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FUNCTIONS AND CORRESPONDENCES IN A FINITE FIELD

BY L. CARLITZ!

1. Introduction. It is well known that any function from a finite field into
itself can be represented by a polynomial with coefficients in the field. More
precisely, if the field is of order ¢, then the function is represented by a unique
polynomial of degree less than g. Conversely, any field with the property that
any function from the field into itself can be represented by a polynomial
with coefficients in the field, is necessarily finite [14]. It has been proved
recently [1], [16] that if a ring R with identity has the property that any
function from R into itself can be represented by a generalized polynomial,
then R is isomorphic to the matric ring (GF(g)),, for some prime power g and
some n > 1. As customary, we denote by GF(gq) the finite field of order ¢g. By
a generalized polynomial is meant a sum of multinomials of the form

apx®a,x - - - a_x%a,
where g; € R, ¢, > 0 and k is arbitrary.
With every function f from F, = GF(q) into itself we may associate a set of

numbers ay, a, . . ., @, € F, and a partition [S}-8], [13]
1.1) F,=A4,0UA4,U " - UA,
where

(12) A4N4 =0 (i #J)),

the sets 4; are nonvacuous and

(1.3) f(b) = g (bedsi=12,...,k).

For example, for the function f(x) = x971 we have k = 2, a,=0,a,=1,
A, = {0}, A, = {ala € F,, a # 0}. On the other hand, for the function
f(x) = x972, k = g and each 4, consists of a single element. Thus x?%isa
permutation function. Clearly, for any permutation function, the number of
sets A; in the partition (1.1) is equal to g.

We can generalize the above in the following way. Let

(14) Ap A, ..., 4, By By, ..., B,
denote partitions of F,. It is assumed that each of the sets
1.5 Ay, ..., A By, ..., B

is nonvacuous; however A4, B, are unrestricted. Then (by the Lagrange
interpolation formula for several variables) there exists a polynomial [9]
f(x,y) € F,[x, y] such that
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140 L. CARLITZ

0 (a€eAd,beB,1<ic<k),
1 (otherwise).

(1.6) f(a, b) = {

We shall say that the polynomial f(x, y) characterizes the correspondence T
induced by the partitions (1.4); the integer k is called the rank of the
correspondence.

A polynomial h(x, y) € F[x, y] is said to be admissible for the correspon-
dence T defined by (1.4) if it satisfies

h(a,b) =0 (a € A4,b€E B, 1<i<k),
# 0  (otherwise).

A polynomial is admissible if it is admissible for some correspondence.
It follows at once that if 4(x, y) is admissible for I then

(1.8) f(x,9) = (h(x, )"

satisfies (1.6).
It is to be understood that (1.8) asserts that the two functions are equal; the
precise relationship between the polynomials is

feop) = ()™ (x7 = X7 - ).

As an example of an admissible polynomial consider A(x, y) = x77! —
y9~ L It is easily verified that k =2, 4y = By= @, 4, = B, = {0}, 4, = B,
= F,\ {0}.

As a second example, the polynomial A(x, y) =1— x99 is also
admissible. In this example k = 1, 4, = B, = {0}, 4, = B, = F,\ {0}.

As example of a polynomial that is not admissible (for any correspondence)
we cite

1.9 h(x,y) = xy.

A basic problem is to characterize all admissible polynomials. This is
apparently a difficult problem. For example consider correspondences of
rank k = g, so that each of the sets 4,,...,4,, B,,..., B, consists of a
single element, while 4,, B, are vacuous. An admissible polynomial for this
correspondence is evidently A,(x, y) = y — y(x), where y/(x) denotes some
permutation polynomial. Another admissible polynomial for the same corre-

spondence is given by h,(x, y) = x — ¢ ~!(y), where ¥ ~! denotes the inverse
of the permutation defined by .

If f(x), g(x) are arbitrary polynomials in F[x], it is not difficult to show
that

(1.10) h(x,y) = f(x) — g(»)

is admissible for some correspondence. Conversely, given any correspondence
of rank = g — 1, it has been proved that there exists an admissible poly-
nomial of the form (1.10). For rank ¢ — 1, however, an admissible polynomial
of this type does not exist when 4, # &, B, # O; this is, in fact, the only
exceptional case.

The definition of a correspondence can be extended in several directions.
In the first place, instead of (1.4), we may consider the three partitions of F,:

(1.7)
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(1.11) Ap A, ..., A By By, ..., B CpCph...y Cp
where
(1,]2) Al""’Ak’ Bl""’Bk’ Cl""’Ck

are nonvacuous while 4, By, C, are arbitrary. There exists a polynomial
f(x, y, z) € F [x, y, z] such that

0 (a€d,beB,ceC,1<i<k),
(1.13)  f(a,b,c) = {1 ( i ! )

(otherwise).

