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Abstract. Operator products in quantum field theory on two-dimensional
Minkowski space are expanded into a series of local operators by means of
the tensor product decomposition theorem for representations of the conformal
group. The Thirring model is used as an explicit example. Two types of ex-
pansions result. If the operator product acts on the vacuum state, we obtain
strictly covariant expansions. In general however, each term in the expansion
is only semicovariant.

1. Introduction

Operator product expansions in conformal invariant quantum field theory have
been studied [1—4] as a means to get insight into operator product expansions of
more general and physically more relevant quantum field theories. In fact the
requirement of conformal invariance restricts the structure of quantum field
theory very strongly. This supports the hope that some problems of quantum
field theory may become solvable by a nonperturbative construction in such
models.

The general treatment of operator product expansions (“Wilson expansions”
[5]) has been to multiply two local operators A(x) and B(y), guess an infinite set
of other local operators C,(z), make an ansatz for the expansion of A(x)B(y) in
terms of the C,(z) in the sense of an asymptotic expansion for x—y, and impose the
requirement of conformal invariance on this expansion at the end.

Our approach is different. We intend to apply the reduction theorem of
tensor products of representations for the conformal group into irreducible
representations to this problem. Thus we want to find all terms in the expansion
by construction. The idea is to guarantee “completeness” of the operators C,(z)
this way. Of course this construction can only be matrix-element-wise and rep-
resentation by representation (each local operator belongs to an infinite number
of representations corresponding to different charge sectors). At the end there
remains the problem to identify these matrix elements as elements of a known
local field operator.
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The main purpose of this work is to show that such conformally covariant or
semi-covariant expansion exist and to study the difficulties connected with them.
In order to give the operator product and its singular structure a well defined
meaning, we consider a special solvable model in two-dimensional Minkowski
space: the Thirring model. Two-dimensional Minkowski space has the advantage
of possessing a small conformal group, namely the universal covering group of
SU(1, )®SU(1, 1) whose representations and tensor product decomposition
have been studied earlier [6]. This conformal group is sufficiently small to render
algebraic calculations feasible.

In Section 2 we describe the Thirring model as a local field on the universal
covering space of compactified Minkowski space that seems to us the most
elegant presentation for our purposes. A special realization turns out to be
particularly useful. In Sections 3 and 4 we solve the operator product expansion
problem on the vacuum sector.

After deriving a completeness relation for the covariant kernels of the discrete
series that was not given in Ref. [6] we apply it to the regularized product of two
field operators f(i,) and f(ip,). It results an expansion into a series of local
operators with increasing dimension, each term of which is conformally covariant
on the full conformal group (“strictly covariant Wilson expansion”). In Sections 5
and 6 we treat nonvacuum sectors. We are led to introduce semicovariant kernels
that are infinitesimally but not globally covariant. A completeness relation for
such kernels is derived from the general completeness relation of Ref. [6]. It is
shown that this completeness relation if applied to regularized bilocal operators
always leads to a Wilson expansion into local operators, each term of which is
semicovariant under the conformal group. In Section 6 we study the regularized
operator product of f,(¢) and f1(1p). Because this bilocal operator is singular in a
representation theoretic sense, our formulas must be adapted to this case first.

We use the notations of Ref. [6], in particular the abbreviations a,,, f,., that
are explained in the table of that article. The C-coefficients defined in Ref. [6]
are normalized so that N=N%=(2n)"3.

2. Remarks on the Thirring Model
The Thirring model has been defined originally [7] by a field equation

— " 0,4(x) = gy"[J} () (x) + P(x)J " (x)] (1)

where ¢(x) is a twocomponent field (whose components are labelled by y=1, 2)
of arbitrary spin s and dimension d. J,(x) is the current which in two-dimensional
Minkowski space is a free zeromass vector field and can thus be decomposed
into a negative and a positive frequency part. J, and ¢ are operators in the Fock
space of the free spin 1/2 zero-mass field. Solving the model means constructing
these operators explicitly so that (1) is fulfilled.

This solution has been achieved by Klaiber in his classic paper [8]. A bigger
class of solutions that are all isomorphic to Klaiber’s have been constructed later
by Dell’ Antonio et al. [9] and by Kupsch et al. [10]. Dell’Antonio’s solutions are
parametrized by a pair of functions J, (p) of a certain class. This class of functions



Operator Product Expansions 217

describes an equivalence class of irreducible representations of the operator
algebra of the zero-mass vector field J,(x). Each equivalence class belongs to a
definite charge sector, i.e. an eigenspace of the charge Q and the axial charge Q.
The Fock class belongs to the vacuum sector, the non-Fock classes to non-
vanishing charge eigenvalues.

The class of solutions constructed by Kupsch et al. [10] is a subclass of the
Dell’Antonio solutions that is parametrized by two complex numbers w.,
Imw, >0. In fact we find

Ti(p)=e"=. 2

In Ref. [10] the Thirring model has been investigated in order to establish its
conformal covariance. The labels w, are conformally invariant [thus the relation
(2) may be not quite correct, since the conformal transformation property of the
functions J . (p) is unknown].

