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1. Introduction

Let u be a probability measure on the real line R, and let u” be the n-fold tensor product of
u with itself. Given a notion of enlargement enl(4) for sets 4 C R”, inequalities of
isoperimetric type have the form

u"(enl(4)) = R™(pu(A).
Moreover, if R = R is dimension-free, such inequalities are often viewed as concentration
inequalities. One question of interest which will be addressed here is whether or not such a
function (of course, such that R(p) > p) exists. Besides the measure, the answer depends in
an essential manner on the enlargement which is usually built with the help of a metric, say
p, by putting
enl(4) = A" = {x e R" : p(x, a) < h, for some a € A},

where 4> 0 is a fixed number (for 4 compact, A" is the closed A-neighbourhood of 4 with
respect to p). To consider the weakest possible type of enlargement, we equip R” with the
supremum distance

Poo(X, ¥) = sup |x; — yil,

1=<i=n

and consider the value

R (p)= inf u"(4"), (L.1)
u(A=p

where the infimum is taken over all the Borel sets of measure u"(4) = p, p € (0, 1). In his
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work on isoperimetry, Talagrand (1991) made the following observation (see Proposition 5.1
there): if inf, R(h") (%) >%, then u has finite exponential moment, that is,

| expelalydutr) < .
R

for some &> 0. In proving this result, he studied the behaviour of u”(A") for the cubes 4. It
turns out that studying the enlargements of the cubes also allows us to find necessary and
sufficient conditions for the validity of the concentration inequality u”(A") = R(u(A4)), for
some R such that R(p)> p. This property turns out to be equivalent to the stochastic
boundedness of centered extreme samples. This boundedness was previously studied by de
Haan and Ridder (1979) who explicitly described the corresponding class of underlying
probability measures u. For the exponential measure (and for all Lipschitz images of the
exponential measure), Talagrand (1995) proved a concentration inequality for a notion of
enlargement much smaller than the one defined by the supremum distance (cf. also Bobkov
and Ledoux 1997). As we will see, beyond the class of Lipschitz images of the exponential
measure, there exist probability distributions still enjoying some concentration property (as
defined above).

Definition. A function U defined on some interval A C R is said to have finite modulus of
continuity if, for all (equivalently, for some) h>0,

U*(h) = sup{|U(x) = U(y)| : x, y € A, |x — y| < h} <+o0.
The function U™ is then called the modulus of continuity generated by U. Clearly, since
U*(h1 + ) < U*(hl) + U*(hz), for all &y, hy = 0, U has finite modulus of continuity if

and only if, for some a, b =0, |U(x) — U(y)| < a + b|x — y| whenever x, y € A.
Now let U, be defined as follows:

1
_ -1
Uulx) = F, <1+e—x>’ xeR,
where F,(x) = u((—oo, x]) is the distribution function of the measure u, and where

F,'(p) = inf{x € R: Fu(x) = p}, pe(,1),

is the minimal quantile of order p of u. The meaning of this definition is that the map U,
transforms the logistic probability measure v (v((—oo, x]) = (1 + e *)~!) into the measure .
The aim of these notes is to prove the following.

Theorem 1.1. Let p € (0, 1). The following properties are equivalent:

(a) There exists h>0 such that inf, R(h")(p)> p.
(b) There exist 0 >0 and ¢>0 such that, for all x € R,

Fu(x) — Fu(x — ) = cFu(x)(1 — Fu(x)). (1.2)

(¢) The function U, has finite modulus of continuity. In this case, for every h>0, setting
h* = U*(h), we have
u(n),



Weak dimension-free concentration of measure 623
p
p+ (1= plexp(=h)’

with equality for u = v. In particular, the following alternative holds. either inf, R( )( p) =
for all h>0, or inf, R (p) — 1, as h — +o0.

mf R(”)(p) =

(1.3)

