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Abstract

The intent of this paper is to develop a framework for discrete calculus of variations
with action densities involving a new class of discretization operators. We introduce
first the generalized scale derivatives, study their regularity and state some Leibniz
formulas. Then, we deduce the discrete Euler-Lagrange equations for critical points of
sampled actions that we compare to existing versions. Next, we investigate the case of
general quadratic lagrangians and provide two examples of such lagrangians. At last,
we find nontrivial properties for the discretization of a quadratic null-lagrangian.
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1 Introduction

Discrete calculus of variations is an active field of research and comes in at least three
theories. The quantum framework is depicted for example by Cresson and coauthors in
[4, 5]. Another context uses the A or/and V-derivatives on times scales [3, 8, 10]. Discrete
programming and specific mechanic problems are investigated by Marsden and subsequent
authors [12, 13, 14].
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In order to extend the principle of least action to the case of non-differentiable dy-
namical variables, a common trick (see [4, 5]) is to replace the usual derivative X(¢) of the
dynamical variable x(¢) with expressions such as:

x(t+¢e)—x(r) x(t)—x(t—¢) o

1—i ; 1+i
, X (4 £) + —X() — ——x(1 — ). (1.1)
& & 2e & 2e

Note that these operators are specific and require that ¢ belongs to R to be properly defined.
In contrast, in discrete mechanics, dynamic variables, derivatives and lagrangians are re-
placed at the very beginning of the theory with suitable sequences of numbers but not with
functions [12, 13, 14].

In this paper we modify (1.1) and we use instead generalized scale derivatives. Let [a, b]
be some interval of time, € > 0 a fixed delay, d the “physical” dimension, N the number of

.....

we modify the formulas (1.1) as follows:

N

ox(f) = Z cex(t+ L)y (t + Le), (1.2)
{=—N

for all x : [a,b] — C?. The role of y(t+ (<) is to prevent ¢ + (s from belonging to an interval
in which x is undefined.

Introducing generalized derivatives such as (1.2), with unspecified parameters c, € C
and variable coefficients y(z + {€) seems to be new and leads to interesting problems. First,
we may discuss the choice of the specific operator occuring in [4, 5]. Next, we may analyze
the similarities and differences between the equations of motion for discretized dynamical
variables and the classical Euler-Lagrange equations

d
grad, L — 7 grad, L =0.

A third problem may consist in the generalization of some results of [4, 5] to operators O not
satisfying a Leibniz formula and to extremal curves x(¢) which are not Holder continuous.

The paper is organized as follows. Section 2 is preparatory and shows how to handle
formula (1.2). In Section 3, we describe a class of operators O satisfying an appropriate
extension of Leibniz formula. In Section 4, we get the necessary first order condition for
finding a minimizer of a discrete action A;(x). The resulting equations of motion

grad, £ +0*grad, £ =0, (1.3)

for all lagrangian £, are higlighted. The operator O* is obtained from O by reversing its co-
efficients c. In Section 5, we compare (1.3) with other versions of discrete Euler-Lagrange
equations. In Section 6, we first introduce the classical and discrete models for the quadratic
lagrangians and emphasize on their similarity. The Section 7 is dedicated to oscillatory so-
lutions of discrete Euler-Lagrange equations for the harmonic oscillator. At last, in Section
8, we investigate the case of a null-lagrangian in the classical setting which behaves very
differently in the discrete one.

Throughout this paper, C.E.L./D.E.L. stand for classical/discrete Euler-Lagrange equations.

Moreover, we suppose for sake of conciseness that 0 < & < ’ﬁ
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2 Regularity of generalized scale derivatives

The following two results intend to study the continuity of the generalized scale derivatives
defined by (1.2) and the conditions under which they behave as ordinary derivatives.

Proposition 2.1. For all operator O of the shape (1.2) and for all x € C°([a,b],C?), the
function 0x : R — C% is piecewise continuous, bounded, compactly supported, admits every-
where two finite one-sided limits, and has at most 4N + 2 points of discontinuity belonging
to {a+ke,b+ke, |kl < N}

Proof. The main ingredient of the proof is the explicit formula for Ox(¢), for all function
x : [a,b] — C?, that follows from (1.2):