The two charges Q, 0 can be combined into the two renormalized chiral charge
operators

Q. =—3-1)QF(B-1Q0] €)

where o, f§ are arbitrary real parameters introduced by Klaiber [8]. They allow
us to express the three constants of the model g, d, and s. In fact, as auxiliary
quantities we introduce C, by

0. ()= (x)Q +C.) @
Ci=+3[la—D)FB—1)°] o)

[y° is a diagonal matrix with the elements (—1)"] and
N,=C%. (6)

Then ¢, d, and s are

g=mnla—p) ()
d=3(N, +N_)=3[(2—1)*+(B—-1)*] @
s=xlo—1]15-1]. ©)

For technical reasons it is advantageous to replace the variables x, by angles

X, =x"+x3=1g(¢4/2), —n<@,<+7 (10)
S(@)=(cos(¢./2)) "V (cos(p_/2)) "~ P(x(¢)) . (11)

Then we extend the field operators onto the infinitely sheeted universal covering
space of compactified Minkowski space [11], that is: we let ¢, assume values
from — oo to + o0 by

f(@s 427 @, )=e"2% f(ple™i0E (12)

This definition allows us to present the conformal transformation as

Ugf(w)Ug_1=l:[ {lese=+B.17"*1f(0,). (13)
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Namely in a “local” form. The Wightman functions for these field operators are
boundary values of analytic functions of the variables ¢, —¢;, in the lower

half plane.
Restricting the field operator to a charge sector (n,,n_)
QiH(n+an—)=niH(n+: I’l_) (14)
yields
[l +2m, @) I(n,,n_)=emCC"=*N) f(o)I(n,,n_). (15)

Thus f(@)I(n,,n_) is a covariant operator belonging to the representation
1+ ®1-=04,7:)®(-,7-)

of the conformal group [6] with
2jy—1=—N,

1 (16)
Ti ﬁcini +7Ni modl .

This behaviour, namely that only projections of local operators on charge
sectors are conformally covariant is typical for conformal covariant field theories
[4,11,12].

The operator f depends on o and f. For a=f=1 we obtain the o-field (a
pathological case)

0'((P)=f(§9)|a=/3=1 . (17)
For this we need the explicit operator form of f(¢) [10]. We apply a Klein trans-
formation

o(@)=(2m)"* expi(n/2(Q+ Q)5 (¢) (18)
The operator field &.(¢) is then a constant unitary operator, e.g.
7(9)a,(p) =1 (19)

& (the same as o) is not invariant under conformal transformations [see (33)].

In a lightlike basis the vector field J,(¢) has the components J,(¢.) and
J_(p_). J, does not depend on ¢_ etc. In the canonical basis [10] we can de-
compose the components

Jilpr)=n"1Y ¢l (m+1)teim+os

m=0 (20)
+the+n71Q0, =T (@) +I8 @) +771 Qs

By definition the positive (negative) frequency part involves the negative (positive)
powers of e*. The simple form (20) is obtained from Equations (3.57), (3.72),
Ref. [10], and (11) by putting

oz, el

This realization of the Thirring field turns out to be particularly simple, namely ¢
commutes with both creation operators cl. , and annihilation operators c. ,

[cx,m0,] =[ct o,]=0. (22)
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Thus J,(¢4)—n"'Q, commutes with the o-field.
We introduce the source operators

rpa=n | a0 =TS0, 23)
Then the Thirring fields can be presented in the form
filo)=2¢ expig C.lI'Te1)+30:04]
<o xexpi Y C.ITE g2 +50.9.]. 24

A standard product of operators can be regularized by extraction of a singular
factor

fyl((P1)fy2(902)~~-fy,.(¢'n)f3;f,(lpl). . f;"(lpm)
=14 1T [2isin 3(@re — ;. ~ 0] [] [25in3(g, 5 — s —10)]]

+ li<j i,j

T2 sind(py e —w; s —i0>]C‘4C”4}Rm"m,,,[{<p},.; )] (25)

i<y
with
Ryt L0} {90 }]
=20mma expi{ Y CLll i 0i)+30.0:4]

*,i
- +Z CLIM () +3Q:%5. ]}Gmayz"'oﬂ;’;'“azﬂm
T,J
x expi {positive frequencies} . (26)

We start the investigation of conformal covariance with the currents. The
transformation behaviour of J,(¢.) is

U (@)U, ' =loe® + 1720 (@ 1) T o(@s +2m)=J (@) (27)
Thus J, (¢ . )(J_(¢_)) transforms apparently like a vector of
9“@9;(_,}& =(1,T4)
with [compare (13), (15), (16)]
—Jj+ =14+ =10),7,=0
—j_—1_=0(1),7_=0. (28)

and Z,_ possess invariant subspaces #{) and Z.") [6] spanned by the

[T T

9

X+ N

elements ¢'7*?+ with
1 .
j_j,* Z*_ :’;*}mi:o,u,... (29)
2 [ _— —

or

g:=1,23,... (=0,1,2,..)