In more probabilistic language, inequality (1.3) can be expressed as follows. Let &,,
n =1, be a sequence of independent random variables defined on some probability space
(Q, 7, P), with common law x and associated distribution function F,. Let { be a logistic
random variable (with law wv). Then, the right-hand side of (1.3) is simply
P{¢ — m,(§) < h}, where my(§)= F,'(p) is the quantile of order p of & Let
f :R" — R be an arbitrary Lipschitz function, with Lipschitz constant at most 1 with
respect to po, and let = f(&, ..., &,). If (1.3) is applied to sets of the form
{f < const.}, it is easily seen that

P{n — my(n) < h*} = P{E — my(Q) < h},

for all p € (0, 1) and 4 > 0. Furthermore, this can be shown to be equivalent to the following
property: there exists a non-decreasing function Uy : R — R with Uy < U, * such that the
random variables 77 and Uy() are identically distributed. Thus, at the level of distributions,
all the random variables f(&, ..., §,) where f is ps-Lipschitz can be viewed as random
variables of the form U(&) with U * = U;f. A simple consequence of this property is the fact
that the variance var( f (&, ..., §,)) can be bounded by a quantity which only depends on
U;;. This is in particular true for the functions f,(x) =max{x,...,x,} and g,(x) =
min{xi, ..., x,} which play a crucial role below.

Corollary 1.2. Let p € (0, 1). There exists h> 0 such that inf, R(h")(p) > p, if and only if the
random variables &, have finite second moment and the following two conditions hold:

(la) sup,varmax{&y, ..., &,} <+oo,
(2a) sup, varmin{&i, ..., §,} <+oc;

or equivalently, and more generally, if and only if, for any fixed o = 1

(1b) sup, Elmax{&;, ..., &,} —Emax{&, ..., £, }|* <+oc;
(2b) sup, Elmin{&,, ..., §,} —Emin{&, ..., §,}|* <+o0.

Moreover, in (1b) and (2b) the second expectations can be replaced by the quantiles of order
p (0,1

The properties (1a), (2a) can also be written (together but not separately) in a weaker
form as follows: for some real numbers a, and b,, the random variables

max{&i, ..., &E,} — an, min{&y, ..., &} — by,

are stochastically bounded, or using different terminology, their distributions form a
precompact family in the space of all probability measures on R with respect to the topology
of weak convergence. That is,
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(1c) sup, P{|max{&i, ..., E,} —a,|>h} — 0, as h — +o0;
(2¢) sup, P{|min{&, ..., &,} — by| > h} — 0, as h — +oo.

De Haan and Ridder (1979) found, directly in terms of F,, several necessary and sufficient
conditions for (lc¢) (cf. their Proposition 2.2.1 and Theorem 3.1), one of which is the
following property: there exist xy and % such that, for all x = xy and & = hy,

1 = Fu(x+ h) < c(1 — Fu(x)), for some ¢ € (0, 1).

When combining the above inequality with a similar inequality for —&, we arrive exactly at
(1.2), with possibly another constant depending on x only.

The description (1.2) is explicit and certainly convenient to use in the case of specific
examples of probability distributions u. However, for our purposes it will be essential to
connect (1.2) with the moduli of continuity. When u = v, inequality (1.3) is known (cf.
Bobkov 1996, Bobkov and Houdré 1997), and in fact, it is easy to prove (1.3) transporting
v into u via U,. The non-trivial part of Theorem 1.1 will be to show that U, has finite
modulus of continuity provided that inf, R(")(p)> p. Property (c) in Theorem 1.1 also
allows us to make the following observation: it is possible for the tails
h— u{x € R :|x|>h} to tend to zero exponentially fast (as A — +oc0), or as fast as we
want, without the products u” satisfying the concentration property (a). Indeed, given a
decreasing, continuous function & : [0, +00) — (0, %] with £(0) :% and e(h) — 0, as
h — +o00, one can construct an even, continuous, strictly increasing function U on R with
U(0) = 0 such that U* = +o0 but such that the measure 4 = vU~!, the image of v under
U, has the tails bounded by the function e(#). Thus, concentration property (a) is not
determined by the tail behaviour of u.

