, b>2"?" |a—c|<2™™ b

—27im<d<h, 27 D<M g —c|<27" 272V <d—(h—2"2™ <272, ¢

=max {n,p}, and K=K(c,d, 27" 2 27 2?+2) Then

p=m, nzm (2.1)
and

flulx, 01 (x—c|+(d—0)"*)"*dxdt
e

q+1
< Y C27*M(lul*, Dd)NG(a, b, 27 ™ k—m+1))
k=m+1
q+1
+ Y C,2*%I(Dul?, T(a,b,27™ 272" 27k+2)),
k=m+1

Proof. The hypotheses of Sect. 2 of [1] are all satisfied. Hence Lemmas 2.2, 2.3,
2.4 of [1] are valid in this case. The second of these lemmas yields (2.1). Now
we will use a portion of the proof of Lemma 2.5 of [1]. Using the definition of
E(k) given in (2.30), (2.31) of [1] and (2.1), we obtain

0

K~{c,d}= |J E(k.

k=m+2

From (2.33) of [1] we get
(Ix—c|+(d—t)?)~*<24k+ D if (x,t)e E(k).

Combining (2.9) of [1], Definition 2.1, and the proof of Lemma 2.5 of [1], we
find the following: If |a—c| <2~ ™+ 1) then

Y 2%I(|ul® E(k)= C27P M (jul?, D(d)nG(a, b, 27", p+2—m));

k=m+2
if 27"tV <|g—c¢| and n<p then

Y 2% I(|ul?, E (k)
k=m+1
<C27*M(jul*, D(d)nG(a, b, 27", g+2—m))
qg+1
+ Y, C2%*I(Dul’, T(a, b, 27", 277", 27K+ 2);

k=m+1
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if 2=m+D<|g—c| and n>p then
[ee)

Y 2% I(ul? E(k)

k=m+1
q+1
< Y C27*M(lul’, D)nG(a, b, 27 k+1—m))
k=m+ 1
q+1
+ > C2%*I1(|Du|? T(a, b,27™ 27 2m 27k+2)),
k=m+1

The conclusion follows from all of the above, g=max {n, p}, and (2.1).

Lemma 2.3. Suppose u:R> x R* —R? is a continuous function of the type consid-
ered in Lemma 2.2. Suppose also that {a,c}<R3 {b,d}<R, t>0, b>1?% |a
—c|<t,b—1*<d<b, n and p are the integers determined uniquely by

270D -l —|g—c))g27", 2720tV 2(d—(b—1?) <2727, (22)
and q=max {n, p}, K=K(c,d, t/4,1>272%*2), Then

pz0, n20 23)
and
FluCx, 012 (Ix—c|+(d—1)**)~*dxdt
K

q+1
<Y ¢, 27 %t M(ul%, D(d)NG(a, b, 7, k+1))
k=1

g+ 1
+ Y C, 2% 2[(Dul?, T(a, b, 7,7, 1275 2).
k=1

Proof. Set a'=1"'a, c’=1"1c, b=1"2b, d' =17 %d, and u'(x,t)=u(rx, °t). The
conclusion follows when u, a, b, ¢, d in Lemma 2.2 are replaced by v/, a’, b, ¢, d’
and the m in that lemma is set equal to zero.

3. An Integral Inequality for Approximate Solutions

This section is a continuation of Sect.5 of [1]. In particular, we have the
choices of @, Q, ¥ made at the start of that section and we also have the
function u:R3 x [0, 00)—R> of Definition 5.14 of [1]. Lemma 5.6 and Defi-
nition 5.10 of [1] imply that u is a function of the type considered in Lem-
ma 22, Lemma 5.17 of [1] shows that u is locally in L?. The number ¢ is
introduced immediately after Definition 5.1 of [1]. We may assume that [|4(®P)
—A(P + Q*Q)||,<¢ holds instead of (5.1) of [1].

Lemma 3.1. There exists an absolute constant C, satisfying the following: If
©>0 then there exists a continuous function v:R>xR*—R> such that
{jlv()g H)12dx:t>0} is a bounded set of real numbers, Dv is an L* function,

e, OIS Cot2( | u(y,0?dy)'? if xeB(a, 1),

B(a, 5t/4)

I(IDv|*, T(a, b, 7. 7%, 1)) < Co v~ **r(I(ul’, K(a, b, 41, 1%)))*"°
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if 0<r<2t and the following is true: If aeR> beR, ¢<t/64, B(a,51/4) U,
b>1? ceR3 deR, l[a—c|<t, b—1><d<b, p and n are integers defined by (2.2),

g=max {p,n}, and A=K (a, b, 5t/4, t*) then
[(u—v)(c, d)|

d
SO T o 0P (x—el+d =0 *dx i)

d—122-2(P+2) B(c,1/4)

+ Cyt P M(Ju—v|, D(d)NG(a, b, 7, g+ 2))(J lu(x, t)> dx dt)*/?

+Cyt P2 fulx, 1) dx di)
A

d
+c2r5/325p/3( | | |u(x,t)|3dxdt)1/3

d—~122-2(P*+2) B(a, 5t/4)
+C, % W0l e.

Proof. Let A,:R*—[0,1] be a C* function such that ,(x)=0 for |x|=1/16,
21(x)=1 for |x|£1/32, and |D'A,||,<Ct  for i=1,2,3. Define J: R*~ {0} >R

and Q,:R*-R for t>0 by

Jx)=—@nlx)~",  Qx)=2Ym)*t % exp(—|x|*/(41).