0 ift<a—Ne
cyx(t+Ng) ifa—Ne<t<a-Ne+e¢
cN-1X(t+Ne—g)+cnyx(t+Neg) ifa—Ne+e<t<a—-Ne+2¢

if pef0,..., 2N -1} and
a+(p—N)e<t<a+(p+1-N)e

CN-pX(t+Ne—pe)+...+cyx(t+ Ne)

c_NX(t—Ng)+...+cyx(t+Neg) ifa+ Ne<t<b-Neg 2.1)

if pef{0,...,2N—1} and

c_NX(t=Ng)+...+cp-NX(t— Ne+ pe) b+(N—p-De<t<b+(N-pe

c-NX(t—Ne)+ci_nyX(t—Ne+¢) ifb+Ne—-2e<t<b+Ne-¢

c_NX(t—Neg) ifb+Ne—e<t<b+Ne
0 ifb+Ne<t

This formula shows that the function 0Ox is piecewise continuous and its support is included
in [a—Ne,b+ Ne]. We note also that Ox is bounded and sup, [|OX()|| < (3 ccDIx(®)]|. The
function Ox admits everywhere two one-sided limits, and may be not continuous only at the
4N +2 points {a + ke, b + ke, |k| < N} depending on the {c,},. O

Remark 2.2. In order to deal with discrete actions containing 0Ox(#), we need to rewrite (2.1)
under a matricial form. Let S (x) denote the row vector-valued function

Sx)(1) =(x1(t=Ne)y(t—Ne)...xj(t+le)y(t+Lle) ... xq4(t + Ne)y(t + Ne)), 2.2)
where x = (xq,...,x7). In S(x) the ordering of variables is lexicographic, first on £ and
next on j. The function S(x) lies in a product of d(2N + 1) affine spaces modeled on

C%(a,b),C) and, in this way, S is an injective continuous linear mapping. If d = 1, for
all x € C([a, b],C), we have

Ox =(c_N...CQ... CN)T(S (x)).

When d > 2, the relationship between Ox and S (x) involves a d X d(2N + 1) banded matrix
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and is given by

€O 0
ox = . (S )

C_N...CQ...CN

and is equivalent to (2.1).

Let us define the vector space Oy as the set of operators O of the shape (1.2) with
coefficients ¢, = %, with y, € C not depending on . Algebraically, Oy, ~ C*¥*!1. Of

particular interest is the following subclass of operators of O . given by
[r.s] s s—r r
O""x(1) = —=x(t — ey (t— &) + —x()x () + =x(t + &)y (t + &), (2.3)
g g g

where r,s € C. The operators (2.3) are obtained from (1.2) by setting N =1, s = —c_1¢&,
r=cie and cg = —(c_; + ¢1). Three examples of such operators o1 are related to the
discrete Euler forward and backward difference operators A* and A~ respectively, and the
symmetric difference operator equal to the mean of A* and A~. Choosing the appropriate
coefficients 7, s, we may introduce respectively the analogs o9, l%!] and lastly o22), A
fourth example is given by D[%’%], which has the same coefficients than the discretization
operator O, presented in (1.1) and occuring in [4, 5]. Nevertheless, O, occurs without
characteristic functions.

Proposition 2.3. [fO € Oy, then the following three conditions are equivalent:

(a) forallx e C?%([a,b],CY), the function Ox(¢) tends to X(t) locally uniformly in la,b|[ as
e tends to 0,

(b) 01 =0and Ot =1 in [a+ Ne&,b— Neg],

N N
(c) Z ve =0 and Z Cye=1.
t=—N {=—N

Proof. Let us consider the following particular case. When d = 1 and x(¢) = at+8, @, € C,
the formula (1.2) shows that, for all # € [a+ Ne,b— Neg],

at+p N N
ox(t) = — E Vi+a E ty.
{=-N {=-N

The only way that the functions Ox of ¢ € [a+ Ne,b— Ne] and € € R* converge to some limit
when ¢ tends to 0, is that Z?’z _y Y1 =0. This being noticed, the equivalence between (b) and
(c) is obvious and furthermore, (a) implies (c) by choosing (a,8) = (0, 1) and (,8) = (1,0).
Lastly, let us prove that (¢) implies (a). Let 6 > 0 and & < 1%. Let us show that the function
Ox converges uniformly in [a +d,b — 6] to X as e tends to 0. For all ¢ € [a+ Ne,b — Ne] and

1 small enough, we use the Taylor-Lagrange inequality

1
(e ) =x(0 =l < 57 sup IO 24)
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Since t € [a + Ne,b — N¢], the formulas (2.1) and (2.4) with n = {e yield the following
inequality

N N
Dx(t)—[ Z Cg]X(t)—S( Z m]xm

t=—N {=—N

1 N
< 582( D, é’ZICeI]IIiIIoo.
t=—N

Due to the assumptions (c), we obtain readily lim sup ||Ox(¢) — X(#)|| = O for all 6, and
&=0¢[g+6,b—5]
the proof is complete. O

At last, we define (jN,‘9 as the affine space of operators O € Oy ¢ satisfying any condition
of Proposition 2.3. Let us consider the case N = 1. The condition (c¢) of the previous
Proposition is nothing but y_; +y9+vy; =0 and y; —y_; = 1. So (51,8 is the affine straight
line with elements O"!~"1, r € C. In this space, we may excerpt the four operators o0,
m olz+2) and ol'7" ") seen previously.

