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Abstract. Nelson’s free Markoff field on R**! is a natural generalization of the Orn-
stein-Uhlenbeck process on R!, mapping a class of distributions ¢(x, t) on R' x R! to mean
zero Gaussian random variables ¢ with covariance given by the inner product

2\-1
((mz—A— %) ~,') . The random variables ¢ can be considered functions ¢<q)
2
= [ ¢(x,1) q(x,t)dxdt on a space of functions ¢(x, t). In the O.U. case, [ =0, the classical
Wiener theorem asserts that the underlying measure space can be taken as the space of
continuous paths t— ¢ (t). We find analogues of this, in the cases [ >0, which assert that the
underlying measure space of the random variables ¢ which have support in a bounded
region of R'*! can be taken as a space of continuous paths ¢t —q(-, ¢) taking values in
certain Soboleff spaces.

Introduction

The Feynman-Kac formula, which solves the Schrédinger equation
by giving its imaginary time Green’s function as an integral over Wiener
space, has an infinite-number-of-degrees-of-freedom analogue which
solves regularized Boson quantum field theories by giving their Schwin-
ger function as integrals over the probability space associated with the
free Markoff field (cf. [1—4]). Detailed structure of the associated
probability space is not needed to obtain the basic formulae; but Wiener’s
theorem on the continuity of sample paths is of well known usefulness
in the case of a finite number of degrees of freedom. Here we shall
attempt to find its analogue in the infinite case.

The free Markoff field was introduced by Nelson [5] who used
only an abstract representation of the underlying probability space
but indexed the Gaussian random variables by the elements of the
Hilbert space $ of real distributions on IR *! in the norm ||(m? — 4)"*/*- | ,,
where 4 is the Laplacian on R'*!, That is, each element of the Hilbert
space was made a Gaussian random variable of mean zero so that
the covariance of two elements would be their inner product. We will
take the dual point of view and begin with the underlying “probability
space” as the Hilbert space Q of real functions in the norm |[|(m?*— 4)"/%- ||,
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in the isonormal distribution. (Basic facts about the isonormal distribu-
tion will be reviewed in § 1.) An element ¢ €  is a function on Q taking
the value

Pl = | ¢(x)q(x)dx (0.1)
[Rl+l

at g€ Q. Under the isonormal distribution on Q, the ¢ €9 are the
appropriate random variables for the Markoff field. But the measure
defined by the isonormal distribution is countably additive only on
appropriate extensions of the Hilbert space Q. For example, if 4 is a
positive Hilbert-Schmidt operator, it suffices to complete Q in the
norm ||(m? — A)*/2 A - |, (cf. [6-8]). In particular, the measure is countably
additive on the space of tempered distributions, which is the representa-
tion used by Dimock and Glimm [9]. Our problem is to find minimal
extensions of Q with natural properties.

The isonormal distribution on an abstract Hilbert space has been
studied by Segal, Friedrichs, and others (cf. [10]) and, in particular,
the problem of attaining countable additivity by extension has been
solved by Gross [8] whose results we will review in Theorem 1.5. Gross
defined a measurable norm on the Hilbert space to be a norm having
small probability of being large (under the isonormal distribution) on
the orthogonal complement of a finite dimensional subspace and proved
that the isonormal distribution defines a (countably additive) probability
measure on (the Borel field of) the completion of the Hilbert space with
respect to a measurable norm. From this point of view, the classical
Wiener theorem asserts that the supremum norm is measurable on the
Hilbert space of real functions on [0, T], that are zero at the origin,
de ||y

Let Z#=R,x(0,T) be a rectangle in R'*! and let Q(#) be the
completion of €5 (&) in ||(m*>— 4)'/*-|,. Let 4, be the Dirichelet
Laplacian on R, and let {¢,} be an orthogonal basis in #*(R,) of
eigenvectors of (m*— 4,) with corresponding eigenvalues {m2}. Write

q,(t) = j ¢,4q(-,t). Our central result, Theorem 3.1, is that the norms
Ro

in the norm

sup (Zmi ”lqa(t)l”)“"
0<t=T\«a
sup (-, D)l,., = 0.2)
0=Zt=<T
supm,’|q,(t)], if p=oo
t,a

and

sup lom* = 40) % q(:, )l 0.3)

0=t=
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are measurable on Q(£) provided 1 <p < oo,y > L %, and2<p < o0,
Y >1{1- ;17 — % Let QP7(%) denote the completion of Q(Z) in

the norm (0.2). (The norm (0.3) is dominated by the norm (0.2) with

!

-1
p= (1 — i) , ¥ =79, by the Hausdorff, Young, and F. Riesz theorem;

so we won’t consider it explicitly.) If g € Q7Y (R), then
tq(-, 1) 0.4)

is a continuous sample path in the norm |-, , .

