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A NEW NONLINEAR FILTER

ROBERT J. ELLIOTT* AND SIMON HAYKINT

Abstract. A discrete time filter is constructed where both the observation and signal process
have non-linear dynamics with additive white Gaussian noise. Using the reference probably frame-
work a convolution Zakai equation is obtained which updates the unnormalized conditional density.
Our work obtains approximate solutions of this equation in terms of Gaussian sum when second

order expansions are introduced for the non-linear terms.
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1. Introduction. The most successful filter has without doubt been the Kalman
filter. This considers noisy observations of a signal process where the dynamics are
linear and the noise is additive and Gaussian. Extensions of the Kalman filter to
cover non-linear dynamics were obtained by taking first order Taylor expansions of
the non-linear terms about the current mean. The resulting filter is the so-called
extended Kalman filter, or EKF.

A popular method in recent years has been the so-called particle filter approach.

However, this is only based on Monte-Carlo simulation.

In this paper the reference probability framework is used to obtain a discrete time
version of the Zakai equation. This looks like a convolution equation and it provides
an update for the unnormalized conditional density of the state process given the
observations. If first order Taylor series approximations are used for the non-linear
terms in the signal and observation processes, the convolution equation can be solved
explicitly and the extended Kalman filter re-derived. Taylor expansions of the non-
linear terms to second order are then considered and approximate solutions in terms

of Gaussian sums obtained.

Detailed proofs and numerical work will appear in [2].

2. Dynamics. Consider non-linear signal and observation processes x,y where
the noise is additive and Gaussian. Suppose the processes are defined on (9, F, P)
where w = {wy, k =0,1,2,...}, v ={vg, k =0,1,2,...} are sequences of indepen-
dent N(0,1,,), resp. N(0, I,,), random variables.
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Suppose for each £ =0,1,2,...
Ap: R"— R"
Cr: R*"— R™.

are measurable functions.

We suppose the signal dynamics have the form:
(2.1) Tp+1 = Ar(zr) + Brwg41.
and the observation dynamics have the form
(2.2) OBSERVATION yr = Ck(xy) + Dyoy.

To simplify notation we suppose the coefficients are time independent.
Further we suppose that B : R — R™ and D : R™ — R™ are symmetric and

non-singular.

Measure Change. We shall follow the methods of Elliott and Krishnamurthy
[3] and show how the dynamics (2.1), (2.2) can be modelled starting with a reference

probability P.

Suppose on (2, F, P) we have two sequences of random variables

x:{xku k:O,1,2,...}
y=A{yr, k=0,1,2,...}.

We suppose that under P the x; are independent n-dimensional N(0,I,) random
variables and the yj, are independent N (0, I,,,) random variables. For x € R™, y € R™
write
/
bi@) = @m) " exp (- 57)

o) = (2m) 2 exp (- L1).

Here the prime ’ denotes transpose. Define the o-fields

g = O'{Io,.fl, <o Tky Yo, Y1,y - - - 7yk}
Y=0{yo,y1,--- Yk}
Then Gy, represents the (possible) histories of  and y to time k and Y represents the

history of y to time k.

For any square matrix B write |B| for its determinant. Write

(D~ (yo — C(x0)))
|Do(yo)

Ao =
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and for / > 1

¢(D~Hye — Clxr))) (B H(xe — A(ze-1))) '

M= Dy B

For k > 0 define

k
Ae =] A
£=0

We can define a new probability measure P on |2, V;Gi) by setting
dP
—— == A]g.
dP 16
For ¢ = 0,1,2,... define vy := D_l(yg — C(xg)). For ¢ = 1,2,... define wy, =
Bil(xz — A(Igfl)).

As in [3] we can then prove:

LEmMA 2.1. Under the measure P
v={v, £=0,1,2,...}
w={wy, £=1,2,...}
are sequences of independent N (0, I,,) and N(0,I,,) random variables, respectively.
That is, under the measure P
xe = A(ze—1) + Bwy
ye = C(x¢) + Duy.

