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We consider a reversible R?-valued Markov process {X;; i =0} with the unique invariant measure
u(dx) = f(x)dx, where the density f is unknown. The large-deviation principles for the nonparametric
kernel density estimator f* in L'(RY, dx) and for ||f* — f||, are established. This generalizes the
known results in the independent and identically distributed case. Furthermore, we show that f r is
asymptotically efficient in the Bahadur sense for estimating the unknown density f.
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1. Introduction

Let {X,; n =0} be a reversible R?-valued Markov chain, defined on the probability space
(Q, (F?L)(,,Ey\;), F, (Py)yere), with (unknown) Markov transition kernel P(x, dy). Assume
that

(H1) P is irreducible (Meyn and Tweedie 1993) and symmetric with respect to the
unique invariant probability measure u, which is absolutely continuous, that is,
du(x) = f(x)dx, where the density f is unknown.

Given the observed sample { Xy, ..., X, }, consider the empirical measure of the ladder type,
that is,

1 n—1 1 1 n—l 1

i=0

Let K : RY — R be a measurable function such that
K?O,J K(x)dx =1, (1.1)
Rd
and set
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=)

for any 4 > 0. The kernel density estimator of the unknown function f is defined as follows:
for all x € R?,

n—1 _ ) _ )
A = Ky, #dLy(x) = %Z 2%[’ <K<x hnX,) + K(XTXH» (12)

i=0

where & = h, and {h,, n =0} is a sequence of positive numbers (bandwidth) satisfying
h, — 0, nhiHJroo as n — oo. (1.3)

A natural distance of f ;’: from the unknown f is the L'-distance,
D) = | 1750 - oo (14

The large-deviation behaviour of f7 in (L'(RY), || - || :== || || zis)) is the subject of our
study. In the independent and identically distributed (i.i.d.) case, due to Devroye (1983), all
types of L'(R9)-consistency of f :’; are equivalent to condition (1.3) on the bandwidth. The
asymptotic normality of D* was investigated by Csorgd and Horvath (1988). Louani (2000)
established the large-deviation principle (LDP) for D, and recently Lei et al. (2003) proved
the weak LDP for f ’: in L'(RY), and showed that the corresponding LDP is false. More
recently Gao (2003) obtained the moderate deviation principle for f : in L'(R?) and the law
of the iterated logarithm for D’,';. Giné et al. (2003) established a functional central limit
theorem and a Glivenko—Cantelli theorem for the density estimator process in L'-norm.

A natural question is how to extend those results from the i.i.d. case to the dependent
case. Consistency of ar f ’: has been studied by Peligrad (1992) and Bosq et al. (1999); see
also the references therein. But little is known about large deviations. Large-deviation
probabilities for f f; in L' and for D: were obtained by Lei and Wu (2005) for uniformly
ergodic Markov processes. Here uniform ergodicity means that there exist 1 < N € N* and
C =1 such that

1 1 &
—u() = — Prx, ) < . E
GHOS g2 P )< Cu), WxeE,

where E is a measurable subset of RY. The assumption is not satisfied by many discrete
models with non-compact state space. For example, all real-valued stationary and ergodic
Gaussian Markov processes are reversible but not uniformly ergodic. The purpose of this
work is to establish the LDP for f' j: in L'(R?) and for D¥ in the framework of (H1) and (H2)
below, instead of the strong ‘uniform ergodicity’ assumption.

(H2) For some N =1, PV is uniformly integrable in L?(u), that is, {(P"f)?*
Il /1l 2wy < 1} is uniformly integrable.

Wu (2000a) proved that (H2) is a sufficient condition to obtain the LDP of L, in the
space M,(R?) of probability measures on R? with respect to the 7-topology (this condition
is even necessary in the reversible case; see Wu 2002). The rate function is given by
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sup{ [ log(u/Pu)dv; 1 < u € bB}, v € Mi(RY), v < u,
+00, otherwise,

Ju(v) = {

where b1 is the space of bounded and Borel-measurable functions on R?. We refer the reader
to Wu (2000a) for related references on the subject.

This paper is organized as follows. The main results are stated in the next section. In
Section 3 we present several crucial lemmas which may be of interest in their own right.
We prove the main results in the rest of the paper.

(1.5)

2. Main results

In this paper, we use the following notation:
L? = LP(RY) := LP(RY, dx), 1l = L1 2oma.dnys LP(u) == LP(RY, p).

