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Abstract. It is shown that r-particle irreducible kernels in the two-dimensional
Ap*— L d* — g quantum field theory have (r+ 1)-particle decay for [y < A%< 1.
As a consequence there is an upper mass gap and, in the subspace of two-
particle states, a bound state. The proof extends Spencer’s expansion [20] to
handle fluctuations between the two wells of the classical potential. A new
method for resumming the low temperature cluster expansion is introduced.

Introduction

Much progress has been made recently in describing in detail pure phases of
quantum field models in low temperature regions of coupling. Glimm et al. [16]
developed a convergent expansion for the Schwinger functions of the
lp* — 5 ¢? — g model in two dimensions (with |u| < 1% <1), establishing also the
mass gap of the theory. Subsequently their expansion technique has been applied
to some @§ models with three minima [22, 23], to the two-dimensional pseudo-
scalar Yukawa model in the two-phase region [1], and to the Coulomb gas in the
sine-Gordon representation [ 2, 3]. Investigators have concentrated on proving the
cluster property of correlations and the mass gap, leaving the higher spectrum
unexplored.

A wealth of information is known about the spectrum of single phase 1P (¢),
theories with A small. The n-particle cluster expansion [14] was used to establish
the existence of isolated one-particle states and to show that for A< A(n, ¢), n field
operators are sufficient to generate all states of energy less than (n+ 1)m(1 —e¢),
where m is the single particle mass. Spencer [20] introduced an expansion for
r-particle irreducible kernels, proving (r + 1)-particle decay. For even theories this
information was used to analyze the mass spectrum below 3m—e¢ [8, 9, 21], with
results including asymptotic expansions for bound state masses and scattering
amplitudes, and asymptotic completeness in this energy region. Burnap [5]
showed (without resorting to the n-particle cluster expansion) that in general
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circumstances the upper mass gap follows from decay properties of one-particle
irreducible kernels. He applied the result to the A¢3 theory [4]. For AP(¢),
theories with odd powers of ¢ in the interaction, Glimm and Jaffe [13] adapted
the n-particle cluster expansion [14] to establish discreteness of spectrum below
2m and Koch [17] used irreducible kernels to analyze bound states in detail below
2m.

In this paper some of the above results on mass spectra are established for the
two-dimensional 2(¢)=1¢* — ;¢ — ud — E, model with |u| £ 1* < 1. The external

field will vary with 1 according to the relation pu=A%u/(1+ ]/ﬁy+4y2), where
y=A%2 i and pe[0,1) is fixed. E, is adjusted so that inf?=0. The classical
polynomial 2 has an absolute minimum at ¢, =(84)" 2+ A%y’ and a relative
minimum at ¢_=x~—¢,. The model is defined in a finite volumeA as in [16].
In terms of the variable @=¢—¢,, the polynomial becomes P(p+¢&,)
=%+ 2N (1 + ]/gy)(p3 +1/189(1 + )/27)@*+ 4 ¢ Denote the free Gaussian
measure for the Euclidean field ¢(x) by dg, where the covariance is (—4+1)"1.
The interacting, finite volume expectation with + boundary conditions is

{Re Vdo

<R>=Tg_y—d(;,

(.1
where

V= [ 200" + 201+ /89 (x)* + /1891 + [/ 2p) p(x)?:dx.  (1.2)
A

Wick ordering will always be defined using the free covariance. Dependence on A
will usually be suppressed. Truncated expectations are defined in the usual way
and are written with semicolons, for example <R, ; R,>=<{R,;R,> —<(R;> {(R,>.
With these boundary conditions, the infinite volume limit of the model is a
pure phase with exponential clustering [16]. (r+ 1)-particle decay of r-particle
irreducible kernels will be established in this paper. This leads to the following

result.

Theorem 1.1. Given an ¢>0, let A be sufficiently small and positive. The spectrum of
the mass operator M consists solely of two eigenvalues, zero and m(1)=1+ O(2), in
the interval [0, 2m(A) —¢). When restricted to the subspace of states generated by up
to two field operators, there is exactly one eigenvalue mg(A) of M in the interval
[2m(2)— e, 2m(2)). The binding energy 2m(A)—my(7) is equal to 364*+ O(1%'3).

The proof of Theorem 1.1, assuming decay properties of irreducible kernels, is
contained in the literature [5, 7-10, 17, 21]. The expansion of this paper applies to
irreducible kernels and to their A'/2-derivatives. Hence perturbation theory for the
kernels considered in [17] yields the estimates on m(d) and mg(l) that are in
Theorem 1.1. The reader is referred to [17] for a complete discussion of the mass
spectrum on the subspace of one- and two-particle states. The absence of any
spectrum other than m(4) in the interval (0, 2m(2) —¢) follows from [5]. The effect
of three or more field operators on the spectrum between 2m(4) — & and 2m(4) is not
considered here, because the results of the n-particle cluster expansion are lacking
for this model.
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The decay estimates on irreducible kernels are proven by using an expansion in
decoupling parameters and in parameters which control large fluctuations of the
field. When the measure is completely decoupled, r-particle irreducible kernels
vanish to (r+1)"* order in the decoupling parameters, leading to (r+ 1)-particle
decay. The expansion in decoupling parameters is based on Spencer’s expansion
[20] and his methods are used to evaluate and bound derivatives. As in [16],
convergence from decoupling lines may be obtained only in regions far from
fluctuations between minima. However, as these large fluctuations have very small
contribution to the measure, they may be eliminated with only a small error. Once
an appropriate region free of large fluctuations has been isolated, Spencer lines
[20] may be introduced to exhibit multiparticle decay.

All derivatives are bounded by means of analyticity [12,20]. To establish
bounds uniformly in large domains of complex parameter space (and in A) the low
temperature cluster expansion of [16] is applied. The method for removing large
fluctuations perturbs the theory sufficiently weakly to allow the use of an
inequality on partition functions that was proven in [16]. The inequality is
incorporated into a new resummation of the expansion using some ideas of
Pirogov and Sinai [18]. Constraints on the resummed expansion are handled with
some techniques of Balaban and Gawedzki [1].

The remainder of this paper is organized into five sections. In Sect. 2, the
interpolating measures are defined and conditions are derived for the vanishing of
irreducible kernels and their derivatives. In the next section, the expansion is
generated and a resummation is performed. In Sect. 4, analyticity techniques are
used to bound individual terms of the expansion. This reduces the problem to a
proof of a uniform upper bound with clustering for generalized measures. The low
temperature cluster expansion is performed in Sect. 5, and its convergence is
proven assuming bounds on individual terms. These bounds are proven in the final
section.

Remark. After submitting this article for publication, we received a preprint of
Koch [24] establishing similar results for 4=0. In contrast to his work, our
method is suited to handle the case of a nonzero external field.

2. Irreducible Kernels

Following [16], we insert a partition of unity into the measure to make a
decomposition according to whether the field in a unit square is on average in the
plus well or in the minus well. Let 4} denote the unit square in IR?* with lower left
corner at ¢ =(¢,, /,)e Z* Define the average field in 4! by

P(4;)= Af} P(x)dx 2.1

and let o,=+1 be an Ising spin variable in A!. We introduce approximate
characteristic functions of [0, c0) and (— o0, 0]:

1= [Pz, (2.2)
0

x1-Q)=r1.(=9). (2.3)
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Note that y, +y_=1. Then set yz= [] 7z, (¢(4})) where X denotes a spin
AlcA

configuration, that is, a function on the squares in A taking values + 1. We take A
to be a large square composed of unit lattice squares. We use the identity 1= L As
to expand the measure according to spin configurations:

e Vdp=>Y ye Vdo. (2.4)
3

Here the sum runs over all spin configurations X in 4. It is worth recalling the one-
to-one correspondence between spin configurations in A and sets of Peierls
contours which mark boundaries between seas of aligned spins. We set g,= + for
A ¢ A, so all spins outside the outermost contours are +.

Two additional length scales will be needed. We choose [|logA{**>1 to
exhibit the approximately Gaussian character of the measure far from phase
boundaries. We choose L=|logi|*>1 to define what regions are far from phase
boundaries. For convenience, take [ and L/l to be integers.

Let b denote a bond of the lattice /1Z?. For each b introduce two parameters u,
and r,, each taking values in [0, 1]. The u-parameters are introduced to remove
those terms of ) with phase boundaries within L of particular bonds of IZ*. When

z
the unwanted terms have been removed, the r-parameters introduce Dirichlet data
on bonds of 1Z% Expanding in the u-parameters yields a sum over phase-
boundary-free regions of IR?, The expansion in r-parameters is used to control this
sum. It is a two-dimensional analog of Spencer’s expansion.

The u-dependent measure is

uyxse Vde. (2.5)
3 b:dist(b, )<L
When u, =0, there are no phase boundaries within L of b. We introduce Dirichlet
data into de in the standard way [15]. The measure do(r) has zero Dirichlet data
on b when r,=0; free boundary conditions on b when r, = 1. We shall never use the
r-parameters to place Dirichlet data within L of X or in seas of minus spins. This is
enforced by allowing r, =1 only if u,=0 and XY= + near b.

We introduce Spencer lines [207] in order to exhibit multiparticle decay. Let 2,
be the lines x, =il in R?, for ie Z. For each i, fix #,C %, to be some finite union of
bonds of the IZ* lattice. Introduce Dirichlet data on %, with the parameter
t,€[0, 1]. Denote the resulting measure by do(r, t). We allow ¢, 1 only if ¥;isina
sea of + spins. The set {&,} will vary from term to term in the expansion in the u-
and r-parameters in order to satisfy this constraint.