3 Leibniz formulas for O operators in O .

In order to deduce his version of D.E.L., Cresson found in [4] a product formula for O,
which is an analog of the classical Leibniz formula. When such a formula exists, a principle
of discrete virtual works may be stated. In this section, we generalize Cresson’s identity to
the family of operators (2.3).

Theorem 3.1. Let O € Oy ¢ be of the shape (2.3) with r,s € C* and 3 ¢ R. Then, for all
continuous functions £,g : [a,b] — C¢, we get the generalized Leibniz formula

™I )0 = (- 0" lg(n) + g0 - 0" @0)+

=2 _ =2 _ L o
EUS 1 S) sty gl ) — S50 ) msig . ol +
(rs—7s)? (rs—7s)?
Ersr —3) (298 - o™ g(n) + oI - 0 g (). 3.1)
(rs—7s)?

Proof. Since the formula (3.1) is C-bilinear w.r.t. f and g and O acts component-wise, we
may suppose without loss of generality thatd =1 and f = f,g = g : [a,b] — C. We slightly
generalize the proof of Theorem 2.1 of [4]. Let W and W two operators in O .. We study
the existence of four complex numbers dy,d>,d3,ds such that the following formula holds

W(fg) = W(flg+fW(g+

diW(HW(Q)+daW()W(g) +dsW(f)W(g)+dsW ()W (g), (3.2)
for all f and g in C%([a, b],C). We choose
W =gl! = pglt0 4 sgl® and W = g1 = /gl 0l 4 yglO 1)

for some complex numbers r,s,7’,s” such that rs’ — sr’ # 0. But we have also the two
formulas
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oll(fg) = £.ON g+ g0 £ 4 el £ gl Olg,
ol l(fg) = £.O0 g+ g.0l0M £ — enl01l £ gl01g,

These two product formulas are merely generalizations of Cresson’s ones [4]. Substituting
the previous formulas in (3.2), the identity (3.2) holds for all f and g in C%([a,b),C) if and
only if the coefficients dy,d>,ds and dj satisfy

2 ’ ’ 72 dl

rv o r re
rs s ors r's'||da 0 33
rs rs s rs'||ds 0 (3.3)
2 s s s )N\dy —s€

This matrix has a determinant equal to —(rs” — s7’)* # 0. The coefficients d;, obtained by
solving (3.3), are given by

di = 205 =51, dy = dy = Z2( =), da = = (s—1) G4

0 0 0
where 6 = (rs’ — sr)2. Since 2 ¢ R, we can choose 7’ =7 and 5" = s so that 6 # 0. We replace
the preceding values in (3.2) and we get easily the formula (3.1). O

As an example of (3.2), we get —d; = d» = d3 = ds = —1ie for the operator ol 5,
Hence, the operator O, chosen in [4, 5] satisfies the following Leibniz formula, for all
continuous functions f,g : [a,b] > R

| 0q(f8) = Og(f)g + fO4(8)+
51€104(f)0¢(8) = 0q(f) B (8) = Bg(f)Dq(8) ~ Bg(f) By ()]

where B, stands for the complex conjugate operator of O,.

Obvioulsy, the choice of (/,s) = (7,5) in the proof is made only to ensure that W may

be expressed conveniently through W. In that way, W(f) = W(f). Another choice may be
dictacted by requiring that W and W belong to O; .. We obtain in that case a Leibniz for-
mula for W = ol»!="1 and W = gl"=1:2-"1,

Theorem 3.1 shows that some operators O may not check a Leibniz formula. As a rule,

integration by parts for fa " wovdr may not be readily performed but we shall see in the next
section how to handle this difficulty.