We denote, for any L = 1,

Aua(L) = ve MR v < u, ||+ <Lp. A= Al

12(1) L=1

Throughout this paper we assume (H1) and (H2).
When the bandwidth %, — 0, f j: dx is ‘close’ to L, in the 7-topology, and one may hope
that 7 dx satisfies the same LDP as L,. This intuition is in fact sound:

Theorem 2.1. Assume h, — 0 (without (1.3)). Then Pv(fj: € -) satisfies, uniformly over
initial measures v € A, »(L) for each L =1, the LDP in L' with respect to the weak topology
o (L', L®) with the rate function

J(gdx), if gdx € M{(RY) and gdx < fdx;
400, otherwise,

J(g) = { @1
where J(-) is the Donsker—Varadhan entropy given in (1.5). More precisely, J is inf-compact
on (L', o(L', L®)), and for any measurable subset A of L', for every L <1,

1
— inf J(g) < liminf — 1 inf P,(f*e4
nf, () < liminf — og inf (fn€ed)

. 1 .

< limsup — log sup I]j’,,(ff € A)< —inf J(g)
n—oo N veA, (L) gede

where A°° and A° denote respectively the interior and the closure of A with respect to the

weak topology o(L', L*).

The LDP with respect to the weak topology on L' as above is too weak in the sense that
it does not entail consistency, that is, D* — 0 in probability. As far as statistical issues are
concerned, the main objects to be studied are:



68 L. Lei

Q) Pu(lfF — gl <0), where gdx € M{(R?) is fixed, which is important in testing the
hypothesis Hj : du(x) = f(x)dx against H; : du(x) = g(x)dx; or
(ii) P,(DF > ), whose statistical importance is obvious.

Unfortunately, Theorem 2.1 cannot be applied to these, since {g € L'; [|g — g||; < 0} is not
open in o(L!, L*) and {g € L'; ||g — f|li = 6} is not closed in o(L', L*). Therefore, in

order to deal with objects (i) and (ii), we turn to Theorems 2.2 and 2.3 below.

Theorem 2.2. Assume (1.3). Then for any L =1 and for each 6 > 0,

1
—1(8) < liminf — log inf P,(||f* — 1|1 >9)
n—oo m veAn(L)

< limsup—log sup Py(llfF — £l = 0) < —1(0-), 22)
n—oo N veA, (L)
where
1(0) = inf{J(g)|lg e L', ||g— [l >} >0 (2.3)

and 1(0—) is the left limit of I at .

Theorem 2.3. Assume (1.3). Then [P’V(fiF € -) satisfies the weak™ LDP with rate function J
on (L', || - ||1) uniformly over initial measures v € A, »(L) for any L =1, that is, for any
L=1and gc L,

1
lim liminf — log inf P,(||f* — glli <9)
) Aua(L)

0—0 n—oo n ve

1
= limlimsup — log sup P,/ — gl <) = —J(2). (2.4)

0=0 pooo N vedua(L)

With the above results, we have established the deviation estimates of the estimator f j:,
which are useful in statistics. Now, we claim that f ’: is asymptotically optimal in the
Bahadur sense. Let ©® be the set of unknown data (P, u) satisfying (H1) and (H2). Given a
subset D of the unit ball in bB, we say that an estimator 7,(x):= T,(x; Xo, ..., X,)
€ LY (R, dx) is an asymptotically o (L', D)-consistent estimator of the density f, if for all
VeD, Jp Th(x)V(x)dx — [, f(x)V(x)dx in probability measure P,.

Theorem 2.4. Given (P, u) € ©, let (X,), (Py)cere) be the associated Markov process.
(a) (Bahadur-type lower bound) Assume that D is dense in the unit ball of L™ with

respect to the weak* topology o(L>®, L'). Then for any o(L', D)-asymptotically
consistent estimator T, of the unknown density f,
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o]
liminf — hrrlrigclf . logP,(|I T, — fll1 > 1)

r—=04+ 1
1 1
= — = — , 25
2sup)y<103(V) 8 sup4e02(14) 3)
where
o (V) =2 (V. PXV = u(V))u — var, (V). (2.6)
k=0

If, moreover, | T, — T, 00N | <, — 0, then (2.5) still holds with P, substituted by P, for
any initial measure v € M(E), where 0 is the shift on Q.