We state the above restrictions in terms of a condition that must be satisfied at
all times.

Condition A, For all b, if r,&1 then u,=0 and enough w’s are zero so that all the

nonvanishing terms of Y. in (2.5) have ¢,= + within L of b. Similarly, for all i, if
3

t,%1then u,=0 for all bC ¥, and all nonvanishing terms have o,= + within L of Z,.

We may now define an expectation which depends on u, r, ¢, {#,}, and A.

ubjRXEe_Vd(P(r» t)
(Ry= L buistb.DsL - . (2.6)
uyf7se" dolr, 1)

2 b:dist(b,2) L
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We allow for R’s containing derivatives. This expectation is used to construct the
irreducible kernels and to give them appropriate dependence on the parameters.
As an example, consider the one-particle irreducible kernel k(x,y) [20].
Suppressing dependence on u, r, etc, we define the following kernels when
Condition A4 holds.

S(x, y)=<p(x); p(y)) » (2.7)
I, y)=(""(x,y), (2.8)
k(x, y)=(—C~1)(x, ). (2.9)

Here we use operator inverses and C is the covariance of do(r, t).

We need to express k(x, y) as a Neumann series of connected expectations as in
[20]. In Sect. 4 this representation will be used to introduce dependence on
additional parameters h(e). We follow [20] in this calculation except that we leave

derivatives 50 as such and do not explicitly differentiate the interaction. The
@
presence of the y-factors in (2.6) make it awkward to differentiate the interaction

when integrating by parts. We obtain

C; o(x); 9(y)> =6(x—y)+ <so(y) ; 57;%>

=1(x, y)+ A(x, y) (2.10)
and
_ 6 0
;6= (5007 5060
=B(x, y). (2.11)

Note that these derivatives act on the y-factors in (2.6) as well as on e~ V. In both
cases there will result an overall factor at least as small as 1'/2. We express k in
terms of the operators 4 and B:

k=r—-c!
=(1+4)"'ct-Cc!
=—(14+4)"'B. (2.12)
Or,
k=—(1+BC)"'B. (2.13)

We refer ahead to Theorem 4.1 for the estimates that guarantee that the Neumann
series in (2.12) and (2.13) converge for small 1.

. . o 0
The next proposition gives conditions for the vanishing of k(x, y) and a k(x, ).

1

Proposition 2.1. Suppose Condition A holds and there exists a complete contour I of

0
r=0 bonds or t=0 lines separating x from y. Then k(x, y)=0 and Et-k(x, y)=0.
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Proof. Denote the interior of I' by Y. The measure used in (2.6) factorizes across I':

j Z ﬂ u, RyR _yyse™" do(r, t)

2 b:dist(b,2)SL

<j Z 1—1_ u,Ryys ye " Vdofr, t))

<Y
= +0nF dist(b, EmY)<L

(f Z I1 ubR~yx2n~ye“V‘~Y>d<p(r,r)). (2.14)

bC~Y
): +onrdlsl(b In~Y)SL

Here XnY is the restriction of the spin configuration to Y and
Izny= |1 %, (¢(4}). Ry and R_y are supported in Y and ~ Y, respectively.

AlcYna
The u-factors may be distributed as in (2.14) because dist(XnY, ~Y)>L.
Factorization implies that connected expectations between Y and ~ Y vanish. The
covariance C(r,t) also vanishes between Y and ~Y. Therefore I, C™*, and k
vanish between Y and ~ Y.
The following calculation is as in [20]. The formula for differentiating
expectations

0 0
5 <003 000> = ~ o ) (e - C ez 219

holds for the expectation (2.6). By factorization, if x and y are separated by I, then
(2.15) becomes

0 0
—S=-S|—C!|S. 2.16
6tis S((’)ti > (2.16)

The factor of 1/2 is cancelled by the two possibilities for positioning z, and z,

0
relative to I'. We use (2.16) to calculate ét_k:

2
ot

0
k)= 5= ) x)

=( F(aat S)F—;C )(x,y)

0 0
=|\IS|=—C Y|S—-—C! =0. 2.17
e e e
Proposition 2.1 is proven.

For other irreducible kernels, similar constructions and proofs apply. For R in
(2.6), we will consider generalized derivatives whose actions may be restricted in
various ways. For example, the analog of the expectation <]_[ P®(x,) :> in P(¢),

i
theories is constructed in section four. (P%® denotes the k™ derivative of P.) These
expectations may be used to construct the kernels considered in [17]. We also

consider derivatives 0 (x) which are the same as

o
except that they act only on
e ey

y-factors or their derivatives.
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The first r derivatives with respect to t vanish at =0 for r-particle irreducible
kernels constructed in this way. The proofs depend only on factorization,
integration by parts, and analogs of (2.15). These properties hold for the
expectation (2.6), as we saw in the case of k(x, y). We omit further details.

In order to handle A!/2-derivatives of irreducible kernels, we prove that the
generalized expectations are C* in A2, Since

0,121 A@(A) + €)= (0,126.)0,(A) yNp(A) + &, )in [ -dop(r, 1),

we see that A'?-derivatives of generalized expectations yield sums of other
generalized expectations. On these we perform an asymptotic expansion in A'/? as
in [16]. Each integration by parts produces derivatives of y-factors as well as the
usual perturbation expansion. We establish in Sect. 4 that expectations of d,(x)’s
are exponentially small in 1*/? and that truncated expectations cluster. Hence the
derivatives of y-factors contribute only to the remainder in the asymptotic
expansion, and the A!/2-derivatives are bounded as A—0. Using their repre-
sentation in terms of convergent Neumann series of expectations, irreducible
kernels and ¢-derivatives of irreducible kernels are also C* in A2, As in [17], we
commute A'/2-derivatives with ¢-derivatives to see that A'/?-derivatives of irreduc-
ible kernels vanish to the appropriate order in ¢ at t=0.

For the sake of definiteness, we consider only k(x, y) in the remainder of this
paper. From the above remarks, we see that the expansion applies as well to other
r-particle irreducible kernels considered in [5, 6, 17, 20]. However, 4 must be taken
sufficiently small, depending on 7.

3. An Expansion for Irreducible Kernels

In this section we prove two-particle decay of k(x, y), assuming some bounds on
derivatives of k with respect to u, r, and t. These bounds will be proven in Sect. 4.

Theorem 3.1. Let ¢>0 be given. Then for A sufficiently small and u=r=t=1,
[i(zy, 2,) f (2, 2,)dz S || f] e ™2 70700, (3.1)

Here fe C%(A, x4, where A, and A, are l-lattice squares with lower left corners at
x and y, respectively.

Proof. For simplicity, write simply k for the left hand side of (3.1). For every b
within L of A we apply the identity

10
k(u,=1)=k(u, =0)+ | — k(u,)du,. (3.2)

o Ouy

The result is the following expansion for k:
k(u=1)="Y [dudrk(u,r). (3.3)
Iy
The sum runs over all possible configurations of u=0 bonds and 56— bonds. For
u

. . . 0 ..
each configuration we let I', be the union of the u bonds. The remaining bonds
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. 0 . .
have u=0. We use the notation dl*= [] s The integration runs over the
differentiated u,’s. bel, OUp
We begin to control the sum by performing a resummation. Resumming a

bond b means fixing the state (u =0or ;%) of all bonds but b and applying (3.2) to b

in reverse. We define for each term of (3.3) the set of bonds to be resummed.
Clearly this definition must be invariant under changes in state of bonds to be
resummed, for otherwise both terms on the right hand side of (3.2) would not be
present. When the definition is invariant, we say the resummation is without
constraint.

.0 o . 0
We say a set of bonds is a E» contour if it is a simple closed contour of E»
u u

S 0 .
bonds. We resum all bonds that are interior to some —— contour. Changing a

L 8 ou .
configuration inside a E” contour cannot alter the fact that bonds inside the
u

contour are resummed. Hence the resummation is without constraint. After

. . . . . 0 .
resummation, every configuration consists of a collection of — contours, with

u=1 inside the contours. Bonds outside all contours may be either E» bonds or
u=0 bonds, .
We expand in the r-parameters for bonds with u,=0. These bonds (as well as

0 0 . .
i bonds) have no u contours surrounding them, by construction. Therefore
u u

every termin ) with a phase boundary around b is multiplied by 0= [[  u,.
z b':dist(b’,2)S L
Thus the spins near b agree in sign with the plus phase that exists in ~ A. This
property of the resummed u-expansion is what will allow the use of inequalities on
partition functions in section five. The inequalities are crucial for handling the case
w=+0. In addition, Condition A will not be violated by introducing Dirichlet data

., 0 . .
on u=0 bonds outside — contours. For each such bond the identity

ou
Lo
Ky = 1) =klr, =0)+ | - kin)dr, (34)
b
is applied. The result is
ku=r=1)= Y [dudrol«o"k(u,r). (3.5)
Ir.rI,

0
Here I', is the union of the ;—r bonds and "= [] e The sum runs over all
bel, b

0
configurations of g— bonds, 2 bonds, r=0 bonds, and u=1 bonds that may be
r
. . 0
obtained by the above construction. Thus every bond inside a E» contour has

0
u=1, while every bond outside all -él contours is either —a~, —, or r=0.
ou ouw or

For each term of (3.5), let W be the closure of the connected component of
R*\{r=0 bonds} that contains 4. By Proposition 2.1, the term vanishes unless
also 4, C W. The measure factorizes across 0W, so connected expectations vanish

y .
between W and ~ W, Using the representation of k as a convergent Neumann
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.} 1 |
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Fig. 1. A typical term in the expansion for k. Solid lines indicate Dmchlet contours; dashed lines