The polynomial f(x, y, z) is said to characterize the correspondence defined
by (1.11).

A polynomial h(x, y, z) € F[x, y, z] is admissible for the correspondence
defined by (1.11) provided

h(a,b,c) =0 (a€Ad,beEB,ceC,1<i<k),
# 0  (otherwise).
It follows that hA(x, y, z) is admissible for the correspondence defined by
(1.11) if and only if
(1.15) (h(x,p,2))""'= f(x,, 2),
where f(x, y, z) satisfies (1.13).

For brevity the correspondence defined by (1.4) may be called a (1, 1)
correspondence, the correspondence defined by (1.11) a (1, 1, 1) correspon-
dence. In either case & is the rank of the correspondence.

In the next place let F;" denote the direct product of m copies of F,.
Consider the partitions
(116) qu=A0UA1U"'UAk, F;=B()UB1U"'UB,¢,
where
(1.17) Ay ..., A, B,...,B,

are nonvacuous while 4, B, are arbitrary. There exists a polynomial

fx, y) € Fj[x, y],
where X = (X, ..., %,,), ¥y = (V1 . - . » V) such that

0 (a€4,bEB,1<i<k),
(1.18) f@ab) =1,

(1.14)

(otherwise).

The polynomial f(x, y) is said to characterize the correspondence defined by
(1.16). The correspondence defined by (1.16) may be called an (m, n)
correspondence.

A polynomial A(x, y) € F [x, y] is admissible for the correspondence
defined by (1.17) provided

h(a,b)=0 (a€4,beEB,1<i<k),
# 0  (otherwise).

Hence, A(x, y) is admissible for the correspondence (1.16) if and only if

(1.20) (h(x, y))* "= f(x, ¥).

(1.19)
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It is evident how the notion of correspondence can be extended to r-fold
partitions:

(1.21) Fi= AU Ay U -+ - U 4y i=12...,r).

A correspondence defined in this way may be called an (m,, m,, ..., m,)
correspondence. Characteristic and admissible polynomials are defined in the
obvious way.

The object of the present paper is to discuss some basic properties of
correspondences. For the most part we shall confine ourselves to (1, 1)
correspondences. Also we shall usually state results without proof. For fuller
details the reader is referred to [2], [3].

The reader may find it helpful to refer to the numerous examples of
correspondences given in §§3, 10.

2. Preliminaries.

LEMMA 2.1. Let A denote an arbitrary nonvacuous subset of F,. The poly-
nomial

@.1) Li(x)= 2 {1-(x—a)"}
aEA

satisfies
22) Ly(a) = { Lo@ed)

0 (agAd).

Let

(2.3) Ay Ay, ..., Ay; By By, ..., B,
denote partitions of F, such that 4,,..., 4, B,,..., B, are nonvacuous

while 4, B, are arbitrary.
THEOREM 2.2. There exists a polynomial f(x, y) € F,[x, y] such that
0 (ea€A,bEB,1<i<k),
24 ,b) = ! '
@4) f(a: ) { 1 (otherwise).

PrOOF. Put
k
g(x,y) = 2 Ly (x)Lg (»),
i=1

where L, (x), Lg(y) are defined by (2.1). Then
1 (a€d,beEB,1<i<k),
g(a,b) =

0 (otherwise).
It follows that f(x, y) = 1 — g(x, y) satisfies (2.4).

We have already defined characteristic and admissible polynomials. We
now state a few properties of admissible polynomials that follow immediately
from the definition. In the first place, as stated in the Introduction, A(x, y) is
admissible for the correspondence (2.3) if and only if (h(x, »))?~! = f(x, y),
where f(x, y) satisfies (2.4).

If hA(x, y) is admissible for some correspondence I', and g(x, y) is a
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polynomial € F,[x, y] that never vanishes, then g(x, y)h(x, y) is also admissi-
ble for I'. Indeed if h(x, y) is admissible for T', then the polynomial k,(x, y) is
also admissible for I' if and only if there exists some g(x, y) that never
vanishes such that

(2.5) hi(x,y) = g(x,)h(x,y).

If h(x, y) is admissible for I and ¢(x), Y(y) are permutation polynomials
such that each 4, is carried into itself by ¢(x) and each B, is carried into itself
by ¥(»), 0 < i < k, then the polynomial A,(x, y) = h(¢(x), ¥(»)) is also
admissible for T'.

If h(x, y) is admissible for I" and ¢(x) is a polynomial that vanishes if and
only if x = 0, then A,(x, y) = ¢(h(x, y)) is also admissible for I'. In particular,
the polynomials

h(xy) = (h(%y) (r=123,...)

are all admissible.