However, P is a nicer measure under which to work.

3. Recursive Densities. The filtering problem is concerned with the estimation
of xy, and its statistics, given the observations yg,y1,- .., Yk, that is, given Vi. The
problem would be completely solved if we could determine the conditional density

~vi(x) of x given Y. That is,
Yi(x)dx = P(xy € dz|Vy) = E[I(xx € dx)| V).

Using a form of Bayes Theorem, (see [1]), for any measurable function g : R™ — R

E[Arg(xr)| V]

Elg(xk)|Ve] = E[Ag| V]

where the expectations on the right are taken under the measure P. The numerator
E[Arg(zy)|Vk] is an unnormalized conditional expectation of g(zy) given Vi. The

denominator is the special case of the numerator obtained by taking

9(-) =1
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The map g — E[Arg(zx)|Vk] is a continuous linear functional and so defines a mea-

sure. We assume this measure has a density ay(z) so that

BlArg(zn) i) = / g(x)on (x)dz

and heuristically
E[ArI(zy € dz)|Vk] = ar(x)da.

Then

Blaan)n) = Ao
Rn

and ay(z) is an unnormalized conditional density of z, given V.

Modifying the proof in [3] we have:
THEOREM 3.1. «y satisfies the recursion:
¢(D~!(yx — C(2)))
1B| |Cl¢(yk)
Proof. See [3]. 0

REMARK 3.2. This equation provides the recursion for the unnormalized condi-

31 anx) = / a1 ()9 (B (1 - A(2)) ) de.

tional density of zj given Y. It is a discrete time version of the Zakai equation. The
problem is now to solve this equation.
As shown in the book [1] and the paper [3], when the dynamics are linear, A(z) =
Az and C(z) = Cuz, for suitable matrices A and C, with linear Gaussian noise terms
the integral in (3.1) can be evaluated and a Gaussian density obtained for ay(z).
The extended Kalman filter is obtained below by linearizing A and C' and solving
(3.1). We then obtain approximate solutions when second and higher order terms are

included in the approximations of A(z) and C(z).
4. Notation. Recall our model is

SIGNAL T = A(Cckfl) + Bwg € R"

OBSERVATION yr = C(z) + Dv, € R™

where A and C can be non-linear functions: A: R® — R", C : R® — R™.
NOTATION 4.1. The transpose of any matrix (or vector) M will be denoted by
MI
Write
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If A (resp. C) are (twice) differentiable we shall write

0A; 0A; 0A,
Ox1’ Oxo ? Oxy,
/ .
VA= (VA,,...,VA,) = : ,
0A, 0A,
Oxq ) te Oxp

VC = (VC, ...,VCp).

V2A will denote the matrix of Hessians

V24,
) V24,
VA =
V24,
where
3% Ay 8% Ay 8% Ay
ax% O0x10x2 " 0x10x,
VZA, = ;
Ay %A,
O0xn0x1 te ox2
Similarly,
\velel
ViC = :
v2C,,

Approximations 4.2. For any p© € R" we can consider the Taylor expansions
of A and C to second order:
A(2) = A(p) + VA(p) - (= — )

(4.1)
b3 VA - (=~ p)?

C(2) = C(A(w) + VO(A(W) - (- Aln))

(4.2) ,

1
+ 3 V2C'(A(,u)) (= Ap) "
Here VA(p) - (z — p) € R™ and V2A(u) - (z — p)? denotes the vector

((z =)' V2 Ar (@) (2 = ), (2 = ) V2 Ap(p) - (2 = )"

From the Gaussian densities involved in the recursion for «y;, we shall be interested
in scalar quantities of the form:

1

5 (@ = Alw) = VA() - (2 = ) B>V2A(u) (= — p)*.
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Write £ = (&1,&2,...,&) for the vector B~2(x — A(u) — VA(p) - (z — ). Then