0 0
indicate u bonds. Shaded regions have u=r=0, while region 2 has u=r=1. All other bonds are a
u 3

bonds. W consists of regions 1 and 2, while V consists of region 1 only. The positions of 4, and 4, are as
indicated. Spencer lines (not shown) are inserted above the arrows

series of connected expectations (2.12), we see that k does not depend on the status

k k
of the bonds of ~W. Thus —5~=Q—=0 for b outside W, and the only
ou, 0Or,

nonvanishing terms have u=r=0 outside W. Therefore, we need only sum over W
and its bond configuration. P
Let V be the set obtained by deleting the interiors of E contours from W. All

bonds of W\V haveu=r=1.V is a connected union of lattice squares because W is,

. [0
and because the components of W\V are open sets whose boundaries (6_ contours)
meet W or each other at isolated points or not at all (see Fig. 1). "

We next introduce Spencer lines. Let I be the set of integers i such that Z,

— 0 '
separates 4, from A, and such that &, never meets a E» bond. Define the Spencer
. — . 0
line at iel to be &;=ZL,nW. &, does not leave V because it may not cross E”

0 . .
contours. Thus the bonds of %, are either r=0 bonds or — bonds. Condition A is
. . . . ar
not violated by introducing these Spencer lines.

With ¢,=0, there is a complete contour of =0 bonds or t=0 lines separating

4, from A, From Proposition 2.1 we conclude that k(ti=0)=aitk(ti=0)=0.

i

Therefore we may apply Taylor’s formula with remainder to obtain

kit=1)={T] [ (1-t) }k(t)dt (3.6)

iel
The integration extends over t;€ [0, 1] for ie I. We evaluate u- and r-derivatives of
k by differentiating the right hand side of (3.6).
The next proposition gives the bounds on derivatives of k that we use to
control the expansion and obtain two-particle decay.

Proposition 3.2. Let k= [k(z,, z,) f(z,2,)dz be as in Theorem 3.1 and let ¢>0 be
given. Consider terms of the above expansion. There exist positive constants a, ¢ such
that for A sufficiently small

0% -
afual“r 1_! 67 k' < Hf”Lwe—al l/212[1",4|/L2e—cl[1‘r|e—2(1 —e)l|I| ) (37)
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Here |I| and |I}| are the number of bonds in I, and I,, respectively, and |I| is the
number of integers in I.

The proof of Proposition 3.2 is deferred to section four. Note that the case
Xo=Y, of Theorem 3.1 is a special case of this proposition. In the rest of this
section we consider only x, = y,.

We showed above that nonvanishing terms in (3.5) are determined by W and
its configuration. These are in turn uniquely determined by V and its configuration
because the bonds of W\V have all been resummed to u=r=1. V does not
necessarily contain A, or 4, but it must at least surround them. Since V is
connected, the number of V’s with a given number of lattice squares |V} is bounded

by e?MWI Each square has no more than 3* possible configurations (;, 5 Or

u r
r=0 on each of four bonds). Thus the total number of terms with a given |V is
bounded by eI,

. o 0
To every square of V' we may associate at least half of a derivative bond (5&

0 . .. . -

or 6—) Otherwise W would be divided into parts by r=0 bonds, contradicting the
r

construction of W. (It is impossible to have |W|=1 because x,=* y,.) Therefore,

ILI+ILIZ 31V
_ d
For every ie(x,/l, yo/l] (or (yo/l, x¢/1]), either ie I or &, meets a F bond of W.
_ . J
No more than two #;’s may intersect one Em bond. Therefore 1|+ 2|I}| Z|x, — y,l/L.

. . ., 0 .
We split the convergence associated with F bonds into two parts: one to control
|V], the other to assist in the two-particle decay. Taking A small enough so that
1al 712212 =cl and al”YPPP/I2Z221

we may bound each term using (3.7):

2
oot ] 5 "; S| e Ve 20 A0, G8)

iel

Taking the supremum over the region of urt-integration, we have for A small
e o)
enough ) ?WWle=@Vl2<1 5o that the sum of all terms is less than

V(=2
1|fl|Lwe“M’a’|x°_y°|. This completes the proof of Theorem 3.1.

4. Analyticity Bounds

In this section we prove Proposition 3.2 using analyticity techniques [12, 20].
Derivatives of k are bounded by obtaining bounds on k uniform in large domains
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of complex parameter space and by applying Cauchy’s formula. The chief
advantage of these techniques is the avoidance of factorial growth in the number
of derivatives. We shall establish large analyticity domains for u. For r- and
t-derivatives, however, we must follow Spencer [20] by introducing dependence
on additional parameters h(x) which possess large domains of analyticity. The -
and t-derivatives are then expressed in terms of h-derivatives.

Let I® be the disjoint union of two copies of I and let  be the union of I®

0 0
with the set of bonds in I}. For any a S let 0%, =[] 5 I1 i and denote the set of
bea Y1 p ica Yt

partitions of § by Z2(f). The basic formula for r- and ¢-derivatives is [15]
" [ Ryge™Vdo(r,1)
> JI10,C-4,1Ryse ™V do(r, ). (4.1)

ne?(f) aen

We localize the derivatives of covariances by expressing C(z,, z,) as a sum

Clzy,2,)= Z Cj(ZpZz)a (4.2)
jez?
where j=(j;,j,) and
Cj(zp Z,) =le(zl)C(Zl, Zz)ij(Zz) . (4.3)

Here y;,, x;, are the characteristic functions of the I-lattice squares with lower left
corners at lj,, [j,, respectively.
We now express the right-hand side of (4.1) in terms of new parameters h(a):

ol Rx;e‘quo(r f)

= 2 |l

neP(B) Laen

JTT 1T (04 3h(@)%,C;- A )Ryse ™ Vdo(r, 1)],—o - (44)

aen jeZ?

a(

: 0 . : . .
Let 6/ = ;(/3) I1 he) Define the h-dependent expectation by inserting the 1+ h4

factors of (4.4) into (2.6)

> IT  wlII IT (4 3@)d;C;-4,)Ryse™" dolr, )

<R>= X b:dist(h,2)=L aCp jeZ4 (45)
> ﬂz) ] ﬂﬁ 11 (14 3h(@)3,C;- A4,) 150”7 dolr. 1)
:dist(b,2) < aCp jeZ?

We use these new expectations to define k(h) from the formula (2.13). The
covariance C(r, t) is given the following h-dependence:

Cr 6, x, )= TT 1 (1+3h)3;,C;- 4, )0(x)p(y)de(r, 1). (4.6)
aCp jez?
Convergence of the Neumann series in appropriate domains of the parameters will
be guaranteed by Theorem 4.1. We remark that h-dependence is introduced only
after integrations by parts and other constructions have been applied to express
kernels and their A'/2-derivatives in terms of sums of products of expectations.
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Let Fy denote the numerator of (4.5). From (4.4) we have 8* Fyl,_ o =0 Feluzo
and 51m11arly for C(h). The operator 8% behaves just like 8 w1th respect to
products and quotients. This implies that

ISRy =0= 0(Fr/Fy)ly=0 =04 <RD =0

(4.7
0€zk|h=0 = 6£klh=0 :

See Lemmas 3.1 and 3.2 of [20] for proofs of these facts.

. . . .0 .
We need to consider R’s with derivatives 5o 50 that we may be able to estimate
@

expectations such as B in (2.11). We must first isolate the o-function contributions
to expectations with derivatives. For example, when two derivatives act on a
function of [ :¢(x)":dx, there are two terms:

0 0
"d
50(x) de(y) QU oxy: )
=nn—1):px)"" > Q([: @(x)":dx)d(x —y)
+n2i@()" i) ([ p(x)dx). (4.8)

We denote the first term by 62(x)§25(x y), and the second by 0,(x)0,(y)<2.
Similarly 6"(x) is defined as the term that results when k—1 derlvatlves all act on

the :(x)" "' : factor in Q. In general, when several operators 0%(x,) act on Q

B
o¢p(x)

we use the formula

¥ 4.9)

12| 2= [H ((,,f iq)! o) Z)

Note that the d%’s do not act on each other. If any k,>n, we get zero. The
generalization of (4.9) to functions of arbitrary :¢(f)": is straightforward. For
products, we have a Leibnitz rule:

{l_[ a’;‘(xi)]9192= ) (

ies FEo

[T o5exa] @) [ 11 o] 2a) (4.10)

icg ie\J
Ordinary derivatives may be expressed in terms of the 6’;(x)’s using the formula

0

7(x,) 5(x, —x; )) Q (4.11)
ile—JI‘ o(x;) pe;(]) [}—[ep( ¢y iefl,_i[:ki] v
Here i, is the smallest integer in #<.4.
The R’s we consider in the next theorem are of the form
R={w(x) [T:ox)r: TT dx) [1 0,x) dx, (4.12)
i=1 i=ng+1 i=ny+1

n

where w(x,,...,x,)eL? (H ) is supported in a product of [-lattice squares, and
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p>1is fixed. d,(x) is the same as % except that it operates only on y-factors or
their derivatives. For the truncated expectation (R, ; R,) we let w be a function of
both sets of variables and let the integration be implicit in the notation. Infinite sums
of products of expectations of R’s of this form are sufficient to construct the
irreducible kernels and their A'2-derivatives. When we write (R,;R,) it is
understood that the derivatives of R, do not act on the monomials of R,. We define

ny
degR= ) p,+4(n—n,) and assume all k,<4. Let D(R,,R,) be the distance
i=1

between the supports of R, and R,. We define §(R) =1, —n, to be the number of 0%’s
in R and ¢,(R) to be the number of 0 s.

