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Abstract

In this paper, we prove the generalized Hyers — Ulam — Rassias stability of double
derivations on Banach algebras.
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1 Introduction

A classical question in the theory of functional equations is that “when is it true that a
mapping which approximately satisfies a functional equation £ must be somehow close to
an exact solution of E£7”. Such a problem was formulated by S.M. Ulam [21] in 1940 and
solved in the next year for the Cauchy functional equation by D.H. Hyers [9]. It gave rise
to the stability theory for functional equations. For the history and various aspects of this
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theory we refer the reader to [1, 2,7, 8, 10, 11, 14, 16, 17, 18, 19, 20]. Let A4 be a subalgebra
of an algebra B and let 6 : 4 — ‘B be a linear mapping. A linear mapping 0; : 4 — B is
called ¢ — derivation if

01 (ab) = 8 (a)o(b) +c(a)8 (b) (1.1)

for all a,b € 4.

Clearly, if 6 = id, the identity mapping on A4, then a ¢ — derivation is an ordinary
derivation. On the other hand, each homomorphism 0, is a % — derivation. Thus, the
theory of ¢ — derivations combines the theory of derivations and homomorphisms. If 6, :
A — A is an ordinary derivation and ¢ : 4 — A4 is a homomorphism, then 8; = 0,0 is
a o — derivation. Although, a ¢ — derivation is not necessarily of the form 6,c, but it
seems that the generalized Leibniz rule, 6, (ab) = 0;(a)c(b) +c(a)8;(b), comes from this
observation.

M. Mirzavaziri and E. Omidvar Tehrani [13] took ideas from above fact, and considered
two derivations 6,,03 to find a similar rule, for 6; = 6,03. In this case, they saw that 0,
satisfies

01 (ab) = 01 (a)b+ab (b) + 6:(a)83(h) + 03(a)0s(h) (1.2)

for all a,b € 4. They said that a linear mapping 6, : 4 — 4 is a (6,,03) — double derivation
if it satisfies (1.2). Moreover, by a 6; — double derivation they called a (61,0, ) — derivation
and proved that if 4 is a C* — algebra, 6; : 4 — 4 is a * - linear mapping and 6, : 4 — 4
is a continuous 0; — double derivation then 0; is continuous.

During the last decades several stability problems of functional equations have been

investigated by a number of mathematicians; see [3, 4, 5, 6, 15] and references therein for
more detailed information.

H. Khodaei and Th. M. Rassias [12] have found the general n — dimensional additive
functional equation for n > 2 as follows:

n k k+1 n n n—k-+1
(X Y Y Y axi— Y, a;x;)
k=2 i1 =2i=ir+1 ipp1=initl =LAk =1
n
+ () axi) =2"ai () (1.3)
i=1

where ay,...,a, € Z — {0} with a; # +1, and investigated stability of functional equation
(1.3) in random normed spaces, in non-Archimedean spaces and quasi-normed spaces.

In this paper, our main purpose is to prove the generalized Hyers — Ulam — Rassias
stability of (6,,03) — double derivations on 4 associated with the functional equation (1.3).

Throughout this paper, assume that ay, ...,a, are nonzero fixed integers with a; # +1,
and that A4 is a Banach algebra.
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2 Main Results

Let [ = 1,2,3. For given mappings f; : A — A, we define the difference operators D, f; :
A" — Aand Cy, g, 1,(x,y) : Ax A — A by

n k+1 n n

Dyufi(x1, -ees Z Y - X A Y amw

=2 i1 =2iy=i1+1 In—r1=Ip—x+1 i=1,0701 e eesin—kt+1
—k+1

n
Z aj,ux;, ) + fi Za,,wc, Zn_lallufl(x1>

r=1 i=1

and

Chi fofs(0,Y) := f1(xy) = f1(x)y —xf1(y) — 2(X) () — f3(x) f2()

forallue T':={A: |A|=1}andallx,y,x; €4 (i=1,2,...,n). We will use the following
lemma in this paper.

