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Abstract

The spaces (L4, IP)* and MP-“ are closely related to classical problems in Harmonic
Analysis: properties of multiplier and Fourier multiplier from a Lebesgue space to
another, finite (1,p)-energy measures. We characterize the Fourier transforms of their
elements and establish criteria of compactness in these spaces.
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1 Introduction

Let us fix an integer d. The space R is endowed with its usual scalar product (x, &) — x-&,
euclidean norm |- | and Lebesgue measure.

For 1 < p < oo, we denote by |||, the usual norm on the classical Lebesgue space
LP = LP(R%) and by p’ the conjugate of p (% + [} =1).

Let C. = C.(R?) denote the space of complex valued continuous functions on R4, with
compact support.

Let Co = Co(R¥) denote the space of complex valued continuous functions vanishing at

infinity on R, endowed with the sup norm f - || flle = sup [f(x).
xeR4
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We denote by M the space of Radon measures on R. The total variation of an element
u of M is denoted by |u| and M'={ueM: |jul:=ul(R? < oo} is the space of bounded
Radon measures on R¥.

We are interested in the Fourier transform defined as follows.

Definition 1.1. When y and f are respectively in M Uand L', their Fourier transforms 7z and
f are defined by

e = fR ) e " du(x), €£eRY, (1.1)

f@= f e f(x)dx, &EeRC.
Rd

Let us recall some well known, elementary and nevertheless very important properties
of the Fourier transform.

Proposition 1.2.  a) Forpue M", [l < |lull.
b) {f . feL'Yis a dense subset of Co.
This leads to the two following problems:

(I) given a subset E of M !, find a nice characterization of the Fourier transforms of the
elements of E.

(I) investigate the connection between local regularity of an element of M and the decay
at infinity of its Fourier transform.

The goal of this paper is to investigate analogs of these two problems in the case where E is
the Banach space (MP’ A, (l) or its Banach subspace ((Lq, Py - g, p,a) (see section
2 for definitions).

These spaces deserve attention for several reasons.

a) For 1 < g <a < p<oo,itis proved in [4] that (L9, [P)* always contains L and for
some values of a, the two spaces are equal (see Proposition2.4).

b)Forl <g<a<p<2andi= 5 - % it is established in [6] that if m is a Fourier mul-
tiplier from L7 to LP, that is there exists a bounded linear map 7, from L7 to L? satisfying

Tnf=mf, feld,

then m € (L', I*®)”.

¢) In [9] it was proved that for 1 < g < p < oo and (]—l =1- é + % if u is a nonnegative
Radon measure on RY which represents a multiplier from L9 to L?, that is f > u+ f is a
bounded linear map from L9 to L”, then u € MP>® (x denotes the convolution product).

d) In [2] it was showed that for 0 <y < é, % = é —v, if u is a nonnegative Radon measure

on R? which Riesz potential

e bt = [ =yt )

belongs to L?, then u € MP-?.
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2 Notations and results

An early answer to Problem (I) is the following result of Schoenberg.

Proposition 2.1. [11] Given an element F of L°, the following assertions are equivalent:
(i) F =7 for some e M';

(ii) there exists a real constant C such that

‘ f F(x)g(x)dx
Rd

Notice that if ¢ is unbounded then the integral (1.1) does not exist in the usual sense.
However, if u defines a tempered distribution then its Fourier transform exists in the distri-
butional sense. This is the case when u belongs to the space M? defined as follows.

< Cliglleos geCe.

Definition 2.2. Let us consider a real number r > 0.

a) We define I/ = jlilll [k (kj+1)r), k= (kj)lﬁjsd e7d.

b) Forany ue M,

1
14
( 3 |,1|(1,g)”) if 1 <p<oo,
rllall, =4 \keze .
sup |l1|(1,f) if p = co.
kezd

¢) We define MP = {,u eM : 1||;1||p < oo}.

These spaces of measures are closely related to the Wiener amalgams spaces (L7, [P)
defined as follows.