N~~~

(2= A(p) = VA() - (z — ) BV2A(u) - (2 — p)?
= LEVAG) - (= — p)?
X (2 = 1)’ V2 As () (2 — )
=§(§1a-~-afn) :
(2 = 1) V2 A (1) (2 — 1)
= (2 — ) H(u)(z — p)
where H(y) is the symmetric matrix defined symbolically by

V2 A (1)

VQA'n (1)

(EVPAL (1) + & V2 Aa () - - - + £V An (1))

N~

Similarly, for C V2C(A(p)) - (z — A(,u))2 will denote the vector

(2 = AG) V21 (AW) (2 = W) (v = A) ' V2Cn (A)) (2 = A1) ).

In the exponential involving C' terms we shall consider scalar quantities of the

form

(v=CAw)) D P2C(AGW) - (2~ Aw)’.

DN | =

This can be written

(z— A() 'z () (z — Aw))

where Z~1(u) is the symmetric matrix
(4.4)
. V2Cy (A(w))
— : =
S .
V2O (A(w))

with ¢ = D72(y — C(A(w))).

5. The EKF. We shall take the first two terms in the Taylor expansions of A(x)
and C(z) and show how equation (3.1) can be solved to re-derive the EKF (Extended
Kalman Filter).

Of course, if the dynamics are linear the calculations below show how the Kalman
filter can be derived from (3.1).

(Cl Vi, (A(w)) + (V20 (A(w)) +---+ (mV?Cy (A(H)))

N =
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Linear Approximations. SIGNAL The signal has dynamics
T = A(:Ekfl) + Bw € R"™.

If p1,—1 is the conditional mean determined at time (k — 1) we consider the first

two terms in the Taylor expansion of A(xg—1) about ui—1 and write
(5.1) xp > A(pk—1) + VA(k—1) (k-1 — pr—1) + Bwg.
Similarly for the
OBSERVATION yr = C(zx) + Dv, € R™
we take the first two terms of the Taylor expansion about A(ux—1) and write
(5.2) Y =~ C(A(pi-1)) + VC(A(r-1)) (zx — A(pr—1)) + D € R™.

We are supposing that the conditional density of xx_1 given Vr_1 is N (uk_l,

Ek,l), that is the (normalized) conditional density of xp_1 given Vi1 is

(5.3) !Ek—l\_mlb(zzlll(fv - Mk—l))-

Therefore, ay_1(z) ~ ¥ (E; ", (z — pe—1)). Let us note that

Tpip—1 = Elog|Vi-1]
= E[A(xk_1) + Bwg) Vi—1]
(5.4) = F[A(xg—1)|Vi-1]
~ E[A(pr-1) + VA(ur—1)(@r-1 — pr—1)| V1]
= A(pr-1)

as pr—1 = Elzg—1|Ve-1].
In the paper of Ito and Xiong [5] a more accurate approximation is given using
quadrature for E[A(xk_1)|Vk—1]. This could be used rather than A(ug—_1). Also write

Skie—1 = El(zr — Trp—1) @k — Tpp—1)'[Vr—-1]
~ E[(A(zp—1) + Bwy — A(pr—1)) (A(zk—1 + Bwy, — A(/kal))/D}kfl]
(5.5) ~ E[(VA(pe—1)(@r—1 — pr—1) + Bwy,)
X (VA(ur—1) (-1 — ps—1) + Bwy) [ V1]
= VA(ur_1)Sk_1VA(ur_1) + B2

Recall the matrix inversion Lemma (MIL:)

LEMMA 5.1. For suitable matrices

(B4+ASA) ' =B ' - B 1A'+ AB7'A)1AB L.
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COROLLARY 5.2.
Sik1 = B2 = BVAQu-1) (81 + VA(uk_l)'B—2VA(Mk_1))‘1VA(uk_1)'B—2.

