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1. Weil representation. Let Q be a nondegenerate quadratic form on R¥.
Let O(Q) be the orthogonal group of Q. One owes to A. We11 [4] the construc-
tion of a certain unitary representation 7, of the group Sl2 x O(Q) in L2(R¥),
where Sl2 is a two fold covering of Slz(R) i.e. given by pairs (g, €) with g €
S1,(R) and € = £ 1 satisfying the group law (g, €)(g’, €') = (g&, V(g, &') €€’),
where ¥ is the Kubota cocycle on Sl,(R) (with values in Z,). Let wy € ‘ST; be
the element ([9 ~3],—1). Then mg is given by

@ 1 oW o) = 8 ,P(~Mp (X)), ¢ € L2(RF),

where M, € Aut(R¥) so that [X, My(Y)] = Q(X, Y) forall X, Y € R¥ (with
[,] the usual dot product on R¥) and BQ = |det QI'1/2uQ with ug a certain
eighth root of unity determined explicitly in [2]. Moreover, ~ denotes the Four-
ier transform on L2(R¥). Also we have

i T ([g Z“l] , 1) oX) = |a|¥/? eV-1mBaQ (X'X)cp(aX), with a > 0
and

(i) mo@W(X) = ¢(g™'X) for g € 0(Q).

Then (i), (ii), and (iii) determine m, explicitly. The main problem is to give a
spectral decomposition of 7.

2. Discrete spectrum of ;. Let K be the maximal compact subgroup of

Slzglvenby
cos 8 sin @
el <0<me==%1}.
—sin @ cos @

Then every unitary character of K is given by

k0, €) ~ (sgn (:')2"’e\/:l mb  with m € BZ.

e (510
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o e

Leta, n, and f be the infinitesimal generators of 4, N, and K, respectively. Then

and

wgi, == 2 + @ + (n+ Ad(wo)ny?
is the Casimir element of §T2' . We let

E,=1+/~T(+ Adwy)n) and E_ =k—+~1 1+ Adwy)n).

We assume that Q has inertia type (¢, b)) wherea=>b >1anda + b =
> 3. Then we choose a splitting of Q on R¥ = R* ® R? so that X = X, +
X_ with X, €R% X_ €R? and Q(X, X) = [IXI> = IX_I? (Il Il = usual
length of vector in RY).
We consider FQ(?\) = {p€ FQ |w312 ¢ = N} where FQ is the space of
C* vectors in L2(R¥) of To. Let @, = {X|Q(X, X) >0} and Q_ =
{X12(x, X) <0}

THEOREM 1. The spaces F}; oM ={pe FoMlolg =0}and F5(\) =

{p€ FQ()\)hpln = 0} are Sl X O(Q) stable subspaces. Moreover, FQO\) and
FQ()\) @ir nonzero) determine topologwally irreducible representations of Sl2
O(Q) which are inequivalent. Also FQ(A) is the direct sum of F}, ()\) and FQ ™).

We let
L?(Whit) = {f ﬁ; — Clf(gn(x)) =f(g)e2"‘/—:1"

Q- 2
forallg €Sl,, x €R and »ST;/le(g)l du(g)<oo},

where du is an Sl~2 invariant measure on éT; /N. We consider the subspace
L*(Whit), = {y € L*(Whit),, lwgy, * ¥ =M} (). denotes C™ vectors of
representation.)

THEOREM 2. The dzscrete spectrum of L2(Wh1t),, is the direct sum
QBSe 7 L?(Whit) 2 _, > Where A= {%m>0|m €Z). Moreover, each
L’(tht)s2 is ‘Sf irreducible and corresponds to a square integrable represen-
tation of Sl,

(“Discrete spectrum’ means the sum of all those irreducible representations
of ST; which occur discretely in L2(Whit).)
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THEOREM 3. The space FQ(A) # 0 if and only if\=5%-2s withs €
— {%} and s = %k mod 1. The representation of Sl2 x 0(Q) in FQ(s - 2)
is equzvalent to the tensor product of L2(Wh1t)s2 25 ® A, +, where A+

{p€ FQ It -9o=+/~1spand E ¢ = 0}. Moreover, A _;" is an irreducible O(Q)
module.