It should be pointed out that we are using the terms function and polynomial
interchangeably. Thus, if f(x), g(x) are polynomials € F,[x], the statement
f(x) = g(x) is short for f(x) = g(x) (mod x? — x). Similarly, for polynomi-
als in several variables, the statement f(x, y) = g(x, y) is short for

f(x, ) = g(x,y) (mod x? — x,y? — y).

A convenient form for the polynomial characterizing the correspondence
(2.3) is given by the following theorem.

THEOREM 2.3. Put

Q6 ¢(x)=1I x-a), w(=I -5 (©O<i<k),

a€EA; beE B

so that
k k

@D o) =x-x  ILy0)=r'-»

i=0 j=0
Then the polynomial f(x, y) characterizing the correspondence satisfies

N ox?i—x yi-y , )

28) Jlu) = 1= B ESE S N 0),

Conversely, if ¢,(x), Y,(y) are any polynomials satisfying (2.7) and deg ¢;(x) >
0, deg ¢;(¥) >0 (1 < i < k), then the partitions defined by (2.6) give a
correspondence with characteristic polynomial (2.8).

3. Some examples. (i) If g(x) is an arbitrary polynomial in F,[x], then
h(x, y) = g(x) — y is admissible for some correspondence. For letc,, . .., ¢,
denote the range of g(x) and put

F,=A,UA,U "+ UA4A; = {a|g(a) = ¢} (1 <i<k).
Then A4, is vacuous while
k
B, = {¢;} (1<i<k), By=F\U B,

i=1
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(i) The polynomial A(x, y) = x? — »?is admissible. We may assume g odd.
The sets A4, B; are defined by

A={0), A= {=1},...;
B, ={0),  By={x1)},...;
A0=BO=®~

(iii) The polynomials A(x, y) = x’y*, r > 1, s > 1 are not admissible for
any correspondence.

(iv) Let h(x, y) denote a polynomial that never vanishes. Then A(x, y) is
admissible. The rank k = 0 and 4, = B, = F,.

) A(x,y) =1 — x?" 77! is admissible.

(vi) h(x,y) = x97! — 77! is admissible.

(viii) Let A(x, y) be admissible for the correspondence defined by

3.1 Ay Ay, ..., A By By, ..., B
Let g(a, b) # 0 except possibly for some (a, b) such that
(32) a€d, beB (1<i<k)

then h,(x, y) = g(x, y)h(x, y) is also admissible for T'.
(viii) Let h(x, y) be admissible for I" as defined by (3.1). Then the set of
polynomials

(3.3) {g(x, ¥)h(x,»)},

where the g(x, y) vanish only as in (3.2), are all admissible for T'.

(ix) A(x, y) = x97! is admissible for the correspondence defined by 4, =
F,\{0}, 4, ={0}; By=Q, B, = F,

(x) A(x, y) =1 — x?7' is admissible for the correspondence defined by
Ay=1{0},4, = F,\(0}; By=0@, B, = F,

(xi) A(x, y) = 1 is admissible for the correspondence of rank 0 defined by
Ay= B,=F,

(xii)) xy + 1, xy — 1 are admissible polynomials; however, for ¢ odd, the
sum is not. Thus the sum of two admissible polynomials need not be
admissible.

4. Normal forms. In general, there are numerous admissible polynomials for
any given correspondence. The following theorem describes a normal form
that can be found for rank £k < ¢ — 1.

THEOREM 4.1. Let the partitions
“4.1) Ay Ay, ..., A By By, ..., B,

define the correspondence T'. If k < q — 1, there exists an admissible polynomial
of the form

4.2) h(x,y) = f(x) — 8(»)
for some f(x) € F [x], g(y) € F,[y]

ProoOF. Choose k + 2 distinct numbers ay, ag, ay, . . ., @, € F, and define
polynomials f(x), g(y) by means of
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ay, (c € Ay),
a;

f(c)={ (c€A,1<i<k),

_ ay (c € By),
8)=14 (ceB,1<i<h).

1

Then A(x, y) = f(x) — g(») is admissible for T.

THEOREM 4.2. Let the partitions A, ..., A, By, ..., B, define the corre-

spondence T of rank q. Then there exists an admissible polynomial

h(x,y) = f(x) — g(»),
where f(x), g(y) are permutation polynomials. In particular, we may take
f(x)=xorg(y)=y.

PrROOF. Number the elements of F, so that 4, = {q;}, B; = {b;} (1 <i <
q). Let ¢, ¢y, . . ., ¢ be an arbitrary numbering of the elements of F,. Define
f(x), g(») by means of

f@y=c, gb)=¢, (1<i<q)
Then A(x, y) = f(x) — g(») is the desired polynomial.

For ¢, = b,, g(y) = y; for ¢; = a, f(x) = x.

THEOREM 4.3. Let the partitions
“4.3) Ay Ay, ..., A

define a correspondence of rank q — 1. Then, if either Ay or B, is vacuous, there
exists an admissible polynomial of the form h(x, y) = f(x) — g(»).