So the isonormal distribution on Q(Z) defines a probability measure
Uo on QP(Z). Evaluating ¢ € $ as in (0.1), {1y, QP7(#)} is an under-
lying probability space for the Dirichelet free Markoff field, not the free
Markoff field. However, in Proposition 2.1 we prove that the two
Markoff fields are locally equivalent (in the sense of absolute continuity).
Thus we obtain in Corollary 3.3 the following local result for the free
Markoff field: If %, is appropriately contained in £ there is a measure u
which is absolutely continuous with respect to u, so that {u, Q7(%)}
is an underlying probability space for the free field random variables
¢ €9 with supp ¢ C %, .

To illustrate the use of {u, Q" (£)}, consider a positive polynomial P
and fix an open rectangle I x (0, t) C #, with %, appropriately contained
in &; let F, (&) be one or zero for £ <k or &> k, respectively, and define
a(, ) =F(m* = 45) q(-,1)  for  qeQ'(A). Let ¥V Lq(-, 1)

= [ P(qy(x,1))dx. Then .
1 gy, _rtl-l/;‘<q(’%)> 0.5)

and = t
q*->V,<<q>E£K<q(',t)>dt (0.6)

are continuous functions on Q'?, y>1—3, by the Hausdorff, Young,
and F.Riesz theorem. By the continuity of (0.4), the first converges
pointwise to the second as n—o0. So by the Lebesgue dominated con-
vergence theorem
bt jt\] Z*
aof- ¥ ~n(a[- L) —ent-nay 01
sin n
in #7(u, QY(R)), 1 £p< oo, as n—oo. If {u, Q} is any representation
of the probability space underlying the (global) free Markoff field,
then the convergence (0.7) must also hold in #7(u, Q).
Of course, V, in (0.7) can be replaced by the Wick ordered function
:V.:. Then for the case [ =1, as is well known, we also have the con-

vergence exp{— V. D exp{— V) (0.8)
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in £7(u, Q), 1 £p <0, as k—o0. In fact, it is elementary that :V,: —:V:
in #? and hence in probability. Therefore we have the convergence
(0.8) in probability. By the Nelson-Glimm semi-boundedness argument
[11] the measures exp{—p:V,:} du are uniformly absolutely continuous
with respect to du and they are equicontinuous from above at the
empty set. Therefore we have the #? convergence of (0.8) by a generaliza-
tion of the dominated convergence theorem [12; p. 108]. (The original
argument is due to Rosen [13].)
Let %, be the subspace of #2(u, Q) generated by

{¢p €9, suppp CR' x {t}}.

If fe#, and ge %, then it follows from Nelson’s hypercontractivity
theorem [5] that

Ifgl, = 0fl2- gl r=2(1+e 7 0.9)

The time-zero Boson quantum free field @ (¢) can be identified with multi-

plication by ¢ € % as an operator in F,®i#, [5]. The relevance of

(0.7) and (0.8) for quantum field theory can be seen by setting
1

p= (1 - %)_ and using Holder’s inequality with (0.9).

Let exp{— :V:{q)}
h = 0.10
@ [exp{—:V}du (010
and let Q
ha {q) = &E,(h|peD, supp d CA,) (0.11)

be the conditional expectation of h with respect to u and the o-field
generated by {¢ €9, supp d C#,}, with :V:{g) = [ dt | dx:P(gq(x,1)):.

I, Iy
So h and hg, depend on the rectangle I, x I,. We no longer relate the

rectangle I, xI, to %, (earlier we were concerned with the case

I, x I, C&,). But suppose again that £, is appropriately contained

in #. We have the result that {h,, du, QP?(#)}, with p and y as before,

is a representation of the underlying probability space for the random

variables ¢ € § with supp ¢ C %, in the expectation {(-)hdu. That is,
Q

the same continuous sample paths t—gq(-,t) suffice for the non-free
theory with interaction :V:. Furthermore, this is true also in the limit
I, x I, »IR?, at least in the case of m sufficiently large. In fact, Newman
[14] has shown that the measures hgy, du converge in this limit, for m
large, to a probability measure which is again absolutely continuous
with respect to p.

To obtain some idea of the sharpness of our result, consider the
function y 2
gr | ((mz—Ao) 2q(x, t)) dx (0.12)

Ro
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for fixed te(0, T), y > Z_T1 It is continuous on Q%7(%) and it differs

from its Wick ordered version by a constant proportional to

Y m;' T2 <c0. As y— I_Ti the function (0.12) converges to a con-
=1

. . 2, . .
tinuous function on Q° 2 (%), the Wick ordered version converges
-1

in %2, and their difference diverges to infinity. Therefore, DZ’T(%)

o

has measure zero in {uy, Q”?(%)}. So the condition y>%—% is

sharp in the case p = 2. On the other hand, it doesn’t seem to be obviously
natural if p 2.