This is consistent with (5.6), (5.7) of [1]. The function L: R*—R is given by

L(x)=—[44,(=x)J(x)=2D;A,(=x)D;J(x)]  for x=+0,
and L(x)=0 for |x|<t/32. We define

v=uxL

and observe

e Ol=Ct32( | |u,0)l*dy)'?,  if xeB(a,97/8),

B(a, 5t/4)

Du(x,t)| SCt=>*( [ |u(y,t)*dy)'’? if xeB(a,917/8).

B(a, 5t/4)

We abbreviate
K,=K(c,d, 1/8,722720+2)  K,=K(c,d, 12" @+?, 22~ 2a+2),
h=12"?+2  H=12"4*2  B=B(a, 51/4).
From |c—a| <1, b>12 (2.2), and d <b we conclude
B(c,t/8)=B(a,97/8), 0O<b—1?><d—h*<d<b.
If xeB(c, 127" ?) then (2.2) and g=n imply

x—alS|x—c|+|c—a|£127 @D 4 —727"+D

St2 WDy @ =g —2-@+2),

3.1)

(3.2)

(3.3)

(3.4)

(3.5)
(3.6)

(3.7)
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Ifd—1*272@*?2<t<d then g=p, (2.2), and d<b imply

b_TZ(l_2~2(q+2))§b__1.2(1_2~2(p+2))§d__,[22~2(p+2)

<d—122"26+2<r<d<b.
All this implies

K(c,d, 12742 122-2@+2) e D(d)nG(a, b, 1, g +2).
In particular, we obtain

B(c,t2"4“*¥)=B(a, t)=B(a, 91/8).

V. Scheffer

(3.8)

39)

We select a C® function 4,:R—[0, 1] such that 4,(t)=0 for t<d—h? 2,(t)=1
for t2d—h?*/2, and ||(d/dt)2,]||,, < Ct~22%P. Then we set A(x, t)=1, (x) 4, (t).

Now we fix ie {1, 2, 3}, recall (3.1), and define

fiR*x(—oc0,d)—»R, F:R3*x(—0,d)—»R?* G:R*x(—c0,d)—R?

by
f(x7 S)'—:},(X"“C, S)(Qd—~s*‘])(x_c)’
F(x,s)=f(x,s), Fi(x,s)=0 if je{l,2,3} and j=*i,
G =curl(curl(F)).

Using Definitions 5.1, 5.2 of [1] and & <t/64 we obtain
(G* ¥+ ¥P)(x,t)=0 if x¢B(c, 7/8).
The function G satisfies

IG(x, ] £ Clx—c|+d—1)") %,
IDG(x, )| £ C(lx—c|+(d—1)"/*)*.

Using the proof of Lemma 5.7 of [1] we conclude

(G * W x W) (x, 1) £ Clx—c| +(d—1)"/?)3,
(DG ¥ % ¥)(x, O] < C(lx—cl+(d— 1)) ~*.

We also have .

[ O lueeoPPdx)?de
d—h2 B(a,5t/4)
d

§Cr3/2< | fjulx, t)dedt).
d —h? B(a, 5t/4)
If t <d, then (3.12) yields

[ (G*¥xP)(x,0)]dx

B(a, 91t/8)

SCEP( |G P)(x Y dx)*

B(a, 91/8)

<CT ([ (x—cl+d—0)!2) 134 dx)*> < Cr3(d—1) 1.

R3

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Using (3.11), (3.7), (3.4), (3.6), (3.14), (3.13), and (3.7) we obtain

[ 1w 01D o(x, 0] (G * ¥ * V) (x, 1) dx dt
d—h2 R3

= ? [ JoGe 0D u(x, O] (G * ¥ = P)(x, 1) dx dt

d—h? B(a, 97/8)

gcu o e, 02 dx)( | |(G*‘P*‘I’)(x,t)|dx)dt)
Zh2 B

B(a, 91/8)

éC‘c‘”’S( } (f fu(x, t)lzdx)(d—t)‘wodt)

gcf—”/S(j (ﬁu(x,z:)|2dx)3/2dt)2/3 (df (d—t)—9/1°dt)”3

d—h? B —h?

d 2/3
S Cr 15 pts ( f [oqulx, t)l3dxdt)
d —h? Bla, 5t/4)
b 2/3
§cr-7/32~1’/15(j | |u(x,t)|3dxdt) ‘ (3.15)

b—12 B(a,51t/4)
From (3.5), (3.6), (3.12), (3.9), (3.4), g=p, (3.13), and (3.7) we conclude
[ oG, O (DG * ¥ = ¥)(x, t)| dx dt
K,

< [ § Cltool(x—cl+@d—0"?) *dxdt

d—H?2 B(c,H)

IIA
a a0
| |
mf——aa. Ec—s&.

Ct32([lux, 07 dx)"2( | (x—cl+(@—0)"*)"*dx)dt

B B(c, H)

< Ct 3 (flulx, 0)*dx)"*(d—t)~ /> dt
2 B

d

d 1/3 2/3
éCT—s/z ( j‘ (f[u(x,t)lzdx)mdt) ( j’ (d_t)A3/4dt)
d B

—H2 d—H?2

d 1/3
§C‘c"3/2‘c”2( | jlu(x,t)|3dxdt> H'3
d—h2 B
b 1/3
§C1‘2/32*‘1/3(5 f ]u(x,t)dedt) . (3.16)

b—12 B(a, 51/4)

Using (3.11), (3.7), (3.4), (3.12), (3.6), (3.3), ¢=p, and (3.7) we find
[ 1w, O (DG * ¥ + P)(x, 1) dxdt

Ky ~K>
< T Co ([P dy)(x—cl +d— ') *dxde
Ki~K; B
d—H?