Linear algebra and the MIL then enable us to obtain the following result.
THEOREM 5.3 (EKF). Suppose

Tp—1jp—1 = Elrr_1|Vr—1]
is N(pk—1Xk—1). Then, approzimately, Ty, is N(up, Xr) where

Y = Ygpp—1 — Ek|k71VC(A(Mk—1))I

(5.6) -1
X (D2 + VO(A(/Lk—l))Ek\k—lvc(/l(#k—l))) VC(A(pr-1))Erjp—1
and
pe = Alp—1) + Sipp—1 VO (A(ur-1))’
(5.7) A1
x (D2 + VO(Al-1) Srp 1 VO(AG)) ) (6 = C(AG-)) )
Proof. See [2]. 0

6. A New Nonlinear Filter. We extend the EKF by including second order
terms in the approximations for A(z) and C(x).
This has two consequences:
1) we can no longer explicitly evaluate the integral I. We approximate this using
Gauss-Hermite quadrature rules after some algebra.
2) when the integral is multiplied by ¢(D~!(yx — C(z))) we would like to obtain
Gaussian densities. By modifying the algebra of Section 5 we are able to do
this

Expansions 6.1. We recall the second order expansions (4.1) and (4.2)

(6.1) A(z) = A(p) + VA(p) - (2 — ) + % VZA() - (2 = p)?

(6.2) C(z) =~ C(A(n) + VC(A(w) - (z — A(p)) + % V2C(A(p)) - (z— A(u))2.

THEOREM 6.2. Suppose ay_1(z) is given by a weighted sum of Gaussian densities:

N(k—1) ) /
ap—1(z) = Z Ak—1,i €XD ( ) (z — pr—1,0) 21;_1171- (z— ,kal,i))-
i=1
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Then
N(k—1) m(k,i

)
ag () ~ Z Z Ak,i,j €XP (—
=1 =1

(2 = piyig) Spi (2 — Mk,i,j)>

N =

where
St = Drig — Thig VO (An-1,0))
-1
X (D2 + VC (A(/J,k_l))Fk)i7jVC(A(Mk_1)i))l) VC(A(;J,;C_LZ'))F;W

and

Hk,ij = A(qu)
+ Thiy VO (A1) (D2 + VO(A(uk,l,i))rk,i,jvc(A(uk,M))’) -
X (yk — C(Aur-14)) = Ek,z‘,ﬂk,i,j)-
The values of I'y ; j, gr,:; and Ay, ; are given, respectively, by (6.19), (6.12) and

(6.18).
Proof. Suppose that ag(z) is a sum of Gaussian densities:
N(0) )
ap(z) = Z Aoi €XD ( 3 (2 — 11oi) 251 (2 — Mo,z‘))

i=1

with
Xoi = poi(27) 2|80 712 > 0.

We can, and shall, suppose ag(z) is a normalized density, that is

/ ap(2)dz =1,
Rn

N(0)

SO Zpoizl-

i=1

Later (unnormalized) conditional densities are obtained from the recursion (3.1):

_ ¢(D My — C())) 1y — A()) ) d=
Rl IRUSTON] G CRPTO

Suppose aj_1(z) is approximated as a sum of Gaussian densities:

N(k—1) 1

ap—1(z) ~ Z Ak—1,i €XP ( -3 (2 — Mk—l,z‘)/E;;_lLi(Z - /kal,i))
=1
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N(k—1)

where again A\y_1,; = pk_l,i(27T)_"/2|Ek_1)i|_1/2 > 0and > pr—1, = 1. Then
i=1

from the recursion (3.1)

$(D~M(yp — C(x)) [ eV

| B |D|é(yx) /n Z Ae—1,i

=1
1 Vst _
X exp - 5 [(Z - ,Lkal,’L) Ek_17i(z - ,ukfl,z)

+ (= — A(z))/B72 (z— A(2))] )dz.

ag(x) ~

Consider one integral term in the sum. To simplify the notation we shall drop
the suffices for the moment. Using the second order Taylor expansion for A(z) the

integral term is approximately:

I, = /n exp ( - % [(z =)=z = p)
(6.4) +(z—A—-VA(z—p) - % V2A(z — p)?) B2
x (z—A—VA@z—p) - % V2A(z — ﬂ)z})dz.
Here, as in Section 5,