We make a number of definitions which will enable us to describe domains of
analyticity in the next theorem. Let I, ST, be the union of the bonds in o and let
I,=I®no be the integers in «. Define d(o) = sup |i—j| if I, =@ has no duplications;

i,jely
d(e)= —1if I,=@; otherwise d(x) = co. Define §(x)=sup dist(b, Z,)/I; if « contains
b,iea

only bonds or only integers then set 5(o)=0. As in [15], let L(I}) denote the set of
linear orderings of the bonds in I}, and define ¥(I))= () L(I"). For each

=1la

oe #(I;) we define a length |o| in units of [ that arises in estimating derivatives of
covariances. If 0=(b,...,b,), define b} =b, and b’ inductively as the first bond
after b;._l not touching b;._l. Then set |o]= Z dist(b’j, b;_l)/l. If b, does not exist
we set [o|=0. By convention, {@}e L(#). >

Theorem 4.1. Let £¢>0 and p>1 be given, and let A be sufficiently small. Consider
bond configurations occurring in the final form of the expansion of section three.
There exist positive constants a, c, g, d, and K such that (R ;R,) is analytic in u

and h and
KR ;RIS | W .M(deg R, R,) A R1RDI2oKIdeeR1R2 o —eD(R1,RD) (4 13)

for u, he 9(n). Here m is any element of P(B) and 9D(rn) is the complex domain defined
by

_ 0
<eeATVAL2 o O
[u,|<e ,ba 2 bond

u,=0,bau=0bond

u,=1,bau=1bond (4.14)
(o) < ( Z e—cl|o|>_ ! £c10(@) p2¢l|Ta] (1 —&/2)U(d@) + D gen
oeL(I'y)
o) =0, agr.

If 8 (R R,)>0,a factor e~ **" " can be included on the right-hand side of (4.13). The
bound (4.13) holds uniformly in degR R, if M is also allowed to depend on A. An
analogous bound holds without clustering for untruncated expectations.

This theorem will be proven in Sects. 5 and 6 with a low temperature cluster
expansion. We remark that bounds uniform in deg R, R, are needed to prove for
fixed A that one-particle irreducible expectations of arbitrarily high degree have
two-particle decay, as required by [5]. We now prove a lemma for Proposition 3.2.
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Lemma 4.2. Under the hypotheses of Theorem 4.1, k={k(z,,z,)f(z,,z,)dz is
analytic and uniformly bounded by | f || for u, h in 9(n), for any fe C%(4, x 4)).

Proof. We express the B-operator of (2.11) in terms of expectations of 3’;’5:

5 . 5 __ 2 .

B(x,y) <5<p(x) ; 5<p(y)> ={0,(x)) 3(x —y)+<0,(x);3,(y)> - (4.15)
Theorem 4.1 guarantes that (d,(x)) and {d,(x); 0 (y)) are locally in L%, g < c0. Also,
d,(x);0,(y)) decays exponentially in |x — y|. Moreover, both expectations involve
at least one derivative so there is an explicit factor of 1}/2 in (4.13) which more than
dominates the diverging factor eX!4¢eRiR2 Also, for any function ge L%A), we have
C(h)ge C°NL*(R?). Together these facts imply that (1+BC)™! is a convergent
Neumann series for 4 small enough. For details see [ 17]. Using again the factor A'/2,
we have

(k(zy,2,) f(z,,2,)dz= [—(1+BC)™'B)(zy,2,) f(z1,2,)dz

SN e (4.16)
for A small.

Proof of Proposition 3.2. We apply Cauchy’s integral formula to evaluate
derivatives of k. From (4.7) we have
02
afuarrrr! &’;‘k:a,f“&fk'h:o
0
I, - k
z au l_[ ah(a) |h=0

ne?(B) aem

§k 1 [M du;,] 1l [h(“)_ " dhia)

neP(P) bely 2 27u

. (417

I

where f=I,0I®. The parameters u,, r,, t; are all in [0, 1]. The contours of
~ integration are the largest ones allowed by (4.14):

luu :ea),‘l/ZlZ/LZ

U’l(OC)I — ( Z e«cl|o|)~leclé(a)e2cllra|e(1 —&/2)I(d(a) + 1). (418)
0eL(I'y)

This yields the bound
I, Al a?
0,40, " k
01l ot}

§|]f||Lwe-a/l* l/21211",4|/Lze—2(1 —-s)lllle— 2cl|Ty|

iel

e ez Z n Z e~ cllol g —cld(@) o —el(a(@) + 1)/4 (4.19)
neP(P) aen oeL(ly)

Here we have used the fact that Y |I|=|I| and Y (d(¢)+1)=2I|. Hence (3.7)

aem oAET

will be proven if we can show that

e—clll"rle~—sl]l|/2 Z n Z e—cllole—clé(a)e—el(d(a)-f— 1)/4£ 1. (420)
neP(P) aen oel(ly)

We use some counting arguments from [15].
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We start by expanding the left hand side of (4.20) into a sum.

e—cl|I“r|e—sl|I|/2 Z l—[[e—cl|o,|e—clé(a.)e—al(d(a,)+ 1)/4]. (421)
{(os,00)} i
Here {(0;, )} is a set of ordered pairs (0, o)) with 0,€ £(I), 0,=T,, and {o;} € Z(p).
We allow 0, =@ and we occasionally ignore the distinction between o, and the set of
bonds ordered by o,. The sum in (4.21) is bounded as follows:

Z 1_[ [e~cl|o,|e—clé(a,)e——sl(d(a)+ 1)/4]
{(0, )} i

< n (1 +e—cllole—clé(a)e—al(d(a)+ 1)/4)

(0,0)
§exp( Z e—cllole—cl&(a)e—el(d(a)+ 1)/4)
(0,0)
=exp Z e—cllo[e—clé(a)e—sl(d(zx)+ 1)/4 CXp( Z e*sl(d(zx)+ 1)/4 . (422)
(0,9) acI(®
oF0

In the second exponential, there are |I| choices of mina, the smallest integer in
o. Fixing mina, there are at most 22¢ choices of « with d(o)+1=C. This
combinatoric factor is dominated by e~ “/# so the second exponential is bounded
by e 1n the first exponential, fix 0. The sum over mina and the sum over o are
controlled by the factors e ?® and e *“@@* /4 regpectively. The number of
0,€ Z(I,) with |o,| <m is bounded by |I',|e®™* 1 [15]. Thus the second exponen-
tial is bounded by eVl Putting these bounds into (4.21), we obtain (4.20). This
completes the proof.

5. The Cluster Expansion

Theorem 4.1 is proven in this section with the use of the low temperature cluster
expansion of [16]. We introduce a new way of organizing the expansion that is
related to some ideas of Pirogov and Sinai [ 18]. Since we consider u=0, we do not
have a symmetry ¢ — — ¢. However, an inequality on partition functions that was
proven with correlation inequalities in [16] is available for use. The ability to
make use of this inequality is the main advantage of the method of removing phase
boundaries given in section three. It allows us to handle a nonzero external field.
The idea of the resummation technique is to multiply every factor in the cluster
expansion by an appropriate ratio of partition functions. The ratio is bounded by
1 by the inequality on partition functions.

The resummation transforms the cluster expansion into a form in which the
techniques of Bataban and Gawedzki [1] are applicable. Their ideas originate in
the work of Kunz and Souillard and are related to the formalism of [117]. The
notion of connectedness that we need is more complex than that of [1].
Nevertheless, explicit division by the partition function is possible and the
Kirkwood-Salzburg equations of [1] may be used to prove convergence of the
expansion.
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We start by generating the basic expansion and establishing bounds needed for
convergence. Some technical estimates are deferred to Sect. 6. In the second half of
this section we define the resummation and prove convergence of the expansion.

The first step is the expansion in phase boundaries. In accordance with (4.5), we
have

<R>=FR/F0
Fp= ;FR,E’ (5.1)

where

Fpy= T wlIlI1 (14 3h() 0}, C;-A4,)Ryze™Vdo(r, 1). (5.2)
b:dist(b, X)L alp jez?
We translate ¢ as in [16] by a function on IR? that depends on X. The new field
p(x) has a mean that behaves roughly like ¢,¢, and that is exactly ¢ &, farther
than L/2 from . Choose a C*® bump function {(x) on IR? satisfying

0<{(=I
{x)=0 for |x|>3 (5.3)
()=1 for |x|<%.
Let # be a small constant (independent of 1), and define the new field by

[(=A4+n) " (x =y Ux—y)/L)a()é ., dy
f(=4+n)~ () iy/L)dy '

The meaning of y depends on X, though the dependence is not explicit in the
notation. Let di(r, t) denote the Gaussian measure in which y(x) has mean zero
and covariance equal to that of do(r, t). We define Q(Z), the translated interaction
for the spin configuration X by the equation

e Vdo(r,ty=e 2O dy(r, t). (5.5)

See [16] for an explicit formula for Q(X). Note that p(x) — ¢(x) =0 wherever r=1
or t#1, by Condition A.