(b) (Asymptotic efficiency of f :‘: in the Bahadur sense) If h, satisfies (1.3), then

1 1
liminf —liminf — 1 inf P,(||/* - >
imjnf pliminf D log inf | Plfs =l > 1)

1 1
= limsup — limsup — log  sup I]:DV(”f?; —fli=n
r—0+ ¥ p—oo veAu (L)

1 1
2supp=102(V)  8supscpo(ly)’

2.7)

Thus f j: is an asymptotically efficient estimator of f in the Bahadur sense. And 1/0%(V)
can be interpreted as the Fisher information in the direction V' of our statistical model ©.

3. Preliminary lemmas

For every V € bB, put

V) + V()

P"(x, dy) := exp< 5

) P(x, dy).

We have the Feynman—Kac formula,

n—1
(VY £) = P (X ey (Z M= T "“)) ,

k=0

where EP+ is the expectation with respect to P,. Introducing the Cramér functional
.1 "
AP (V) = }}ljglc o 10g[|(P")" || 22— 120 (3.1)

then e*”(") is the spectral radius of P” on L2(u). For the sake of convenience, we will write
A(V) for AD(V). 1t is well known (see Wu 2000a) that
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Ju(v) = sup{v(V) — A(V)|V € bB}, Vv e M (RY). (3.2)

On the other hand, by the continuity of A on b3 with respect to the Mackey topology proved
in Wu (2000a, Theorem 5.1 and Theorem B.5) and by the Fenchel—Legendre theorem, we
have, for all 1 € R,

AV — u(V)]) = sup{v(tV) — tu(V) — J(v); v € M(E)} = suug {tr — Jy(r)}, (3.3)

where Jy(7) is given by

Jy(r) :==inf{J,(v); v € Mi(E), v(V)=u(V)+r}. (3.4)
Jy is convex. By the LDP of P,(L, € -) in Wu (2000a, Theorem 5.1) (v € A,,) and the
contraction principle, Jy : R — [0, +00] is inf-compact on R and P,(L,(V)— u(V) € )

satisfies the LDP with the rate function Jy. Furthermore, by the Fenchel-Legendre theorem
and (3.3), we have

Jy(r) = sup{er — AV — u(V)])} = sup{e[r + u(V)] = A@V)}, VreR,
R

teR t

for A(f[V — u(V)]) = A(tV) — tu(V). When r = 0, the supremum above can be taken only
for + = 0. Then we obtain

supscr(f[r + u(V)] = A@V)),  VreR,

S = { sup,=o([r + u(V)] — A(tV)),  ¥r=0. 3.5)

Part (b) of the following lemma is crucial and gives us a robust estimate which extends
the well-known inequality of Cramér in the i.i.d. case.

Lemma 3.1. For the positive operator

PV (x, dy) := exp <V(x)—£V(y)) P(x, dy).

(@) PV is also symmetric in L*(u) and ||P"| 12, = ™), and there exists ¢ € L*(u)
u-almost surely strictly positive such that |, ¢*du =1 and
Py =g over R?, u-a.s.

Moreover, the eigenspace Ker(eA(V) —PV) of P associated with the eigenvalue
e in L*(u) is spanned by ¢.
(b) (4 deviation inequality of Cramér type) For any initial measure v € A,,, r >0,

P,(L,(V)>u(V)+r)<e ™. jl (3.6)
“ L2(u)
where Jy(r) = inf{J,(v); v(V) = u(V) + r}.
(c) Define a Markov kernel Q7 as
0" (x4 = D pl(s, ay).

AN (x)
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Then vy := @’>u is the unique invariant probability measure for QV, and Q" is
symmetric on L*(vy).

The Cramér type inequality (3.6) was established by Wu (2000b) in the continuous-time case.

Proof. (a) Under (H1) and (H2), P" is again symmetric, uniformly integrable and irreducible
on L*(u). Thus this part follows by Wu (2000a, Theorem 3.1 and Corollary 3.3).

(b) By the symmetry of P on L*u), we have [[(P")"| 20 =
1P| 22wy 12y = €™ for each V € bB. Thus for any initial measure v € A,,, 0 <
f € *(u) and any ¢ € R,

v n d’V n
E (f(Xn)e tL”(V)> = @ ' Hf”Lz(y) ' H(PtV) ||L2(/A)
L2(w)
dv "
=53 ' ||f||L2(/4) : Hf”LZ(/A) -e A(ZV)' (37)
du
L2(u)
By Chebychev’s inequality,
dV 1 —n r n
E" (LL,n>uryinf (X)) < au NS 22y - inf e HTIEDERAD)
/“ =0
L2(p)
dv —nJy(r
= d_ '”fHLZ(ﬂ)'e Jl()’
u
(u)

where the second equality follows from (3.5). So (3.6) holds.