Lemma 2.1. [12] A function f : A — A satisfies the functional equation (1.3) if and only
if f:A— Ais additive.

Theorem 2.2. Let r > 1,1 =1,2,3 and let 0, : A — A be mappings satisfying 0;(rx) =
r0,(x) for all x € 4. If there exists a function @ : A% — [0,0) such that

1
lim (p(er iy, iz, it ra, b, c,r’d) = 0, (2.1)
]—)oor

101 (ewx+py + z21) — ub1 (x) — 6y (y) — 01 (2)t — 201 (1) — 02(2)03(t) — 03(2)02(7)
= 02(ua+ub) — ubz(a) — u2(b) — 83(uc + ud) — ub3(c) — ub3(d)||
<o(x,y,z,t,a,b,c,d) (2.2)

forallue Cand all x,y,z,t,a,b,c,d € 4. Then 8, is a (02,03) — double derivation on 4.
Proof. 6;(0) =0 since 6;(0) =r8;(0). Putz=t=a=b=c=d=0in (2.2). Then
161 (1 + pay) — 61 (x) — 61 (y)|| = %Hel(urijrurjy) — 81 (r/x) — 01 (y)
< %(p(rjx, r'y,0,0,0,0,0,0)
for all x,y € 4 and all u € C. The right hand side tends to zero as j — oo. So
01 (x4 py) = ub1 (x) + 61 (y)
for all x,y € 4 and all u € C. Similarly, one can show that
02 (1x + py) = uB (x) + 162 (),

03 (ux +uy) = uB3(x) +ub3(y)
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forallx,y€ Aandalluc C.Letuy=1andx=y=a=b=c=d=0in (2.2), we get
161 (zt) — 01(2)t — 201 (1) — 02(2)03(r) — 03(2)02(1)[| = %He1 (r/zr’t) — 0y (r'z)r't
1201 () — 0 (1205 (Fi1) — B3 (r12)Ba (1) | < %(p(O, 0,772, 1/1,0,0,0,0)
< %(p(0,0,rjz, r'1,0,0,0,0)
for all z,# € 4. The right hand side tends to zero as j — co. Then
01(2r) = 81 (2)r +281 (1) +62(2)03(1) +03(2)82(¢)
for all z,t € 4. O

Now, we investigate the generalized Hyers — Ulam — Rassias stability of (6,,03) —
double derivations on Banach algebras for functional equation (1.3).

Theorem 2.3. Let [ = 1,2,3. If f; : A — A with f;(0) = 0 are mappings for which there
exists a function ¢ : A" — [0, 00) such that

Px) := Y, —0(ar’x,0,...,0,0,0) < e, (2.3)
=0 |ar}/
_ 1 . . . . .
lim W(P(aljxl7a1JX27-~-aal'1xn7al’/a;aljb) =0, (2.4)
J—|ay
rnlax{HDyﬁ(xl,xz,...,x,,) —Ch . p.p(a,b)]|} <Q(x1,x2,...,%4,a,b) (2.5)

forall a,b,x; € A (i=1,2,....,n) and all u € T' := {A € C; |A| = 1}. Then there exist
unique C— linear mappings 0; : A — A4 such that

|
1fi(x) =8 (x)]| < m@(ﬂ (2.6)

forall x € 4. Moreover, ©; : A — A is a (02,03) — double derivation on 4.