A= A(pg—1,:) € R"
VA= VA(,kal,i) € R

and V2A is the matrix of Hessians.
Dropping the (z — p)* term this is approximately

=~ [ ew(-3 W=

+(r—A-VAEz-p)B2(x—A- VA= - )]G, 2)dz
where
G(z,2) = exp (% (x— A—VA®z — ) B2V?A(z — u)?)
= exp (5 (=~ W Hlw )z~ )
in the notation of (4.3), where

VZA,
(x—A—-VA(z - ,LL))/B*2

N =

H(z,p) = :
V2A,
Completing the square we have

1 _
I, >~ K(:C)/ exp ( — 5(2 — okiéki)’okil(z — 0;”»5;”»)> G,i(x, 2)dz

n
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where
(65) Ulc_il = El;—ll,i + VA(ILLk,Li)/BiszA(,uk,Li)
(6.6) Oki = El;lwﬂk—u + VA(ur-1,)B7*(z — Alpr-1,1)
+ VA(pk—1,:) e—1,)
1 /

6.7) Gr,i(z,2) =exp (5 (33 — A(pk—1,) — VA(ur—1,:)(z — ,kal,i))

x B72V2 A(pg—1,i)(z — Mk—l,i)2)
and

1 _

(6.8) K(z) = exp (5 (6;ciaki5ki - N;c—l,izk—ll,iuk—lvi + (95 - A(Mk—l,i)+

VA(Nk—l,i)Nk—l,i)/ x B7%(z — Apg—1,) + VA(Mk—l,z‘)uk—l,z‘)))'

The problem is now to evaluate the integral

1 _
/ exp ( -3 (2 — onibgi) o (2 — 0;”»5;”»)> Gri(z, 2)dz.

As in Tto and Xiong, [5], one way is to use Gauss-Hermite quadrature (of which

the Julier-Uhlmann unscented filter is a special case). That is, we assume
oki = S},; Ski
and change coordinates writing
2= St + okidki, te€R"

The integral is then

t't
(6.9) N / exp (= ) Gla, Siut + opidia)it.
R’n.

Using the Gauss-Hermite formula this is approximately
m(k,i)

Z Wh,i jG(x, Sty + Ohilki)

j=1
m(k,i

)
= Z Wh.i,j €XP ((UC — A(pr—1,i) — VA(ur—1,) - (Spitj + okidpi — Mk—1,i))/%,z',j)
=

where

(6.10)
V2 A1 (ft—1.4)

Vi = %1372 (Skitj + OkiGri — /kal,i)/ : (Skitj + OkiOki — pk—1,)-
V2 An (pk-1,4)
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The order of approximation m(k, ) can be chosen. Weights @y, ; ; are determined
as in Golub [4]. In fact if J is the symmetric tridiagonal matrix with a zero diagonal
and J; ;41 = \/i/_2, 1 <4 < m(k,i) — 1 then the t¢; are the eigenvalues of J and
the Wy ; ; are given by (v;)(1)2, where v;(1) is the first element of the i normalized
eigenvector of J.

As our integrand in (6.9) is not a N(0, I,,) density in our case
Wi = (21)" 2| i@z,

Write X; = # — A(ux—1,;) and recall from (6.6) that

Ok,i = 2;;_11)1»!%71,1' + VA(ur—1,) B7(Xi + VA(uk—1,i) tr—1) -
Also write
Mpij = Siitj + oki (21:_11)1‘[”671,1' + VA(pr—1,) B>V A(lk—1,i) th—1,6) — Pk—1,i
and

Fri = 01V A(ug_1.4)B~2.