Definition 2.3. Suppose that 1 < g, p < co.

a) Let L?oc denote the space of equivalent classes, modulo equality Lebesgue almost
everywhere, of complex valued measurable functions on R¢ which are locally in L9.

q

b) For any real number r > 0 and any element f of L, .

1
AL
( % (Il ly) ) if 1< p<oo,
I’”f”q,p = kezd

sup ”f/\,/l,:
kezd

if p = oo.
q Bp=e

where y,4 stands for the characteristic function of the subset A of R¢.

c) We define (LY, IP) ={f € L! : 1lIflly » <o} and (Co, IP) = CoN (L™, IP).

loc
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Notice that for any element f of L! | the map g — J@d g(x)f(x)dx of C. into C defines

loc’

a Radon measure uy (dus(x) = f(x)dx) satisfying

lurl(A) = pyp(A) = j; lf(0)ldx, AcR?

and consequently
Alrlly = Afllpy 7>0 1< p<oco.

So, by identifying f to uy, we may (and do) consider (Ll, l”) as a subspace of MP. It is

also clear that (L, [P) is included in (Ll, ll’) for 1 < g, p < co. Holland, who initiated the
systematic study of these spaces, has obtained the following result.

Proposition 2.4. [7] Suppose that 1 < q, p < 2. The following assertions hold :

a) (i : pe MP}yc (L?, [®) and there is a real constant C such that
llmlp/,ooSCl”ﬂ”p, ueMP;
b) {]? : fed, IP)c (LY, 1) and there is a real constant C such that

WA lprar < Cllflly pr f €LY, IP);
) (f: feda1Y)} c(Col?).

This result led Holland (for ¢ = 1 ) and Torres de Squire (for 1 < g < 2) to the following
extension of Schoenberg criterion.

Proposition 2.5. [8], [14] Suppose that 1 < q, p <2 and F € Llloc' Then the following
assertions are equivalent:

a) there is a real constant C such that

‘ f F(x)g(x)dx
Rd

b) F =u for some ue MP if g =1 anszj?forsomefe(Lq, Pyifl<gq.

<C 1“§”ql,pu g€Ce

Fofana has introduced subspaces of M? which are also super-spaces of Lebesgue ones,
defined as follows.

Definition 2.6. Suppose that 1 < g < @ < p < co. We define:

a) |lullp, o = sup P4G-1) Alullp, for any element u of M;
r>0

b) MPO={ueM : |l q < ook

1.
loc®

&) 1llg.pra = sup FG=0) 1 fll,. . for any element f of L

r>0
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d) (L9 P ={f €Ly, : IIflly p,a <o}

The space (L4,17)® is related to L* as follows.
Proposition 2.7. [4] Suppose that 1 < q < a < p < 0. The following assertions hold:

i) (L1,IP)? is a linear subset of L}OC and a complex Banach space when endowed with
the norm f = || fllg.p.

ii) L* is continuously included in (L1,1P)*
iii) (L4,IP)® =(L4,1*)*= L®
iv) if g < @ < p then the weak Lebesgue space L™ > (see [12] for the definition of this
space) is continuously included in (L4, IP)“.
The following properties of the Fourier transform in the spaces M? and M?>¢ are known.

Proposition 2.8. [6] Assume that 1 <a < p <2. Then
(i)

[ Arosed] < sy Bl e M”, gECe 0
R r

and

_d
< ||,u”p,a 1|@|00,plr ar, ,UEMP’Q, gecc, r>0,

] f Tro)g(x)dx
Rd

(ii) there exists a real constant C such that

r”iﬂlp/,oo <C %”,u”p rd(]_%), ME M?, r>0

Wllpr.gr <C g, ¥ G5, fe@s, wy, r>0

il pr. co.ar < C llptllp. o, € MPC,

and _
WA llpr, groar <C Nfllg, poa»  fe(LY, IP)T.

In this paper we will prove the following criterion on functions which are Fourier trans-
forms of elements of MP?: or (L4, IP)*.

