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RESEARCH ANNOUNCEMENTS 

PROJECTIONS OF C°° AUTOMORPHIC FORMS 
BY JACOB STURM1 

The purpose of this paper is to exhibit an explicit formula which describes 
the projection operator from the space of C°° automorphic forms to the sub-
space of holomorphic cusp forms, and to apply it to the zeta functions of Ran­
kin type. 

Fix a number k > 0 such that 2k G Z. Let TV be a positive integer such 
that TV = 0 mod(4) if k fi Z, and let x- (Z/NZ) —+ C be a Dirichlet character 
modulo TV. Define 

r0(iV) = {Q b
d) G SL2(Z)\c = 0 mod(A0} 

and £ = {z = x + iy G C\y > 0}. For 7 = (a
c
 b
d) G SL2(Z) and z G ^ w e put 

7(z) = (az + £X<* + d)~l. For 6 > 0, denote by ©(fc, TV, x> &) the set of func­
tions F satisfying 

(1) F is a C°° function from Jp to C, 
(2) F(7(z)) = x(d)j(ky 7, z)F(z) for all 7 ^ ro(TV) where 

I icz + df if ft G Z, 

/ c \ ( / - l \ ,\k 

(mid) «*+*>} iik*z> 
where (c/d) is the Legendre symbol (see Shimura [1] for a more complete ex­
planation of this automorphy factor), 

(3) \F(z)\ < C(ya 4- y~b) for some positive real numbers C and a. 
Let G(k, TV, x) be the set of all holomorphic modular forms satisfying con­

dition (2) and let S(k, TV, x) he the sub space of G(k, TV, x) consisting of cusp 
forms. 

Let ƒ G S(k, TV, x) and F G©(£, TV, %> b). The Petersson inner product of 
ƒ with F is defined as follows. 

<ƒ, F) = m(A0_1 ƒ /(T)F(z)y*-2 <tofy 
r 0 (7V)\^ 
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where m(N) is the area of T0(N)\$> with respect to the measure y 2dxdy. The 
functions F and ƒ have Fourier expansions of the following type. 

oo 

F(x + i » = £ a(n, y)e(nx), 

oo 

f(x + i » = £ a(n)e(nz)9 

where e(x) = e2mx. The functions ff(w, J>) are C°° on (0, °°). 

THEOREM 1. Let F E&(k, N, x> b) with Fourier expansion as above. As­
sume that k>2 and b < k - 1. Let 

c(n) = (2>nn)k-lY(k - l)"1 J ~ a{n, j / ) ^ 2 ™ V ~ 2 dy. 

TJien h(z) = 2~ = 1 c(n)e(nz) G S(k, N, x). Moreover, (g, F) = (g, h) for all g G 
S{k, N, x). 

The function h is denoted by h = P(F)-
Theorem 1 can be used to study the Rankin zeta function. 

For f(z) = S~= ! a{n)e{m) G S(fc, TV, x) and g(z) = Sw = j 6(*M"z) ^ 
G(r, TV, i//), define 

w = l 

Then Z>(s, ƒ, g) can be analytically continued to a meromorphic function on the 
whole s-plane. There is a unique cusp form K(k, g, s) G S(k, N, x) such that 

<ƒ, *(*, g, s)) = D(s, ƒ, g) 

for all f&S(k, N, x). The Fourier expansion of AT(fc, g, s) will now be determin­
ed for s inside a vertical strip of the complex plane. 

Let R be a set of representatives for 1^X1 (̂AO where 

roo={±(l
0™)\mez}, 

and put 

£(z> s) = Z X{d)W)KK % z>'(r, % z)lcz + d r 2 ( 5 + / c ) . 

Rankin's representation of D(s, ƒ, g) as an inner product can be stated as follows. 

(47r)-*r(sp0, f, g) = <ƒ, g^(z, s 4- 1 - * y + 1-*)m(iV). 

Hence #(£, g, s) = P(gE(z, s + 1 - ^+ 1- f c)(47r/r(s)-1m(A0. In order to ob­
tain the Fourier expansion of K(k, g, s) from Theorem 1, it is necessary to know 
the Fourier expansion of the function E(z, s). 



PROJECTIONS OF C AUTOMORPHIC FORMS 437 

For y > 0 and (a, 0) G C2, define 

W(y, a, P) = T{fffl ƒ ~ (ii + \y-lift-le-yudu. 