= [ Co ([l 0 dy)(] (=l +(d=0"2)*dx)de

B R3
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d
+ CT"S(;[[u(y,t)lzdy)( I (x—cl+@d—-0"*)~*dx)dt

d—H?2 R3~B(c,H)
d—H?

< | Coi(flu@, P dy)d -0~ dt
—h2 B

d

a
+ | Ct(fluy, )2 dy)H dt
4 me B

d
< [ Ce(flu, )P dy\H- 1 dt

d—h? B
b

§Ct“42‘1( | | Iu(y,t)lzdydt)

b—12 B(a,51/4)
b

gc:—mzq(j f }u(x,t)|3dxdt)2/3. (3.17)

b—12 B(a,51/4)

From (3.5), (3.6), (3.11), (3.8), (3.16), (3.12), and (3.17) we conclude
) jhz JiU(u«v)(x, O] o(x, )| (DG * ¥ * ¥)(x, )| dxdt
< [lw—v)(x, )l v(x, O] (DG = ¥ = P)(x, 1) dx dt
K>

+( | =0, )P (DG * ¥ * ¥)(x, 1) dx dt)

Ki~K;

+( ] 10 0)2IDG P+ P)(x, 1)l dxd)

Ki~K;

b 1/3
<M(lu—0v|,D(d)G(a,b,7,q+2) Cx= 32793 ( [ flutx, z)dedt)

b-12 B

d
el [1(u~u)(x,t)|2(|x—c|+(d—t)”2)—4dxdt)
—h2 B(c,t/4)
b 2/3
+Cr7/324(§ ) Iu(x,t)dedt) . (3.18)

b— 12 B(a, 5t/4)

Finally, (3.11) and (3.12) yield

d
§ [lu=0)x, )2 (DG * ¥ = ¥)(x, 1) dx dt
d

=C ( I lw=o, t)lz([x—cl+(d—t)”2)‘4dxdt). (3.19)
d—h? B(c,t/4)
From Definitions 5.1, 5.2, 5.10, 5.14 and Lemma 5.6 of [1] we conclude
u(x, ) =w@))(x)=wt)* P)(x), diviw(t))=0, Px)=¥(—-x). (3.20)

If d—h?/2<s<d then (3.10), (3.20), the definition of A and Definition 5.5 of [1]
yield
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§ [, 9)ILASf (e, 9)]dx = [ [ (x. 5)][A F(x.5)] dx
R3 R3

== L L (X, $)I[G (x, )] dx + 53 [u(x, )1 (D (div (F))(x,5)] d x

= — [ [u(x, ] [Gi(x, 5] dx = — | [(wy (s)) ()G P)(x, 5)] dx
R3 R3

N

=— | [Dw)O))IG,* P)(x,0)]dxdt
d—h2 R3 ‘
- i § LW @)D, G * P)(x, )] dx dt. (3.21)
d—h2 R3

Using Lemma 5.6 and Definition 5.2 of [1], support(G * ¥)c U, div(G = ¥)=0,
and (3.20) we obtain

- é‘a LD w () )IL(G,* P)(x, )] d x
=- }it[(P SWONC)ILG, * ¥)(x, )] d x
=- ‘L[(S WEON)ILGex P)(x, )] dx
= st LW O D (wi )+ P) )T LG+ P)(x, )] dx

— [ LA(w, ()% Q% QX)1[(G, * P)(x, )] dx. (3.22)
R3

Properties (3.20) and (3.10) give us
- st L ) )ILD, Gy* ¥)(x, )] dx
- Iifs[A Wi (1) * Q* Q) () TG + P)(x, 1) ] d x
=- Rfs[(wk(t))(X)] [(D, Gy * ¥)(x,0)]dx
+ ﬁfs[(wk(t))(X)] L(D, D, (div(F))* ¥)(x,1)]dx
- R53[A (W, (1) # Q@+ Q) ()] [(Gy + P)(x, 1) ] d x
+ RL[A (Wi (£) % Qx Q) (x)][(D, (div(F)) = ) (x, )] d x
= RL[(Wk(t)) ()ILD(A(E)* P)(x, 1)] dx
+ RUA (W, (1) % Q+ Q) (x) T [(A (F) = ¥)(x, 1) ] d x
= R§3 LW @) )LD, + A4 ) (x, )] dx

+Rf3[(wi(t)*(é1 (P QxQ)— AP f)(x.0)dx. (323
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Observe that (3.10) and 4(Q,_,*J)=0Q,_, imply
(D, + (AN (x,1)=0 if [x—c|<7/32 and d—h*2<1<d.
Using this and the fact h <t (recall (3.6), (2.3)) we find
(D, +A)(A )]l 5, < Ch=33=Cr= 33235, (3.24)
The identity A(Q,_ ,*J)=Q,_, also yields

flaf(x,nldx<C. (3.25)

R3
From the assumptions made at the start of this section we conclude
14(P#QxQ)— AV ||, =|(4(P*Q*Q)—AD)+ Q| ,

S4(P#Q#Q)—AD], 1Q]]; =e. (3.26)

Using (3.2), (3.3), the continuity of u, 4(Q,*J)=Q,, (3.21)-(3.23), (3.20), (3.7),
(3.24), (3.26), (3.25), Lemma 5.6 of [1], and h <z we find

|y (c, d)—v,(c, d)|
=lu(c,d)+ | [u;(x, d)I[4 4, (x—)J(x—c)+2D; A (x—¢) D;J(x—c)] d x|
R3

= 13:1 | Ii[ui(xa LA (x,s)]dx]

I L) D (wi @) = PYTLGx ) (x, )] dx dt

d—h? R3

+ | LI D+ A)AS N O] dxd

s

d
+ [ [ @ =(A(PxQxQ)— AP ()| (A1) (x, 1) dx dt

d—h2 R3

I JTWHE) D wWi@)()ILG,* ¥+ P)(x. )] dx d it

d—h2 R3
¢ 1/3
+C( j j |u(x,t)|3dxdt) 1—5/3251,/3

d—h2 B(a,51t/4)

=

+ § Iw®l, ”A(ql*Q*Q)"A'P”AUAf(x’ Didx)dt

d—h?