Theorem 2.9. Let F be an element of L

loc*
a)lfl <a<p<2and]1 < p then the following assertions are equivalent:

(i) F =u for some u€ M ¢,

(ii) there is a real constant C such that

_d
<Cr @ (|igllo,pr» >0, g€Ce.

f F(rx)g(x)dx
Rd
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b)If1 < g <a < p<2then the following assertions are equivalent:
(i) F= ]?for some f € (L4, IP)?,

(ii) there is a real constant C such that

_d
<Crw 1|@|ql,pl, r>0, geCe.

F(rx)g(x)dx
Rd

By Proposition 2.7, the following result follows immediately from Theorem 2.9 b).

Corollary 2.10. Let F be an element of Llloc and 1 < p <2. Then F is the Fourier transform
of some element of L? if and only if there is a real constant C such that

d
<Cr 7 [@lep, r>0,geCe.

F(rx)g(x)dx
R4

This result has been established already in [6].
As far as analogs of Problem (II) are concerned, the following result has been obtained
by Pego.

Proposition 2.11. [10] Suppose that 1 < p <2 and H is a bounded subset of LP. Then
—t =
7=,

=0

=0= limsup
u—>0 fGH

9 timsoplr =

p—)OO

i) lim supl|f =1, fll, =0 = lim sup||f— Ty
=0 feH P=X fen ollp

where t, stands for the translation operator with translation vector u and

d
Y -

The above result may be extended to the spaces MP-® and (L4, I7)® as follows.

Theorem 2.12. Suppose that 1 < a < p <2 and K is a bounded subset of MP*.Then

| L =0= 114%;218”71\_ t”ﬁ\”p/, 00, as =0.

lim sup“,u X

p—)OO

Theorem 2.13. Suppose that 1 < g < a < p <2 and H is a bounded subset of (L1, IP)“.
Then

i) lim sup”f f)(Jp =0= limsup |f—tuﬂ =0,
P00 g q,p, @ u—)OfeH p’,qr, ar
i) imsup|lf =tufll .o = 0= lim sup |f T =0

u=Y feH X feH
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Clearly Theorem 2.13 contains Proposition 2.11 as a special case (¢ = @ = p). From
a compactness criterion for subsets of translation invariant Banach function spaces due to
Feichtinger (see Proposition 4.2), we get the following result:

Theorem 2.14. Suppose that 1 < g < a < p < oo with @ < 0o and H is a closed subset of
(L4, IP)* such that

(i) Sup“f”q, poa < 00,

feH
. _, _o,
(ii) uli‘(l)]sf‘;f,”f ufllg, p. o

=0.
4.p.@

(iii) 1lim sup | f=Ffyp
p—)oofeH 0
Then H is compact in (L9, IP)“.

The following result follows from Theorem 2.9 and Theorem 2.14.

Theorem 2.15. Suppose that 1 <a < p <2 with 1 < p and K is a closed subset of MP>*
such that

(i) supllully, o < oo,

ueK
(ii) lim sup ‘,u—XJp,u‘ =0,
p—)ooﬂEK 0 D,
(iii) lim sup |ﬁ— ¥ ,Rﬁ‘ - 0.
_>°O;1€K 0 p’, 0, ar

Then K is vaguely compact in MP©.

The rest of the paper is organized as follows. Section 3 contains the proof of Theorem
2.9 and Section 4 is dedicated to Theorems 2.12, 2.13 and 2.14, and related results.

3 Characterization of Fourier transforms in (L7, [P)“ spaces

The following result will be used in the proof of Theorem 2.9.

Lemma 3.1. [1],[13] Suppose that 1 < p < co. Let ¢, ={¢ € C. : ¢ € (L™, I")} and @, =
{© o€y} Then:

° @,=Cof0r2$p£oo

° gi;, is dense in (Cy, I°) for 1 < s < oo,

Corollary 3.2. Suppose that 1 <p<2. Then{g : g€ (Ll’ , ll)} is a dense subset of (Co, I'").
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Proof. By lemma 3.1 we have ¢,, = C,, and clearly C. C (Lr,1Y. So, by Proposition2.2,
we have

¢ g ge(LP. 1)} < (Co. 17)
and the result follows from Lemma 3.1. O
Lemma 3.3. [7], [1] Suppose that 1 < g, p < oo.
a) If 1 <gq, p < oo then the dual space of (L4, IP) is (LY, IP").

b) If 1 < p < oo then the dual space of (Co, IP) is MP'.