We note that for the case kK = 3 an analogous tensor product as in Theorem
3 is discussed in [1].

REMARK 1. If b = 1, then F5(A) = O for all A. And1fb>l then as in
Theorem 2, F‘(k)*Olfand onlylf)\—s —2swiths€4 - {#} and s =
%k mod 1. Slmllarly F (% - 2) is Sl2 x 0(Q) equivalent to the tensor product
L2(Wh1t)"‘ 2 ® AZ,, w1th L2(Wh1t)* a2 the representation of Sl2 in
L2(Wh1t) I after conjugation by the unique outer automorphism of Slz, and

Az, = {¢€FQ Ifo=—+v~=1sp E_(v) = 0}.
Then the space A;" is characterized in several ways.

THEOREM 4, A;" is O(Q) equivalent to the representation of O(Q) in the
spaces {8 € L*(T",).., |W§ * B =(s* — 25 + k — %k?)B} where T, is the hyperbo-
loid {X € R* |Q(X, X) = 1} and W{ the Laplace Beltrami operator on T
determined by the separation of variables of

_ 9 k-198 1 .
%(0) = ar? T 2 W
WithX=t-§, £ €T)).

REMARK 2. We note here results on the discrete spectrum of the hyper-
boloid similar to Theorem 4 are obtained in [3] in a different framework.

We let K be the maximal compact subgroup of O(Q). Then KX is isomorphic
to the product O(e) x O(b), where O(¢) is the standard orthogonal group in ¢
variables. We consider the family of irreducible representations [s,], ® [s,],
of K, where [x], denotes the representation of O(t) on spherical harmonics of
degree ¢. Then let E, (s - 2s, m, 54, 5,) be the K xK isotypic component in
FQ(s - 25) which transforms according to the character

k@0, €) w (sgn e)“"e‘/:—w"‘
on X and according to [s,]1, ® [s;,], on K.

THEOREM 5. The space of K xK finite vectors in Fa(s2 — 25) is the
direct sum of the EQ(s2 —2s,m, s,, s,), where m = s + 2j, j a nonnegative
integer and s, and s, satisfy the relation s, —s, = s — %(a —b) + 2j. Moreover,
each space EQ(s2 =25, s + 2,5, s,) is spanned by elements of the form
(determined on Q)



270 S. RALLIS AND G. SCHIFFMANN

ws,i(Q(X’ X))o, X)s—le—-er(X,X)“X_”sz”X_'_ |=(sH+k/24s5-2)
1 1 IX_112
2F1(5(s+s1+s2)+zk— =j, 85 + b(IIX I
2.1) -

"B (uﬁu) (n§:u )

where ,F, is the usual hypergeometric function, P, and P s, are harmonic
ponnomzals of degree S and degree s, in R* and Rb , respectively, and ws’ ](u)
is the polynomial E"‘ c i~ with
= S ) G-
2%t T +j-v)
As an important consequence of Theorem 5 we deduce growth and
continuity properties of K x K finite vectors in F}, (s - 2s).

COROLLARY TO THEOREM 5. Every K xK finite function ¢ in Fa(s2 -25)
extends uniquely to a continuous function on R* — {0} which vanishes
identically on (2_ U I'y) — {0}. Moreover, if s > %k, then ¢ extends uniquely
to a continuous function on R* which vanishes identically on Q_ U T. Also
such a ¢ satisfies the Poisson Summation Formula Property, that is, for any
lattice L C R¥ with Q(L, L) C Z, the integers,

(2.2) FX) = 2 o(X +§),

teL
is continuous (with the summation satisfying absolute convergence) on R¥
and Zeugy « §(E¥) is absolutely convergent (L* dual lattice to L).

We remark that similar types of statements hold for K x K functions
FEFH(* - 29).
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