In each Fy ; we introduce Dirichlet data into di(r, £) on those bonds of the /Z?
lattice that are farther than L from X. Denote the set of such bonds by %4(X). The
covariance in the d},C-factors and in the measure now depends on a new set of
parameters {s,},.,y Which interpolate between zero Dirichlet data (s,=0) and
absence of Dirichlet data (s,=1). We perform a cluster expansion in these new

parameters:

w(x)=olx)+¢, - (5.4)

Fpss=1)= Y [dsol*Fy(s). (5.6)

I's SA(2)

0 .
Here I, denotes a subset of (%) and dl*= [] p The integral runs over the
bel's b
range [0, 1] for each s,, bel. For be BZ(Z)\I, we set s,=0 in (5.6).
Let Z, denote the closures of the connected components of R*\{s=0 bonds}.
For simplicity we defer the integration against the test function w of (4.12) and take
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R to be a product of : ¢(x;)?"’s, 6’;;(xi)’s, and 0,(x,)’s. We claim that F ; may be
written as a product of F’s associated with each Z,:

Fgs(s)= HFR,E,ZK(S)

F (s)= u
5,2 b@ b (5.7)
dist(b,2nZ,)SL

111 [T (+3h@)05C;-4,)Ry g5z e~ 25720 dy(r, t,5).

alp jez4
A, 045,52

In this formula, it is understood that derivatives 0% and 5% in R, and 4, have
been applied in the integrand as it was before the translation to the y-field. When
this convention is not in effect, we will use the letter y rather than ¢ to denote
derivatives, e.g., 4, instead of 4, The bonds of Z, are by construction farther
than L from any ¥nZ,.. Therefore the u-factors may be distributed as in (5.7). The
factor Rye~2 may be written as a product, as in [16]. Moreover,

0, C(r,t,5)=0 (5.8)

unless both 4; and 4, are in the same Z,. Thus (5.7) is valid. In fact, [ ] runs only
alp
over o such that for all b, iex, bnintZ, £ 0+ Z,nintZ,. For the other o’s we have

0%,C.=0.
The quantity Fp ; , depends only on 2nZ, and s, be Z,. We may write (5.1)
and (5.7) as

Fe=2 Y [lfdsolsr®Fg, (). (5.9)

2 IsSB2)

Each boundary segment of Z,_is either in a sea of +spins or in a sea of — spins. Let
0Z! be the + boundary of Z, and 0Z~ be the — boundary. Denote the triple
(Z,.,0Z;,0Z7) by Z,. We call such a triple a cluster. We reorder the summations
in (5.9) by summing first over all terms compatible with a given {Z,} and then
summing over all possible {Z, }’s. With

oZ,)= > fdsofs"?xFp 5 7 5 (s) (5.10)

InZ,IT'sNnZy
compatible with Z ,. connected

we have

Frp= Y [Tez,). (5.11)

{Z,} admissible k

{Z,} is admissible if | ] Z,=IR?and the Z,’s agree on boundary signs. This step is
possible because ) in (5.6) factors into independent sums for each Z,.

I, I
We also define partition function type objects (V). In contrast to Z, V need
not be connected.

QV)= Y [Te%z,). (5.12)

{Z,} admissible inV «
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Here 0%Z,) is the same as o(Z,) except R=@ for every term in (5.10). {Z,} is
admissible in V if | ] Z =V and the Z,’s agree with each other and with V on

boundary signs. .
We now formulate bounds on ¢(Z,) and (V) which yield convergence of the
expansion. Denote by |Z| the number of [-lattice squares of Z.

Lemma 5.1. Under the conditions of Theorem 4.1, there exists a constant ¢, >0 such
that for A sufficiently small and 0Z~ =,

HQ(Z)“Lq__M (degR );La(Rz)/Z Kldenge—c1l(|Z| b (513)

If 0Z~ +0 the factor 1°R2'2 is replaced by A~9%Rz/2_[f 0Z~ +0+0Z" or if
6 (R,)>0 we include factors of e™**" "? This bound is independent of degR,, if
MR2I2 s yeplaced by 1~ 9#R2/2 Here q, p are dual Hélder exponents and the L9
norm is with respect to the product of the l-lattice squares in which the uncontracted
variables of R, lie. If R,=@ we replace the L? norm with absolute value signs.

With R=0 and A any l-lattice square, we have
lo(4,04,0) 7! S e, (5.14)

for some constant c,. Finally, if u=r=t=1 and h=0 in V, we have

QAV)=QVT), (5.15)
where Y =(V, 0V, 0).

Proof. For g(4,04,9) there is only one term in (5.10) that contributes:
o4,04,0)=Fg s_ + 4- (5.16)

For 4; = A4;,= A we have 0;,C;=0so that the (1 + hdC4) factors are absent in (5.7).
The product of u’s in (5.7) is empty. With R=§ we are left with

0(4,04,8) = [y5- , e 2C="Ddy(s=00nd4). (5.17)

The right-hand side is bounded below by e~ “>*"** in [16, Lemma 4.2.2]. This
proves (5.14).

With u=r=t=1and h=0in V, Q(V) and Q(V™) are partition functions of the
type considered in [16]. The 1nequahty (5.15) is proven using correlation
inequalities in [16, Lemma 4.2.3].

We now establish (5.13) with the use of the following lemma, proven in Sect. 6.

Lemma 5.2. Under the conditions of Theorem 4.1, if X'=+ then

” astFR,z,z”Lq _<_:Ml(degRZ)/l‘s(RZ)/zeK'denge_‘”F"

e~ 41271213 L0(1))2) (5.18)

for some d,>0. |X| denotes the length of the phase boundary X. For a degR,
independent bound, or if X is not identically +, we replace the factor 1°®2/2 yith
)7 deER212 If § (R,)>0, we include a factor e™*""" Here I,CintZ, X =XnZ,5=0
on 0Z, and || -| .4 is as in Lemma 5.1.



Mass Spectrum of the A¢p*—1¢? — u¢ Model 187

If |Z|=1, (5.13) follows immediately. Consider the case |Z|>1. The factor
J¥R2)/2 in (5.13) may be obtained from e ~4*~"*1*l in (5.18) with a decrease in d, if X
is not identically + and dZ~ = . We may extract a factor e~ %~ "* with a decrease
ind, if 0Z~ #0+0Z" because |X|>1 for all terms of the sum (5.10).

. . . 2141Z
The number of 2’s with a given |2]| is bounded by ( lgl I). Therefore
e~ AT L ([ o™ d2hTVA211Z] £ p0()IZ] (5.19)
z coml;l)laiible -

The number of I's in Z is bounded by e®MI%l. Z\I', cannot have more than one
component. Thus in order for X, I, to be compatible with Z, there must be a
certain density of either phase boundaries or bonds of I',. This is expressed in the
inequality

4L%Z)/P+ 2T z|Z]. (5.20)
Therefore,
e—cl|rs|e*d3/1"‘/2|2|§e~cl|Z|/2 (521)

for A sufficiently small. The factor e~ 1?2 dominates the ¢??! factors and
establishes (5.13). This completes the proof.

Proof of Theorem 4.1. We rewrite the expansions (5.11) and (5.12) in terms of new
objects o(Z)Q(V)/Q(V™). Consider first (5.12) with 0V~ =¢. For a termin ) , let

Z
{Z,} be the clusters that are not surrounded by minus loops of any cluste(:r. )For
each Z,, let /; , be its minus loops. Note that the Z;’s are positive, i.e., they have
plus external loops. Therefore int/; ,nZ;=0. We resum the expansion (5.12) inside
all 7, /s. As in Sect. 3, this resummation is without constraint. Let

Vi=Vn|JintZ,, and let V,=(V;,0V,ndV"*, (), ,). The resummation inside the
;s yields []Q(V)). Thus (5.12) becomes

oV)= Y [][%Z)V)]. (5.22)

(Z} positive i
restricted
Restricted means that no Z,; is surrounded by a minus loop of {Z;}.
We claim that the following formula holds for any V with 0V~ =¢:

QV,) ]
)= Z) oy 5.23
V) (.0 gsiuve l:I [Q ) QVH (5.23)

unrestricted inV

Here ) is over Z,’s that may be surrounded by minus loops. The Z,’s may
1z

disagree with each other on boundary signs but they may not disagree with V.

They may not overlap and their union must equal V. We prove (5.23) by induction

on |V]. If |[V]=1, then Q(V)=°(V) so that (5.23) holds. Suppose (5.23) holds for
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|[VI<N. Rewrite (5.22) as

ov= Y I [gO(zi)

{z i} positive i
restricted

and substitute (5.23) for Q(V;"). Since |V]]<|V|=N, this is a valid operation. The
result is

AV .
Q(V?)] ]ljsz(wi ) (5.24)

VY,
av- T[]l agh

{Z} positive i
restricted

i {z,-g} positive Ji
unrestricted in V;"

QV,)
. oz, i 5.25
n{ S e Q(W;)}} (529
The unrestricted sums over {Z; } relieve the restriction on Y so that the sum over
{Z.}
{2} ={Z,Z,} is unrestricted. This proves (5.23) for arbitrary V with oV~ =.
An analogous formula holds for Q(V)=Q(V) / [T 0%4,04,0) and

ACV
é“”(l)=d°’(l)/ [1 ¢°(4, 04, 0):

ASZ

av- vl (5.26)
{Z 1} positive K
unrestricted inV

v,
Qv )} '

We need not consider Z, =(4,04,0) in (5.26) because §°(4, 04, #)=1. With
Fo=Fy / [T %4, 04, 8), (5.26) holds for F, =Q(RR?). (Note that ¢°(4, 04, g)=1

ASR?
if AnA=8.)