Actually it is easy to show that if 1 < g, p < oo then for all » > 0,

Al llgrpr = Sup{U]‘Rdf(X)g(X)dx 1 g€ (L), rllgllgp < 1}, fe (L, rr) (3.1

and

rllellpy = Sup{‘fd g)du(x)| = g €(Co, 1), rliglleo, p < 1}, peM”.  (32)
R

Proof of Theorem 2.9 a). 1) Suppose that i) is true. Then by Proposition 2.8, ii) is satisfied

with C = [[ull, o-
2) Suppose that ii) is true: there is a real constant C such that

_d
SC1|@|OO,p/r y r>0,g€Ce..

f F(rx)g(x)dx
Rd

From this and Proposition 2.5 it follows that there is u in M? such that iz = F. Let g be an
element of (LP, [ 1) and r a positive real.

(a) Clearly there is a sequence (g,),>; in C. which converges to g in (U’, ll). By
Proposition 2.4 and Lemma 3.3 , F =u belongs to (L”’, [*°) which is the dual space of
(LP, ll) and (g,),>; converges to g in (L*, [P’). Therefore we have

fF(rx)g(x)dx = lim f F(rx)gn(x)dx
R4 n—o | Jpd
. — _d
< nh_)n;locl”gn”w,p/r ar
_d
= Cruo 1|@|00,p1-
(B) Set h(x) = g(r~'x) for all x € R?.
We have
[ #auco| = | [ Fooseas
Rd Rd

r—d

f F(r ' x)h(x)dx
Rd

C llmloo,p/ rd(i_l)
1
C rd(l_") rl@loo, pre

IA
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By Corollary 3.2,{g : g€ (L”, ll)} is dense in (Cy,P’). In addition, u belongs to M? which
is the dual space of (Cy,/’’). (Lemma 3.3 b)). Therefore

‘ f @(x)dp(x)
R4

Thus, by (3.2), we have

<C ) Yplloopn 7> 0.0€(Col?).

Alell, <€ #40-2) >0

that is
”,u”p,afc<00 and /.lEMp’a,

For the proof of Theorem 2.9 b) we will need the following result:

Lemma 3.4. Suppose that 1 <p<2,1<qg<oco. Then forallr>0andall g € C,,

‘ fR Frx)g00d()| <77 1Mfllyp @l f € (LOIP).

Proof. Let (f, g, r) be an element of (L,17) x C. x R%. We have

fR Frogdey = fR Foor s o
= f f(X)g(rx)dx.
Rd
Thus
| fR Frogtod| < fR fIEE0]dx

> fl | fCoIf00)] do

kezd ¥ 'k

Using successively Holder inequality for integrals and Holder inequality for series we get

< Wl Wil e f€(LIP),

‘ fR Jrogd(x)

where h,(x) =g(rx). A change of variables ends the proof. O
From the above lemma, we deduce immediately the following result:

Corollary 3.5. Suppose that 1 < g<a < p <2. Then forall r >0 and all g € C,,

_d
<r o ”f”q, p.a 1”§qu, prs fe (Lq’lp)(l.

[ Formgeaco
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Proof of Theorem 2.9 b). An argument similar to the proof of Theorem 2.9 a) will do. We
need only to use Corollary 3.5 and equality (3.1) in place of Proposition 2.8 and equality
(3.2) respectively. O

As a consequence of Theorem 2.9 we obtain the following result:

Corollary 3.6. Suppose that 1 < g < a < p <2. Let (f,)us1 be a sequence in (L1,1P)* and
F an element of Llloc such that

(i) SUpIlflly. .o =L < o0
(i) lim L, fu(0gdx= [, F(gdx, g€ Ce.