4 Critical points of discrete actions

There exist many ways to define the discrete actions and lagrangians in terms of the classi-
cal ones. A first idea consists in discretizing the integral of action and working with finite
sums. A second one, in time scale calculus, preserves the integral character of the actions
by replacing x(¢) with x2(¢) or x" (), see [3, 8, 10] for definitions. In this paper, we proceed
in another way.
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Let £ : [a,b] XxC?? — C be a continuous lagrangian depending on 2d + 1 variables. We
set L(t,S (x)(?)) = L(t,x(t),0x(¢)) and we define A, and A, as

b
Ac(X) = f L(2,x(1),x(2))dt 4.1

and

b b
Aq(x) = f L(z,S (x)(2))dt = f L(t,x(t),0x(1))dt. 4.2)

These classical and discrete actions are well-defined, respectively on C!([a,b],C?) and
C%([a,b],C%), in consideration of Proposition 2.1.

A fundamental problem is to minimize the action (4.1) under Dirichlet boundary condi-
tions. Then we have to handle real-valued functions and parameters in order to deal with
optima instead of critical points of the action (4.2). For all O, we define O* as the operator
obtained from (1.2) by substituting c_, for c,.

Theorem 4.1. Suppose that L is C'. Let x = (xy,...,xq) € C°([a,b],C%) be a critical point
of (4.2). Then X satisfies the following functional equation

Vje{ Z E(z e, S(X)(t— L)y (t—Le) =0 4.3)

which is equivalent to

%(z‘, x(1),0x()) + O* %(r, x(1),0x()) = 0, 4.4)
6x j ax j

forall je{l,...,d}andt € [a,b].
Proof. Let us remark first that for all x € C%([a, b],C%), the function 7 — L(t,x(f),0X()) =
L(t,S (x(7))) is Riemann-integrable help to formulas (2.1) and (2.2). Since £ is C', L is also

C! and A, admits everywhere a Gateaux derivative. Indeed, let h € C%[a,b],C?%) be such
that h(a) = 0 and h(b) = 0, so we get

b
Aa(x+ Tlh) - As(x) = f (L(z, S (x+nh)(®)) = L(z, S (x)(1)))d1
N

b
= nf —(t SX)D)x(t+Le)h(t + Le)dt + 0(7]2)
a j=1t=—

In this formula, the coefficient of 7 is nothing but the Gateaux derivative DA,(x)(h). By
considering the change of variable ¢ = 7 — { and by setting

oL
Zj(r) = E(r — e, S (x)(1 - te)),
Js

we obtain
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b+le

D&(x)(h)—z Z f Zi(Ox(@h(2)dr.

j= 1 {=—N +Le

We may extend the interval of integration to [a— Ne&, b+ N¢e] for each summand by observing

b+le b+Ne
that f(odr = f f(m)x(r —£Le)dr, for all function f. Thus, for all h we have
a

a+le —Ne

“Ne =N
d b
> f Z(0)h(v)dx,
j=1ve

where Z;(7) = 22’: _nZjt(t)x (T — le). Since x is a critical point of (4.2), the previous sum
vanishes for all h. Help to the fundamental lemma of the calculus of variations, we get
Zj(t)=0forall je{l,...,d} and t € [a,b], and this amounts to (4.3).

Let us show that (4.3) may be rewritten as (4.4). By definition of L(¢,S (x)(¢)), we have for
all £ #0,

d b+Ne N
DAX)h) = f D Ziow Oy (T~ e)h(vde
j=1+¢

(t S(x)() = (f x(1),0x(1))cex (t + Le)
f 0x;

and for £ =0,

8 (f Sx)(0) = (f x(1),0x(2))cox (1) + a—(f x(1),0X(2)).
Ei0 0x;

Thus, (4.3) is equivalent to

Z —(t Ce,X(t—Ce),O0x(t — L))oy ()x(t — le) + g—(t X(),0x(1)) =
Xj

Replacing ¢ with —¢ and having in mind formula (1.2), we notice that the first term is equal
0
to O* 8_'0’ x(?),0x(¢)), and we prove the result. O
Xj
S Comparison of some necessary optimality conditions of Euler-
Lagrange type

In this section, we quote some necessary Euler-Lagrange equations of the first order which
are derived by many authors and which look like (1.3).

Let us first discuss in details distinctive features of equations (1.3) and Cresson’s version.
In [4], Cresson deals with the case N = 1 and the so-called quantum derivative operator O,.
The fact that O, has a Leibniz formula is central in the deduction of his version of D.E.L.
For any function f(x,¢), Cresson defines the e-dominant part [ /], with a limiting process.
He proved that if

liII(l) DA,(x) =0,
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[GL g GL] :lir%((ﬂ: g 615):0 5.1)

then
ox, Yoy, o, Yy,

which is an asymptotic alternative form of (1.3). Equation (1.3) is different from (5.1) at
least in three respects. First, we do not use any property of O. In contrast, O, is such that

[3(0g Nl = 0, R(@y f) = =R(Qyf), and [0, f ()]s = [-07 fD)]:

for all real-valued function f and all f € [a+&,b — g[. Second, the characteristic functions
X+ Ce) of the various intervals appear in the sampling process (1.2) as well as in the action
(4.2). Third, (1.3) does not depend on the coeflicients nor on the length 2N + 1 of formula
(1.2).