(c) It is easy to verify that Q" is a Markov kernel, that vy := ¢?u is an invariant
measure of OV, and that it is symmetric on L*(vy). As Q" is irreducible as well as P, ¢*u
is the unique invariant measure of Q". O

The following result is technically crucial for all the results in this paper.

Lemma 3.2. (a) A(V) is Gateaux-differentiable on bB.
(b) If V, = V in measure u and sup,||V,|| < C, then A(V,) — A(V).

Proof. (a) Under (H2), (P")" is uniformly integrable on L?(u), and P” is irreducible. Thus
by Wu (2000a, Theorem 3.11), the largest eigenvalue e*(”) of P” is isolated in the spectrum
o(P") of P on L?(u), with simple algebraic multiplicity. Consequently, by the theory of
perturbation of linear operators (Kato 1984, Chapter VII, Theorem 1.8), e*") is real-analytic
on bB, that is, A(V + ¢V) is analytic on ¢ € R for any V, V € bB fixed.

(b) First of all, liminf, .. A(V,) = A(V) by (3.3). The converse inequality which is
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equivalent to lim sup,_., e < eA"), follows by applying Wu (2000a, Proposition 3.8) to
7, = (P')N. O
Lemma 3.3 (Gibbs-type principle). Given a function V € b3, a probability measure v < u
on R? satisfies

Ju) = v, V) = A(V)
if and only if v = vy = @>u, where ¢ is the right eigenfunction of P" associated with e™")
given in Lemma 3.1(a) satisfying u(¢p*) = 1.

Proof. The proof is identical to that of Lei and Wu (2005, Lemma 3.4). U]
Lemma 3.4. Under (H1) and (H2), for each v = gdx € M(R?) satisfying Ju(v) < o0,

there exists a sequence of (Vy, = (pid,u) given in Lemma 3.1, such that

vy, —=vlltv — 0 and limsup J(vy,) < J,(v).

n—od

Here || - ||tv means the total variation of a signed measure.

Proof. The proof is omitted; for details, we refer the reader to Lei and Wu (2005, Part 2,
Proof of Theorem 2.2). O
Lemma 3.5. Under (H1) and (H2), we have the following:

(a) For any k =1, there exists some 6 > 0 such that

k

de*

sup sup A(tV)‘ < +o0,

l=<o |[7|I<1
and, for any V € bB,
d—zA(tV)|,:o =o*(V)
ds? ’
which is given by (2.6).

(b) Let Jy be defined as in (3.4). Then Jy is strictly convex on [Jy < +0]° = (a, b),
where

. d . d
a= lim —A@V)—pu), b= lim —A@P)—u)

(in particular, Jy is strictly increasing and continuous in [0, b)), moreover,

AN
r—0+ 2 202(V)

€ (0, +ox].

Proof. (a) Under (H1) and (H2), by Wu (2000a, Theorem 3.11), 1 is an isolated point in the
spectrum o (P) in L?(u) (i.e. there exists a spectral gap). We prove the lemma only in the
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case where —1¢ g(P) (which corresponds to the aperiodicity of the irreducible chain).
Otherwise, one may consider the periodic decomposition as in Lei and Wu (2005).

As in Wu (1995), we apply the analytical perturbation theory in Kato (1984). For each
z € C, consider P?” as an operator acting on the complexified space L*(E, u; C), which is
analytical in z in the sense of Kato (1984). Then for any # € (0, %) sufficiently small, there
exist 0 >0 and C > 0 such that, for all V € bB with ||V| <1,

(1) the eigenvalue Ama(P?) of P?¥ with the largest modulus is isolated in o(P?") and
Amax(P7) — 1| < 5 for |z| < 20;

(2) for all |z| <20, the eigenprojection E(z, V) of P?” associated with Ape(P?") is
unidimensional and

1EGz, 1 =12 <3 (P = E(z, V)| 2w < C = 21", Vn;
(3) z — Amax(P?) and z — E(z, V)f are analytic in z for |z| < 20 (for each f € L*(w));

where properties (1) and (2) follow from Kato (1984, Chapter IV, Theorem 3.16), and
property (3) follows from Kato (1984, Chapter VII, Theorem 1.8).