} § [u; (e, 01D (6, TGy + ¥ W) (x, )] d x dt
d—h2 R3
a 13
+C(f | |u(x,t)]3dxdt) 77332503 L Co? w0, e (3.27)

d—h? B(a,5t/4)

=

From (3.20) and (3.3) we conclude div(u)=0, div(v)=0. Hence (3.19), (3.18), and
(3.15) yield
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Lo 010D 5 010Gy # ¥)(x, )] dxd

d

= | 1§ Lot=0)(x 010D, =0 (6 O] (G ¥ x ¥)(x, )] d x| dt

d—h?
d

+d _§h2] ng[vj(x, DD, — 0 ) (x, 1[G, * ¥ * P)(x, 1)] d x| d 1t

d
+djh2[}§3[(uj—uj)(x, D1[D; v (x, N1 [(Gyx P+ P)(x, )] d x| dt

d

+ 11T Cose 000D, 0,5 010Gy ), 1)) d x| e

d
édjhzlli[(uj— 0,) (%, )1 [ = 0) (%, DI [(D; Gy ¥ ¥)(x, 1)1 d x| d t

+d _jh2| Rj}[uj(x, D10, —v) (5, OI[(D; G+ ¥ % P) (x, t)] d x| d

d

+d_fh2|Rj3[(uj —0,)(x, )] [0, (x, O] [(D; G, ¥ % P)(x, )] d x| d ¢t

d

+d_jh2'1zj3[vj(x’ DD, v, (%, DIUG, * P+ P)(x, 1)) dx|dt

d

§C(§ ) I(u—v)(x,t)lz(lx—cl+(d—t)”2)”4dxdr)

d—h2 B(c,t/4)

b 13
+M(ju—v),D(d)"G(a,b,1,q+2)) Ct— 232743 ( §ofux 0P dx dt)
b—12 B

b 2/3
+CI‘7/32“( | | lu(x,t)|3dxdt)
b—12 B(a,51/4)
b 2/3
4o TBwS ( [ jute t)|3dxdt) .
b—12 B(a, 51/4)
The last inequality of the lemma follows from the above, (3.27), and q=p=0
(see (2.3)). The estimate on v follows from (3.4). The argument that gave us (3.4)
yields the following for 0 <r<27:

I(IDv|*, T(a,b,t,t% 1))
< [ (2 ([ Ju@oPdy)?Ydxdt

T(a,b,t,t2,r) B(a,41)

< ? Cri (| |u(y,0)?dy)dt
b_12

T B(a,47)

b

2/3
§Crr“4/3( [ lu(y,t)|3dydt)

b—12 B(a,41)

This gives us the estimate on Du.
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4. An Estimate for Approximate Solutions
The assumptions of Sect. 3 are still in force.

Lemma 4.1. There exist absolute constants C,, C, with the following property:
Suppose ©>0, v is the function of Lemma 3.1, aeR3, beR, e<1/64,
B(a,5t/4) = U, and b> 1> Suppose also that

I(|Du|*, T(a,b,7,7%, 1) S Cyr  if 0<r<2r1, (4.1)
I(uP,K(a,b—t>+s5,41,5)) < C3s  if 0<s=<t? (4.2)
”W0||z§ C37~38ﬁ1- 4.3)

Then
I(u_v)(x7 t)l§2C4T_1 lf (x’ t)EK(a7b7 T/2,3T2/4). (4'4)

Proof. We choose C,>0 so that 16 C, C, C3=(1/4) C,. Then we choose C;>0
so that

32C,C,C,+32C, C2C¥P3+4C,CY3C,+C,CYP+C,CY*+C, C,<(1/4) C,.

We will use the method in the proof of Lemma 3.1 of [1]. A slight modifi-
cation of the construction in that lemma gives us a continuous function

f interior(K (a,b,t,7%))—>R™*
such that (recall Definition 2.1)
C,2t ' =f(x,)=C, 2" 't~ if (x,0)eG(a,b,1,i)~G(a,b,t,i—1) (4.5)

for i=1,2,3,.... Here we define G(a,b,t,0) to be the empty set. In particular,
we get

f,)£C, 2t~ if (x,0)eG(a,b, 1, i) (4.6)
We intend to show
(u—0)(x,0)| < f(x,t) for all (x,t)einterior(K(a,b,,7%)). 4.7

Assume that (4.7) is false. Then the nature of f and the continuity of f and u
—v imply the existence of (c,d)einterior(K (a, b, t,7%)) such that

[ —v)(c,d)|=/(c,d), (4.8)
(u—0)x, 0| <f(x,) if (x,t)eD(d)ninterior(K(a,b,,t?)). 4.9)

Using this (c,d) we define the integers p, n, ¢ by (2.2) and g=max{p,n}. From
(2.2) and (4.2) we obtain