The integral is absolutely convergent for Re(j3) > 0, and W(y, a, ]3) can be ana­
lytically continued to a holomorphic function on all of C2. If y > 0 define 
M>, a, © = W(-y9 ft a). 

The function E(z, s) has a Fourier expansion of the following type 

E(z, s) = c(y, s) + £ fl(r, s)W(4irO', * - r + s, s>T2 ' ^^eipct). 

The functions a(t, s) are known. When k -r GZ, they are simple arithmetic 
functions, and when k - r^ Zy they are, up to simple arithmetic factors, 
Dirichlet L -functions [1], [4]. 

Let c > 0 be such that b(n) = 0(nc+e) for every e > 0. Put 

I ƒ °° W(47r0>, s + 1 - A-, s + 1 - ^ " 2 7 r < 1 1 ! + M y - 1 <fy if f ^ 0 

Jo c(y, 5 + 1 - fc>T2™y1 tfy if f = 0. 

THEOREM 2. 1er 

c(w, s) = (27r)*-1IX* - l)~luk~l X H"M'> s + 1 - *y(s, f, w)m(/V), 

w/zere tf(0, s) = 1. 77zew f/zw swra converges for c + 1 < Re(s) <fc + r - 2 - c , 
tfttd /or SMC/Z s, *7ze function K(ky gy s) = 2~ = j c(w, s)e(wz) G S(k> N, x)- ^wr-
thermore, (47r)-*r(s)D(s, ƒ, #) = <ƒ, K(k, g, s)) for allfes(k, N, x). 

REMARK. In [5], Zagier (using a different method) computes K(k, gf s) 
for g(z) = 0(z) = 2~=_oo e(n2z), k G Z and N = 1. He shows that the /ith 
Fourier coefficient of K(k, g, k/2) is essentially the trace of the «th Hecke oper­
ator, and in this way, he recovers the Eichler-Selberg trace formula for SL2(Z). 
Using Theorem 2, it seems possible to recover the trace formula arbitrary con­
gruence subgroups of SL2(Z). 

Now assume that k, r £Z with k > r > 0. Then, for m G Z, r < m < k 
- 1, the function K(k, g, m) has a simpler form. In fact, for those special values 
of m, the integrals which appear in Theorem 2 can be evaluated and the sums 
defining c(u, m) are finite. 

In order to write down the Fourier expansion of K(k, g, m) for m G ƒ = 
{m EZ\r <m <k - 1}, it is necessary to introduce some notation. Let 

DN(s, f g) = L(2s +2-k-r, x*)Dfc f g). 
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If co is a character modulo N, and d G Z, define 

' o ifo>±IN9 N-l 

1 if co = /*,» 

where IN is the trivial character modulo N. For m E ƒ, ƒ > 0 and w > 0, define 

m—r [ i ) . 

= 7r~m X ( V ) | H (m + / - i t ) [ ^ - w - ^ 1 (f + i i )*- ' -12*- ,-2 m~1 , 

<<f, m) = f-fc(27r/A02m + 2- r- f cr(m + 1 - r ) " 1 

. X c/2m + 1- r- fc((S(x^ <0 + FÖ(x*, "O) , 

where F=(- l ) f c"" r . Let 

|(s) = 21(25 + 2 - r - *, x*)(27rw)-T(s) 

+ {(2TT)S+2~^/cf-fc^2s-r~fc^(7V)Ô(co)r(r + fc + s - l)r(2s + 1 - r - k) 

• T(s + 1 - ^)_ 1r(s + 1 - r)_ 1 }2I(2s + 1 - r - fc, 7^), 

where <p is the Euler tp-function. For w > 0 define 

c(w, m) = (27n/)fc-1r(Â:- 1)_1 

w 
2 Z?(w - f)a(f, mX(m, t, u) + b(u)%(m) . 
t=\ 

Let /^(fc, g, m) = 2~= j c(w, m)e(uz). 

COROLLARY. Ifr<m<k-\, then 

m{^~\^ymT{m)DN{my f, g) = <ƒ, KN(k, g, m)). 

The Fourier coefficients of KN(k, g, m) are explicitly given by the above 
formulas. This corollary supplements Shimura's theorem (Theorem 4 of [3]). 
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