q-=0,1,2,... (=1,2,3,..). G0
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At the same time (because 7. and 7_ are zero) Z,, and &, possess invariant

subspaces Z, ) and g«}j) spanned by the canonical basis vectors with the opposite

sign of g, as (30). Independence of J,(¢.) on ¢_ means in fact, that it lies in
F T

(g =0) with respect to ¢ _. From now on we shall neglect the superfluous variable
in such cases.
Despite the fact that

T p)e 7yt
as the expansion (20) of J (¢ ) shows, we obtain

U p)Uy  =loe®s 441720 (@)

T @@+ fre®) T =110, (31)

Thus J$ () is not properly covariant. This is due to the fact that U, does not
act on the basis vectors but on the operator coefficients. It is impossible to define
another negative frequency part which would not have such second term in (31)
involving the charge operator. Of course (31) is compatible with (27) and the
conformal invariance of the charge operators.

The subtraction point ico in (23) is not conformally invariant. It goes into a

point [,

eto= (0 + B)(Be® +8) | =1 =B/ (32)
In order that the Thirring field (24) is covariant we must have compensating terms
from the o-field, namely

UgO-yUg_l':l_[ {lail_Ni expici [F(£)(Cg)+Qi argai]}
o, [] {expiCa [FOE) + Qs arger, ). (33)

Moreover (12) and (24) are compatible if ¢ is constant on the whole covering
space (and not only on one sheet).
The multilocal operators (26) transform as

UgRpps i1 L@ s {00} Ug“l:];[{lj o e 4B, |G T

X IJ—[ loc . et +ﬁi|+cf;zi} Ry L@ b (s 1] i~
with

Y-Yci-ycL. 55

3. A Completeness Relation for Discrete Series Representations

We consider the operator product

fl(q)l)fl(q)Z) .
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There is no special motivation to study just this product. It is a simple but by no

means trivial choice. This product can be regularized as described in the preceding

section [Eq. (25)]. Under this regularization a conformally covariant Wilson

expansion of the unregularized product goes into a conformally covariant ex-

pansion of the regularized product. Thus it suffices to treat the regularized product.
If it acts on the vacuum we obtain from (26)

R;,.[;01, 92110>

=22dexpi—i Y
E

. C. [F(i-—)((pii)_ciq)ii]}
% (a1P10) . ()

Applying the conformal transformation (34) this state vector transforms as a
representation

1:[ 1+ @224}

with the parameters
2ys—1=2,, —1=—2N,

(37)
Ty =T =+N,modl.

We assume that 2N, are non-integral.

The two representations y,, and x,. are equivalent in this case. Both admit
invariant subspaces of the type ;). These are spanned by the canonical basis
elements with

F=Jie —Qix= =M, my =0,1,2, (38)
Thus the state vector (36) lies in the representation space

[[Fle7h
and belongs to a tensor product of four discrete series representations. That is
characteristic for acting with the operator product on the vacuum state.

We want to reduce this product representation (36) into irreducible representa-
tions. The reduction formula of Ref. [6] is not applicable. Therefore we use the
formalism developed in Ref. [6] to derive in brief the correct formula. The starting
point is the Burchnall-Chaundy expansion [6]

11
et (2)e 4

qzqi Z dke;;{fa(k)(z) (39)
with

d1+49:=4391t92=45

) L (40)
Jak)=3—ji—j.+k.

The d, will be given below after some simplifications [that are not yet possible
in (39)]. ; and g, are assumed to possess invariant subspaces of the type #}*.
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We choose the subscripts g,, g; to belong to these subspaces. Then
e (z)=d}iYz). 41)

q1q1 q14i

The representation y3(k)=(j3(k), 75) admits an invariant subspace Z;, . We find

ej"(k’(z) = d—js(k)(z) (42)

q3q3 9393

if bbth g3, g5 belong to 2, /%, and zero else. Thus the sum on the r.h.s. of (39)
is restricted to the finite number of terms

Ja(k)=min(gs, q3)—3 . (43)
Inserting (41), (42) into (39) and going to z=1 we end up with
mit+my

5q1q1’5qzqz’=5qsqs’ kgo dy. (44)

Due to the Kronecker deltas in (44) we can set g;=g5 and in all common factors
of the sum g, =43, g, =¢5. This gives a simplified expression for d,

di=2j3(k)(— 122~ n? [sin n(5 — j, + 7,) sin 72j3(k)]F ,(5)F(5) . (45)

Our aim is to rewrite (44) in the form of a completeness relation for covariant
trilinear kernels and their duals. First we need a kernel that maps f;?@ﬁﬁg)
into 9, We prefer x5 over y; because the dimension of the operator with co-
variance y§ increases with k [see Eq. (58)] as is required for a Wilson expansion
into local operators. The dimension of a local operator is namely bounded from
below by positivity, whereas arbitrary high dimensions can be created by deriva-
tions.