After preparing this paper we heard the lectures of M.Reed at the
“International School of Mathematical Physics at Erice-Sicily; First
Course on Constructive Quantum Field Theory; 1973” (which will
appear in proceedings, eds. G.Velo and A.S.Wightman, pub. Springer-
Verlag) in which related material was discussed. In particular, we note
a result of 0. Lanford that the paths g are a.s. too rough to be measures
q(x,t)dxdt in some region of R'*!, Therefore the condition p'>2
for the measurability of the norm (0.3) is necessary in the case [ =1,
ie. we cannot drop this condition to obtain measurability of

sup flq(-, ), for p'<2.
0<t<T

We will assume that the mass m is positive. However, this assumption
plays no role in statements that concern the Dirichelet field only. In
particular, Theorem 3.1 and its first corollary hold for m=0.

§ 1. Notation and Generalities on Gaussian Random Variables [6—10]

Let $,Q denote a dual pair of real seperable Hilbert spaces. An
element ¢ € H as a linear function on Q will be denoted ¢ - ). Duality
will be notated as in A" ¢ {(q) = ¢{Aqy. The Riesz identification of $
and Q will be notated as in H=, V=9, (¢,d)g= d<{q> = (¢, 9)a-
A complex valued function f<-) on Q is called tame if there is a finite
set {¢y, ..., P,} of elements of H and a Borel function f on R” such that

14> = (01400, 240D+ -+, 0ul@)),  qER. (1.1)

If 9, is a subspace of § let 7 (9,) denote the space of tame functions on Q
which can be written in the form (1.1) with all ¢, € 9, . If T is a bounded
linear operator on Q which is symmetric, positive and invertible with
T~ ! bounded, we define the normal expectation of f € T (9) relative to T
as L

- ¥ x

QT|f>=n""? °§° T feys ) e =t dxy...dx, (1.2)
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if f and ¢, in (1.1) are chosen so that the ¢, are orthonormal in the inner
product dual to (T',-)g, namely (T~'"-,.)s. More generally, we define
for g, e Q

QTa | =T, (D=fa+. (1.3)

If Q, is a subspace of Q and g, € Q, we define the expectation on J (H)
QQLalfH=<&RI|f, (1.4)

fia) = f<q1+Pg, >
where Py, is the orthogonal projection in Q to Q,. Note that

PPN — ,—idlq1)> ,— (T~ ¢, 9)
<Q’ T S ’ e > € e 5
(Q,Q,, q; | ) = e 9> g~ #IPL, 9l13

That is, the elements of § are Gaussian random variables in the expecta-
tions (1.3) and (1.4) of mean —¢{q;> and respective covariances
AT 1¢,¢)5 and 2(PE, ¢y, b2)s-

If g, LQ, in Q, then (Q, Q;, q |- is the Q|- )-conditional expecta-
tion relative to the affine subspace q; +Q,. Furthermore, <Q, Q,,-|f>
for fe 7 (9) is a tame function on Qf and

QA RQ, [ =<R[f>. (1.6)

(We are writing <Q|-) for (Q,I[-), etc.)

An expectation on J () can be represented by a probability measure,
meaning that J () can be represented by measurable functions on a
measure space so that the expectation is given by the integral with
respect to the stated probability measure. If two expectations can be
represented by probability measures on the same measure space with
the same representation of 7 (9), they are called equivalent if the measures
are equivalent in the sense of absolute continuity. Finally, given two
equivalent expectations on J () and a representation of one by a
probability measure, the other is represented by an equivalent probability
measure.

Lemma 1.1 (cf. [6-8]). If T has the properties stated for (1.2) and in
addition (I —T) is Hilbert-Schmidt in Q, then for g, € Q,{(Q|-> and
<{Q, T, q,|-> are equivalent.

(1.5)

We will be concerned with the following consequence.

Lemma 1.2. Let $, be a subspace of $. The restriction of (Q|-> to
T (D) is equivalent to the restriction of (Q,Qy,q,| ) to T (9,) for any
q, € Q and any subspace Q, of Q such that

1.7
Py Pa: Py, Hilbert-Schmidt in ) . 7
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Proof. We can identify 7 (9,)C 7 () with the tame functions on
91 f{q> = f{Ps,q>. Then for f € T ($,).

g, D1a¢11'f>=<351,(Ps31P91)_1 P5141’f> (1.8)

provided Pg, Py, as an operator on $, has an inverse. To see this, look
at the formulas (1. 5) So we are concerned with the equivalence of ($, |->
with <$51, (P&P,:“)‘ Pg q, |- By the inequality (1.7) there is a constant
¢ >0so that || Pg; Pla = J1—c for all ¢ eSjl with ||<j>$|,D =1;s0 HPqubHQ
= ¢ which implies that ||Pg, Py, Hllg = ¢2>0. This 1mpl1es the desired
invertibility. Now to apply Lemma 1.1, we need to know that, in 351,
(I—(Pg,Pg)™") is Hilbert-Schmidt or equivalently that (I—Pg, Pg)
= Pg, Pyi Py, is Hilbert-Schmidt, which it is, being dual to the operator
considered in (1.7).