Equations (5.22)—(5.26) are closely related to some equations in [ 187]. We desire
a generalization of these equations for R = . Multiplication by ratios of partition
functions containing R-factors must be avoided. This entails a consideration of Vs
with 0V~ +4.

The basic objects we need to consider will be denoted Zy, (Z). Z is a connected
cluster, but ID need not be. ID may not even make sense as a cluster. We will have
oD*uoD~ €D, but no other relation between D, D", and 6D~ is assumed. The
subscript p is either 0 or 1. If the outer boundary of Z is minus, then &y, (Z) is
defined to be zero. If Z is positive, let {/,} be its minus loops. We can assume that

D=|JD,and D,Cint/, Define D=D" if p=0; D=Dif p= 1. If D disagrees with
Z on boundary signs, then Z, (Z)=0. Let LL=({)int/,0,{] /a) and set

V=L\D=(L\D, A(L\D)ndD™*, 3(L\D)~(@D~waL™)). If V does not make sense as
a cluster with every component of ¢V given a unique sign or if Q(V)=0, then
Zp, (Z)=0. Finally, for Z positive and V a sensible cluster with (V) =0, we define

Q)
Qv

Ep \Z)=0Z) (5.27)
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Zp,(Z) is a dressed-up version of the objects appearing in (5.26). The purpose
of the definition is to have ID indicate regions with R-factors that cannot be
included in V. The subscript p determines whether it is appropriate to delete D or
D* from V. E) (Z) is defined similarly but with g° replacing g in (5.27).

We next introduce operations that change the subscripts ID, p on E. Using
these operations, the expansion will be converted to a form very close to that
considered in [1]. The operations are different from the ones used in [1] and are
more complicated. We say a cluster is a vacuum cluster if it contains no R-factors;
otherwise it is a nonvacuum cluster. For the first type we use the letter X; for the
second we use the letter Y. Z may refer to either type. We consider arbitrary Xs
but only positive Ys in defining the operations. We use the notation
DuX=(DuX, dDuX)n(@D*waX™), d(DUX)N (D~ LiX 7))

0ifY, and Y, Overlap
changes 5, H,D p(Y )to & HD 5 o(Y,) if a minus loop of Y, surrounds Y,

changes Zp (Y,) to &P o(Y,) if a minus loop of Y, surrounds Y,
1 otherwise,

Uy, Y, =

0if Xand Y overlap
changes Zp (Y) to Zp () if a minus loop of X

surrounds Y and X is positive
U(X,Y) =4 changes &}, (X) to g(X) if a minus loop of Y surrounds X
[leaves @(X) alone if X and Y do not overlap]
changes =9 (V) to 29 x (V) if a minus loop of Y surrounds X
1 otherwise,

0 if X, and X, overlap, or if they disagree
on the sign of a common boundary

changes &y, (X,) to g(X,) if a minus loop of X,
surrounds X, and X, is positive

changes =y, (X,) to 9(X,) if a minus loop of X
surrounds X, and X is positive

U(X,,X,)=4 [leaves g(X,) or 9(X,) alone if X, and X, do not overlap
or disagree]

changes =, (X)) to Zp,x, ,(X;) if a minus loop of X
surrounds X, and X, is positive

changes =y, (X,) to 5y, x, ,(X,) if a minus loop of X,
surrounds X, and X, is positive

1 otherwise.

We resum the expansion (5.11) by summing over all {Y,}’s consistent with a
given {X,} and then summing over {X,}. | )X, must contain all the squares in
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which R-factors appear. We also divide by []¢%4, 84, 0)
4

=¥ [Tacx) ¥ [18°(Yy). (5.28)

Xr} {ys} s
Here Y, (4, 04, #), but by adding such squares to {X,, Y}, it must be possible to
obtain an admissible {Z,}, in the sense of (5.11).

As in (5.22), let {Z,} be the clusters that are not surrounded by the minus loops
of any cluster. Z; can be either a Y, or an X,. For each Z,, let 7, , be its minus loops.
As before, the Z s are positive. We fix {Z;} and {X,} and resum the rest of the
expansion. The summation inside |J/;, yields a partition function Q(V) as

before. In this case, however, the presence of X’s inside /; , means that the X’s
must be deleted from V. Setting V,= lLi\U X, where IL,= (U int/, ,, 0, /W) we

obtain

=% X I e[l @av)]. (5.29)

{Xr} {Z.} positive 4
restricted  Xr¢{Z:}

Expressing §®(Z,)Q(V,) in terms of Z’s, (5.29) becomes
Fe=3 Y 1 a0 [1IERL(Z) V)], (5.30)

Xr} {z ) positive  # i
restricted X, ¢{Zi}

where D,= ) X..
XS L,
We rewrite (5.26) in terms of =’s to obtain
AV )= > B oY) (5.31)

Dre,»
{Yi,} positive Ki
unrestricted in

where D, = () X, L, ={Jint/_, and/, ,are the minusloops of Y, .1In
1 X € L, a

deriving this step, we have matched the way V, was defined for (5.25) with the way

V was defined for (5.27). We used p=0 in (5.31) because V;" appears on the left-

hand side, not V,. With V" appearing, any minus loops in X,.’s going into D, had

to be changed to plus by using p=0. We may relax the condition that {Y, } can be

supplemented with (4, 4, 0)’s to agree with V;” on boundaries, because terms

violating the condition have_]D O(Y )=0 for some Y, . Inserting (5.31) into (5.30)
yields

Fe=y Y I 2 x,)n[:g’,’ ) 3. O(WK,>}.

X,} {Z,} positive P {VYi,} posmve 1,
restricted X ¢{Z,} unrestricted in ¥, 5 32)

We rewrite this expression in terms of sums of products of Z{*,(Z)s. The
differences in subscripts on =’s are handled with the U-operations

Fp=Y % ) 1 UX,,.X,)

{X;} {Z,} positive {Yi} positive r1<ry
restricted unrestricted in U V;

TTUOG Y [T U0, Y TIZ (0TI (533

s1<s3
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The U-operations commute, because the effect of a U cannot be undone by
another U. Every X, that is surrounded by a minus loop has its = converted to a 9.
This yields the  [[ @(X,) in (5.32). Every Y, that is surrounded by a minus
P XGH{Z )

loop has its =, converted to 5. Y;’s and X,’s with minus loops surrounding X,.’s
have the X,’s joined with their ID subscripts. Thus the subscripts on Z’s in (5.32)
are achieved.

We make use of the U=0 and £ =0 cases to remove the restrictions in (5.33). In
the sum Z , X’s with minus outer boundaries cannot appear unless surrounded

(X 2}
by a minus contour of some Z, But Z(X)=0 for X’s with minus outer

boundaries, and Z(X,) is not converted to §(X,) if X is not surrounded by a minus
contour of a Z,. Therefore we may lift the restriction. The restriction that the Y,’s
in {Z;} not disagree with X’s on common boundaries may be lifted because for
such terms Eg, (Y, =0. As in the passage from (5.25) to (5.23), the sum over {Z;}

and {Y,} becomes an unrestricted sum over {Y,} positive in ]RZ\UX .- We may
;
extend this to an unrestricted sum in IR?, because the extra terms have overlapping

1
X,’s and Y,’s so that U=0. We change from ) to > — ) and then extend

{Ys} k k! (Yr,...,Y)

> to overlapping Y’s. Here (Y, ...,Y,) is an ordered family of Y’s. Finally,

we extend ), to all sets of X,’s, including overlapping X,’s and X,’s that disagree
(XY}
on common boundaries. The extra terms have U=0. The result is

ZZ~ Y I U, X)) HU(X,\Y)

X & !(m LY r1<ra

- [T Uy, Hw Ax,)ﬂug (Y. (5.34)

Every R-factor must be contained in some X,. The sums are unrestricted in all
other respects. The X,’s need not be positive. The expansion now has the same
form as the one in [1].

We follow [1] and obtain an explicit factor of F ; from (5.34). Define A(Z, Y) by
U =1+ A and expand the products of U’s in (5.34).

Fe=2 X 2 11 UX,.X) [ 42)
X} k © (Yi,..., Yi) r1<ry LeG
n‘-‘e AX,)HHQ (Y, (5.35)

Here G is a graph of unordered pairs {X,, Y} or {Y, Y} (called lines #). Let G,
be the part of G that contains lines connected directly or indirectly to some X,. Let
G,=G\G,. G is said to be connected with respect to {X,} if G,=0. We sum
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separately over the Y’s in G, and the Y's in G,,. This yields

Fe= (T30 T X T1 U T A

X} ke e (W1 ,,,,, Yi.) Ge r1<rs PeGe

T12,,%) sﬂ 2,0

(T T 2 A(msﬁ 22,0) (536)

ko 0 (Y1,...,Yi,) Go ZeGo

The second factor is F,. Hence we may give the final form of the expansion:

(Ry=F /F,=Y Y Zg Z qﬁ(xl,...,xj;wl,...,vk). (5.37)
JoXg, LX) (Y

.....

Here @ is defined by
MLy, .. LY, LYY= ] UZ,,.2,) [] A2L)

Ge 1<ty LeG,

J

IJ =0\(Z,) ﬂ 29 .(Y,) (5.38)

[

and G, is connected with respect to {Z,, ..., Z;}.