I(lu)® K(a,d,5t/4, 122~ 2@+2))
<I(uP, K (a,d,5¢/4,d— () S Ca(d— (b - s C; 222, (+10)
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We can use Lemma 3.1, (4.1), and (4.2) to conclude the following for k>1:

I(D(u—v)]% T(a,b,t,7%,127%*+2)
<21(Dul* T(a,b,7, 7%t 27 ¥+ )+ 21(|1Dv|%, T(a, b, 7, 7%, 1275 ?))
S2C3T27 K242 C,r P2 M (I (ul?, K (a, b, 41, 7%))*
S2C;t27%242C, CYPr27k 2 (4.11)
Since the definitions of p, n, ¢ imply (c,d)¢interior(G(a,b,t,q)), we find that
(4.5), (4.8) yield
lu—v)c.d)|=f(c.d)zC,2%t . (4.12)

Combining (4.12), Lemma 3.1, Lemma 2.3 with u—v in place of u, (4.2), (4.10),
(4.9), (4.6), (4.3), (4.11), (2.3), g=p, and the definitions of C;, C, we find

Cy 2%t 1< |(u—v)(c,d)
d

=G T T a0 (x el d— 0" dxdi)

d—122-2(P+2) B(c,1/4)
+Cyt " M(Ju—v|,D(d) " G(a,b,t,q+2))(C;7%)"3

+Cyt™ 329(C T3 4 Cyv 332593(C 122727 3 L €, 2 w046
q+1

<) C,C,27 " tM(lu—v|% D(d)"G(a,b,7,k+1))
k=1
qg+1

+ Z C,C, 22k1"2](|D(u_U)|2? T(a,b,‘c,fz,rz_k+2))
k=1

+Cyt 23 (C 21 20 ) (Cy 1) 3+ C, C¥3 11204 C, CY3 1 12P +C, Cy1 !
q+1 q+1
<Y C,C 27 e (C 2" )2+ Y C,C 2%k 2 (2C5127 2 +2C, €3 r27 k4 2)
k=1 k=1
+4C,C,CY3t 1294 C,C¥377 1204+ C, CY377 1214 C, Cyr 1 20
<16C,C,C277129432C,C, Cyt~1294+32C3C, C3¥*t1294+4C,C,CY3 120
+C,C3 Pt 1294+ C,CY3 1129+ C, Cyr 1 28
S(1/4)Cyt 29+(1/4)Cy1 1 29=(1/2) C 124
This is a contradiction, hence we cannot assume that (4.7) is false. The

conclusion follows from (4.7), (4.6), and the definition of G(a, b, 7, i).

Lemma 4.2. There exist absolute constants Cs, C, with the following property:
Suppose a>0, acR® beR, ¢<a/128, B(a,5¢/4)<U, and b>a> Suppose also
that

I(|Dul*,K(a,b,30,6%)< Cso, (4.13)
I([u|®,K(a,b,40,6%)< Cso?, (4.14)
Iwll,£Cs07 % (4.15)
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Then

} (max {|u(x,t)]: xeB(a,6/4)})}dt < C o . (4.16)

b—362/16

Proof. Using the method in Sect.4 of [1] (which is an application of the
Hardy-Littlewood weak-type inequality for I'), we can find C,<C; such that
(4.13), (4.14) imply that (4.1), (4.2) hold for some t such that /2 <t <g. Using
Lemma 4.1 we obtain (4.4) and hence

lw—v)(x,0|<4Coo-"  if (x,0)eK(a,b,a/d, 36%/16), (4.17)

where v is the function corresponding to 7 in Lemma 3.1. From (4.17), Lem-
ma 3.1, 6/2 <t <o, Holder’s inequality and (4.14) we get

b
{ (max{lu(x,1)|: xeB(a,0/4)})* dt
b—302/16
b

< | (“4cC,o! +C2(0/2)~3/2( Iulx, t)lzdx)1’2)3dt
b—-302/16 B(a,5a/4)
b
§C0‘1+C6“3( § | lu(x,t)|3dxdt)§Ca*1.

b—362/16 B(a,50/4)

5. An Integral Inequality for the Vorticity of Approximate Solutions

We continue with the same assumptions made in Sect. 3. Recalling Defi-
nition 5.14 of [ 1], we have
z=curl(u). (5.1)

Lemma 5.1. There exists an absolute constant C, with the following property:
Suppose aeR?, beR, t>0, B(a,5t/4)c U, b>1>, ¢<1/64,

M (t)=max {|u(x,t)|: xeB(a, 5t/4)},

la—c|<t, b—t*<d<b, and n, p, q are defined as in Lemma 2.3. Then

b 1/3
|Z(C,d)|§C7‘51/3M(|Z|,D(d)ﬁG(a,b,1:,q+2))( j M(t)adt)
b—12

q+1
+ Y C 32 1(Dul?, T(a,b, 7,72, 1275+ 2)
k=p+2
b 2/3
+C7r*“’322q( { M(t)3dt)
b—12
d
+c7r323p< | ) lDu(x,t)lzdxdt)
d—122~2(P+2) B(a,51/4)
p 12
+C7l_75/225p/2( j j [Du(x,t){zdxdt)
d—~122-2(P*+2) B(a,51/4)

+Cy WO, Te.
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Proof. Let h=12-®+2 H=12-@+2),
K,=K(c,d, 727 0*?,¢227 20+ 2),
KzZK(C’d712-(Q+2)’122—2(q+2))’
K3=K(C,d,1;/4,1-22—2(p+2)),
E(R)=K(c,d, 127 % 1222~ K (¢, d, 72~ U+ 1) 22~ 2+ 1))

if k is an integer and k=p+2. The argument that led to (3.8) still applies, so
we have