Then there is an element f of (L1,1P)* such that f: F.

Proof. By Corollary 3.5,

- _d
fdfn(rx)g(x)d(x) <r « ”fn”q,p,a 1|@|q/, prs > 0,geCc,n>1.
R
Therefore
_d
Lf/WMM@M@)SrmLH@umH r>0,g€eCe
R
and the claim follows from Theorem 2.9 b). O

4 Compactness criterion and Fourier transform in (L9, /7)® and
MP-*

Proof of Theorem 2.12. Suppose that

A=supllully o <oco and  lim sup [lu—x peplly. o =O.
uek P ek 0

Consider an arbitrary real € > 0. There is a real p > 0 such that
le=xprllp.o <& peK.
Let u be an element of R¢ and  an element of K. We have
=, 0,00 = = € el o0, 00 < Clltt = €™ tll,
where C is a real constant not depending on u and u (see Proposition 2.8).

=ty 00 < CIA =YW= xpllp, 0+ 11 =€) g0l o

IA

C{leu ~Xgellp,a +sup 1 —el‘“ﬂnuup,a}

0
xeJj

IA

C{28+A sup|1 —ei“'x|}.

0
xeJy
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Since Jg is relatively compact, there is a real 6 > O such that

lul < 6 = sup |1 —ei”'x| <e.

xejg
Thus
lul < 6 = sup |l —tutlllpr, 0, ar < C(2+A)s.
HEK
m]
Lemma 4.1. Let y € L! satisfying 0 <y and fRd Y(x)dx = 1. Define
Yr(x) = R%W(Rx), R>0,xeR%.
Then, for 1 < g <a < p < oo and forall R > 0, we have
1
P
I =kl o < { IS m)dy} L fen ), peo
R
I s o < [ 1= o WU, f €00, )"
Rl
Proof. Let us consider f € (L4, [P)* and areal R > 0.
a) First case: p < c. From the hypothesis on i, we have for almost every x € R?
F = f0 = [ (7=t FC0)y. @
R

Using Minkowsky inequality for integrals, we obtain , for any real » > 0 and any integer k

lir = D], < fR [ fl |f(x>—z;f<x>|qu]qw<y>dy. (4.2)

p}
and therefore, by Holder inequality and equality ﬂgd vy(dy =1

r||f—«me*f||q,ps{z fR [ f] |f(x)—r;;f<x>]qu)qw(wdy}p

kezd

Thus, for any real r > 0

-

1

N = fll, < {Z l | ( | |f(x)—t;f(x)|ququ(y)dy

kezd

ANf =t fllg.p < { [, s, wwdy}" .

The result follows.
b) Second case: p = co. The result is obtained easily from inequality (4.2) if ¢ < co and
4.1) if g = 0. O
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Proof of Theorem 2.13. a)Proof of ii) Let us suppose that limsup||f —#,flly, p,«=0. We

de u=0 reqy
enne
2
W) =Q2n) te T,  xeRY

Then ¢ satisfies the hypothesis of Lemma 4.1 which notations will be used throughout. We
notice that

— Xz
) =Qn)te T, xeRrd,

UR(x) :J(%), R>0, xeRY,

<1-yr(x), R>0,|x|>2R.

& =

From the above inequality and Proposition 2.8, we have, for any f € (L9, [7)* and real R > 0

1 —~ —
ElleRd\JéR”Ph qr, ar < ”f(l _'701?) ”pl, qr, ar < CHf_WR *f”q, p,a
where C is a real constant not depending on f and R. So, by Lemma 4.1, we have
1
. p p
sup || fxray sirllpr, gr, ar < 2C f (SUPIIf— 1> fllg, p, a/) y(dyy . R>0.
feH 0 RI\ feH R

Therefore, using the hypothesis and Lebesgue dominated convergence theorem, we get
lim sup ||fXRd\Jp||p,, grar. =0
p—0 feH 0

b) (i) is proved as Theorem 2.12. O

The classical criterion of Kolmogorov-Riesz for compactness of subsets of L” (1 < p <
o) has been extended by Feichtinger to translation invariant Banach function spaces. His
result contains the proposition stated below.