BO’BI”"’B—I

q-1 q

PROOF. 1. Let By = @, Ay #* @ and let F, = {a,, ay, ..., a,_,}. Define
f(x), g(») by means of
a c € A,),
fley =P oS4
g (c€A4,1<i<q-1),

g(c) =a (ceéB,1<i<qg—1).
Then h(x, y) = f(x) — g(») is the desired polynomial.
2.Letd, = B,= Q. Leta,...,a,_,be distinct numbers of F, and define
f(x), g(y) by means of
f(c) = a (ced,1<i<qg—-1),
g(c) =g (ceB,1<i<qg—1)
Then A(x, y) = f(x) — g(») is admissible.
The remaining theorems in this section are stated without proof.

THEOREM 4.4. Let f(x) € F,[x], g(y) € F,[y]. Then h(x, y) = f(x) — g(»)
is admissible for some T'.

REeMARK. Either f(x) or g(y) may be the zero polynomial.

THEOREM 4.5. Let the partitions Ay, Ay, . . ., Ay By, B,, ..., B, define a
correspondence I'. An admissible polynomial of the form h(x,y) = f(x) — g(»)
exists if and only if
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Dk+#*q—1,0r
(i) k=qg—1,A4Ay0r By = Q.
It can be verified that
h(x,p) = (1= x7"H(1 =y 1) + (x — y)*!
is admissible for the correspondence defined by
F, = {ap=0,a,,a, ..., aq_l},
A; = B, = {a;} O<i<g-1).

This example falls under the exceptional case of Theorem 4.5. By means of
the above A(x, y), the following theorem can be proved.

THEOREM 4.6. In the exceptional case of Theorem 4.5, that is k = q — 1,
Ay # D, By # D, an admissible polynomial is furnished by
h(x,) = {1 = ()1 = ¥7 ()} + {o(x) = ¥(»)}*",
where ¢(x), Y(y) denote permutation polynomials.
THEOREM 4.7. Let f(x) — g(y) be admissible for the correspondence of rank q
defined by A,,...,A,; By, ..., B, Then all admissible polynomials of the

Jorm fi(x) — g1(») are given by fi(x) = &(f(x)), &)(¥) = ¢(&(»)), where ¢(x)
is a permutation polynomial.

5. Admissible polynomials. Let a correspondence be defined by means of
the partitions

(5.1) Ay Ay, ..., A By By, ..., By,
where
(5.2) [4|=my, |B|=m (0 < i< k).

We shall say that two admissible polynomials are equivalent if they are
admissible for the same correspondence. Thus the set of all admissible
polynomials (for a fixed F,) breaks up into a number of equivalence classes.

THEOREM 5.1. Two admissible polynomials h(x, y), hy(x, y) are equivalent if
and only if

(3) (i (%, 2)* 7' = (hy(x,2))*™"

THEOREM 5.2. The number of equivalence classes of admissible polynomials is
equal to the number of correspondences.

LEMMA 5.3. Let hy(x, y), hy(x, y) be eguivalent admissible polynomials. The
number of polynomials g(x, y) that take on arbitrary values for a € A,, b € B,
(1 € i< k), but are uniquely determined elsewhere and, moreover, satisfy

hy(x, y) = g(x, y)hy(x, y), is equal to
k
(5~4) qe’ e = 2 mini’
i=1

where my, n; are defined by (5.2).

THEOREM 5.4. The number of admissible polynomials for the correspondence
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defined by (5.1) and (5.2) is equal to

k
(5.9) (9 - 1), ¢ =q"~ 2 mn,

i=1
The polynomial f(x, y) such that
0 (a€ed,beB,1<i<k),

has been defined as the characteristic polynomial of the correspondence
defined by (5.1). It is uniquely determined by the correspondence.

(otherwise)

THEOREM 5.5. Let f(x, y) denote the characteristic polynomial of the corre-
spondence T'. A polynomial h(x, y) is admissible for T if and only if

(5.6) (h(x, )" "= f(x,).

THEOREM 5.6. Let h(x, y), hy(x, y) be admissible polynomials for some
correspondence T. Then

5.7 h(x,y) = hy(x, y)hy(x, y)

is also admissible for T. It follows that the set of polynomials in a fixed
equivalence class constitute a commutative group with respect to multiplication
as defined by (5.7); the characteristic polynomial is the identity element of the
group.

The next theorem may be compared with Theorem 4.7.