It is of course natural to ask if there exist necessary and sufficient conditions on F, for
the (stronger) concentration property inf), R(")( p)>p when one takes in (1. 1) the
enlargement 4" with respect to the usual Euclidean metric p, in R”. As far as we know,
this question is still open. However, if we restrict ourselves in (1.1) to the class of sets
A C R” which are convex or whose complement is convex, the property inf, R(h")( p)>p
will again be equivalent to (1.2) and thus we will obtain the same class of generating
distributions u (cf. Bobkov and Gotze 1999). Moreover, for such and only such measures,
the variances of all convex p,-Lipschitz functions are bounded by a constant independent of
the dimension.

The proofs of Theorem 1.1 and Corollary 1.2 are respectively given in Sections 3 and 4.
Here we also discuss property (1b) in Corollary 1.2. We start (Section 2) with
characterizations of the concentration property for the distributions of maxima. The paper
finishes with some remarks.

2. Concentration of maxima

Below and throughout, let M, = max{{, ..., &,}.

Lemma 2.1. The following are equivalent:
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(la) For some p € (0, 1) and h>0, inf, P{M, — m,(M,) < h} > p.
(1b) For some p € (0, 1) and h<0, sup, P{M, — my(M,) < h} < p.
(Ic) For a sequence of real numbers a,, sup, P{|M, —a,|>h} — 0, as h — +oo.
(1d) There exists € >0 such that, for any p € (0, 1),
sup, E exp{e(M, — m,(M,))} <+oc.

(2) For all (equivalently, for some) a € R, the function U(x) = F;l(l/(l + exp(—x)))
has finite modulus of continuity in the interval x = a.

The equivalence between (1c) and (1d) is essentially known and is due to de Haan and
Ridder (1979).

Proof. 1t will be convenient to work with another (equivalent) condition:

(2') For all (equivalently, for some) a € R, the function V(x) = F;l(exp(fexp(fx))),
X = a, has finite modulus of continuity. In addition, for any p € (0, 1) and 4 >0,

sup P{M, — my(M,)>V35()} < P{Z — my(Z)> h}, 2.1
where the random variable Z has distribution P{Z < x} = exp(—exp(—x)), and where V’; is
a modulus of continuity generated by 7 on the interval [—loglog(1/p), +00).

The main step in the proof is the implication (la) = (2'). Let p, ¢ € (0, 1) and 4y >0
be such that
inf P{M, — my(M,) < ho} = q> p,

that is, such that Fﬂ(F;I(pl/”) + ho) = q'/". By the very definition of F;l, this implies

F,' (¢ = F,'(p"") < ho. (2.2)
Putting ap = —loglog(1/p), by = —loglog(1/q), (2.2) can be rewritten as
V(bo +log(n)) — V(ao + log(n)) < ho, (2.3)
which holds for all » = 1. We need to deduce from (2.3) that
Vi) =sup{V(y) = V(x) :a<x<y, y—x=<h}<+oo, (2.4)

whenever ¢ € R and 4> 0. Now, fix any real number ¢ such that 1 <c¢ <exp(by — ), and
let ny be any positive integer such that

log(ng + 1) — log(no) < bo — ao, (exp(bo — ag) — c)ng = 1. (2.5)

Clearly, V is a non-decreasing function on R, hence the property (2.4) does not depend on a
and h, so we can let a = ag + log(ng), h = hy. Thus, in order to prove (2.4), it can be
assumed that ag + log(ng) < x < y < x+ hy.

Now define a sequence 7y, k = 1, recursively in the following way: let n; be the largest
integer such that ag + log(n;) < x; and if £ = 1, let n;;; be the largest integer such that
ao + log(nyy1) < by +log(ni). Then ny < ny <nyyy, for all k=1, since ag+ log(n; +
1) < by + log(n;) which holds due to (2.5) and since n; = ny.