Let us compare now (1.3) with two other versions of the first order optimality condition.
We use the framework of time scale calculus [3]. In [3] and [1], a time scale T is arbitrarily
chosen and the scale derivative is either the A-derivative or the V-derivative. So the vari-
ational problems consist in minimizing the actions with lagrangians grad, £(z,x o 0, AX) in
[3] and grad, L(f,x o p, VX) in [1]. The resulting Euler-Lagrange equations are

grad, L(¢,x 00, Ax) — Agrad, L(t,x o0 0, AX) = 0,

grad, L(t,x 0 p, Vx)— Vgrad, L(t,x0p,Vx) = 0. (5.2)

Let us note that the duality between the A and the V approaches may lead to inconsis-
tences (see [7, 11]). Although being obviously similar, the equations (5.2) and (1.3) are of
a distinct nature. First, (5.2) are ordinary differential equations in the intervals with zero
graininess. In constrast, (1.3) consist in functional difference equations. Second, the re-
quired regularity of the minimizers is not the same, Cl 4 Or Clld for (5.2) and C° for (1.3).
Third, Leibniz formula plays an important role in the derivation of (5.2) and not in the proof
of (1.3).

Unified Euler-Lagrange necessary optimality conditions are provided in [6, 8] and pose
the problem of minimizing or maximizing actions with lagrangians involving A and V-
derivatives. The authors of [6, 8] consider a linear combination of lagrangians £ = k1 £; +
ky L, that they discretize by replacing x(#) in some parts of the lagrangian with Ax and in
other parts with Vx, that is to say

LixX) =k1 Li(t,x00,AX) + kr Lr(t,X 0 p, VX). 5.3)

If t € T is left and right-scattered, (5.3) embodies in some way the three terms of the usual
Runge-Kutta operator. The delta-nabla Euler-Lagrange equations on time scales are no
more “local” but integral equations. Another extension of Euler-Lagrange equations on
time scales to set-valued functions has been developed in [9]. Both works lead to necessary
first order conditions which are far different from (1.3).

Lastly, we may cite the Euler-Lagrange equations obtained in [12]. A discrete lagrangian
L, is associated to the lagrangian £. The construction of £; from £ is based on some
approximation to the action integral using for instance the rectangle rule or the Newmark
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method. Accordingly, the discrete action Ay = Z,f’i 61 Lk, Qic+1,€) With e = lﬁ is defined
on a suitable discrete path space. The first order necessary condition is

grad; Li(qk, qi+1,€) + grad, La(qe—1,qx.€) = 0, (5.4

where grad; and grad, denote the gradients w.r.t. the first and the second variable re-
spectively. For each integer k, the vector q; € R? may be thought as an approximation
of x(a + ke). Among the differences between (5.4) and (1.3), let us emphasize on the fact
that (1.3) are functional delayed equations while (5.4) are recurrence equations.

6 Quadratic lagrangians in discrete and classical settings

In this section we deal with a system of d ordinary differential equations of the second order
arising from the following lagrangian

1 1
L(t,X,X) = ETXPX+ ETXQX+ XRx + J1X+ ox+ /3, 6.1

where P(1), Q(1),R(t) € R4, J (1), Jo(t) € R? and J3(¢) is a scalar function. Many physi-
cal systems are modelized by such lagrangians, in electromagnetism, quantum mechanics,
material science, regulators models and so on.

We assume from now on that the coefficients in (6.1) are real and smooth, and that for
all ¢ € [a,b], P(¢) and Q(¢) are symmetric. Although the symmetric part of R(¢) gives rise to
a null lagrangian, we do not assume that R(¢) is skew-symmetric.

Theorem 6.1. Let L be a quadratic lagrangian such that "P = P, "Q = Q, and L associated
to L as in (4.2). The Euler-Lagrange equations associated to (6.1) can be written as

—PX+(=P+R-"R)x+(Q- Rx—J;+J,=0. (6.2)
The equations (6.2) may be discretized a posteriori to give
—PO(@x)+ (-P+R-"R)Ox+(Q—- 'R)x—J,+J, =0. (6.3)

Ifxe C%[a,b],C%) is a critical point of the action (4.2) under the Dirichlet boundary con-
ditions, then it must satisfy

O*(PoOx) + 0% ("Rx) + ROX + Ox + 0% J; + J, = 0. (6.4)

Proof. First, (6.2) is straightforward, since we get

0.L(t,x,%) 0L(1,x,X)

5 = Ox+Rx+J; and -
X

= Px+ 'Rx+J;.