Admissible polynomials, g = 2

rank partitions polynomials
0 Ay =By, =F, 1
A, =B, =F, 0
Ay =By, = {0}, A, =B, ={1} xy + 1
Ay, =B, ={0}, 4, =B, = {1} xy +x+1
) Ay =B, = {1}, A, =B, = {0} xy+y+1
Ay =By = {1}, A; =B, = {0} xy+x+y
Ay =10}, A, =1{1}, B, =F, x+1
Ay = {1}, A, ={0}, B, =F, x
A, =F,, By,=1{0}, B, = {1} y+1
Al =F2, Bo = {1}, B1 = {0} Yy
A, =B, ={1}, 4, =B, = {0} x+y+1
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THEOREM 5.7. Given the correspondence T' defined by the partitions A,
Ay ..., A By By, ..., By, let k, =k, k+ 1 or k + 2 according as none,
one or both of the sets A,, B, are nonvacuous. Then two admissible polynomials

f(x) — g(»), fi(x) — 81(y) are equivalent if and only if f; = ¢(f(x)), g,(») =
&(g(y)), where ¢(x) denotes any function that carries an ordered set of k,
numbers into another such set.

6. Rank. The rank of a correspondence can evidently take on any value
between 0 and ¢, inclusive. For rank k£ = 0, there is the unique correspon-
dence defined by

(6.1) AO = BO = Fq'

THEOREM 6.1. The characteristic polynomial for the unique correspondence of
rank 0 is

6.2) f(x,y) =1

The admissible polynomials for this correspondence are the polynomials h(x, y)
that never vanish. The number of such polynomials is

(63) (¢ - 7.

For rank k = 1, there are several possibilities. First, for the correspondence

defined by
(6.4) 4, =B, = F,

q
we have the following result.

THEOREM 6.2. The characteristic polynomial for the correspondence defined by
6.4) is

6.5) f(x,y) =0.
This is also the only admissible polynomial.

The general situation for rank 1 is given by

(6'6) Ao, Al; Bo, Bl’
where
(6.7) m; = lAiI’ n; = IBila m, > O, n, > 0,

my+ my=n,+n =gq.

The number of correspondences defined by (6.6) and (6.7) is

q

NN CAREa
Consider first the correspondence defined by

(6.9) Ay = By = {0}, A4, = B, = F,\ {0}.

The characteristic polynomial for this correspondence is

(6.10) f(x,y)=1-x9"lpa"1,

The admissible polynomials are
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(L= x"H(1 =y )+ (1 -x7"") D e(l = (y—a)?™)
(6.11) ax0

+ 1=y 2l = (x = a)*™),
a#0

where a runs through the nonzero numbers of F, and ¢, ¢,, ¢, are arbitrary

nonzero numbers of F,. Hence the number of such polynomials is
(6.12) (9 - 1)q’

in agreement with (5.5).
Another special rank 1 case that can be handled readily is

(6.13) Ay= By=F,\ {0}, 4,= B, ={0}.
The characteristic polynomial is
(6.14) flx,y) = x971 + ya=t — xa7lya~l,

The admissible polynomials are given by
(6.15)  h(x,y)= X cp {1l —(x—a)? {1 - (y-b)?""},
a,bEF,

where the summation is over all (a, b) except (0, 0) and the ¢, , are arbitrary
nonzero numbers of F,. It follows that the number of admissible polynomials
is

(6.16) (¢ — H7!
in agreement with (5.5).
Note that for ¢ odd,
(xq—l +yq—1)q_l= xq'_l +yq_l —_— xq_l);q-l’

so that x?~! + y?~! is admissible for (6.13).

By Theorem 4.5, an admissible polynomial of the form f(x) + g(») does
not exist for (6.13) with ¢ = 2. Let ¢ = 2°, ¢ > 1, and let A denote any number
of F, except 0 or 1. Then it can be verified that

(x971 4+ Apa1)77 = xa-l g et gamlemt

so that x9~1 + Ay9~! is admissible for (6.13).
For the correspondence defined by (6.9) it can be verified that

6.17) h(x,y)=2—-x9"1—y2=! (g o0dd)
is admissible. This follows from

q-1 R
(2 — x9-! _yq—l)‘l"l____ 2 2q—r—1(xq—l +yq—l)
r=0
q—1
I+ 3297 x4 4 =1 4 (2 = 2)x0-lye-1)
r=1

1 — x9-lya-1,

For g = 2',¢ > 1, let @, B be numbers of F, such that a + B = 1, aB # 0.
We find that
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(14 ax?71 + ,By”‘l)q_l= 14+ x97 Y-l

and therefore the polynomial 1 + ax?~! + By?~! is admissible for (6.9).
For rank 2 consider first the correspondence defined by

(6.18) A, = B, = {0}, A, = B, = F,\ {0}.
The characteristic polynomial is

(6.19) f(x,p) =x7"1+ yi7 !t —2x97 Y71,
An admissible polynomial (compare Example (vi) of §3) is
(6.20) h(x,y) = x7"1 =y~
Another admissible polynomial is

(6.21) h(x,y) =1 —x7""y + x(1 —y77h).