Then A(zV) := log Amax(P?") is analytic for |z <20 and coincides with A(¢V) when
z=1t€[-20,20] CR.

Let

A, (2V) = % log(1, (P")"1),.

By properties (1) and (2) above, we have
(1, (P")"1) = " UL, Bz, V)1 + O((1 = 2m)"),
where it follows that A,(zV) — A(zV) uniformly over z : |z <20 and V : ||V] < 1. Thus
by Cauchy’s theorem and property (3) above,
k k

d d

k
sup sup |—
IV<1|z|<0

A(zV)} < 400, sup sup
[VII=1lz[<o

dzk

Applying the above estimates to k& = 2, we obtain

2
d? 1 VX)) + V(X i)
- — _Fu _
12 ANl = —F <k§_0j 5 nu(V)

- varp, (V(X0) 423 cove, (F(Xo), V(X,) = 0*(7).

n=1

(b) All other properties of Jy(r) = sup,er(tr — A(f[V — u(V)])) are easy consequences
of (3.5) and part (a) by elementary convex analysis. O
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4. Proof of Theorem 2.1

The desired LDP of /7 in (L', o(L', L)) is equivalent to the LDP of f*(x)dx on M ;(R)
with respect to the 7-topology o (M (R?), bB). We divide its proof into two parts.

4.1. Upper bound

By the abstract Gértner—Ellis theorem in Wu (1997, p. 290, Theorem 2.7) and (3.2), it is
enough to show that

lim sup ! log sup [F" exp (nj f;f(y)V(y)dy) < A(V), 4.1)
Rd

n—oo N veA, (L)

and that A(V") is monotonical continuous at 0, that is, if (¥,) is a sequence in b3 decreasing
pointwise to 0 over R?, then A(V,) — 0.

The second condition is satisfied by Lemma 3.2(b). It remains to verify (4.1). Put
Vu=(Ky, V), then ||V,| < |V| and

n—1

1
o] SO0y =3 Y (a0 + VX,
R4 k=0

Consequently, we have for each v € A, (L),
- AP gy =< LA,

P exp(nj Vo)) =
R4 LZ(,u)

Thus

1
limsup —log sup F” exp(nJ f’,';(y) V(y)dy = lim A(V,) = A(V)
R n—oo

n—oo N vEAus(L)
where the last inequality follows from Lemma 3.2(b), for V,, — V, dx-almost everywhere. So
(4.1) holds.

Remark 4.1. From the upper bound above, we can derive the following exponential
convergence: for any g, ..., g,, € b3 and for any 6 > 0,

lim sup % log P, <1max [W [f: (x) — f(x)]g,-(x)dx‘ = 6)

n—00 sism |,
= 6}

<0, u—as. xckE. 4.2)

< —inf{Jﬂ(gx max JW [0 — /(] gi(x)dx

In fact, the last inequality follows from the inf-compactness of J,(-) on (M (£), 7) and the
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fact that J,(v) = 0 if and only if v = u by (H1). For the first inequality, let —c(J) be the non-

positive constant on the right-hand side. For any & > 0, using the proved upper bound, we
have

o0
J E I]j’x(max
<i<
E %31 I<ism

which yields

o0
g P, ( max
I=i=m

n=1

J [fh(x) — f(X)]g,-(X)dX‘ = é) e 1Oy (dx) < +oo,
R4

J 500 — f()]gi(x)dx >a)e<c<é>+f>>" < oo pas. x.

Thus (4.2) holds u-a.s. (for € > 0 is arbitrary).

4.2. Lower bound

For the desired uniform lower bound, it is enough to prove that for any z-neighbourhood
N, 0) :={v' € M{(RY); |(v' —v)(g)| <0, i=1,...,m}, g; € bB with |g;| <1, 0 >0,

lim inf - logP.(f(»dy € N(v, 8)) = —J,(v), u-as. 4.3)
n—oo N

(the arguments for this reduction, similar to those in the proof of Theorem 5.1 in Wu 2000a,
are left to the reader). The proof of (4.3) is divided into two steps.

Step 1. The case v =vy for some V € bB. The idea of this step is borrowed from
Donsker and Varadhan (1975a; 1975b; 1976; 1983). Given V € bB3, let Q" be the transition
kernel defined in Lemma 3.1 and vy = ¢p?u. By Lemma 3.1, Q7 is symmetric.