Proof. Tt follows from the inequality (2.5) that

HDyfl (X],X2, ...,x,,) _Cfl,f27f3 (a,b)” < (p(xl,XQ, ...,x,l,a,b), (2.7)
HD‘ufz()q,XQ, ...,xn) _Cf| o f3 (a,b)H < (p(x1 , X2, ...,xn,a,b), (2.8)
HD,Uf3(x17x27 ""x") _Cf17f27f3 (avb)H < (p(xlax% ...,xn,a,b) (29)

foralla,b,x;€ 4 (i=1,2,...,n) and all u € T'. Let u = 1. We use the relation
n—1 n—l n—1 n—l
1+Z< . >:Z< . >:2"—‘ (2.10)
i=1 \ ! i—o \ !
andputx; =xanda=b=x;=0 (i=2,...,n) in (2.7). Then we obtain

12 (@) =2 A < 9(x,0,...,0,0,0) 2.11)
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forall x € 4. So
IIf1( )_*lf( )||<71 o(x,0 0 ) (2.12)
X ax x,0,...,0,0,0 .
1 | 1{d1 = on l‘al‘ sy Uy ey Uy Uy

for all x € 4. Replacing x by a;x in (2.12) and dividing by a; and summing the resulting
inequality with (2.12), we get

1 ¢(a;x,0,...,0,0,0)

1
0,...,0,0,0 2.13
I15) = 2 @Rl < gy (006 0,..,0,0,0) 4 BADST) 1y
for all x € 4. Hence
|2 filab) — = fi ()| < 2 0,...,0,0,0) (2.14)
aix al'x ax .
ll 1\d1 al 1\d1 = on— 1|a1| |Cll|J sy Uy ey Uy Uy

for all x € 4. for all nonnegative integers m and k with m > k and for all x € 4. It follows
from (2.3) and (2.14) that the sequence {ﬁ fi(al'x)} is a Cauchy sequence for all x € 4.

Since A4 is complete, the sequence {# fi(df'x)} converges. Therefore, one can define the
function 0; : 4 — A4 by

61(x) = lim — fi(a}x)

m—oo al

for all x € 4. In the inequality (2.7), assume that a = b =0 and u = 1. Then By (2.4),

1
1181 (x1, s 2)[| = lim =Dy fi(a'xn, s 67 %) |

m—e ||

1
< lim ——(aj'xy,...,a]'x,,0,0) = 0

m—soo |a1|
for all xp,...,x, € 4. So D10;(xy,...,x,) = 0. By Lemma 2.1, the function 6, : 4 — 4
is additive. Moreover, letting k = 0 and passing the limit m — oo in (2.14), we get the

inequality (2.6) for [ = 1. Now, let 6 : 4 — A be another additive function satisfying (1.3)
and (2.6). So

161 (x) — 8, (x)[| = 161 (a'x) — 8 (a7 x)[| < - ([181(at'x) — fi(a]'x)|

1 1
jar | [ar|™
2 ~
+1107(a"x) — f1(a"x)||) £ —————0(a'x
161"~ (@))€ o la)
which tends to zero as m — oo for all x € 4. So we can conclude that 6, (x) = 6/ (x) for all
x € 4. This proves the uniqueness of 0.

For [ =2 and [ = 3, a similar argument shows that there exist unique additive mappings
05,035 : 4 — A satisfying (2.6). The additive mappings 0,,03 : 4 — 4 are defined by

02(x) ;= lim —rlnfz(a’l”x) (2.15)
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and

03(x) = lim — (') (2.16)

for all x € 4. Since 6, is additive, we have 10 (x) = 0;(a;1x) = limy, a%’”fl (a"™*'x) for
all x € 4. Thus 0;(x) = limy,—« alm#ﬂfl (a™*'x) forall x € 4. Let u € T'. Set x; = x and
a=b=x;=0 (i=2,...,n) in (2.7). Then by the relation (2.10), we get

12" fi(arpx) — 2" Layufi (x)|| < 9(x,0,...,0,0,0) (2.17)
for all x € 4. So that
—(m+1 n— m n— m —(m m
lla, D@ (@ ) — 27 i (@) ]| < Jar | D e(a',0, ..., 0,0,0),
that is,

lai| " ¢(d'x,0,...,0,0,0)
‘al ‘21171

lay "V fi (a7 ) — ay gy (@) | < (2.18)

for all x € 4. Since the right hand side tends to zero as m — o, we have

. 1 m . a"x
01 (x) = lim — — fi (ua *lx) = lim uhi(ar"x) = 61 (x)

m—oo m—oo alm

for all u € T! and all x € 4. Obviously, 8; (0x) = 0 = 00 (x).