Lemma 1.3. Let $, and Q, be respective subspaces of § and Q satisfying
the conditions (1.7). Let ©, be a subspace of 9, and Q, a subspace of Q
that contains Q;: H, C H1, Qy; D Q. Then H, and Q, satisfy the conditions
(1.7).
Proof. Use the fact that, for ¢ € H,,
Py, Pas @1l < || Ps, Pas &1l »

and the fact that an operator 4 is Hilbert-Schmidt if £ |4 ¢;||* converges
for some orthogonal basis {¢;} and only if it converges for every ortho-
normal basis {¢;}. 1

If Q denotes a locally convex linear space in which Q is dense with
dual § dense in §, let 7 () C T (H) denote the tame functions on Q:
if fe 7 (9)then fe .7 (D) if it can be put in the form (1.1) with the ¢, € H.
An expectation on 7 () restricts to an expectation on 7 (9). A cylinder
set in Q or Q is a subset whose characteristic function belongs to 7 (H)
or 7 (9), respectively. Let R(Q) and R(Q) denote the respective rings
of cylinder sets. Corresponding to an expectation on J (£) there is a
probability defined on R(Q) and R(Q): Prob{4} is the expectation of
the characteristic function of A. We are concerned with the problem of
choosing Qso that Prob{ } defined from (Q|-) is countably additive on
R(Q):

Definition (Gross [8,15]). A norm ||-|| on Q is called measurable
if for every a > 0 there exists a finite dimensional subspace Q, of Q such
that for every finite dimensional orthogonal projection P in QF,

Prob{||Pg||>a} <a, (1.9)

where Prob{- } is defined from (Q|-).

Lemma 1.4. (Gross [15]). A measurable norm on Q is bounded on the
unit sphere in Q.
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Abstract Wiener Theorem 1.5 (Gross [8]). If Q is the completion
of Q in a measurable norm, then {Q|-> defines a countably additive
measure i on R(Q).

By standard measure theory p extends to a (countably additive)
probability measure on (the Borel field of) Q. So the elements € 7 (9)
extend trivially to measurable functions f on Q so that

Q[f> =] fLaduiay. (1.10)
Q

Since the identification of elements of § as measurable functions on Q
is a densely defined bounded linear mapping from § to £2(uy, Q),
it extends uniquely to all of $. Thus the elements of fe .7 ($) also
extend to functions f on Q so that (1.10) holds.

Remark 1.6. Let Q, be a subspace of Q and let Q; be the completion
of Q, in a measurable norm on ;. Let p, be the probability measure
on Q, defined from (L, |->. Then for fe.7 (H)

QQLaqu| )= fla+adpola>. (1.11)
Qi

Remark 1.7. Suppose 9, and Q, satisfy the conditions of Lemma 1.2.
Then there are equivalent measures y and u,, on Q; which are absolutely
continuous with respect p, of (1.11) such that, for fe .7 (9,),

Q|f>= | fayduia> (1.12)
Qi
Q Dthlf>=ﬁj JLay dpg, <q> . (1.13)

and

§ 2. The Free Markoff Field [5]
If % is a closed set in IR'™!, let
HA) ={pe S (R""): ¢ real, suppp C R, [|(m* — A)" *p|, <0} (2.1)

where &' is the Schwartz space of distributions and 4 is the Laplacian
on & (R'Y), m>0. H(X) is a Hilbert space in the indicated norm and
it is a subspace of H(R'*?). If # has a non-empty interior, let

Q(R) 22
= {real Hilbert space in the norm |(m*— 4)* |, generated by €3 (%)}
which is equal to Z(4%) in the norm [(m? — 44)*-| ,, where A, is the

Dirichelet (or Friedrichs’ expansion from €3 (%)) Laplacian on £*(%).
Q(£) is a subspace of Q(R'*1).



Sample Paths 223

H(R'*Y) and Q(R'*!) are a dual pair in an extension by continuity of the
L2(R'™Y) inner product:

¢ = [ ¢x1)q(x,1)dxdrt. (2.3)
IR1+1

The Riesz identification is (m* — 4) : Q(R'*!)— H(R'*1). Also, if we treat
$H(R) and Q(R) as respective subspaces,

QA =9(#) (2.4)

for # open with %° the complement in R'*!, Q(#) = (m>— 4) Q).
The free Markoff field on R'*! is the identity mapping on H(R'*?)
which makes each element of the Hilbert space into a Gaussian random
variable in the expectation (Q(R'"")|->. We will simply refer to
CQR'™)|-> as the free fleld expectation and similarly to (Q(R'*),
Q(2)|-> as the Dirichelet free field expectation for the region X.