Denote by K the smallest £ such that by + log(n;) = y. By construction, the intervals
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Ay = [ag + log(ny), by + log(ng)], 1 =< k < K, cover the interval [x, y]. Therefore, using
(2.3), we obtain

K
V(y) = V(x) <Y V(bo + log(m)) — V(ao + log(n)) < Kho.
k=1

Our aim is now to find an estimate of K depending on y — x; we would then have an
estimate for V(y) — V(x) in terms of y — x. Denote by [u] the integer part of a real u. Then
nir1 = [exp(bo — ao)ni], hence

ni+1 = exp(by — ag)ng — 1 = cny,
since n; = ny and since exp(by — ag)ng = cng + 1. By induction, it is easy to see that
=1ny, that is, log(ny) = (k — 1)log(c) + log(n;). Thus, the inequality by +

log(ny) = y follows from by + (k — 1)log(c) + log(n;) = y. The last inequality can be
rewritten as

ny = c¢

Y — by — log(n)
log(c)

By the very definition of n;, we also have log(n; + 1) >x — ay, and since log(n; + 1) —
log(n;) < by — ag, we have the estimate log(n;) > x — by. Therefore, (2.6) is fulfilled if we
take k such that £ = 1 + (y — x)/log(c). Hence
y—x
log(c)”
We thus have proved (2.4) and the first part of (2').

To prove the second part of (2), fix p € (0, 1), h>0, and set r = P{Z — m,(Z) < h},
a = —loglog(1/p), b = —loglog(l/r). Then, as easily verified, b — a = h. As previously
seen, inequalities of the form

P{M, — m,(M,) < V (W)} = r (2.7)

k=1+ (2.6)

K=2+

are equivalent to
V(b +log(n)) — V(a +log(n)) < V3 (h)

(this is (2.3) with V}';(h) instead of Ag). Since b — a = h, the above inequality holds true by
the very definition of Vf,. It just remains to note that (2.7) and (2.1) coincide.

2"y = (1a). Let p = exp(—exp(—a)). Then, as shown in the previous steps, (1a) holds if
and only if (2.4) holds for some b>a, some #>0 and all » = 1. But (2.4) holds for all
b>a and h>0 since V(b + log(n)) — V(a + log(n)) < V}‘j(b —a).

(2) = (2'). Note that U(x) = V(T(x)), where T(x) = —loglog(l + e ¥). Then T is an
increasing bijection from R to R, and has a finite Lipschitz constant on every interval
[a, +00), and similarly for its inverse 7~'. Therefore, U has finite modulus of continuity
on [a, +o0) if and only if V' has finite modulus of continuity on [a, +00).

(la) = (1b). Simply note (recalling (2.2)) that, for all 0< p<g<1 and all #>0,

P{M, — my(M,) < h} = q = P{M, — my(M,) < —h} < p. (2.8)
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(2")= (Ic). Let a, = my(M,). Then (2.1) implies that sup, P{M, —a,>h} — 0, as
h — 0, so we need to estimate the left deviations sup, P{M, — a, < h}. Take a, = my(M,)
with fixed (but arbitrary) g € (0, 1). Inserting in (2.8) Vj;(h) + ¢ instead of & (¢>0), and
letting ¢ — 07, gives, for all p € (0, ¢) and for all 2> 0:

P{M, — my(M,) < V5(h)} = q & (2.9)
P{M, — my(M,) < —h'}<p, for all 2’ > V7 (h). (2.10)

If p is chosen so that ¢ = P{Z — m,(Z) < h}, that is, loglog(1/p) — loglog(1/¢q) = h, then
(2.9) is true, thanks to (2.4), hence (2.10) holds. It remains to note that p — 0 as & — +oo,
and since V* ,(h) is finite, we conclude that P{M, —a, < —h"} — 0 as h' — +o0.