Then

m(k,i)

1
6.1) Iy~ Z Wi, K ki exp b (X — VA(pr—1,i) (Mpij + FkiXi))/
6.11 j=1

X (Mpij + FriXi)'V? A(pg-1,) - (Myij + FkiXi)]

Here again V2A(uy—1,;) denotes the matrix of Hessians.
Consider one term in this sum. Retaining only terms of order

|(z — A(pr—1.4)) ‘2 = |X;|? and dropping suffices this is:

1
wK (z) exp [5 X'H'X4+¢X+k

where:
H™'=H_;=2(I-VAF)B?.M'(V?A)F
— (BT2VAM)' - (V?A)F
(6.12) 1
9= grij = 5 (I - VAF)B™?(M'(V*A)M)
— F'(VPA)M'B™2VA'M
and

K= kriy = —M'VAB™? - (M'(V?A)M).
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Therefore,

m(k,i)
1
Iy, ~ Z Wi Kii(x) exp [2 X! H,”]X —I—g,ﬂ]X + Kkij
j=1
where X; =2 — A(ug—1,)-
Substituting in (6.3)

N (k—1) m(k,s)

(D~ (yx —
ag(z) ~ No—1,iWhij Kgi (2)
B0 Z 2 ;
1

X exp [2 X! H,WX +gk”X +Iiku}

Write
Ak—1,iWkij €xXp(Kkij)

6.13 ij = :
(6.13) PE = BT DIg(y)
SO

(k—1) m(k,:

1
Z Z /ﬂj¢ yk —C((E)))Kki(fl])exp |:§ X’L/HkZJX +gk1JX]
i=1 j=1

Consider one term only in the sum and replace C(z) by its second order Taylor

expansion about A(ux_1 ;). Again, drop suffices to simplify the notation. Then
Liij(@) = L(z) : = po( D~ (g — C(2)) ) K (2)
X exp [% (¢~ AYH (¢~ A) + ¢z — A)
~ pK(z) exp [% X/H'X; + g/Xz}
X exp [ - % (y—C - VCX; — %X{VQCXi)/
x D*Q(y —C—VOX; - %X;VQCXi)
Here again C' = C(A(uk_lﬂ-)) € R™

VC = VO(A(ur_r.1)) € R™"
V201 (Apr—1.4))
V0 = :
V2Cn (Aptr—14))
A= A(pr—1,:) € R"

and



216 ROBERT J. ELLIOTT AND SIMON HAYKIN
Keeping only terms of order |z — A|?> = | X;|? this gives
L(z) ~ pK(z) exp ( - % (y—C- VCXi))ID_2 (y—C— VCXZ-))
X exp (% (y—C)YD2. X{V2CXZ-) exp [% X/ H™'X; + g'Xi]
As in (4.4) we can write

1
exp (5 (y—C)D™2. X{V2C’Xi)

as
(1 I p—1
exp (5 XIR XZ-)
where
!
R71 = (yk - O(A(,ukflﬁz))) D72 . V2C(A(,uk,171))
Write

Z7h=R1'4+H
Then dropping suffices
L(z) ~ pK (z) exp [% X771 X + g’Xl}
xexp (- % (y—C - VOX)'D*(y - C - VOX,))

and

N (k—1) m(3,5)
Oék(:Z?) ~ Z Z pk,i,ij,i,j(I)-

i=1 =1

Recalling X = X; =z — A(ug—1,;) and substituting for K(z) from (6.8) we have

Lyj(x) = L(z) ~ p exp (% [(E'u+ VAB?(X + VAM))/

X op (ST u+ VAB (X 4+ VAp))

— WS+ (X + VA B2(X + VAM)])

X exp (% X'Z7VX + g’X)

x exp ( % (y-C - VCX)'D2(y - C - VCX)).
Collecting terms in X = X; = 2 — A(jug_1,;) this is:

= G exp (— % (X'271X — 2A’X))
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where
(6.14) S =Nk = VO(A(ur-1.)) D2V (A(pr-1.0))
' +B7?2~ B_2VA(/L1€_1)¢) : U;C)iVA(/J,k_17i)IB_2 - Z,;;
and
A = Ayij
= VO (A(pr—-1,)) D2 (yk - O(A(,kal,i)) — B2V A(pk—1,0) k-1,