Next, (6.3) is obtained by discretizing the derivatives in (6.2), i.e. by replacing X,X by
Ox, 0(0x) respectively and the result holds. At last, (6.4) is a consequence of (4.4). Indeed,
using the previous derivatives, (4.4) gives
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O*(Pox+ "Rx+J;)+ Ox+RoOx +J, =0,

which ends the proof. O

A straightforward computation, using the formula (1.2) for O and O*, shows that (6.4)
may be written, for all ¢ € [a,b], as

Z cerjcix(t— je)x(t+Le)P(t — je)x(t + Le) + Q(D)X(1) +

—2N < <2N

e
N
ZX(t +08)(ceR(E) + c_¢ "Rt + Ce))x(t + (&) + T* J1 (1) + Jo(£) = 0. (6.5)

t=—N

This equality is suitable to solve effectively the functional difference equations (1.3) in the
case of quadratic lagrangians as we sall see in the following two sections.

7 A first example: the harmonic oscillator

Let us investigate now the harmonic oscillator. We have in thiscased=1,R=0,J;=J,=0
and we set moreover P(t) = p, Q(t) = g with pg < 0. Solutions of C.E.L. —pX+¢gx =0 are
periodic. Let us study the periodicity of solutions of D.E.L. for N = 1 and & small enough.
If t lies in [a + 2&,b — 2¢€], (6.5) may be simplified into

pe—ic1[x(t=2e) + x(t +2&)]+ pco(c—1 +c)[x(t—&) + x(t +&)] +
(q+ p(c*, +ck+ch)x() = 0. (7.1)

The result below presents an additional characterization of suitable O for getting pseudo-
periodic solutions.

Proposition 7.1. Let O € (51,8. The two following properties are equivalent.

(a) For all p and g with pg < 0 and for all € small enough, the roots of the characteristic
polynomial of (7.1) are of modulus 1.

(b) For some k € R, we have O = o331 4 jkll—1,

Proof. The characteristic polynomial D(A) of the recurrence (7.1) is symmetric, that is to
say D(1) = /14D(}l). Wesetyu= A+ % and we define the quadratic E(u) = IszzD(/l). We easily
get

q
E(u) = yiy-1ff® +yooy1 +y- D+ (g + v +v* | = 2y1y-1 + ;82)-

(a) = (b). We look for the parameters y_1,yg,y1 for which D(A) has roots on the unit circle,
for £ small enough and for all p,q, pg < 0. This amounts to say that E(u) has only real
roots in [—-2,2] for all p,q, pq <0, provided & is small enough. Now, given three complex
numbers «,5,y with @ # 0, the two following properties are equivalent. First, the solutions
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of the quadratic ary?> + 8y +7y +1 =0 are in [-2,2] C R, for all 5 small enough. Second, we
have @,5,y € R and

1Bl < 4lal, Iyl <4lal, 4ay Sﬁz, 2|8| < 4|a| +ysgn(a).

The proof of this equivalence is straightforward and relies on explicit computations using
the usual solution of a quadratic. Let us apply this to E(u). Since O € (5138, we have O1 =
y_1+yvo+y1=0andOf =y, —y_; = linside [a+&,b—¢]ifandonly if y; =7, y_1 =r—1
and yg = —2r+ 1 for some r € C. So, a =r(r—1), 8=-Qr—1)> and y = 4r> —4r +2 are
real. Therefore we obtain R(r) = 1/2 and easy computations lead to (b).

(b) = (a). If (b) holds then, by setting r = %—i— ik, wegety,=r,y_1=r—landyyg=-2r+1.
Algebraic computations show that the solutions of

E) = r(r— D = 2r— 1) u+ @ —4r+2) - 0*&?, (7.2)
where w” = »» are in [-2,2] c R forall e < Wik This implies (a). O

Remark 7.2. We recover ol2:2! and ol 7"+ 3'] by setting k =0 and k = —% in (b) respectively.
Remark 7.3. 1f O lies in O . but not necessarily in O\ ., the property (a) is equivalent to the
following inequalities for y_1,yp,y; € C

Ayry-1l = o1 +y-DI = 0, 4y1y_il =g+ +7*, —2y17-11 2 0,
Yor1 +v-1)* —4y1y-1(vg + v +¥2, —2v1y-1) = 0 and
16y1y-1l+4y5 + 4y + 492, = 8y1y-1 = 8lyo(y1 +¥-1)| > 0.