Let ZCR'*! be open with closure # and boundary 0%. Then
Nelson’s Markoff property is

Pg a0 Ps @ = Py oaPs (2.5)

where Pg, denotes the orthogonal projection in $(IR'*!) to the subspace
9, [5]
By (1.6) and (2.4), if fe 7 (H(R'*!)) and £ CIR'*! is open,
QR[> = (@) (<RI, Q@R), [ /. (2:6)

So, by (2.5)if f € 7 (H()),

QR = (HODQMR™), /), 1)) - 2.7)

If p € H(02) we define Dirichelet free field expectation for the region #
with boundary condition § to be (QR'*"), Q(A), P|-). So (2.7) gives
the free field expectation as an average over the boundary conditions of
the Dirichelet expectations.

Proposition 2.1. Let #, C #, CR'** with &, closed, #, open and 0%,
and 0, separated by a spherical shell. Then, restricted to T (H(X,)),
the free field expectation (Q(R'™")|-> is equivalent to the Dirichelet
free field expectation (QR'™Y), Q(ZA,), P| D.p e H(OR,).

Proof. We will prove that the conditions (1.7) of Lemma 1.2 are
satisfied with $; = H(%,) and Q, = Q(#,). From (2.4) and (2.5) we

have that .
Py, Pg, Py, = P02, Pyoay PowanPoay - (2.8)

So we need to prove that this operator is Hilbert-Schmidt with norm
less than one. By Lemma 1.3 and translation invariance it suffices to
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consider the case #; = {reR'*!:|[f|<R,} and Z,= reR"*!:|r|<R,},
R, <R,. Then we can explicitly diagonalize (2.8) by decomposing
H(IR'*1) with spherical harmonics. For simplicity we write this out only
for the R?(I=1) case. Use polar coordinates e'r eR% If ¢ € H(IR?),

d(er) = i "% ¢, (r) (¢, = d_, since H(IR?) is real) has Fourier trans-

form i e $,(r) where @,(r)=(—iy"2n ojo ¢, () J,(r) ' dr'; so
(m*— A_)a;j)),, (r) = (m? +r?) ¢;(r) and in particulgr
(1, ¢2)>3(1RZ) = Z I RCR ¢1 —a(r) ¢2 Ar)dr. (29)

n=—ow 0

This gives an orthogonal decomposition of $(IR?) that reduces the
operators Pg;5, and Pg 4, appearing in (2.8). Let m =1 and let

0.y _ cosnf B
Pnr(€)= HRYLBK®E R (210)
Since j ——J,(Ry ) J,(Ryr)dr = [,(R)) K, (R,) for Ry <R,,
_ 0, if n *n,
(Pns, Ry, Prr RS RD) = (In(Rl)Kn(RZ) s Lo (2.11)
K,(R)L(Ry)) "’ ! >

So the ¢, g, form an orthonormal basis of §(d%;) corresponding to the
orthogonal decomposition given by (2.9). If ¢ € H(%,), we can now
compute:

o L(R)K,(R,)
PgoayPsoas Pooay ® = Z WI(R; (P, r(> ) Pk, - (2.12)
So we need to show that

L(Ry) K, (R;)
K,(Ry) I,(R2)

= (LR K,(R,)\*
2z ( (R»I(Rz)) =

< cohst. < 1

(2.13)

This can be seen from the representation

I,,(R)K,,(S)z—;— [ e™J(2RS cosht— R*— S2)dt  (2.14)

» (%)
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for R, S >0: m(%) -1

[ e ¥ dr
(&1

(z:) (2.15)

o0

J e e
in(22)
which is less than one and exponentially decreasing in n. |
Proposition 2.2. If g Q(R'*?), then
t=q(-, 1) (2.16)

is a continuous mapping from R to the Hilbert space & (A*) in ||(m* — 4))*- |,
norm, where A, is the Laplacian on R". Similarly, if #= Ry xR is an open
rectangle in R'** and if q € Q(AR), then (2.16) is also continuous with A,
replaced by the Dirichelet Laplacian for R,.

Proof. Let §(p, w) = [ [ €' **® "' q(x, 1) dx dt. Then
(m* —4)* {g(-, ) —q(-, 0} 13

o {070 S [ = 1} a(p o) do

1 1
< - 2 2\%
=2 I(m +p7) {f m2 4 p? + o’

e =1} 4(p, )] dw dp

L,(R,) K,(R,) _

K,R)LR) |'T

2
dp

dw} [ m*+ p* + w?) 2.1

1 —i ~
=W”(m2+p2+32)|{e m'—1}q(p,a))|2 dwdp

which goes to zero as t —0 by dominated convergence. In the Dirichelet
case one replaces the p-Fourier transform by an expansion in the eigen-
vectors of the Dirichelet Laplacian. The same inequality and convergence
then applies. (A similar inequality shows that g(-,f) is finite in
[(m* — 4,)*-||, norm, etc.)