Next, let A = [31 + iBz € C, where Bl,Bz eR. Leto; = B] — [Bl],O(Q = Bz - [Bz], in which [}’]
denotes the greatest integer less than or equal to the number . Then0 < o; <1, (1<i<?2)
and one can represent o; as o; = 22 in which y;; € T', (1 <4,/ < 2). Since ; is
additive we infer that

01 (Ax) = 01 (B1x) + 61 (Bax) = [B1]61(x) + 01 (0t1.x) +i([B2]01 (x) + 61 (0t2x))

= ([B1]01(x) + %91 (k11 + 1 2x)) +i([B2]01 (x) + %91 (12,1 +p2 2%))

= B101(x) + 20 (x) = 16 (x)

for all x € 4. Hence, 0 : A — A4 is a C — linear mapping. A similar argument shows that
0,,03 are C- linear.
Setting x; = x; = ... = x, = 0 in the inequality (2.7), we get

1| 2" |Chy o gy (1™ a, @) || = |ar| 2" || fi (@1*"ab) — fi(ar"a)a)™b — ar" afi(a)"b)
— fa(a1"a) f3(a1™b) — f3(ar"a) fr(a1™D)||

< lay|7#"¢(0,...,0,a1"a,a;"b) < |a;| (0, ...,0,a,"a,a,"b),
which tends to zero as m — oo for all a,b € 4 by (2.4). Hence
01 (ab) =0 (a)b+ab;(b) +02(a)03(b) +03(a)02(b)

for all a,b € 4. So the C- linear mapping 0, : 4 — 4 is a (6,,03) — double derivation on
A. O
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Corollary 2.4. Let ] =1,2,3. Let f; : A — A be mappings with f;(0) = 0 for which there
exist constants € > 0 and p < 1 such that

m?X{HDHfl(xl 1 X2, '”7xﬂ) _Cf17f2-,f3 (a,b)||}

n
<e([lall” +[[b]1” + Y llxl|”)
=1

1

foralla,b,x;€ 4 (i=1,2,...,n) and all y € T!. Then there exist unique C — linear map-
pings 0; : A — A such that

|lx[|”
[(1—=Jas|P~1)’

1fi(x) =61 (x)[| < > Tay

forall x € 4. Moreover, 0, : A — A is a (02,03) — double derivation on 4.

Proof. Define Q(x1,x2,...,xn,a,b) == €(||a||” + ||D||P + X1, ||xi||”) for all a,b,x; € A (i =
1,...,n), and apply Theorem 2.3. O

Theorem 2.5. Let | =1,2,3. Let r,s,71,12,..,I, and € be non-negative real numbers such
that r+s < 2. If fi : A — A are mappings satisfying

n
max{[|Dyfi(x1, 52, 5) [} < €] T il (2.19)
i=1

1C. 0.1 (a: D) | < ellall"[[]* (2.20)

forallue T' and all a,b,x1, ...,x, € A, then the mappings f; : A — A are C—linear. More-
over, fi : A — Ais a (f», f3) — double derivation. (We put ||.||° = 1).