(lc) = (la) Without loss of generality, we may prove (la) for p = 1 By assumption,
there exists Ao such that P{|M, — a,|> ho} < , for all n = 1. Hence, |mp(M ) — ay| < ho.
Therefore,

sup P{M, — m,(M,)> h} < sup P{M,, — a, > h — hy} — 0, as h — 4o00.

Finally, it is clear that (2') implies (1d) which in turn implies (1a). Thus, Lemma 2.1 is
proved. (|

3. Proof of Theorem 1.1

(a) = (c). Assume that there exist #>0 and 0 < p < ¢ < 1, such that inf, R(h”)( p) = q. Thus,
for all integers n = 1 and for all Borel sets 4 C R” with u"(4) = p, we have

u"(4A" = q 3.1

Applying (3.1) first to the cubes A,(p)=(—o0, F, 1(p‘/”)] , and since u"(A,(p)) =
Fr(F, (p'/™) = p and 4,(p)" = (—o0, F, l(Pl/”)Jrh]” gives

P{Mn - mp(Mn) = h} = Fh(F/A (pl/n) +h) = ,“n(An(p)h) =gq

that is, property (1a) of Lemma 2.1 is fulfilled. Therefore, so is property (2): the function U,
has finite modulus of continuity on the interval [0, +00). Now, apply (3.1) to the cubes
B.(p)=[-F ;1(1 — p'/™), +00)". By applying the same argument to the random variables
—&,, n=1, we see that U, has finite modulus of continuity on (—oo, 0], and therefore on
the whole real line.

(c) = (a). It is known that, for the measure v with v((—oo, x]) = 1/(1 + exp(—x)),

p

p+ (1 — plexp(~h)’
whenever v"(4) = p, with equality at the standard half-spaces 4 = {x : x; < const.} —
different proofs of (3.2) can also be found in Bobkov (1996) and in Bobkov and Houdré
(1997, Corollary 15.3). Introduce the function i(xy, ..., x,) = (Uu(x1), ..., Uu(x,)) which

transforms v” into u". Let h>0, h™ = U;k(h). Now observe the following inclusion: for any
set A C R”,

(A =

(3.2)
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G A i A™). (3.3)

Indeed, if x € (i"'(4))", then for some y € i~!(4) we have p.(x, y)<h, that is,
|xe — vl < h, for all 1<k<wn Since i(y)=Ui(),..., Uuy))A4 and since
|Uu(x) — U )| < 1™, we obtain p,.(i(x), i(y)) < h, and therefore i(x) € A" hence
x € i 1(4""). Now combme (3.2) and (3.3) to prove (1.3). Let v"(A4) = u"(i"'(4)) = p; then

p
p+ (1= plexp(—=h)’

whAT) = v AT = v A)h) =

To complete the proof of Theorem 1.1, it remains to see the equivalence of (b) and (c). A
quantitative version of this equivalence is given by the following lemma.

Lemma 3.1. Given 0 >0 and ¢ >0, assume that
Fu(x) = Fu(x = 0) = cFu(x)(1 — Fu(x), Sfor all x € R. (3.4)

Then U*(h) < 0 with h =log(l + ¢). Conversely, if, for some positive h and 0, U*(h)
then (3. 4) holds with ¢ =1 —¢e "

Proof. Recall that U,(x) = F,'(F,(x)), x € R. Define the values U,(—o0) and U,(+00) in
the usual limiting sense. Define also the function U ﬂl R — [—o0, +00] by U,'(a) =

> 1(F (a)) so that F(a) = F,(U, Y(a)), for all a € R. It is straightforward to verify that for
all ze R,

UuU,'(2) < z=< U, (Uu(2)) (3.5)
To prove the lemma, we first assume that U;f(h) < ¢ and derive (3.4). Fix x € R and assume
that 0 < F(x — d) < F(x) <1 (otherwise (3.4) is immediate). Thus, the value a = U;l(x —0)
is finite. By the assumption and by the left inequality in (3.5) with z = x — §, we obtain