In order to accomodate the form (45) we choose as C-coefficient (that is: the
matrix element of a covariant trilinear kernel in the canonical basis)

COxa(k), 1+ 21215 415 Y20 92)

=F(a023)r(°‘o35)F(0‘245)F(°‘345)Fp(1)/F(°‘135) (46)
with

x5(k)=(—j3(k), Ts):js(k)=%—j1 —Jjatk. (47)
This is obtained from the coefficient C; (Ref. [6], Eq. (71a)) by a renormalization

and is therefore properly covariant

Cx3(k), a1 + 42121 915 22> 92)

=limr?[sina(s —j, +1,) sinw(F +j3 — 1y — 1) (g 20) (0t135)1 7"
X C1(15:91F 92121 915 %2> 42)

=lim —n?[sin m(t —j, +1,) sin w(j, +j, + 7, +7,)] 7!

x Res Cy(x5, 91+ qal%1: 913 X2 92) - (48)
Jja=jal)
The limit is understood as follows. Keep 7, and 7, off the discrete series values
first (i.e. +—j;—, are nonintegral) and set j; =j5(k). Then go with 7, and 7, to the
prescribed values.
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The C-coefficient (46) has a remarkable symmetry property. If y, =y, it is
symmetric (antisymmetric) in q , and g, for even (odd) k. Moreover it can be shown

to map Z,7® 7. into F 2. Thus for y; =y, the symmetry (antisymmetric)

part of the tensor product xs mapped into the direct sum (over k) of %), with

even (odd) k.

Another property of the C-coefficient (46) is of utmost importance: It is a
polynomial in ¢, and g,. Consequently the trilinear covariant kernel corresponding
to it is a differential operator. In fact, we use the realization F,(1)=F(1;0,2) to
rewrite (46) as

C=(I"(otg23) (0t245)/T (0t 35) I (2235)04(15 G2) (49)
where Q,(q;, ¢,) is the polynomial

0ddnan)= 3 (—1p ()211 =i~ a2l

m=0
X (2= K-l =J1 = 41k - (50)
Both the symmetry of C and its property to map F{'®@F}) into F\}}, can be
inspected from this expression (50) for Q(g;, 95)-
If K is the kernel corresponding to C and if (¢,, p,)e #'\V'@F})
§ do1do, K(S(k), @altss 015 x2: 92)9(01, 92)
=21(I(0tg23)] (0t245)/T (01 35) (012 35))
x{Q—10/0py, —i0/002)9(@ 1, @)}, =gr =0, - (51)
As dual kernel we use K4(x1, @1 12, 021 25(k), @ 3) (Ref. [6], Eq. (107)). It has a
symmetry property related to that of K (46). If k is even (odd) and y, =y,, the

image of 7}, consists of symmetric (antisymmetric) functions of 7' ® 7.
With C, (46), and C4 we can write

die=2j3(k)(—= 1)¥ 7272 C8(x1, G145 %20 42 125(K) 41 +q2)
x C(x5(K) a3 + 21 %15 15 X2s q;) - (52)

Introducing the integral kernels themselves into (44) we have

1@ —01)S2(0s — 9;)=(2n)° Z 2j3(k) 5 do(—1)* 7727

2n

x K4(r1, 013 22, 05 1%5(K), @) f dp, I dyp, K(r5(k), @11, w15 225 W2)

xSy =@ )52 —2). (53)

Here we made use of the intertwining operators S'(yi—y;)=Si(¢p,) defined by
(Ref. [6], Eq. (37))

Sie)=T(1—2})(2m)™ ' [ - 2i sinj(p;+i0)] 7>~ (54)

that serve as projection operators onto ;). It is the kernel K that restricts the
SPace Z ey 10 F 'y in (53).
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4. A Strictly Covariant Wilson Expansion

We apply the results of the preceding section to the operator R;,,[;¢4, ¢,]. First
we define

0k+k_(w)=1:[ {Qki(—i(?/@(pli, _ia/a(pZi)}R;yy[;¢1’¢2]|¢1i=(p21 —pe - (55)

This operator is local as a finite derivative of a multilocal operator. Our construc-
tion guarantees that its projection on the vacuum charge sector

Oy, (W)I(0, 0) (56)
is covariant according to the representation
25+(k)®x5-(k-). (57)

Projections on II(n,,n_) are also covariant with j, the same as in (57) and 7,
the same as for the projection of R;,,[ ;1, ] itself. The dimension of this operator is

d=d,+d,+k, +k_

(58)
d1=d2=N++N_ .
The explicit form of the operator O, ,_(y) is
Ok (w)= 31—[ {Qk.(—nCJi(wy), —nCJ(w4))}
£
R;,,Lw, wl:
+derivative terms. (59)