The Kirkwood-Salzburg type equations of [1] may be applied to prove
convergence of the expansion. The equation expresses @ as a sum of terms
involving @’s with fewer clusters and with some subset Q of {Y,,...,Y,} moved
across the semicolon: ‘

J
OZy, ... 7Yy, .Y = % ﬂz UzZ,Z,)[]AZ,Y,)

sef2

EONZ)PZy, Ly (Y seqs Vo) ga) - (5.39)

In order to prove convergence of the sum over (Y, ...,Y,) in (5.37), we assume by
induction that the sum converges for smaller j+ k and with U’s acting on clusters left
of the semicolon. Substituting (5.39) into (5.37), the induction hypothesis applies to
control sums over (V).

Two sources of convergence control the sums over (Y,),_o. The first is that a
term vanishes unless all A(Z,,Y,)#0 for seQ. In[1] this meant that all Y, seQ
had to overlap or surround Z,. Here one cannot always infer that Y,’s overlap or
surround Z, because U(Z,,Y,) %1 is possible for Y,’s surrounded by a minus loop
of Z,. However, by a judicious choice of Z, from {Z,} we can arrange for A(Z,,Y,)
to be zero for Y,’s not overlapping or surrounding Z,. We choose Z,€{Z,} to be
any X or Y whose minus loops do not surround any | other Xin {Z,}. Thenfora Y
surrounded by a minus loop of Z, we have D=@1in Zp (V). When D=, changing
p from 1 to 0 has no effect. Therefore U(Z,,Y,)=1 and AZ,,Y,)=0.

The number of Y;’s with |Y,|=N that overlap or surround Z, is bounded by
|Z ,|e%PN This combinatoric factor and the sum over {X.}in (5.37) are controlled
by the second source of convergence: exponential decay of .:'(,S’p( Z) with [|Z]. We
need the bound (5.13) with Zf’ (Z) replacing o(Z). Using (5.14), we see that the
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bound holds for §(Z). The ratio (V)/Q(V*) in (5.27) is bounded by 1 by (5.15) if
u=r=t=1and h=0in V.

For cases when u=1, r=%1, t+1, or h=+0 in ¥, we do not have a bound on
QV)/V™). However, the expansion of Sect. 3 was designed so that u, r, and t
differ from 1 only in regions not surrounded by minus contours. More precisely,

terms in ) with minus contours around regions with u=1, r=1, or t=1 are
2 o

multiplied by 0= []  u,- We need h=0 only in regions with < bonds or —a—

bidist(b,H) < L or ot
lines. Therefore, we may take o(Z)=0 without affecting the expansion if Z has a
minus contour surrounding regions with u=1, r=&1, t=+1, or h40. This implies
that Zf (Z)=0 whenever the bound on Q(V)/Q(V*) is not available.

In all cases the bound (5.13) holds for £ ,(Z). Convergence of the expansion
(5.37) and Theorem 4.1 now follow as in [1]. The factors in (5.13) associated with R
and the L2 regularity accumulate in the product of Z’s in (5.37) and (5.38). For fixed
degR, any missing factors of 1*R2/2 or extra factors of 2~ 9¢#R2/2 coming from XCs
with 80X~ +@ are compensated by factors of e™%* " from associated Z’s with
0Z~ +0+0Z". After contracting with w, one obtains the bound

(R) £ ||w| »M(degR) \°®)/2 gKldegR (5.40)

uniform in 4 for fixed degR, or uniform in degR for M depending on 4. If 6 (R)>0
we can include a factor e "*, For the truncated expectation (R, ; R,), we may
extract an extra decay e 9P®u:R2) ag in [1]. This establishes the bound (4.13) of
Theorem 4.1. As A is finite, analyticity in u and h is immediate. Theorem 4.1 is
proven.

6. Bounds on Terms of the Cluster Expansion

This section is devoted to the proof of Lemma 5.2. We follow [20] in much of this
section. The basic estimates on integrals such as [y,e~2®dy come from [16].

Let B, be the set of pairs («, j) that enter the product [] []in (5.7). We expand
the product into a sum =

Y Il 2h@aC;-4,. (6.1)
BSBgy a=(o,j)eB

We define some distances (in units of [) which will be used to control the
combinatorics. Let y be a union of [-lattice bonds, and let i(«) be the least integer in
o, if o contains integers. Define

(. 7)= sup dist(4;, b)+ dist(4;,, )/

jr

d(o)=(dist(4,,, P, ) +dist(4

We intend to prove that
0 [ TT 3h(@)35,C5- A 1R g5 g0 2022 dyplr, 1, 9)

oeB

<[l M (degR,) 19822 Kideekz g el

.e—du‘m /2|3, eO(l)lZ] l—l e—cld(a), (63)

oeB

4, )+dlst(Ah, i L)+, T,). (6.2)



194 J. Z. Imbrie

where |2], =|Z|+1 if § (R,)>0 and |X|, =|2| if 6 (R,)=0. The factor 2’*#)/2 is
replaced by 4~ 9eR2/2 if ¥ is not identically + or if (6.3) is to be uniform in degR,,.
Here we have reintroduced a test function w into R,. Lemma 5.2 follows from (6.3)
because

Z 1—[e—cld(a)= 1_[ (1+e—cld(o'))

B<Bo geB oeBop

< [] exple™ @) <0zl (6.4)

geBo

We have used the fact that
Z e——cld(o‘)g Z Z O(I)e—cld(a—)/z

sYom=oW)z|. (6.5)

The u-factors of (5.7) can be handled with a decrease in d, in (6.3) because

[T wysete (6.6)

b
dist(b,2)< L

The number of bonds within L of X is less than 8|X|L?/I?, hence (6.6).
We apply the derivatives 9!+ in (6.3). In each term introduced by the
. - 0
differentiation let I', be the set of bonds b such that s acts on some 0;,C;, and let
b
I,=T\TI',. There are at most 2!l choices of I'; and I',. This combinatoric factor
may be absorbed into e? V1%l so we fix I',, I', from now on. For each o=, j), let y,

0 .
be the set of bonds such that = acts on d;,C;. We are reduced to bounding
b

J[ > 2 [lac, 4]l [Thworec;-4,
4€P(2) livkyes 16 7 (vo} aeB

‘Rypsnze” 2E0 B2 dy(r, t, s) 6.7)

by the right hand side of (6.3). Here we have applied (4.1) for 91> and expanded 6C
into its localizations j,.

Let 0 index the terms in the sums in (6.7), that is, 0={{y,}, 4 {/,},.,}- Each
time a derivative acts on y;. ,, [* terms result. We take the supremum and include a
factor of [ for each such derivative. Let T(0) be the number of terms that result
from applying the derivatives in (6.7). We take the supremum over these terms and
let W, be the resulting polynomial in 1 that multiplies yye ™ %dy in (6.7), where zy is
a possible derivative of y;. We bound the 6-term of (6.7) by

T(O) [ Wiz 2022 dyl(r, t, 5)
STOWll Lo (dw)HX/ZnZe_ eenz.2) Il Lr, (dy)? (6.8)

where p,, p, are dual Holder exponents. We take p, large enough so that the
following bound of [16] applies:

1508”205 a5 [ [ m(d')t) 72 PRI (69)
Al
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Here n(4') is the number of differentiations of y, in the unit square A4 and |y/| is
the number of 4' CZ such that n(4')>1.

The following estimate on derivatives of covariances will be used to bound
Wl Lo ayy- Recall the definitions of I(T,), |o], 6(x), and d(«) given in Sect. 4.

Lemma 6.1. Given ¢>0 and ge[1, o), there exist positive constants ¢, K, such that
for A sufficiently small,

Hazoaftcj“v‘ é eKd( Z e—cllol) e—cl&(a)e— ZCI'F""Q_(I —&/2){d(a) + 1)
oeL(I'y)

. e—4cld(a)e— 2cld(j,ya}( Z e—cllo[) e_C”Ya] . (610)

oeL(yo)

Here the L norm is either LY4; x A;) or, if j, =], and y,0a+0, LY(4; ).

Proof. We begin by scaling distances down by a factor of [, so that Dirichlet data is
on a unit lattice and the mass is increased to L. The L? norm decreases by a factor of
14/ or 1?4, which may be absorbed into eXi’. We multiply several bounds together
to obtain (6.10). Each bound is produced by differentiating C; with respect to a
subset of y,ua and using the Weiner path representation for derivatives of C. See
[15, 19, 20] for details. With i, i'ea and |i—i'| =d(«),

103767 Cllza " =10,06,, Cillps #* e o2, (6.11)

If d(or)= oo (that is, « has duplications) then J;,C;=0 because C is linear in the ¢s.
Similarly,

” a;’aaf:tcj” i{ql 2 é e~ cld(a) e~ 4cld(o) e~ 2cld(j,vo) (612)
and

101°03,Cll7a* S 10;=Cllfa* = 0(1) Y, el
o0eL(I'y)

éeomz( y e—cllol)e—wlm (6.13)

oeL(a)

for some ¢>0. Here we have used the fact that o] = O(1)|I,| — O(1). We may replace
I, with y, in (6.13). Adding 1 to d(«) with an increase in K, we obtain (6.10).