K,=D(d)NG(a,b,t,q+2). (5.2)
As in Lemma 2.3, we can still say
p=0, n=0. (5.3)
Now we will prove (recall Definition 2.1)
K(c,d, 127 % 1?27 T(a,b,7,7%,127%*?) if p+2=<k<n+1 (5.9
and k is an integer. If xeB(c,727%) and k<n+1 then
Ix—a|lS|c—a|+|x—c|<t+12F<t4127F+2
Ix—al|=|c—a|—|x—c|=t—12""—12 * 21 —127*t 1 g2 ks g2 7k+2,
This implies
B(c,12 M c{xeR3:1—12 ¥ 2<|x—a|St+127 %2 if k<n+1. (5.5)
The argument that gave (3.7) is still valid, so we have
0<b—1?<d—122720+D<d<b. (5.6)
Combining (5.5), (5.6) we get (5.4). In addition, we get
(x—c|+(d—1)"?)"3<c=323k+ D if (x,)eE(k). (5.7)
Using (5.2), (5.6), and q=p we find
Flu, )l z(x, Ol(|x —c|+(d—1)"*)~*dxdt
- d
MK (T (MO [ (x—cl+@—0"?)*dx)di)
d—H? B(c,H)

gM(IzLKz)C( ; M(t)(d—t)‘”zdt>
d—H2

=M(zl, K) € (‘jm]\/[(t)sdt)l/3 (djm(d_t)— 3/4dt>2/3
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b 1/3
§M(|z|,K2)C( j M(t)3dt) H3

b

b 1/3
gCr”32“‘”3M(|z|,D(d)mG(a,b,r,q+2))( { M(t)3dt> . (59

b—12

If g>p then g=n>p, so (5.7) and (5.4) yield
[ lza )2 (x—cl+(d—0)?) 2 dxdt

K1~K2
q+1
< Y Iz E(R)c 3230+ D
k=p+2
q+1
< Y Co 2% I(Dul? T(a,b, 1,72, 127+ 2)). (5.9)
k=p+2

From (5.3) and |a—c| <t we conclude B(c,72~%*?)=B(a, 5t/4). Using this and
(5.6) we conclude the following when g > p:

| P (x—cl+@—0"?)"*dxdt
<" T 0P e el a0 S dx)as

d—h?

+ f (M@ | (x—c|+d—0)"?) " dx)dt
d—H2

R3~B(c,H)

C (d_jHZM(t)Z(d—tr 1 dt)+ C (d l M(t)ZH‘Zdt)

d—h2 _H?2

IIA

gc( [ M(t)zH“zdt)§CH‘2( i M(t)zdt)

d—h? b—12

IIA

Cr-*322 ( i M(t)%zz)m. (5.10)

b2
If g=p then K, ~K, is the empty set. Hence we can use (5.8)~(5.10) and the
inequality
lu(x, )] |z(x, )| (|x —c| +(d—1)"/?)~*
SR Jux, )2 (x—cl+@d—0"*) 7> +(1/2) |z(x, )*(x —c| +(d—1)/*) 3

to conclude

[ e, )] 120, 0] (1x =] +(d— )2~ *dx dt

Ky

b 1/3
< Ce32-93 M (12, D(d)~ Gla, b, 7, g +2)) ( | M(t)3dt>

b—12
g+1
+ Y Ct32*I(Dul* T(a,b,7, 1%, 127%+?)
k=p+2
b 2/3
+Cr4/322q( | M(t)3dt) . (5.11)
b—12
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If g=p then the second term in the right hand side of (5.11) is, of course, zero.
Using |¢—a| <7 and (5.6) we find
I oluGe 0l lz(x, 0l(x —cl+(d—0)"?)~*dxdt
K;~K;
< | ulstP(x—cl+(d—0)"?) " Sdxdt
K;~K;

+ |z )P (x—cl+@d—t)"H3dxdt
K3~K;
< M@ [ (x—cl+d—0"?3dx)dt

d—h? R3~B(c,h)

+C([IDu(x,t))*h~3dxdt)
K3

gc( [ M(t)2h~2dt)+Ch—3(§|Du(x,t)|2dxdt)
K3

d—h?

a 2/3
§CT‘4/324"/3( | M(t)3dt) +Ct 3 2°([|Du(x,t)|*dx dt)

d—h? K3

b 2/3
§c¢—4/324p/3( | M(t)3dt)
b—12
d
+cr-323v( [ |Du(x,t)|2dxdz). (5.12)

d—h? B(a,51/4)

Now let A,: R®*—[0,1] be a C* function such that i,(x)=0 for |x—c|
>1/16, J,(x)=1 for |x—c|<7/32, and |D'A,| <Ct7" for i=1,2. Let A,:
R—[0,1] be a C® function such that A,(t)=0 for t<d—h? A,(t)=1 for t=d
—h?/2, and |[(d/dt)2,], S Ch™2 We set A(x,t)=4,(x)1,(t), fix ie{1,2,3}, and
define f: R*x(—o0,d)—R, g: R®* x(—c0,d)—R? by (recall (3.1))

Jx8)=A(x,8)Q,_ (x—c),gi(x,8)=f(x,5),g;(x,5)=0 if je{l1,2,3} and j=+i.