Let @w(o) be the law of the Markov process with transition kernel Q" and starting point
w(0), which is vy-a.s. well defined on Q = EV, and Q" := f@w(o)dVV(w(O)) Denoting by
E(w) the density of @w(O) with respect to Py on o(X;), we have for u-a.s w(0), on
Fni=0Xp 0= k=n),

d@Z(O)(dwl, ceey dwn)

n—1
= exp (Z log S(Bkw)>
Fu =0
and E2" log & = J®(Q"|#) = J(¥) by Lemma 3.3. For any & > 0, setting

W, = {w : “ 2L (x, w) — ¢2(x)]dx‘ <o, Vi=1,..., m}
Rd

1n71
D, = 1= 1 ko) <
" {w 22 logd0e) J(w)+e},

we have for u-a.s. w(0),
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Pooy(W,) = JW exp( Z log 5(0’%0)) d@w(O)

= exp[—n(J(vy) + &)] - Quo) (W N D). (4.4)

So to obtain (4.3), it remains to show that @Z(O)(Dn,g) — 1 and @Z(O)(W,,) — 1, as n goes to
infinity (for any € > 0), for u-a.s. w(0).
By the ergodic theorem and Fubini’s theorem, we have for vy ~ u-a.s. w(0),

n—1

- Z log &0, w) — — 9 log& = J(vy), @w(o)

which shows @w(o)(D,,,E) — 1. To prove @(Z(O)(W,,) — 1, apply (4.2) in Remark 4.1 to Q"
(instead of P) which again satisfies (H1) and (H2); then

w(o)(W ) — 0, vy-a.s. w(0).

The desired convergence holds.
Step 2. The general case. In order to prove (4.3) for general v such that J,(v) < +o0, it
is enough to approximate v by vy, as claimed in Lemma 3.4.

5. Proof of Theorem 2.2

The proof is divided into two parts.

Part 1. Lower bound in (2.2). The lower bound is an easy consequence of Theorem 2.1.
Actually, as {g € L'; ||g — f|l1 > O} is open in the weak topology (L', L), by Theorem
2.1, we have for any L=1,

Jim inf — log _inf P.(lf5—flli >0 =~ inf  J(g)=—1().
n—00 Aua(L) geLlillg—fIli>0
Part 2. Upper bound in (2.2). The proof of the upper bound is much more difficult, and it is
divided into three steps, the first two similar to Devroye (1983) and the third inspired by
Louani (2000).
Step 1. Approximation of K. As in Lei and Wu (2005), we may approximate K by

m 1Af
KO=3 A
=1 J

Where f =1, and A4; j=1, are disjoint finite rectangles in R? of the form
H oy [xs x; + a,) so it is enough to establish (2.2) only for K =1,4/|4] where
A= Hf:l [x;, x; + a;) (for details, see Lei and Wu 2005, step 1, part 2, proof of Theorem
2.3). Here |A| denotes the Lebesgue measure of 4.

Step 2. Method of partition. Fix such a rectangle 4 := H;.il [xi, x; + a;) and K = 1,/|A4)|,
and let 0 < & < /4 be arbitrary. Since K;, * f — f in L', it is enough to show that
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lim sup ! log sup IPV(Hfj: —Kp, * [ >0) < —1(6-). (5.1)

n—oo N veA,L(L)
Note that
1 1
*(x) — K xdxs” J Ly(dy) — J d’dx
Jlf,,() bk L) i | ] o

n

=

Lo(x + hpd) — u(x + hyA)|dx.
|A|h‘;jj| (x ) — ulx )l

Consider the partition of R? into sets B that are d-fold products of intervals of the form
[(i — 1)h,/p, ih,/ p), where i € Z, and p € N* such that min;a; = 2/p. Call the partition
.

Let A* =TI [x; + 1/p, x; + a; — 1/p). We have

Co=(+hda\ | B C x + h,(4\4™).

BEW,BCx+h, A

Consequently,
|70 - K3, < s

1
|A| A

1
< |Ln(B) - /"(B)‘dx + W J{ﬂ(cv) + Ln(Cx)}dx' (52)

JBE‘I’,BCx+hA
Using the fact that for any set C € B, h > 0 and any probability measure v on R,
Jv(x + hC)dx = |hC| = h|C]|

(using Fubini’s theorem), the last term in (5.2) is bounded from above by

1 d 2
2 A\A* =21 - 1— <
2] ( I1( p)) ‘

i=1

when p is large enough. We fix such p which is independent of .
For any finite constant R > 0, letting Sog := {x € R?; |x| < R}, we can bound the first
term on the right-hand side of (5.2) from above by

1
ST |Lu(B) - u(B)|

dJ
BeW, BNSor#D |A|hn BCx+h,4

il
|A|h% ) e nya

Clearly, 7,“ Jocein, 4 X <[4, and u(Sop) < e/2 for R = Ry large enough.