There exist infinitely many solutions (y_;,¥o,7¥1) of these inequalities which are not of the
shape (r—1,-2r+1,r) nor even (—s, s —r,r) with r, s € C. So there exist operators O ¢ O .
satisfying (a) but not ().

8 A second example: the discretization of a null-lagrangian

We address here the minimization of the discrete action A, defined as

1 b
ﬂd(x):gf x(0) (y1x(1 + e)x (1 + &) + yox(Dx () + y-1x(t — e)x (t — &) dt. (8.1)

Here,d=1and N = 1. The action (8.1) is associated to the stationary lagrangian £(, x,0x) =
xOx and is constrained by the boundary conditions x(a) = @ and x(b) = .

The continuous version of this problem deals with £(x) = xx which is a null-lagrangian.
The C.E.L. is equivalent to 0 = 0, the action A, defined as in (4.1) is constant in C'([a, b],C)
and is equal to %(,32 —a?). In constrast, the discrete case is quite different.

Proposition 8.1. Ler y_1,v0,v1 € C and let A, defined by (8.1).
o Ay is constant in C°([a,b],C) if and only if A; = 0.

o Ify_1,7%0,v1 € R and ly_1 +v1| < lyo| then Ay(x) has a constant sign in C°([a,b],R).
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Proof. Indeed, the discrete action (8.1) may be written as a combination of potential energy
and autocorrelation function since we have

b b—g
ﬂd(x)z% f x(:)%ﬁ% f X(O)x(t +£)dL. (8.2)

Both integrals are linearly independent functions w.r.t. x in C°([a,b],C). So, xOx is a null-
lagrangian if and only if Ay is constant in C°%([a,b],C). This amounts to Yi+Y-1=Y =0
and hence, A, = 0.

The second statement follows from using Cauchy-Schwarz inequality in (8.2) and shows
that %ﬂd(x) is strictly positive for all x € C%([a, b],R). O

From now on, for sake of conciseness, we assume that y_;,y; €R, yp € R*, y = % #

Oand M = b?“ € N. We shall examine the minimization of Ay(x) in two cases. The first
one deals with piecewise constant maps while the second one uses the explicit solutions of
D.E.L..

Proposition 8.2. If |y| > % and & is small enough, the range of the action Ay, defined by
(8.1) on the space of piecewise constant maps, is R.

Proof. We shall consider real piecewise constant maps x : [a,b] — R. Having in mind that
x(a) =  and x(b) = 3, we introduce an arbitrary vector ¥ = (yy,...,yy_2) €RM ~2. We define
next x(f) = yyifa+ke<t<a+k+1eforallk=1,.... M-2, x(t) = a if t € [a,a + &[] and
lastly, x(#) =5 if t € [b—¢&,b]. Let V be the (M — 2)-dimensional affine space generated by
those functions. If x € V, we easily get

M-1 M-2
1
— Ay(x) = Z 242y Z XeXeel = XS uX (8.3)
Yo =0 =0

where X and the symmetric tridiagonal matrix S »; are respectively defined by

1y
a 1 ..
x=|v|er™, s,=|" " |erMM, (8.4)
Loy
vy 1
Then we have |
y—ﬂdoc) ="YS y-o¥ +2y(ay) +Bym-2) +a* + 7. (8.5)
0

The eigenvalues of the matrix S 3;_, are the M —2 real numbers A = 1+ 2y cos(M”—'_‘l) with
ke{l,...,M-2}. For € small enough, i.e. M large enough, the product of the eigenvalues
of S js—» associated to k = 1 and k = M —2 is negative since |y| > % Hence, S j;_5 has eigen-
values of opposite sign. Let k € {1,...,M —2} and Y be an eigenvector of S j;_» associated
to Ax and X = (o, V,B) € RM . Then, the value of the action of the function x € V associated

to the previous datas is equal to

Aa(x) = yo (AIY I +2y(@y1 +Bym-2) +a” +57). (8.6)
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Since A1dy—2 < 0, if Y lies in the union of the two eigenspaces associated to A; or Ay
and ||Y]| — oo, we see that Ay is surjective help to the intermediate value theorem. As a
consequence the range of A, on the larger set V is also R. O

Now, let us solve the discrete Euler-Lagrange equation associated to (8.1). By using
(6.4), D.E.L. may be written as Ox +0O*x = 0, that is to say

(1 +y-Dx(t+E)x(1+ &) + x (1 = £)x(1 = €)) + 2yox(t)x (1) = 0. (8.7)
Proposition 8.3. We suppose that |y| = %’ # %

(a) Each solution x € C°([a,b],C) of D.E.L. (8.7) is uniquely determined by its restriction
ptola,a+el.