We have (B Cllx—cl +d—1)") 3,

IDf(x, 8| < Cllx—cl+(d—0)""*)~% (5.13)
and hence the method of the proof of Lemma 5.7 of [1] yields
I(Df ¥ ¥)(x, 0| CIx —c|+(d—1)'*) %
From ¢ <1/64 we obtain
Dfx¥P«=P)(x,t)=0 if x¢B(c, 1/8).
If d—h*<t<d then the above, |c—a| <7, and Lemmas 5.13, 5.6 of [1] yield
I}LD' z;(x, 1) f (x, 1)+ z;(x, 0) D, f (x, ) d x|

=] fu;(x,0) z(x, (D, [+ P)(x,t)dx
R3
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- jzj(x, t)u;(x,t)(D; f ¥ P)(x,1)dx
+j (o, (Af+D,f)(x,t)dx
+}§3[(Wk(t)*(A(.P* QxQ)— A¥))(x)] [curl(g)(x, )], d x|

<C( | Jule )z 0l(x—cl+(d 1))~ dx)

B(c,t/8)

+ [z 9lAf+D,f)x ) dx

B(a,51/4)

+C WO, 1A(P Q% Q)— 4P|, | IDg(x, 1)l dx).

B(a,51t/4)

(5.14)

Since h <7 [see (5.3)] and (4f+D, f) (x,t)=0 if the two conditions |x —c|=1/32,
d—h?/2<t<d are satisfied, we conclude |Af+D,f],<Ch 5?2 Using this,

(5.14), (3.26), (5.11), (5.12), g=p, and (5.13) we conclude
|zi(c,d)|=| .lim~ f z;(x,8) f (x,5) dx]|

=|lim j jD 7,06, 0) f(x, 1) +z;(x, ) D, f (x,t)d x dt

s§=d~ d—p2
d
§c(j | lu(x,t)l|z(x,t)l(lx—~c1+(d—-t)”2)‘4dxdt)
d=h2 B(c,t/8)
d 1/2
+(j | [z(x,t)lzdxdt) 14f+D,f1,
d — h2 Bla,57/4)
d

+Cllw°!|2(j | IDg(x,t)Idxdt)a

d—h?% B(a, 5t/4)

b 1/3
< Co'32-93 M1z}, D(d)~ G, b, 7, g +2)) ( | M(t)3dt)

b—12
q+1
+ ), Co 2% I(Duf, T(a,b,7,1%,127%+2)
k=p+2
b 2/3
+Cr"”3224( f M(t)3dt)
b—12

d
+Cr‘3231’<f { {Du(x,t)!zdxdt>
d=h? B(a,5t/4)
d

1/2
+c(j [ IDux,0) dxdt) =324 C |w°| ,he.

d—h? B(a,51/4)

The conclusion of the lemma follows from the above, (5.3), and g =p.

6. An Estimate for the Vorticity of Approximate Solutions

The assumptions of Sect. 3 are still in force.
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Lemma 6.1. There exist absolute constants Cg, Cq with the following property:
Suppose 1>0, aeR3, beR, B(a,5t/4)cU, b>1% e<1/64, and M(1)
=max{|u(x,t)|: xeB(a, 5t/4)}. Suppose also

b
[ M@ty dt<Cyr?, 6.1)

b—12
I(|Dul?, T(a, b, 7, 7%, 1)) <7 if O<r=r, (6.2)
I({Du|*, K(a,b—1%+s,5t/4,s)<t7's if 0<s=<t? (6.3)
Iwoll, <t et (6.4)

Then (recall (5.1))

120, | S4Cot2  if (x,00eK(a,b,1/2,37%/4). (6.5)

Proof. Choose Cy>0 so that 2* C, C3/*<1/4. Then choose C4>0 so that 2°C,
+C,CE*+3C,<Cy/4. Once again we use the method of the proof of Lem-
ma 3.1 of [1]. We construct a continuous function

f: interior(K (a, b, 7,7%))—>R™*
such that

Co21-22f(x,0)= Co226- D12 if (x,0)eG(a,b.7,i)~G(a,b,t,i—1) (6.6)

for i=1,2,3,.... As before, we define G(a, b, 7,0) to be the empty set. Again, we
have

flx, )< Co2% 172 if (x,1)eG(a,b,1,i). (6.7
We will prove
|z(x, )| £f(x,t) for all (x,t)einterior(K (a,b,t,1t%)). (6.8)

Assume that (6.8) is false. Then we can find (c,d)einterior(K(a, b, t,72)) such
that

|z(c, d)| =f(c, d), (6.9)
lz(6, OIS f(x,t) if (x,t)eD(d)ninterior(K (a, b, t, T%)). (6.10)

Using this (c,d) we define the integers p, n, ¢ by means of (2.2) and g¢
=max{n, p}. Since (¢, d)¢interior(G(a, b, 1, q)), (6.6) and (6.9) yield

|z(c,d)| =f(c,d)= Co2207 2. (6.11)

Using (6.3) and the definition of p we find

d
| IDu(x,0*dxdt
d—122-2(r+2) B(a,51/4)
d
< § | |Du@oPdxdt<t ' (d—(b—1) <127 22, (6.12)

b—12 B(a, 51/4)
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Using (6.11), Lemma 5.1, (6.10), (6.7), (6.1), (6.2), g=p=0, (6.1), (6.12), and (6.4)
we obtain
72224 Cy<|z(c, d)|

S C, 13 Cy22+ D=2 LB 113
q+1
+ Z C7T—323k_52—k+2+C7T~4/322q(csf~1)2/3

k=p+2
+C,173232(¢ 2720 4 C, 173225027222 4 C o1 3
17222424 C, Cy CLP) 417222920 C) + 1 2229(C, CY¥) +1-22¢ C,
4172232 Co 41720,
(1/4)1722%4Cy+1722%92°C5+ C, C3*+ C7+ C,+ Cy)
(/472229 Co+(1/4) 12221 Cy=(1/2) 12221 C,.