Remark 2.2. After the preparation of this paper, we received the
preprint of Guerra, Rosen, and Simon [4] in which Proposition 2.1
is proved under the natural condition that R, and dR, be bounded
apart. (We keep the present formulation for the reader’s convenience
since the proof is completely elementary and explicit.)

§ 3. Continuous Sample Paths

Let #=R,x (0, T) be a bounded open rectangle in R'**. Let 4,
be the Dirichelet Laplacian on R,. Let {¢,} be an orthonormal basis of
L%(R,) of eigenvectors of 4, and let {m?} be the eigenvalues of (m* — 4,):

(m*—A40) g, =m3 ¢, . (3.1)
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If ge £2(R), let
q,() = ,5 Pa(x)q(x, 1) dx . (3.2)

Theorem 3.1. The following norms are measurable on Q(R):

_ l 1
7q,@)P)'P, 1<p<oo, y>——
ozltlgpr (; I 4,0 ) =p=o. 7 p 2
q (3.3)
sup _sup [m;"q, (1), y>— =
0St<T «a 2

and ,

-5 1 1
sup_(m* = 4q) ? q(-,0)l,, 25p oo, v>l(1—~,)—7 (34)
0Zt=T 14

In § 5 we will prove measurability of the norm (3.3). That the norm
(3.4) is also measurable follows because, by the Hausdorff, Young,
and F.Riesz Theorem, the norm (3.4) is dominated by M??~! times

the norm (3.3), where M = sup |¢,(x)| = 2'|R,| ™%, if % + —I% =1. For

simplicity of notation we shall refer everything that follows in this section
to the norm (3.3); but, because of this domination, there are corresponding
statements for the norm (3.4).

Let
QP (A) = {completion of Q(Z) in the norm (3.3)} . (3.5)
We can regard the elements g € Q" () as sample paths
t—q(-,1t) (3.6)

which are continuous from [0, T] in the norm

(Sl il

(3.7)

“'“p,TE S]_&]p |m;y(¢a,’)2|’ p=x

for 1=p=<o0, y> —Il)— — —;— This continuity follows from the fact that

€3(#) is dense in Q(#) and, by Lemma 1.4 and Theorem 3.1, the
topology of QF7(%) is weaker than that of Q(%).
By Theorem 1.5 and Remark 1.6, we have the following:
%— % Q@) defines a
probability measure uo on (the Borel field of) QP'(R). The Dirichelet
free field expectation of fe T (H(R'*?Y) is given by the integral
QERMQRLYH= | fp+odula. (39

QP Y(R)

Corollary 3.2. Let 1<p=<o0, y>
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Let #, be closed in # such that 0%, and 0% are separated by a
spherical shell. Then, by Remark 1.7 and Proposition 2.1, we have the
following:

Corollary 3.3. Let 1 Sp=<o0,y> -217_ — % The free field expectation
of f€T (9(R,)) is given by an integral
QR*[f>= [ [l duia. (3.9)

QP Y(R)

An equivalent measure exists to give the expectation (3.8) for f € 7 (H(X,)).
(By Remark 2.3, it suffices that 0%, and 0% be bounded apart.)

§ 4. Orthogonal Decomposition of Q(R) and the O.U. Process
Let #, Ry, 4,, {¢,} and {m,} be as in § 3. Let

Q*(#) = {closed linear span of ¢, x q(t) € Q(X)} 4.1)
and

2\
2. ) = {ato: [ - 55 4

< oo} , 4.2)
2

2

as a Hilbert space in the norm indicated, where % is the Dirichelet
Laplacian on [T}, T,]. We have the isomorphism:

Q (A~ Q™((0,T)
4.3
{cﬁa ®q~q 4
and the orthogonal decomposition:
QA =D R
- 4.4
4(.0=3 6,4, “y

with g, (t) given by (3.2).

To prove Theorem 3.1, we have to establish the estimate (1.9) for
the norm (3.3). We will do this in § 5, using (4.4) to decompose the path
(2.16) into statistically independent components. In the rest of the
present section we will study the individual components, namely the
O.U. process, for which we need an estimate on exit probabilities.