Another special case of rank 2 of some interest is

where a runs through the squares (# 0) and b the nonsquares of F,. We find
that the characteristic polynomial for (6.22) is

(6.23) fup)=1=3(x"y™+ x7"ya 1)  (g=2m+1).
Since
(1= xm™? =1+ m(x™y™ + x?" Y1),
it follows that
(6.24) h(x,y)=1-x"y"™ (¢g=2m+1)

is admissible for (6.22).
For rank k = g, it is clear that 4, and B, are both vacuous and the
correspondence is defined by

(6.25) Ay,...,A; By,...,B,

where each of the sets contains a single element. By Theorem 4.2 there exists
an admissible polynomial for this correspondence of the form

(6.26) h(x,y) = f(x) = g(»)-
In particular, for the identity correspondence, that is
(6.27) A; = B; (1<i<yg),
the polynomial x — y is evidently admissible, so that
(628) fey)=(x ="

is the characteristic polynomial. The general admissible polynomial is given
by
629)  h(xy) = T el = (x = @) H{1 - (r )",

a#b

where the summation is over all a, b € F, a # b, and the ¢, are arbitrary
numbers of F,. The number of such polynormals is (g — 1)¥~9 in agreement
with (5.5).
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7. Some enumerations. We shall use the following notation. Consider the
partitions

7.1) Ay Ay ..o, A By, By, ..., By

and put

(71.2) m; =|4,|, n; =|By (0< i< k),

where

(7.3) my>0, ng >0 m>0 n>0 (1<i<k)
and

(7.4) g=my+m +- - +m=ny+n+--+n.

The set of integers
(7.5) (mgymy, ...y my; ng ny, .oy 1)
will be said to characterize a correspondence type of rank k.
In order to enumerate correspondences and correspondence types, it is

convenient to consider a somewhat more general problem. Let 4, B be finite
sets, |A| = m, |B| = n. Consider the partitions:

(7.6) A=Ay,UA U+ UA, B=By,UuBU: - UB,
where

(1.7) {m,- =|4|, n =|Bj| 0<i<k),

my>0, ng>0, m>0, n,>0 (1<i<k).
Changing the notation, we put
m = my + Zie; (my > 0),
(7.8) n=ny+Zje; (ny>0),
k=2e.;

ij

e; is the number of pairs (4,, B,) such that |[4| = i, |B,| = /.
Let N (m, n, k) denote the number of sets 4,, B, satisfying (7.6) and (7.8);
let T'(m, n, k) denote the number of solutions of the system (7.8). Then

(7.9) T(m,nk)=1
and
(7.10) N(m k) =3 min!

me\ng! e, M(i VI )7 °

in each case the summation is over all solutions of (7.8).
Put

(7.11) F(x,y,2) = § N(m,n,k)%—:zk.

m,n, k=0
It then follows from (7.10) that
xzie,a, Ejeyz &

F(x,y,2) = & 3 ———.
irJs €y He,.j! (HI!HJ!)”
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Now
z.e,,yzje,,ze,, I Xf)fj
T T (T % = X 7
,,z-ne,z-o Ie,! (LI ) p{z,.,j_l il }
= exp(z(e* — 1)(¢’ = 1)),
so that
(7.12) F(x,y,z) = e**” exp(z(e* — 1)(e” — 1)).

Since the Stirling number of the second kind
1 & "
sk =g 2 or(5)r
o
satisfies

(e* = k= k! 2 S (n, k)

n=k
it follows from (7.12) that
x+ > x"y"
(7.13)  F(x,y,z) = &** 2 kizk > S(m, k)S(n, k) P
=0 m,n=0 :

Comparison of (7.13) with (7.11) gives
(7.14) Nmnky=kS 3 (" )(n.)S(i, k)S (j, k).
im0 j=0 J
Since
2 (n
> (7)s0. 0 = s+ 1Lk + 1),
j=0
(7.14) reduces to
(7.15) N(m,nk)=k!S(m+ Lk+DS(n+ 1,k +1).
As for T (m, n, k), it follows from (7.8) that
(7.16) T(myn k)= X T'(r,s k),
r=0s=0

where T'(r, s, k) denotes the number of solutions of

(7.17) r=Xie, s=Xje, k=2e¢
Put
G(x, t,z)= D T(m,n, k)x"y"z¥
(7.18) m,m k
G'(x,y,2) = > T'(m,n, k)x™y"z*.
mn, k