. . . . 0
We next estimate the coefficients in W,. Recall the difference between 5 and

%: w-derivatives act as usual, while g-derivatives act with ¥ (¢) replacing Q(y)
and then are translated to the iy-field. Let Ny(6) be the number of -
differentiations of e ~¢ within L/2 of X plus the number of ¢-differentiations (other
than in R) of e™" within L/2 of a minus spin. Such differentiations introduce at
most factors of O(1)A~ 1. [The coefficients in V(p) are O(A'/?) but translation
produces factors of O(A~*/?).] Recall that R, contains ¢% and d, factors, each of
which we count as one derivative. Let N_(6) be the number of differentiations of
Xs .z (or of its derivatives). The I* factor introduced above for each such derivative
is absorbed into a factor e*# that we will associate to every derivative. Let Nz(6) be
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the number of differentiations of monomials or derivatives in R, or of factors
produced by such differentiations. If ¥'= +, the coefficients of R are O(1) because
then yp = ¢. Otherwise they may be O(1) 1~ 9°#R=/2 because of the translation from ¢
to . Define N,(6) to be the number of y-differentiations of e~ farther than /2
from X plus the number of ¢-differentiations of e~V that are farther than L/2 from
any minus spin or that are in R. Each such differentiation introduces a factor
O(1)A'/2. All other derivatives act on factors produced by differentiations of e~ ¢ or
e”", hence they introduce only O(1) coefficients. Let the total number of
derivatives be N(0).

We now bound Wyl s, using Lemma9.4 of [15]. Expanding in unit
localizations produces a factor of [? at each vertex. Applying Lemma 9.2 of [15]
for I-lattice squares introduces some additional factors of 1%, These factors are
absorbed into X2, Note that h(x) cancels the first four convergence factors in
(6.10). Let N(4) be the degree of W, in [-lattice square 4. Then

“ VVG“LIH @ é HW”LpeKzl(N(G)+deng);L—N;(ﬁ)/‘LNo(m/Zl—-deng/Z

11

e—4cld(o)e—c1d(j,ya)( Z e—cl|o]) e—cllycl}

eB 0eL(ys)
. n eﬁlcld(jy,v)< Z e-dIOI) e~ ctivl n(plN(A))I”p‘eKi“N("). (6.14)
VES oeL(y) A

The factor 2~ 9€R=/2 ig absent if S = +.

We estimate y, and ), in (6.7).

{vo} 7P (I'2)

Lemma 6.2. For J small,

Y H[e—czd(a)e—czdu,ya)( y e—cllvl)]geomle (6.15)

{yo} oeB 0eL(yo)

and

[T Y e dllgeomiz (6.16)

#€P(I'2) ves oeL(y)

Proof. The second bound is Proposition 8.2 of [15]. We follow [20] for the first
bound. The left hand side of (6.15) is bounded by

He—cld(a) Z [e~cld(j,v)( Z e—dlﬂl)}

oeB Y&y 0eL(ys)

é H e~cld(o‘) Z (e—cld(j,u)e—cllo])
geB 0eZ(I'y)

< [] ote™ 7 sexp| 3 (01) ~cldc)

oeB oeB

éexp{z 0(1)@"0(1”"(")} <eOWliZl (6.17)

oeB

In the last step ) has been estimated as in (6.5).

oeB
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We combine Lemma 6.2 with (6.14) and (6.9) to bound (6.7) by

Z T(@)”W”LPeKzl(N(O)+deng)/q‘—Nz(e)/lNo(ﬂ)ﬂ/{—deng/ZQ*Cllfsl

{jv)veﬁ
. 1—[ e~ 3¢ld(o) 1"[ e~ 2cld(jy, ) g —dsAT 22+ [x']) o0 Z]
oeB yeL£
-n[(plN(A))!””‘eKSN(") 1 n(Al)!]. (6.18)
A 41< 4

degRz/2

Here a supremum over {y,} and seP(I;) is implicit, and A~ is absent if

2=+,

Lemma 6.3. Given positive constants dg, c, and K, there exist K,, K>0 such that

oK2lN®) +degRz) ) = N=(6) )No(0)/2 H o~ cld(o) H o~ cld(iy )
geB Yet
Lo de T AU LD __<_e*K41(IB|+ [#D) j0(R2)/2 ;KldegRz (6_19)

for A sufficiently small. For a bound uniform in degR,, A°®2/2 is omitted. Here
|Bl, | 4| are the number of elements in B, j, respectively.

Proof. We pin derivatives of e”¢ within L/2 of ¥ and derivatives of y, to the
convergence e 96" IF1+1X'D Let &, denote the set of such derivatives which are
localized in [-lattice square 4. We shall prove that

(I A-ze-dﬁﬂ) e ek I < (6.20)

Fa

for fixed degR,. Here d is either d(s) or d(j,, 7). Taking logarithms, we need to
show

Y Q1*—cld/2)—d A~ 21217 <0. (6.21)
La
Throwing out terms of Y with 21*— cld/2 <0 we bound the left-hand side of (6.21)
L a
by
24012 —dgAd~ VR0 (6.22)

for deg R, fixed and 7 small. Here we have used the fact that given j, there are no
more than O(1)I° choices for j,, o, or y such that d(c) or d(j,, ) is less than 43/c.
For degR, arbitrarily large (6.20) holds provided the derivatives in R, are not
included in .

Every ¢-derivative counted in Ny is contracted with a d;,C; with d(o)= L/2I
because the bonds and lines in o are farther than L from any minus spin
(Condition A). Using A~ 'e™ /2 < 42, the factor AN®/2 and (6.20) applied to each
A, we obtain at least a factor A'/* for every derivative applied to ¥y, to e~2, or to
e V. Hence the factor A°®272 in (6.19) for fixed degR,. For arbitrary degR, we
must omit this factor.

Since degQ =deg V=4, we must have

N(0)—6(R7)—06,(Rz)— Ng(0) =4(No(0) + N (0) + Ny(0) = 6(R,)).  (6.23)
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Hence
IBl+141= 3(N(6) — 8(R,)— 8 (R,)) < 3deg R, + 2N o(0) + N (6) + Ny(0) — 5(R )
(6.24)
and
N(0)+degR,<2degR,+4(Ny0)+ N (0)+ Ny(0)—0(Ry)). (6.25)
Therefore,
Ao+ N0)+ N3(0) = 0(R2)/2 < o= KalBI+ |4 g = Kol (N(O) + degRz) pKidegR> (6.26)

Note that derivatives in R, are always counted in N, or N,. We have established
an overall factor of ANo@+NxO)+Nxl)=oR2)/2 g4 (6,26) completes the proof of (6.19).
The next two lemmas follow closely the analogous lemmas in [15, 20].

Lemma 6.4. Let M(4) denote the number of derivatives not in R, that are localized
in l-lattice square A. Given K, p,, there exist constants M ,(degR,), K¢ such that

TOT] bV e [ )]

4 A1 4

<M, (degR)eXsBI 17D (]‘[ M(4) !)6 . (6.27)
A

Proof. Let m(A)=degR ,, m=degR,, and M = Y. M(A)=2|B|+2||. The number of
a4
terms resulting from as many as M(4)+m(4) 4 differentiations in 4 is at most
2D+ AMD) i A) + 11) (m(A) + 15) ...(m(A) + T+ 4M(A) + m(A)). (6.28)

The first factor comes from expanding W, in terms of y and the 11 comes from a
possible 4+ 3+ 2+ 1 terms resulting from differentiating Q or V plus one term from
differentiating y. We apply the inequalities

(a+b)! <(a+b)°b!
(a+b)P<aede®
(ab)! < a®(b1)? (6.29)

to bound (6.28) by

2D (2m(4)+ 10)+ 4M(4)] 114241
< M, (m(4))eM D (AM(A))1H/424MD
< M (m(A4)) DM p( A (6.30)

Therefore,

T(0) < eOHM [T [Myma)M(4)!]

A:M(4) +m(4)>0

S My(m)e® DM [T M(A)!. (6.31)
4
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Similarly, using N(4) Em(A)+4(M(A)+m(4)) we have
[TE, NP KN < TT[pION(4) KoM
A4 A4

§M4(m)e0(m—” (l—[ M(A)!)48(K3+logp‘)N(A)
4

<M y(m)e®HM (]_[ M(A)!)“. (6.32)
4

Finally,
IT 11 nah< ]_[(m(A)JrM(A))!§M6(m)e°‘“f‘_4ﬂM(A)!. (6.33)
A Alcd A A

This establishes the lemma.
Lemmas 6.3 and 6.4 yield the following bound on (6.18):

Z HW”LPM1(degRZ) J3R2)/2 pKldegRz o= cl|T's| p—dad™1/2|2)
{jy}ysﬁ

1_[ e—-2(:ld(0') H e—cld(h 7) O(1)|Z| (1_[ M(A ) (634)

geB YeR

with 2°R2)/2 replaced by A7 9¢¢R2/2 if 5 is not identically + or if (6.34) is to be
uniform in degR,. The final lemma proves (6.3) from (6.34) and hence completes
the proof of Lemma 5.2.

Lemma 6.5. The following bound holds independently of #, B:
Z l—[ o~ cld(©) H e~ cldliy,7) (n M(A)y)6<eO(I)IZ| (6.35)

{jv}yes o€B ves

Proof. The sum over {j,} is handled as follows:

S [le 2 T Y e 2
Uvdver ver vet Jy
< [To) ezl (6.36)
ves

Fixing A=4; or 4, , there are at most O(1) (a®+ 1) choices of ye  with di,.y)=a,
or of j,, j;, or &, with d(6) < a. Altogether there are O(1) (a* + 1) choices with both
d(j,,7) and d(o) less than a. Hence there are less than M(4)/2 choices of g, y such
that

d(o)+d(j,, ) =(O()M(4)— 1)1+, (6.37)
Thus there are M(A4)/2 choices with a convergence factor e~ 7 eUOMMA) = DY 3
(6.35). Since
(M(A)!)fe™§HOMM@ = DM@ < (1) (6.38)
for large M(4), we have
ne—cld(cr) Heﬂld(h )/7(nM(A )6 < 0WZ| (6.39)
ceB Yes

which establishes the lemma.
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