The O.U. process is the free Markoff field in one dimension, [=0;
that is, it is given as the expectation (Q™(IR)|->, in the notation (4.2).
Note that the d-function, d,(t)=35(t —s), belongs to the dual $H™(R)
= Q"(R), and more generally that
Ss(z)} | giet

i
= [ S Sdo=——et @
6 8)gm] ~ 27 A, P @? 9 am *.3)
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(Recall that denotes the Riesz identification of $™(R) with Q™(R).)
So by (1.5), the 9, are Gaussian random variables of mean zero and

and covariance (Q™(R)| 6,5,y = —1— e "5l Let {5,}* be the subspace

of Q™(R) of elements orthogonal to 50 ; then the elements of Q™ (IR) which
take on the value x at t =0 are of the form g+ 2mx3d, for ge {5,}*.
The O.U. process, conditional by being tied to the value x at t=0 is
given by the expectation, in the notation (1.4),

CQ(R), {80+, 2mx 50> . (4.6)
By (1.5), the d, are Gaussian in (4.6) with mean
8,(2mx 80> = 2mx(Jy, 8)gm = xe~ ™I (4.7)

and covariance

2(Pisgye 015 05) = 2(3¢, ) — 2(3,, )/ 2m S) (|/ 2m ¢, 3,)
A it _ L e maa+ish (4.8)
m m
In particular, since J, has mean (4.7) and covariance (4.8) with s=t¢,
0, has the density in y

P(x|y;1)=

{ (y —xe mlt)?

i
Vr /1 B

(= e 2ml (] — e 2mlt

‘/m (1 € ) m (1 € )

Of course, the O.U. process is well known, but we have presented the
calculations (4.5)4.9) to illustrate the notation of §1. Denote the

Laplace transform of u(f) by #i(4) = | e~ *'u(t) dt. We will use the same

. (49)

0
notation for the two sided Laplace transform. Now, (4.9) has the Laplace
transform in the case m =1 (cf. [16]).
~ D4
P(x|y; )= ——TA)H_j(=x)H_;(y), x=y, (4.10)

Y <

where H_,(z) is the Hermite function of degree — A,

H_,(z)= ( fe_’z 2zpd=lgg, (4.11)

solving the equation
1 0° 0 1 )
7 —(:37 —Z-a—z' H_A(Z)= H_A(Z). (41 )

Theorem 3.1 and its corollaries are illustrated in the [=0 case
(the O.U. process) by the classical Wiener Theorem which says, in the
language of Gross [8], that the norm

sup |q(t)| (4.13)

0=st=T
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is measurable on Q" ([0, T]), giving the result as in (3.6) that the paths
t—q(t) are continuous, q(0)=0=q(T).

Let Prob{ } be defined from (Q™([0, T])|-)> as in (1.9). We need
an estimate on the probability that the norm (4.13) is greater than a
which is strong in a limit m — o0, a— 0, corresponding to the fact that we
need to control infinitely many components in (4.4). Let

1, if gq(t)=a, some te(0,T)

4.14
0, otherwise. ( )

F, <g) = {

We can approximate F, - by tame functions on Q™ ([0, T]) by restricting ¢
in (4.14) to finite sets and using the path continuity; so F, ; has ap-
propriate measurability properties, etc. (by standard methods). By

symmetry,
Prob{ sup |q(®)| ga} <24Q"((0, T)) | F,. 1 - (4.15)
0=t=T

Lemma 4.1. There are positive constants independent of m, a, T so that
<Q"™((0, T))| F, > S const. [mT+1] e~ ™. (4.16)

The square bracket denotes the integral part of mT + 1; but this
coefficient is not of significance. The constants will be obtained in (4.26)
and (4.31). The scale transformation g(t)mgq (%) is a unitary mapping

from Q"(0,T)) to Q'(O,mT)). In particular, <Q"((0,T))|F, >
= (R0, mT))| F/mgmry- S0 (4.16) is equivalent to

<Q((0, T)|F, 1> Sconst. [T+ 1] e . (4.17)

For simplicity we will begin with the case of the O.U. process tied only
at the origin, proving the corresponding inequality

CQIR), {0} |Fopy S[TH 117, (4.18)

The general techniques are found in Feller [16].
Proof. If f,(x,t)dt is the probability of reaching a for the first time
at time ¢ having started at x at time zero and x <a <y, then (by (4.9)
with m =1) :
P(x|y;0)= | f(x;t)P(a|y;t—t)dt . (4.19)
0

So, under the Laplace transform
_Pxlyih) _ Ho(-)
Pa|y;d)  H_;(

fulx; 2) : (4.20)
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by (4.10). We observe that H_ ,(—z) is the two-sided Laplace transform

of the function
gz, t)= exp{— e M+ 2ze7 )

H_,(—z)=—+§(z,4), A>0.

r (/1)
From (4.20) and (4.22) we have that

glx,t)= ffa(x tgla,t—t)dt.
Since for all ¢, g (0, t) £1,

[ £0;t) gla,t—t)dt <1.
0

Since f, and g are positive functions and since

gla, )= e, —Ilna<t<i—Ina,
with
c=2et—e"2>0.
It follows from (4.24) that

T+1

| f,0;0dt<e
for all 7= 0. Since, by the continuity of the paths,

. T
CQIR), {00} | For> = | 1a(0; ) dt
0
we obtain from (4.27) the inequality (4.18).