The normal product means: Place J{ (p )+ (27)” 1Q. to the left and JS () +
(2m)~ Q4 to the right of R;,,[;w, p].
Inserting the operator O, ,_(p) into the completeness relation (53) yields

@

R;w[;(p, @], 0)=(275)6 Z H {23+ (ks)

k=0 =%
x AN, —1+k)[(1—2N, —ky) (ks ITQN , + k)~
2n
X [ dp (=D IK (s 4, @145 224, @2 252 (ki) ws)}
0

X Oy, W)I(0,0). (60)
This is a Wilson expansion indeed.
In fact we have [see (54)]

(F(“245)/F(°‘235))Kg()(1, @15 %2> P2175(k), @3)

2n
= (J) ApKS(x1, @13 12 @21 13(), 0)S5 (0 —@3) . (61)
This intertwining operator maps O, , (93)I1(0,0) into [[Z,,. 4.)/7 ) w.y
On this function (with operator expansion coefficients in the cianonical basis) acts
K5(t1 @15 225 92 123(R), )= 2m) (= )™
x [2i sinz (@, — ¢,)]'2i sinf(p — @, —i0)] 2%
x [2i sin(yp— @, —i0)] %2 (62)
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with
Ror3=0a35=2N+k. (63)

Because the second and third factors in (62) are boundary values both from below
in the complex y-plane, their product is, as a distribution, C* in ¢, and ¢,. Thus
the first factor determines the asymptotic behaviour for ¢, — ¢,. Each term in the
expansion (60) behaves like

Nl:[ [2isind(@,4 —@q4)]* (64)

for oy >,z
Finally we consider the four-point function

0L A1) [y @2) f1w1) f12)I0) . (65)
Its harmonic analysis “in the s-channel” reduces to the analysis of the function
COIR;,, L1, @217 Rs,, Liw 1, 121100 (66)

that is determined by (60). By covariance arguments we have

010y (W) Oy, x_(,) 10>
=0k, Ok Mk H [2i Sin%(llh +~Yoir— io)]_zhi(k*)_ ! (67)
+

and consequently
COIR;,, 5007, 03 1"Rs,, L0015 02110)
=o' 3 Moy [] (2]
x[T(4N . —1+ kJ_,)_F(l— 2N, —ky)/k, IT(2N . +k.)]?

X jdlp/i-dlpiKg(Xl £ P1as X2 Pr2 X5 (k) wh)

X[2i5in%(1P+ —p4 —i0)]” Hse(k) 1KY 12125 X2e> Paa X5 (ki) wy ]}
(68)

Thus M, ,_ enters the “reduced amplitude”.
If it were possible to find a simple expression for the state 2N, +k,,2N_ +k_)

0

Ok @)0Y=" 3 €Ti=¥sg,,q ) (69)

q:=2Ns +ky

we could calculate M, , by projecting (67) onto these states. One form we
obtain for M, _,_is

My =Qm) " 2% [T{TQ2N . + ko )k )V’ T(1-2N 1 — k1) "2, } (70)
with -
k—m k—m - -N _N
=mZO rZO sz ( 1) ( )(k m—r> (k—m—s)
(71)

(H am k) {T@N +1IQN +k—PT2N + )TN +k—s)} .
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We have not been able to sum this series. From the symmetries of this series we
can derive that

S,=0 for k odd.

5. Semicovariant Kernels

In the general case we use the completeness relation of Ref. [6], Equations (111),
(115), (120), (122) instead of (52). One might think that a covariant expansion can
be obtained by shifting the contour of the principal series integral such that the
Rej;—c0. In fact, poles of the integrand at

Ja=—1tjtjtk (72)
(j-type poles) or at

Ja= =tttk (73)
(t-type poles) contribute several series of residues. In general a j-type pole does

not belong to a discrete series representation. The residue of such pole contains
a covariant kernel with the asymptotic behaviour for ¢,—¢, (as a distribution
n ¢3)

| K%~ const|sinF(p; —@,)|* T FiTIRe (74)
[see (80), (82), (86)] that becomes more and more singular with increasing k.
Shifting the contour to the left, yields the same result. A reasonable asymptotic
expansion (Wilson expansion) can therefore not be generated this way. In addition
the residues contain matrix elements of operators that are nonlocal in general.

To overcome this difficulty we proceed as in the theory of Regge poles [14].
An analogous problem with the asymptotic behaviour is solved there by exploiting
the symmetry under y—y° and by splitting the “covariant” Legendre functions
of the first kind into “semicovariant” Legendre functions of the second kind.
Covariance (semicovariance) means in this context validity of the addition
theorems on the whole (only on part) of the group SU(I, 1) [15].