+ dx{Ln(Sor) — u(Sor) + 2(Sop)}-
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By Lemma 3.1, we have for all > 0,

1
limsup —log sup P,{L,(SHr) — u(Sor) > €}

n—oo N veA, (L)

= —Ji ()< —(t[e + u(SHr)] — A(Ilsfm))-

Since limg_ . A(z1 s, R) =0 by Lemma 3.2, for any M > 0, the left-hand side above is
bounded from above by —M for all R large enough, say R = R;. Fix such R = Ry V R,
below. Summarizing these estimates, we obtain

lim sup 1 log sup P, (J| IEx) — K, * f(x0)]dx > é)

n—oo N veA, (L)

1
< (—M)Vlimsup —log sup P,

( ILn(B)—M(B)|>5—38>~ (5-3)
n—ooo N veA, (L) BeW,BNSor#D

Step 3. It remains to control the last term in (5.3). Set

W= {B,BeW, BNSo # T}, C::(U B)

BeW

and B(P) = o{B; B¢ ‘P} the o-field generated by W. Regarding L, and u as probability
measures on B(W¥), and denoting the total variation of L, — u on B(¥) by ||L, — ttll gy We
have

ST |LuB) — u(B)| < 1Lo = pllgy = max (La(V) = u(¥),
BeW,BNSor#D ye{-1,1}¥

where {—1, l}q' denotes the set of all B(‘i‘)—measu{able functions with values in {—1, 1}
(which can be identified as the set of functions from W to {—1, 1}) . Therefore, for any fixed
r>0,

Pv( Z |Ln(B) _IM(B)| > r) = PV( max Ln(V) _ﬂ(V) = I")

BeW,BNSor#D ve{-1,1}¥

= Y PL) - uV)> ).

ve{-1,1}¥

By Lemma 3.1(b), for each V € {—1, l}qj and for all r > 0,

sup P,(L,(V)—u(V)>r)< sup exp(—nJy(r)) i < Lexp(—nJy(r)).

VE-A,:«‘Z(L) VEA,H.Z(L)

2

Secondly, the number of elements W is no greater than (2Rp/h, +2)¢ + 1 = o(n) by (1.3),
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and {—1, 1}111 has 2#¥ = 29" elements for n large enough. Consequently, letting B(1) be
the unit ball in L>(u), we have

1
limsup — log  sup IFDV< Z |Ln(B) — (B)| > ’”)

n—oo M wed, (D) BEW, BSop D
. 1 O(I’l) .
< limsup — log 2L sup exp(—nJy(r)) = — inf Jp(r).
n—oo N VeB(1) VeB(1)

Combining with (5.3), we obtain

lim sup ! log sup P, <J|fj:(x) — Ky, * f(x)|dx > 6)

n—oo N veA, (L)

s (—M)Vv (Vler[la;f;I)Jy(d — 35)).

Since Jy is convex, non-decreasing and left-continuous on [0, +00), using ||v — u||rv =
sup| <1 [V(7) — (V)] = 2 sup 4e|¥(4) — u(4)] and (3.4), we have

1(0) = inf{Jﬂ(V)| sup (v(V) — u(V)] > (3}

7=
= inf inf Jy(r) = inf J(0+). (5.4)
V<1 r>0 V<1

As M >0 is arbitrary and lim,_o infyepa)Jy (0 — 3e) = 1(0—) by (5.4), we obtain the
desired (5.1) and then complete the proof of the upper bound in (2.2).

6. Proof of Theorem 2.3

The proof is divided into two parts, the first for the upper bound and the second for the
lower bound.

Part 1. Large-deviation upper bound. This is an easy consequence of Theorem 2.1. In fact,
for any g€ L' and O fixed, as {g € L'; ||g — g|li =<6} is closed in the weak topology
o(L', L), then by Theorem 2.1,

1
lim sup - log sup Pu(|lf% — gllpmy <0)<—_ inf J().

n—oo ved (L) &lleg—glhi=o

Letting 0 — 0, we obtain the desired result by the lower semi-continuity of J (which follows
from (3.2)).