Then by (7.16),
(7.19) G(x,y,2)=(1—-x)"'(1 = »)7'G'(x,, 2).
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We find that

o0

(7.20) G'(x,y,2)= 1l (1- xﬁ)fZ)-l,

ij=1
and therefore,

[oe]
(7.21) G(x,y,2)=(1-x)"'1=»"" I (1-xpiz)”"
ihj=1

The generating function (7.20) suggests the following combinatorial inter-
pretation of T'(m, n, k). The enumerant T’'(m, n, k) is equal to the number of
pairs of k-tuples of positive integers (i, j;) satisfying
(7.22) Lh+i+--+i=m  ji+j,+ - +j=n
Another way of putting it is that 7’(m, n, k) is the number of partitions of the
bipartite (m, n) into positive parts. Hence, by (7.16), T'(m, n, k) is the number
of pairs of positive integers i, j, such that

(7.23) i1+i2+"'+ik<m, jl+j2+..'+jk<n’
Next put
(7.24) T (m, n) =, T (m,n, k).
k
Then (7.21) gives
o0
(7.25) S T(mmyxmyr= I (1 - x/)”"
m,n=0 i+j>0

Thus T'(m, n) is the number of pairs (i, j,), i, + j, > 0, such that
(7.26) m=ii+i+i;+..., n=j+j+j+...,
that is, the number of unrestricted partitions of the bipartite (m, n).
For references to multipartite partitions see [4], [11], [12], [15], [17], [18].

For the applications to the enumeration of correspondences and correspon-
dence types we take m = n = gq.

THEOREM 7.1. The number of correspondences in F, of rank k is equal to
k'\(S(q + 1, k + 1))% where S(q + 1, k + 1) denotes a Stirling number of the
second kind. The total number of correspondences is 2% _,k'(S(q + 1, k + 1))%

THEOREM 7.2. The number of correspondence types in F, of rank k is equal to
T(q, g, k), where

§ T (m, n, k)x™y"z%= (1 — x)~'(1 — y)~! ﬁ (1 - xyiz)™"
m,n, k=0 i,j=1

The total number of correspondence types is equal to T(q, q), where

S T(mmyxmyr= (1 - 071 -y~ T (1= x5!

m,n=0 ij=1

To get a generating function for the number of admissible polynomials we
put
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m!nIAZ0%
my!ngle ! (IGL)1)%°

where the summation is over all solutions of (7.8). Also put

(7.27) N(m,n k;A) =3

n

(7.28) F(x,y,2; ) = 2 N (m,n, k; 7\)

m,n k=0

We find that
. 0 y!
. e X
(7.29) F(x,,2;X) = e**” exp UE=] o

Put

[} k o0 n
(7.30) [ > ﬂiw/} =klk! ¥ S(m ki) == X7y

ij=1 m, n=0 mln!’
so that S(m, n, k; 1) = S(m, k)S (n, k). Also
(71.31) N(mon k) =kl S 2( )(;'.)S(m,n, k; A).
i=0 j=0
Applying Theorem 5.4, we get
THEOREM 7.3. The number of admissible polynomials of rank k is equal to
o k-7 3 ()(Y)sik@-n
ij=0\1 J
where S (i, j, k; ) is defined by (7.30).
The S (i, j, k; A) are not easily computed. However it can be verified that
S(m,n,0;A) =0 (m+nrn>0), S0,00;A) =1,
S(m,n, 1; X)) =A™ (m>0,n>0),

Smm 2N =3 2( )( ) AHE=Da=D (> 1,0 > 1),

i=1 j=1
Thus, for example, the number of admissible polynomials of rank 1 is equal
to 29,_,(q — 1)‘1 ~¥ in agreement with earlier results.
8. Composition (this topic is not discussed in [2], [3]). Let the correspondence
T be defined by the partitions
(8.1) Ay Ay, ..., Ay By By, ..., B,
where the 4,, B; satisfy the usual conditions. Let {i;, ..., 5}, {J;,...,/}

denote two subsets of 1, 2,..., k, such that {i,...,,} U {Jp...,J,} 2
{L,2,...,k}and put {i},..., 5} N {Jp-.-»Js} = {hy ..., h)}. Thus

(8.2) r+s=k+1t
Now define the correspondences T';, T',, T’y by means of
(8.3) T'y:AgA;,..., 4,5 BgB,...,B,

(8.4) T,: Ag,4;,...,4;; By,B;,...,B

Js e
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(8.5) To: A" Ay -+ - s Aps B0 By, ..., By,
where
Ag=F\(4,U---UA4)By=F\(B,uU---UB),
Ay = F,\(4;, U -+ U 4)), By = F\(B, U UB,)
A"y =F\ (4, U - - UA4,), B"o=F\(B,U---UB,).
Clearly the correspondences I';, T',, T, are of rank r, s, ¢, respectively.
We shall write
(8.6) '=T,uT, IFo=T,NnT,

Denote the characteristic polynomials of T, T';, T',, Ty by f(x, »), fi(x, y),
f(x, ), fo(x, »), respectively. The following theorem is a consequence of
Theorem 2.2:

THEOREM 8.1. The characteristic polynomials of the correspondences I', T}, T,
Ty satisfy

(8.7) F(6,») + fo(x, ) = fi(x,y) + f,(x, ).