IIA

A HIA

This is a contradiction. Hence (6.8) must be true. Setting i=1 in (6.7) yields
(6.5).

Lemma 6.2. There exist absolute constants C,,, C,, with the following property:
Suppose >0, acR>, beR, B(a,50/4)cU, b>a?, and £¢<c/128. Suppose also

b
[ (max{ju(x,0)|:xeB(a,50/4)})* dt< Cyo0~ ', 6.13)
b—a2
I(Dul*,K(a,b,20,6*)<C,,0, (6.14)
[wol, <o e 1. (6.15)
Then
lz(x, )| C,, 072 if (x,t)eK(a,b,5/4,36%/16). (6.16)

Proof. As in the proof of Lemma 4.2, we find C,,=< Cgq such that (6.14) implies
that (6.2), (6.3) hold for some 7 such that g/2<t<o. Then (6.1) is a con-

sequence of (6.13) and (6.4) is a consequence of (6.15). Using Lemma 6.1 we
conclude (6.16).

Lemma 6.3. There exist absolute constants n<1, C,, Cy3 with the following
property: Suppose ¢>0, aeR> beR, e<na/32, B(a.50/4)<U, and b>a?. Sup-
pose also that

1(Du)*,K(a,b,30,6%)<C,,0, (6.17)
I(u], K (a,b,40,6%) < C,, 0%, (6.18)
WO, <C 0 3e L. (6.19)
Then
lz(x, 0| £ Cy5(a)~ % if (x,0)eK(a,b,na,(n0)°). (6.20)

Proof. Let n>0 be small enough so that (41)2<3/16, Sn<1/4, C,<Coo(4n) "
Then choose C;,>0 small enough so that C,,=C,,(4n), C,,=Cs,
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C,,<(4n)~>. Then Lemma 4.2 yields
b
| (max{lu(x,t)|:xeB(a,5(4n0)/4)})* dt< Coo™ ' = Cyo(4no)~".
b—(4n0)?
We also have
I(Dul*, K (a,b,2(4n0),(4n0)*) =I(|Dul?,K(a,b,206,0%) < C,,0 = C ,(4n0),
[wOll,<Cip07 e 1 <(4na) et

Lemma 62 with o replaced by 4no yields |z(x,0)|<Cy,(4no)~> if
(x,t)eK(a, b, na, (n0)*).

Lemma 6.4. There exist an absolute constant C,, and a number N, where N
depends only on |w°| ,, such that the following is true. Suppose 0 <t <1,

e<n(41/5)/32,  [w°l,£C,,(41/5) e,
and
T={(x,t)eR3>x R:t=1?* and distance (x,R>*~U)=1}.

Then there exist (xy,ty), (X, L5), ..., Xy Ly) Where (x;,t)eT, MSN©~ >, and
M
lcurl@)(x, )£ Cypt=?  if (x0T~ | K(x;1;,7,7).
i1

Proof. We define 6 =41/5. Observe that there exist (a;,b,), (a,,b,),... and an
absolute constant C, such that (a;,b)€R> xR, B(a;,7) = U, b;>1?,

T O K(a;,b;,n0,(n0)?), (6.21)
i=1

and for every (x,t)eR*xR there exist at most C,s integers i such that
(x,t)eK(a;, b;,40,0%). Holder’s inequality yields

I(jul®, K (a;, b, 40,0%) < Cio 0 (I (ul' P, K (a;, by, 40,0270 (6.22)

From Lemma 5.6, Definition 5.10, Definition 5.14, and Lemma 5.17 of [1] we
conclude

IDu(x,8)* dxdt=(1/2) |w°]}3,

R3

O=—— 8 o8

|u(x, 01" P dx de < Cllw 3%,
R3

Hence the number of integers i for which the inequality
I(Du|* K(a;b;,30,6*)<C,,0

fails to hold is at most C|w°|Zc~!. Similarly, the number of integers i for
which the inequality

I(|ul**", K (a;, b, 40.0%) =(C, C1) 7 0™
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fails to hold is at most C|[[w°[|1%3¢~5/3, Combining this with (6.22) we find
that the number of integers i or which the inequality

I(lul33K(aivbi’4a’ o)< Ciy o’

fails to hold is at most C|w®|3%3¢~ 53 Since 1<1 we conclude that there
exist integers iy, i,, ..., iy such that

M <Nt~ °3 where N depends only on |w°],,
I(IDul?, K(a;b;,30,62) < Cyy0  if ig{iy, ... iz,
H(ul, K (a,b,,40,07) S Cyy 02 if i¢{iy,...,in)-

From Lemma 6.3 we conclude that lz(x, )| £ C,5(no)~? if
(x,t)eK(a;, b, no,(no)?) and i¢{i,,...,i,}. Now (6.21) implies that |z(x,1)| is
bounded by C,;(10)~* on the set '

LA ]

M
T~ ) K(a; ,b; ,n0o,(n0)?).
i=1

The conclusion follows from # <1 and (5.1).

The theorem in Sect. 1 now follows easily. The function u was constructed
using fixed O<a<e. In Sect.6 of [1] it is shown that a sequence of such
functions u with ¢é—0 converges weakly to a weak solution to the Navier-
Stokes equations with initial condition w® and the adherence condition at the
boundary of U. The conclusion follows from Lemma 6.4 and a compactness
argument.
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