Since the asymptotic behaviour of the covariant kernels [6]

Kd(Xl’ O3 X2> P21X3 P3)

for ¢, —¢, as distributions in ¢4 is relevant, we investigate the functions
Lix1s 15 %20 921235 43)
27
= [ do3e K (11, @15 %2, 02123, 93) (75)
0

for any element
Gas(@3) = €' (76)

of the canonical basis of Z,, [6]. The function L can be explicitly given in terms
of hypergeometric functions ,F,; of the argument

e—iw’z—tpl—io) .
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Using a well known identity [ 16] these functions are split into two hypergeometric
functions of argument

1 — e i@2=01710) (’77)
This way the function (75) is decomposed into two parts

Lix1s 15 %20 021135 43)
=L (11> P15 X2> P2l X3 43) + Ly(X1> P15 X2 02173, 93) (78)

of different asymptotic behaviour for ¢, —¢,.
If we set (see Ref. [6], Eq. (83a))

N3=3%13+7; (79)
we get K*=K¢{ and correspondingly L,=L,,
L1y =(20) 2500 — )2 orre™2iisors - tor o
% e—i/2a013(¢2—<01)+iqw1(_ 1)413—11 -1
% T(—2j3)(I(0ty 30 (0945)) ™ 2 F 12013 %1235 Baas 1—e™ w2717 - (80)
Similarly we have for
N3=+3035— Ty 81)
K%= K4 and correspondingly L,= L,

L3n =(27T.)_2 iz sin((p1 _ (pz)/2|_“02“6—2"%““5_“)”(““ —2)

w o i2e23s(02 = 9) F iqwz(_ l)qs—n )
X T(— 2j3) (0t 200 (%045)) ' 2F (%0355 %2355 Baas 1—e i02m017i0) - (32)
The C-coefficients may be subjected to an analogous decomposition

C 11, 415 %20 42113 93)
=1 915 X2 Q21235 43) + A 1> 915 225 42135 45) - (83)

We find the symmetry relations

T'(0y45)0 (00 23)

Ci(5% 43111915 X2 G2)==———"""C (X3 931 X1> 91 X2> 84a

155 3111915 %20 42) [0y 3)T (21 2) 10635 43l%15 415 %2, 42) (84a)
I'(0tg 1 (%9 35)

c . . = s Y1, 415 L2» 84b

C3(x55 93115 415 X25 92) [0t 1) (%04s) 303 @311 415 220 92) (84b)

and

. I(0t13) (0045)

Ay t1 @1 22 42175 45) = _——F(aZii)F(aZi) Ay(X1> 413 %20 42173 95) (85a)

T'(oty ) (o
At 413 12 D215 45) =~ Al 433 120 G2l 45) (85b)
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It follows that in the principal series contribution (Ref. [6], Egs. (111), (113)) we
can replace

C5C = CiCy by 2[A4;,C —4,,C5]
exploiting the symmetry of the integral contour and the principal series measure

under the replacement of j; by —j;.
Moreover it follows that asymptotically

Lyl ~12 sin (@, — @)/2]7 %21+ 0(p; — ). (86)

Therefore L ,(L,) has a decreasing singular behaviour of ¢ ; — ¢, —0 with increasing
(decreasing) Rejs.
The corresponding semicovariant kernels are defined by

Q.1 @15 %2 @213 3)=2m) ™1 Y e TP (51, @15 120 @223 ) (87a)

q3

01> @15 X2 P21 13 ©3)=2m) ™1 Y e TP Ly (11, 015 % P21 X3 d3) - (87b)

q3

This summation can be performed. The semicovariant kernels turn out to be
linear combinations of the covariant kernels with non-invariant coefficients

Q1,=aK{+b-exp {—in(j, —j, + 1, +1,) sign sin (¢, — @,)}K§ (88a)

Qs,=aexp {+in(j; —j, + 7, +1,) sign sin(p; —¢,)} K +bKS. (88b)
The factors a, b are

a=+sinno, ;s sinn +j; — 1, —1,)/sin 72j5 sinn(j; —j, + 1, +1,) (89a)

b= —sinnag 3 sinns +j;+1, +1,)/sinn2jy sina(j; —j, + 1, +1,) . (89b)

It is obvious that Q,, and Q,, are related by
Qs,=exp {in(j; —j, + 1, +1,) sign sin(Q; —¢3)}Q4,- (90)

Due to this linear dependence between the relations (88a), (88b), K¢ or K4 cannot
be expressed by the semicovariant kernels Q,,, Q5, alone.

If the covariance property of the covariant kernels (Ref. [6], Egs. (52), (74)) is
expressed by differential equations we see from (88) that the semicovariant kernels
satisfy the same differential equations as the covariant kernels except at a set
of measure zero. For infinitesimal group transformations semicovariant and
covariant kernels behave therefore in the same fashion except possibly for their
boundary conditions.