Ula+h)—0<Uyla) <x—09,

that is, x = Uy(a + h). Taking U;l of both sides and applying the right-hand inequality in
(3.5), we obtain

U/ @=a+h=U'(x-0)+h (3.6)
We also need the following trivial inequalities for the logistic distribution:

- Fy(u) — F,(v) -
L A A A A A for all u = v. 3.7
Fy(u)(1 — Fy(u)) G-D

Applying (3.6) and the left-hand inequality in (3.7) with u = U,'(x), v = U,'(x) — h, we
obtain that
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Fu(x) = Fy(x = 0) = Fy(U,' (1)) = Fu(U,,'(x = 0))
= Fy(U, (%) = Fu(U,'(x) = h)
=1 —e HFWU," (@)1~ F (U, ()

= (1= e MF)(1 = Fu(x).

This proves the second assertion of Lemma 3.1. The first assertion can be proved in a similar
way, with the help of the right-hand inequality in (3.7). Actually it is also proved, as Lemma
4.5 in Bobkov and Goétze (1999), for the related two-sided exponential distribution (instead of
v), with & = log(l + ¢/2). O

Corollary 3.2. In Theorem 1.1, for every h >0, the concentration inequality (1.3) holds with

% h
b= (log(l—i—c)+1 S

where ¢ and O are from (1.2).

Indeed, by the first assertion of Lemma 3.1, U *(log(l + ¢)) < 0. Hence, for any integer
k=1, we have U*(klog(l + ¢)) < k. Takmg k=[h/log(1+c)]+ 1, we obtain i <
klog(l + ¢), so that U*(h) (h/log(1 + ¢) + 1)d.

4. Concentration of maxima and minima in L%-norm

Proof of Corollary 1.2.

Sufficiency. Assume that (1b) is true. Then, for the sequence a, = EM,, or a, = m,(M,) (as
stated at the end of Corollary 1.2), Chebyshev’s inequality implies that sup, P{|M, —
ay| > h} — 0 as h — +oo. Thus, property (1c) of Lemma 2.1 is fulfilled, so the function U,
has finite modulus of continuity on the interval [0, +00). Assumption (2b) is just (1b) for the
sequence (—&,), n = 1. Hence, again by Lemma 2.1, the function U, has finite modulus of
continuity on the interval (—oo, 0]. As a result, U, has finite modulus on the whole real line.
It now remains to make use of Theorem 1.1.

Necessity. As before, let M, = max{&,...,&,}. Let ,, n=1, be a sequence of
independent random variables with common (logistic) distribution v, and let
Z, =max{{y, ..., §,}. Since U, transforms v into u, M, and U,(Z,) are identically
distributed. Therefore,

E|My — M,|* = E|Uu(Zy) — Uu(Z})|, 4.1

where (M}, Z},) is an independent copy of (M,, Z,). By Theorem 1.1, there exist constants
a, b =0 such that |Uy(x) — Uu(y)| < a+ b|x — y| whenever x, y € R. Thus, for all a = 1,
the left-hand side of (4.1) is bounded as n — oo, if the same is true for Z, instead of M,,.
That is to say, we have reduced our attempt at a proof to the case 4 = v. So, one may assume
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that &, = C,, and that M, = Z,, for all n. In this special case, U, is the identity function.
Therefore, applying a remark following the statement of Theorem 1.1 to the functions
fn(x) = maxy<j<, X, there exist Lipschitz functions U, : R — R, with Lipschitz constants at
most 1, such that the random variables M, and U,(&) are identically distributed (of course,
in this particular case, this is easily verified directly). Therefore, for all n =1,

E|M, — M,|* = E|[U,(&) — Un(&D|" < E[&1 — &1 = C,
where &{ is an independent copy of &;. Now, by Holder’s inequality,
E|Mn - EMn|a = E|E,(Mn(w) - M;:(w'))rl = E|Mn - M;t|a = Caa

where E' is taken with respect to the random variable M. This proves (1b). Property (2b) is
proved in a similar way, taking into account that v is symmetric about 0. In order to prove the
last statement on the quantiles, one can apply (1.3) to the cubes {x : x; < const., for all
i < n}. This gives

P{Mn - mp(Mn)> h*} = P{Cl - mp(§1)> h}7

P{M, — my(M,) < —h*} < P{&; — my(§1) < —h},
for all p € (0, 1), h>0. Since h* < a + bh, these inequalities immediately imply that
supE|M,, — my(M,)|* <+o0.