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

Now to prove (4.17), let R, (x| y; t) dy be the probability of reaching y
at time ¢, having started at x without having reached a. Then, x, y <a,

P(x|y: T)= Ry(x|y: T) + ifa(x;t)P(aly; T—i)di,
So

@0 1), gy =1 - KOO D)

T P(a|0 T~

= —50T0 T
0

We obtain (4.17) from (4.27), (4.30) and the 1nequality

P@a|0; T—1) (o 2T \4 _.a2e 270
12Ty e

fa(x; t)dt.

(provided a is bounded away from the origin).

1=e72079 < const
= *

(4.29)

(4.30)

4.31)
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§ 5. Proof of Measurability

We now prove Theorem 3.1, using the orthogonal decomposition (4.4)
and Lemma 4.1. We have to establish the inequality (1.9) for the norm

(3.3).
In the eigenvalue Eq.(3.1) we can use the index a= (v, ..., )€ Z’;

with 1

mZ —m?* = const. Y of . (5.1
So we have the convergence =

Ymy'"f<oo, e>0. (5.2)
Suppose that 1 <p <oo. The condition on y is y > L_ %; SO we can
choose ¢ > 0 so that I4e | p

f=y— > - —, (5.3)

p 2

Given a >0, as in (1.9), we remove a finite part I, of the index set so that
the infinite part I, = Z% — I, has the following properties:

11. {1 -24Q™((0, T))|Fg 7>} =)/ 1—a (5.4)
' ( X omtr < 2. (5.5)

That (5.4) is possible follows from Lemma 4.1 and (5.3) while (5.5) is
possible by (5.2).

Let Prob{ } be defined on the cylinder sets of Q(%) from {Q(#)|- )
and let Prob,,{ } be defined from <Q™((0, T))|-> on the space of contin-
uous paths. Write

Q=P Q%) and Q=P XA). (5.6)
aeli aely

If P, is a finite dimensional orthogonal projection in Q;, then, in the
notation (3.7),

Prob{||Piq<',t)n,,,y§%, all te[o,T]}
> Prob {Zm;”(Piq)a(t)vg Y omte, e[l T]}

ael,

(5.7)

l+e

> ] Proby {lg0) <m.” 7 (0,71}
ael,

2 ] {1-24@™(0. T)| Fug,} 2)/T—a.

ael;
The last two inequalities are just (4.15) and (5.4); the first follows from
(5.5). The second follows via the orthogonal decomposition (4.4) and
the isomorphism (4.3) and the fact that the restriction P; decreases exit
probabilities. An uninteresting technicality arises because Prob{}
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is only defined on cylinder sets; so to remove P, in establishing the second
inequality we can introduce finite dimensional projections P® in
QF(#) such that P,= ) P® P, and use approximations that involve

ael,

finite subsets of I,. If p=o00, the overall inequality holds by a similar
argument.

On the other hand, we will find a finite dimensional subspace Q, in
Q; such that

Prob{IPra(0l,, < 5. te0. T =) ima, 69

for all finite dimensional projections P, in Q, orthogonal to Q,. So, if P
is an arbitrary finite dimensional projection in Q(#)=Q,® Q; that is
orthogonal to Q, and P, and P, are projections as in (5.7) and (5.8)
such that P=P,P+ P, P,

Prob {|Pq(-.)l,,Sa [0, T]}

= Prob {IPa(-l,, < 5. IPra( 01y, < 5, 1€00.71}69)

=1—a.

This is the desired inequality (1.9) for the norm (3.3).
To complete the proof we have to find Q, in Q, so that (5.8) holds.
It suffices to consider the a € I, components separately. That is, it suffices
to consider sufficiently small d, > 0 and find finite dimensional subspaces
Q2 in Q™((0, T)) such that, for all orthogonal projections P in
Q"=((0, T )) orthogonal to QF,
1

Prob,, {|P®q,(1)| <4,, te[0, T} = (1 —a) ™ (5.10)

Wecan set Q% = {5,1}, the space spanned by 5“, forO<t <t, < <t,<T
with t; —t;_; chosen sufficiently small. That this is sufficient follows from
(4.15) and the estimate

<Q™((0, T))| F, r> < const. e~ const-a*TT " (5.11)

where the constants are independent of m. (5.11) is a well known estimate
on the exit probabilities of the Wiener process, case m =0 (cf. Ray [17]).
Since the norm in Q™((0, T;)) increases as m increases, (5.11) holds for
all m.
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