(b) D.E.L. admits a solution if and only if

= +i(M+2)0) and y =
B = aexp(zi(M +2)0) and y Teosd

(8.8)

where 0 = % for some integer k.
(c) If (8.8) holds, the restriction of Ay to the space of solutions of D.E.L. has range R*,
R7, R or {0}.
Proof. We define r and r as the roots of the polynomial > + § + 1. Since |y| # %, we have

ri#+1,rmn#+land r #rp.

(a) Letus consider a solution x € C°([a, b],C) of (8.7) and its restriction ¢ to [a,a+£[. Let
us express x(¢) as simple function of k and ¢(7) where ¢ = 7+ ke with T € [a,a + g[ and
ke{0,...,M}. We find it convenient to denote u; = x(t+ke). Whenke{l,...,M—1},
D.E.L. (8.7) is a linear recurrence relationship with three terms

Y1 +ug +yup—1 = 0. (8.9)

In contrast, when k =0 and k = M — 1, we get respectively yu; +ug = 0 and yuy— +
uy = 0. Solving the difference equation (8.9) gives

u = (dy ¥ +darb)p(r) for all ke {1,...,M—1}.

By using this formula with k = 1 and k = 2, we obtain the two explicit constants d
and d» and we may write

Up =

eI =y DA =AY =y A =i h) (8.10)

ry—nr
Thus, u; depends exclusively on the index k and the function ug = ¢(7).

(b) Since the numbers r; and r, satisfy r| +r, = —% and r;ry = 1, the formula (8.10) holds
also for k = 0. The values 7 = a and k = M, that is T = b, yield two relationships
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(©)

(y1 +y-1)(up +up—2) +2youp-1 =0,
y1 +y-D(p-1) +2youpy =0,

from which we deduce 8 = a(dir})! + dor}!) and di r}*! + dpr)*! = 0. Since riry = 1,
we obtain
r—r diri
é:r?”dl( ) and 3" = ———.
@ d2}"2

By using the explicit formulas for ry,r,d;,d>, straightforward computations yield
the result.

Let us define w; and w; as the infimum and supremum of A,(x) when x lies in the
subspace of piecewise continuous solutions of D.E.L.. If x is a solution of D.E.L.,
plugging (8.10) into (8.2) and using Chasles formula gives

Ag) = ¢ f SO = cvo—y' 1) f o0Pdl, (811)

where ¢ = Z,ﬁal(dl r’l‘ + dzrlz‘)z. Let us suppose that c(yg —y‘lyl) > 0. Then, for all
n > 0, we may find ¢ such that ¢(a) = @ and @(a+ &) = —y~'a and lastly, Ay(x) <
n. As a consequence, w; = 0. A similar argument yields wy; = +c0. Otherwise, if
c(yo—y'y1) <0, ws =0 and w; = —co. Lastly, if ¢ = 0 which is equivalent to ¢; = c_y,
Ay vanishes for every solution of D.E.L..

O

Let us give some explanations about Proposition 8.3. The first equality in (8.8) ex-
presses the fact that (8.7) behaves as a first order difference equation and not as a general
second order one as (6.4) since the matrix P is absent from the lagrangian. So 8 is deter-
mined from a. The second equality in (8.8) expresses the non-resonance property enabling
the linear combination of exp(ikt) and exp(—ikt) to fit the Dirichlet conditions. Lastly, we
notice that the restriction ¢(7) of a solution of D.E.L. is arbitrary except for the boundary
values ¢(a) and ¢(a + &).

Table 1 shortens some of the previous results:

Continuous case Discrete case
Gauge yes depends on O (see (8.2))
Values of action %(,82 —a?) R or R* or R~ (depends on )
Eqn. of motion 0=0 Ox+0*x=0
Sol. of eqn. of motion all functions depends on B/a and M

Table 1. Properties of actions with lagrangians xx and xOx

The examples presented in the last two sections show that the discretization process us-
ing generalized scale derivatives leads to intricate conclusions compared to the analogous
continuous setting. Given a specific property of D.E.L. or Ay or Ly, the description of the
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discretization operators O € Oy ensuring this property gives rise to various and nontriv-
ial algebraic or analytic problems. Among these problems, convergence of schemes and/or
solutions, shape of solutions of dynamic equations, oscillatory, resonance and spectral prop-
erties are of a special interest.
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