Proposition 4.2. [3] Let (B, ||-||) be a Banach space such that

a) Bisincluded in L}OC and the canonical injection is continuous, that is for any compact
subset K of RY there is a real Cx > 0 such that

fK FOOldx < Cxllflls. f e B,

b) C.N B is dense in C,,

¢) B is translation invariant and

lim|r,f = flz =0, fe€B.

Suppose that M is a closed subset of B which is
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i) bounded:
sup || fllp < oo,
feM

ii) equicontinuous: for any real € > 0 there is k € C, such that

sup [lk = f = flls <&,
feM

iii) tight: for any real € > 0 there is h € C, such that

sup|lhf — fllg <e&.
feM

Then M is a compact subset of B.

It is easy to verify that (L9, IP)* (1 < g < @ < p < o) is a Banach space satisfying
conditions a) and b) of the above proposition. In addition, it is translation invariant. But it
does not fulfill condition c). So, let us consider its subspace (L9, I7)¢ defined as follows.

Definition 4.3. For ] <g<a < p<oo,
@, ) = {1 e @, 1) limleaf = Al .0 =0}
u—0 T

Let us quote the following result obtained by Fofana.

Proposition 4.4. [4] Suppose that 1 < g < a < p < oo. Then (L4, IP)Y is a closed subspace
of (L4, IP)* and L c (L1, IP){ if @ < co.

It is clear from the above that, if 1 < ¢ <a < p < oo and @ < co, then B = (L4, IP)?
endowed with the norm || - |, », o satisfies all conditions of Proposition 4.2. We are now in
position to prove Theorem 2.14.

Proof of Theorem 2.14. We notice that H is actually a closed and bounded subset of (L7, [P);.
In addition, it is easy to see that Lemma 4.1 and hypothesis (i) and (ii) implie that for any
real & > 0, there is k € C. such that sup|lk* f — flly, p,« < &. Furthermore hypothesis (i) and

feH
(i1i) implie that for any real & > 0 there is & € C, such that sup||af — fll;, p,« < &. Thus, by
feH
Proposition 4.2, H is compact in (L7, [P){ and subsequently in (L9, IP)®. O

Proof of Theorem 2.15. Set H ={i : p € K}. a) It is clear that from the hypothesis, Propo-
sition 2.8 and Theorem 2.12 that

1) sup ”h”p/, oo, ar < 09,
heH

i) lim supllh—1,hllp/, o, 0r = 0,
u=0 peq

i) lim supllh)(Rd\jpllp,, oo, ar = 0.
heH 0

p—)OO



152 M. Sanogo and I. Fofana

Thus, by Theorem 2.14, H is a relatively compact subset of (L', [*)®’.
b) Let (i,),»1 be a sequence in K. From a) it follows that (i), has a subsequence
(Hi(n)),»; Which converges in (L, I°°)*’ to an element we denote /. So, we have

lim f i (X)g(x)dx = f h(x)gdx,  ge (L, 1)
n—oo R4 R4

and
_ _d
‘fd#i(n)(rx)g(X)dx < C||/li<n)“p N 1||§]|00 o T > 0,g€Ce,n>1,
& : :
where C is a real constant not depending on the sequence (u,),>; (see Proposition 2.8).
Thus

f h(rx)g(x)dx
Rd

and therefore, by Theorem 2.9, h =i for some u € MP-®. Notice that, for any g € (LP , ll),
we have

_d
<Csupliull, o 1]2], o7 r>0,g€Ce
pek ?

fR Fdu() = fR g = lim fR i (9g(0d() = lim fR FOduin ().

In addition, by Corollary 3.2, {§ 1 g€ (Lp 0 )} is a dense subset of (Cy, [P”) which contains
C.. Thus

L ) e(x)du(x) = ,}Lrgo fR | e(X)duiy(x), @eCe.
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