We start from the completeness relation in the form given in Ref. [6], Equations
(111), (115), (120), (122). We obtain as principal series part

2n
(27'5)4 sin~! (i —J2+ T+ 72) f dp(y3)ps _f Ao 3{Q3,(X1> P15 2> P21 13> @3)
0

Ky (13 @3lx1 015 22 02) — Q1alX1s @15 X2s 92123, 93)

X K3(x3, @3lx1, 915 22, 92)} - 91)
With the shorthands

o=j, —j, + 1T +7,,sign sin @ =¢(¢p) 92)



Operator Product Expansions 229

and (90) we may write this

2n
(2”)4 f dp(ys)ps j Ap30101, P15 X2 P23, ©3)
0
x sin " lqg et imele1med K K ). (93)

This form is still equivalent with the original expression Ref. [6], Equation (111).
We want to deform the contour into the right half plane and thus expand (93)
into a series of residues of poles of the integrand.

There are poles of the analytically continued Plancherel measure (Ref. [6],
Eq. (98)), poles of Q,,, and poles of the curly bracket in (93). We skip the detailed
calculation [17]. Most of the poles cancel against zeros and against the contribu-
tions of the discrete series. There remains only one series of poles whose residues
survive, namely those at

Uo2a=3—j1—j2—js=—k, k=0,1,2,... (94)

or at j;(k) as in (47) and no discrete series terms. The resulting “asymptotic com-
pleteness relation” is

+ o + o

Y ek — @) —2nky) Y. e2MRG(p, — @ —2mk,)
ki=— o k2= —o

in(y—j2t)eer—@2) © (__ 1)k+1

e .
~(2m)* o s

sinm(z —j, +72) ¥So

x {tgm(j3 +t3) +tgn(j; —13)}

2n

X j(; do301.11> P15 X2 P2l X3 @3 (0g24)~ 1K1(X3, O3121, 015 X2 93)]
(3=7ja(k)). 95)

We have not investigated whether the right hand side of (95) converges in any
sense and represents the left hand side distribution.

The kernel I'(x,,,)” 'K, contained in (95) consists of a differential operator
that creates a vector in &,y and of an intertwining operator for the mapping
D 1510~ 13 Explicitly we find for the case that y;(k) does not belong to the
discrete series

I(0t924) " K (13, 031210 @15 125 ®2)j3= s
I'(2j5(k)— k)
I'(2j5(k))

X[2sin (g — ) 2|20 120+ whtes o)
x [6(¢ 1 — ¢,) +periodic repetitions]Q(—id/dp,, —id/dp,) (96)

with the polynomial @, (50). Thus by applying the asymptotic completeness
relation (95) to a (regularized) bilocal operator we obtain a semicovariant Wilson
expansion into local operators.

=Q2m)~2 sinn(y —j, +1,)-n?
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6. A Semicovariant Wilson Expansion
We study now the regularized operator product

RIS o) f )] 7

on a charge sector n,,n_. We find [labels 1(2) refer to the first (second) factor
of (97)] _

Ji+=jax=+%71:22Ciny, 155 2 —Ciny modl. (98)
We assume that we are dealing with a non-degenerate case in the sense that 7, .
are non-zero and therefore

T1i+T2_(__=1,T3i=O. (99)

We decompose the operator (97) into two commuting factors

RLA(@STW)]=M (@, p )M (¢, p_) (100)
by

Mo (@4,ps)=02m) 2 expi{C.[I' @) - T (wy)
+30:(pe—p )} exp {CL [T @) — TP p)+50 (0 —v )]} (101)

We subject them independently to the asymptotic decomposition (95). Thus we
may skip the labels + in the sequel wherever we deal with one of the factors (101)
separately.

The asymptotic completeness relation is not directly applicable to the case
73=0 (e.g. the measure factor is divergent), but we adapt it to this case by a certain
limiting procedure. Since 3 —j,(k) is an integer, we have to deal with a singular
case where ,,,, possesses two invariant subspaces %), and Z ). Of course
as intermediate representation we choose y5(k) instead of y(k) because we want
to get a local operator.

The trick of adjusting Equation (95) to the case (98) consists in splitting every
term in (95) into factors each of which assumes a well defined limit. This limit is
defined as follows:

1. Go with j; to j;(k), assume j,, j, to be purely imaginary, 75+ 0;

2. Go with j, to j, still on the imaginary axis, keep 75 fixed;

3. Go with j, to +1, keep 15 fixed;

4. Go with 75 to zero.

We denote these limits in this order by “Lim”. Then we define for k=1, 2, 3, ...

Ok((p3)H(n+ s I’l_)= le 2ﬂ3/Sln 7I‘L'3 Sln TC’EZF(O(024)F(OCZ45)
2n 2n

| doy | Aoy K (65, @321, @45 225 @5)M(@Y, @5)(nyn_). (102)
0 0

This definition can be seen to be valid on each charge sector (n.,,n_) and leads
to a charge sector independent operator O,(¢5) at the end.
We investigate these operators first. With