Proof. It follows from the inequality (2.19) that

n
”D,ufl(xlax27“'vxn)” < SHHXI'Hr[a (221)
i=1
HD,UfZ(xlvxZ?"'vxﬂ)H < SH”xian (2‘22)
i=1
n
IDuf3(x1,%2, s 0) | < €] llill” (2.23)
i=1

forallx;€ 4 (i=1,2,...,n). Lettingx; =0 (i=1,...,n) in (2.21), we get that
D,f1(0,0,...,0) =0

that is,
k+1 n

n k
Y Y Y A0+ A0)=2""arfi(0)

k=2 i1=2ir=i1+1 In—kr1=In—k+1
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that is,

2 n 3 4 n n
Y Y )Y ao+Y Y Y AO0)+..+) A(0)

1=2i=i1+1  iy—1=ip—2+1 hW=2i=i1+1 ip_2=ip_3+1 i1=2

n—1

((”_ 1) + <Z:;> Fot (”I 1) +1)£1(0) =2"""ay £,(0). (2.24)

It follows from (2.10) and (2.22) that 2"~ !(a; — 1) £1(0) = 0. Since a; # £1, so f;(0) =0.
By Lemma 2.1 and Theorem 2.3, the mapping f; : 4 — A4 is C — linear. Similarly, f,(0) =
f3(0) = 0 and the mappings f>, f3 are C — linear.

It follows from (2.20) that

1 Jj j 2(r+s) j r K
1Ch .13 (@ D)l = 555 11Chr .13 (20, 27B) || < (—5=) ella]l"|[]]
221 2

for all a,b € A. Since the right hand side tends to zero as j — oo, we have
Cri.po.s (a,b)=0
for all a,b € 4. Hence fj is a (f2, f3) — double derivation on 4. O

Remark 2.6. We can obtain similar result to Theorem 2.5 for r +s > 2.

Theorem 2.7. Let | = 1,2,3. Suppose that f;: A — A with f,(0) = f3(0) = 0 are mappings
satisfying (2.5). If there exists a function @ : A"% — [0,00) such that

~ - X
P(x) =Y ]allf(p(w,o,...,0,0,0) < oo, (2.25)
j=1
lim |a; Po(2L,..., 2 4 ﬂ) —0 (2.26)
jarved 1 a1j7“"a1j’a]j’alf ) .

forall xy,....x,,a,b € A4, then there exist unique C — linear mappings 0; : 4 — A4 such that

1 ~(x
2n71(p ai

1fi(x) =8 ()| <

(2.27)

forall x € A. Moreover, 8, : A — A is a (82,03) — double derivation on 4.

Proof. Lettinga=b=x;=0 (i=1,...,n)in (2.26), we getlim;_... |a;|/9(0, ...,0,0,0) = 0.
Hence, ¢(0,...,0,0,0) =0. Now, puta=b=x; =0 (i=1,...,n) in (2.7). Since g(0) =
h(0) =0, we get D, f(0,...,0,0,0) = 0. Therefore, by Theorem 2.5 we obtain f(0) = 0. It
follows from (2.11) that

1 X
T (p(a—l,O, ...,0,0,0)

1f1(x) — a1 fi(

)<

X
ai



A Perturbation of Double Derivations on Banach Algebras 59

for all x € 4. Hence

lai il ) = el il o)

H] ,0,...,0,0,0) (2.28)

for all nonnegative integers m and k with m > k and for all x € 4. It follows from (2.28)
that the sequence {a" fi(; =)} is a Cauchy sequence for all x € 4. Since 4 is complete,
the sequence {a;" fi(-%;) } converges. So one can define the function 0; : 4 — 4 by

alm

01(x) := lim af'fi( ;)

—00 1

forallx € 4.
The rest of the proof is similar to the proof of Theorem 2.3 and we omit it. O

Corollary 2.8. Let | = 1,2,3. Suppose f; : A — A are mappings with f;(0) = 0 for which
there exist constants € > 0 and p > 1 such that

max{[| Dy fi(x1,%2, . %n) = Cpi.po.s (@, ) [}

n
<e([lall” +115]7 + (Y llx:17)
i=1
foralla,b,x;€ 4 (i=1,2,...,n) and all y € T!. Then there exist unique C — linear map-
pings 0; : A — A such that

|| |lx[|”
~ 27 May|(Jn|' P = 1)

1/ (x) = 81 (x)

forall x € 4. Moreover, 8, : A — A is a (82,03) — double derivation on 4.
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