(6.15)

+ Gryij + B2V A(uk—1,4)

X Og,i (E;;_llﬂ',ukfl,i + VA(puk—1,:) B 2V A(pr—1,i) tr—-1,i)-
Further

1
G = Grij = p exp (5 (S u+VA-B2VA ) o (S u+ VAB 2V A'p)

(6.16)

1
— WS = W VA BTV A — 5 (y - C)' Dy — 0))-

Completing the square we have

1
(6.17) L () = L@) = A exp | = 5 (X; = SAYS7H(X, - 24)]
where

(6.18) )\k,i,j = Gkij exp (% AIEA).

Now as in (5.5)
k-1, = VA(r-1,))Sk-1,VA(ur-1,) + B*
is an approximate conditional variance of xy, given Vi_1, if
Tr—1jk—1 ~ N (r—1,i, Sk—1,3)-

Then, as in Corollary 5.2

EI:|}€—1,7L =B7? - B *VA(ur-1,)0%,iVA(p-1,) B>
so, from (6.14)
-1 —1 -2 -1 -1
¥ =%, = VC'D*VC + Ek|k—1,i - Z .
Write ™1 = 1",;%7]- = E;‘}C_M - Zk_,il,j so, using the MIL, Lemma 5.1

1
(6.19) T =Spp-1,i — Skpp—1,i (Ckjb—1 — Zhyij)  Skjb—1,i -
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Also, as
ST =%, =VC'D VO + T}
again using Lemma 5.1
(6.20) Y =3%:; =0 -TVC'(D*+ VCIVC')"'VCT.

Finally we evaluate
Pkeying = ki, Dksig -
Dropping suffices, from (6.14) and (6.15) this is

[ —TVC'(D?* + VCIVC')"'VCT|VC'D™?(y — O)
+S[B*VAo (S 'u+ VA'B 2 Ap))| + Xg — B *VAu
= [[VC' —TVC'(D? + VCIVC') " (VCTVC' + D* — D*)|D?(y — C)
+X[B?VA - o(S7' + VA'B?VA)u] + g — B *VAp.

Recalling from (6.5) that
o= (X1 +VAB?VA)!
this is
=TVC'(D?*+VOTVC) (y - C) + 2g.
Therefore, in terms of the variable
X=Xi=2—A(pr-1,)
the mean is
Skij Ak, = TVC(D* + VCTVC) My — C) + g
so in terms of the original variable x the mean is
= A+TVC(D?*+VCTVC) Hy - C) - Xg.

That is, now writing in suffices, we have obtained a Gaussian density in the sum

which determines ay(2) which has a variance

Yhij =Thij — Fk,i,jVC(A(Mk—l,i))l(D2 + VC(A(ptk-1,1))Tryi;

1
X VC(A(Nk—l,i))/) x VC (A(ptr-1,:)Thyijs
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where

-1 _v-1 -1
Piig = Zrk—1, ~ Zrjigo

and a mean
fki = Alpe—1i) + Thij VO (A(pr—1,))
—1
x (D2 + VO (Aur—1,0)) Tk VO (Ale-1.)))

X (yk - O(A(ukq,i))) = Xk ki

Here g i ; is given by (6.12).
Also, the new weights Ay ; ; are given by (6.18).

Therefore,

N(k—1) m(k,i) 1
() =~ Z Akji,j €XP ( D) (z — lffk,i,j)/z];aj (z — Mk”))
=1

i=1  j

Pruning can be effected by selecting only so many of the terms based on the size

of the Ak j- 0

7. Conclusion. A discrete time version of the Zakai equation has been obtained.
Using first order linearizations the equation can be solved and the extended Kalman
filter derived.

Second order Taylor expansions of the non-linear terms were then considered
and approximate solutions of the Zakai equation derived in terms of Gaussian sums.
Formulae for updating the means, variances and weights of the terms in the sums are

given. Detailed proofs will appear in [2].
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