Mgy, o )(n,,n_)=) Mqlqzeiql(pl+iq2(p2 (103)

q192

OWp3)(n,, n_)=z wq3eiq3¢3 (104
q3
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we have
Wgy = Z Pk(ql? ql)quzaqs,qH-qz . (105)

q192

Here Py(q,,q,) is a polynomial of degree k in ¢; and ¢,. Explicitly it is
P4y, 42)=(—= DT (1 —g,)I (k—q, —q2)/T(1— g, —g,)[ (1 —k—q,)
X3Fy(l—k—qy—q5 1=k 1=q; 1 =k—q5,1—¢; —q5;1). (106)
Inserting (105) into (104) we obtain after summing over all charge sectors
Ol@3)=P—i0/dp, —i0/0p)M(p1, @1)l@1 =, =3 (107)
Performing the differentiations leads to
Olg3)=2m) *2¢{:P(nCJ(g3), —nCJ(p3):
+derivative terms} . (108)

The derivative terms involve derivatives of J, they appear for k=4 only.
In general we find easily

P~ 4q,, +4d2)=(2k—2)!q5/(k—1)!+0(g5?) (109)
so that we may normalize
O0@3)=(2k—2)!10 (@ 3)nor/(k—1)! (110)
2127 0(@ 3) nor=: [ = nCI(93)]*:
+ lower order and derivative terms. (111)

This definition can be used also for k=0
(2m)22740 (¢ 5) nor |, = o = unit operator. (112)

Next we insert (102) into the asymptotic expansion (95). We apply the same
limit as in (102) to the residual factors in the completeness sum (95). We introduce
the kernel

@1, 02 03)=(2m) 1Y P10 F (k k+qs; 2k; 1—eT 102701710y (113)

q3

and for k=0 (consider k as continuous variable in this context)

Xol@1, @2, <P3)=£i_{13Xk(<P1, ©2, P3)
=3[0(p1—@3)+8(0,—93)]

+ periodic repetitions. (114)

In the interval ¢, — ¢,| <7 we end up with the following asymptotic expansion
0 1 i B 2n

M@y, @)~ ) 7 T1=e7 7T [ 701, 02, 93)0UP o3 - (115)
k=0 - 0

For practical purposes the representation (113) of y (@1, ¢,, @3) is very useful.
We can expand the hypergeometric series into powers of 1 —e ™ ?2~?9 and perform
the summation over g; termwise. This way we can easily reorder (115) into an
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asymptotic series with increasing powers of (¢, —¢,). The Taylor expansion of
M(p,, ¢,) results, as we expect.

The expansion (115) is valid for any charge sector. We sandwich the operator
now between two states

OLf (@ DRLS (@2) (0w 1)] S T(w,)]0) (116)

which can immediately be expressed by the Wightman four-point function.
Inserting (115) yields an expansion of the matrix element (116) into the matrix
elements

W(p1, 92, @3)

=01/ @10k, (03 )aor Ok (@3 Jnor S J(w2)10> (117)

that represent covariant three-point functions. Conformal covariance of this
function determines it up to a constant factor, namely

W(@1, 02, 03)=Cp i [T K15 +(ks)s @34 1208 25 @145 2545 P2) (118)
with

x1,2=01,25 T1,2), X?,2=(‘j1,2s 1—171,2)

(119)
2ia:—1==Nity22—3Ns, 152 +3N . modl.

The normalization constant C,,, can be determined by the following
argument. y?, and x4, are discrete series representations that possess states of
lowest repectively highest weight. We project both sides of (118) on these states.
We find

2n
Cror- =(2n)* I n {d(/)lid@zi-eiwu_mi)%lvi}
0 =+
X W(qol, @3, (P3) (120)

On the other hand this projection reduces the field operator in the four-point
function (117) to the o-field (17), (18)

Ck+ k- — (2ﬂ)522d<0|&y0k +(q)3 +)n0r0k_(q)3 —)nora-l I 0> . (121)

In our realization of the Thirring field (21), (24) where the current operator
commutes with the o-field except its charge operator part, the matrix element
(121) can be computed easily. We can neglect the derivative terms of (108), because
they do not contain a charge operator part. This gives finally

Crp =) 2 [ [ (ks = 1)!Pys(= Ni, +N1)/(2ks =2)!} (122)

where the curly bracket is defined to be one for k., =0.

7. Conclusions

Though our concrete examples in the present work concern with the operator
product expansion of two particular field operators in the Thirring model, the



Operator Product Expansions 233

principle should be obvious and further generalizations to other operator products
are quite straightforward. As a byproduct of working in two-dimensional space-
time with a soluble field theoretical model we see explicitly the fulfilment of the
meromorphy hypothesis for conformal partial waves which was essential to get
the operator product expansion in the general approach, for example, taken by
Mack [18]. With all the group theoretical problems completely in our control
(of course, in two dimensions) and the Thirring model it would be now very
interesting to study in detail well-known difficulties related with the locality
and crossing symmetry arising in the aproach to the conformally covariant
quantum field theory based on dynamical equations.
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Note Added in Proof. The authors proved recently that for the Thirring model and an operator product
which does neither commute with the chiral charges nor is applied to the vacuum state the semi-
covariant expansions do not recombine to a Wilson expansion in terms of local operators.