Corollary 1.2 follows. O

One may wonder how to express (1b), the concentration property of maxima in L*-norm,
separately from (2b). Using Corollary 1.2, one can derive the following description.

Corollary 4.1. Let E|& | <+oo, a = 1. The following are equivalent:

(1) sup, E|M, —EM,|* <+cc.
(2) There exist a, b =0 such that, for all %ﬁ p=qg<l,

_ , l-p
F’ul(q)—Fﬂl(p)sa—&-blog?q. 4.2)

Corollary 4.1 (generalizing a statement of the authors in the case o = 1) and its elegant
proof were kindly indicated to us by a referee. As also mentioned to us, these arguments
also apply to more general norms.

Recall that F;l(p) is the minimal quantile of order p of F,. Thus, condition (4.2)
expresses the fact that the function U,(x) = F 1(1/(1 + exp(—x))) sending v into u has a
finite modulus of continuity on the interval [0, +00). This implies that E(§/)* < +o00, and
moreover that Eexp(e£)) <+oo, for some £>0 (as usual, x* = max{x, 0}). However, it
says nothing about the behaviour of F, at —oo.

Proof of Corollary 4.1. When &; =0, the proof is immediate since then 0 < min{§,
..., &} < &, which implies (2b). In general, one can observe that
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M; - |§1| = Mn = M;a
so that
(M, —EM,| < |M; —EM |+ |&| +E|&].

Therefore, sup, E|M, — EM,|* <+oco if and only if sup,E|M —EM}|*<-+oco. On the
other hand, M j = max{@f, e, 5:} corresponds to non-negative random variables. Hence,
by the previous step, the sequence E|M} —EM | is bounded if and only if U, has finite
modulus of continuity on [0, +00). This finishes the proof. O

In the case a = 1, condition (2) together with E|&;| <+oco can equivalently be written as

one property:

1
J p”(l—p)dF’ul(p):O(%), as n — oo.

0

In turn, this leads to another formulation.

Corollary 4.2. Let § be a random variable with values in (0, 1) and with distribution
function Fg. Then,

E&”:O(—), as n — 0o,

if and only if there exist a, b = 0 such that, for all%$p$q<1,
7 1 1-—
J —ng(t)ia—&-blog—p.
pl—t 1—gq

5. Concluding remarks

Let (X, p, u) be a metric space equipped with a Borel probability measure . As in Section
1, define the open A-neighbourhood of a set 4 C X by
A" = {x e R" : p(x, a)< h for some a € A}, h>0,
and the associated (‘integral’) isoperimetric function
Ri(p)= inf wd",  0<p<l,
u(Ad)=p
where the infimum is taken over all Borel sets of measure u(A4) = p. With this notation, one

can easily prove the following statement which contrasts with the p — 1 alternative of
Theorem 1.1, and deals with » fixed.

Proposition 5.1. R,(p) — 1 as h — 400 whenever p € (0, 1).

This statement remains true if the metric is replaced by a pseudo-metric p such that
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p(x, y) <+oo, for almost all (x, y) with respect to measure u ® g. In Section 1, the
concentration property inf, R(h")( p) > p could also have been expressed as R;(p) > p, for the
space X = R* equipped with the pseudo-metric

Poo(x, ¥) = sup|x; — yil,

i=1

and with the product measure x*. In this case, p(x, y) = +oo, for almost all (x, y) with
respect to u>°, whenever the measure ¢ does not have compact support on the real line.
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