Part 2. Large-deviation lower bound. 1t is enough to prove that for all g € P(E),
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T |
11rr(1) liminf — log P (|| /7 — gllnmesy < 0) =—J(g), u-a.s.
—0 n—oo n
(This implies the desired uniform lower bound as in Wu 2000a.) The proof is divided into
two steps.

Step 1. The gdx = vy case. The proof of this case is parallel to that of Step 1 in the
proof of (4.3): the only difference is that we now set

W= {o||f, (@) - gl <o}

and the key point is to prove @Z(O)(Wn) — 1, vy-a.s. Applying the upper bound in Theorem
2.2 to Q" (instead of P), we have Q" (W) — 0 at exponential rate. Using the Borel—Cantelli
lemma, @Z(O)(Wfl) — 0 for vy-a.s. w(0).

Step 2. The general case. To complete the proof, it remains to show the claim that for
all v = gdx € M(R?) satisfying J(g) < +oo, there exists a sequence (vy,) such that
[lvy, —v|[[tv — 0, and limsup, .« J(vy,) < J,(v). This was settled in Lemma 3.4.

7. Proof of Theorem 2.4

Lemma 7.1. Let V € bB. If T, is an asymptotically consistent estimator of (V, f) =
fE V(x)f(x)dx, that is, for each (P,u)e€ ® (satisfying (H1) and (H2)),
(Tu, V)= (f, V)| — 0 in probability P, then

liminfl logP,((T» — f, V) >0) = —inf{J(g); (g — f, V) > 0}. (7.1)

n—oo n

Proof. 1t is enough to prove that the left-hand side of (7.1) is greater than —J(g) for every
g € P which satisfies (g — f), ¥V > ¢ and J(g) < +o0. By step 2 in the proof of the lower
bound of Theorem 2.1, it suffices to prove this in the case of g =v; where V € bB is
arbitrary. The proof, completely parallel to step 1 in the proof of the lower bound of Theorem
2.1, is based on the fact that (Q", v;) € © again, so it is omitted. O

Lemma 7.2. Under (H1) and (H2), let I(-) be defined as in (2.3). Then

e 1) 1 1
m —— = = .
r—0+ 12 2supHVHg102(V) SsupAGB(E)OZ(lA)

(7.2)

Proof. We only prove the first equality in (7.2) (the proof of the second is easy). By (5.4) and
Lemma 3.5(b), for any V' € bB with ||V]| < I,
1) _ Sy

<

msup = = I = 2527y

r—0 r

SO
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. I(n 1
Im —s=—————.
r—0+ 72 2 SupHVHS102(V)

For the converse inequality, let L > 1 be arbitrary but fixed. For any 6 > 0 small enough,
we have by Lemma 3.5,
d3
C(LSO) := sup sup —3A(tV)‘ < H4o0.
1[0,L6] veB(1y| di

Thus by Taylor’s formula to order 3, we obtain for any ¥ € B(1) and r € (0, d],
tzaz(V)> B (Lr)?

- C(LO)

Ty = sup (1r— AUV —u(V)]) = sup (rr— . :

t€[0,Lr] 1€[0,Lr]

_ (L Py, 12 a*(V)W(V)) wy

5 o C).

where the last inequality is obtained by taking ¢ = r[L A 6 ~(V)]. Thus by (5.4),

I J
timinf 7 = liminf inf Z¥
r—0+ 12 r—0+ VeB() 12

1
= mi inf — inf L—L/2
mm{ Ve[B(l):I(rrlfl(V)sL 20%(V)) VEB(1)¥£*2(V)>L( / )}
. . 1 L
= min< inf ——; —
veB() 202(V)’ 2
where the desired converse inequality follows from letting L — +oc. (I

With these two lemmas we are in a position to prove Theorem 2.4.
(a) By Lemma 7.1, since D is dense in the unit ball of L* with respect to o(L>, L'),

1 1
liminf — log P, (|| T, — f][i > ) = sup liminf — log P, ((T, — f, V) > r)
n—oo n ! yep h—o0 N
> _inf i - >
inf inf{J(g)l(g ~ /. V) >}

= —inf{J(g)Isup (g=/.V)> r} =— _inf J(g)=—1(r).
veD gllg—flh>r

Thus (2.5) follows from Lemma 7.2. The second claim easily follows from (2.5) by means of
the extra condition on 7', and (H1).
(b) This follows from Theorem 2.3 and Lemma 7.2.
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