In particular, for r = 0, I is the zero correspondence defined by 4, = B,
= F,. The characteristic polynomial in this case is 1, so that (8.7) reduces to

(8.8) foy) + 1= fi(xp) + (%)
For example (see the table in §5) if we take
I':4,=B,={0}, 4,=B,={1},f(x,y)=x +,
I:4y=By= (1}, 4,=B;={0},fi(x,y)=xp +x+y,
[:d0=By= {0}, 4,=B,={1},/(xy)=x+1,

it is clear that (8.8) is satisfied.
Returning to (8.1) define the set of correspondences I';, . .., I', by means
of

T[jiAy=F\A,4; By=T,\B,B, (i=12...,k).
Each T is evidently of rank 1.

Let f,(x, y) denote the characteristic polynomial of T';. Then (8.8) gives

k
(8.9) fry) + k= 1= 2 fi(x)

From the above it is clear that with each correspondence I' of rank k is
associated a set of 2¢ correspondences that form a Boolean algebra with
respect to the operations U, N; I is the unit element of the algebra and the
zero correspondence is the zero element of the algebra. The characteristic
polynomials of the correspondences are related by (8.7).

It should, of course, be kept in mind that we have not defined I', U T,
T, n T, for an arbitrary pair of correspondences.

9. More general coriespondences. In the remainder of the paper we shall
briefly discuss the more general varieties of correspondence defined in the
Introduction. Except for the enumerations in §14, we shall limit the discus-
sion to correspondences of type (1, 1, 1) and (m, n).
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To begin with, it is convenient to state several preliminary lemmas. Let F
denote the direct product of r copies of F, and let

9.1) a=(a,ay...,4a,)
denote an arbitrary point of F;.

LemMMA 9.1 [9, p. 124]. Given the numbers c(a) = c(a,, a,,...,a,) € Fq

there exists a polynomial f(x) = f(x), Xp, ..., X,) € F[xy, X5, ..., x,] such
that
%.2) f(@)=c(@ (aeF),
namely,
,
(9.3) f@) =3 e@ (1= (-a)™.
acF,  i=1
Lemma 9.2. Let by, b,, ..., b, be distinct points of F;. There exists a
polynomial f(x) € F[X] such that
0 (a=b,1<ix<),
9.4 = !
©-4) /@) { 1 (otherwise).

LEMMA 9.3. Let t > 1 and let
(9.5) fi(x) (i=12...,1

be arbitrary polynomials in F,[x]. Let A = {a} denote the set of zeros in F; of
the system

(9.6) fi(x)=0 (i=12...,1).
There exists a polynomial f(x) € F,[X] such that
0 (ce€A),
.7 fle) = { 1 Eotherwise).
Now let £ > 0 and let
(9.8) Ap Ay, ..., A, By By..., B CpCyho.., G
denote partitions of F, such that
(9.9) Ay, ..., A, By....B, Cp,...,C

are nonvacuous while 4,, B,, C, are arbitrary. Then (9.8) defines a (1, 1, 1)
correspondence I'.

THEOREM 9.4. There exists a polynomial f(x, y, z) € F[x, y, z] such that

0 (a€d,beB,ceC,1<i<k),
9.10 ,b,c) = ! ! !
( ) (@b { 1 (otherwise).

The polynomial f(x, y, z) is the characteristic polynomial of the correspon-
dence I defined by (8.8). The definition of an admissible polynomial need not
be repeated.

The following properties of admissible polynomials are immediate.

1. If h(x, y, z) is admissible for the correspondence T', then
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foy.2) = (h(x,2,2)"
is the characteristic polynomial for T.
2. If h(x, y, z) is admissible for I and g(x, y, z) never vanishes, then
g(x,y, 2)h(x,y, 2)
is also admissible for T.
3. If A(x, y, z) is admissible for ' and ¢,(x), ¢,(»), ¢5(z) are permutation

polynomials such that each 4, is carried into itself by ¢,(x), each B; is carried
into itself by ¢,(») and each C, is carried into itself by ¢4(z), then

hy(x, 9, 2) = h(d)(x), $2(¥), 95(2))

is also admissible for I

4. If h(x, y, z) is admissible for I" and ¢(x) is a polynomial that vanishes
only for x = 0, then h,(x, y, z) = ¢(h(x, y, z)) is also admissible for T'. In
particular, the polynomials

h(x,y,2) = (h(x,y,2))  (t=123,...)

are all admissible.
A useful form for the chracteristic polynomial of a correspondence is given
by the following theorem.

THEOREM 9.5. With the notation (9.8), put

o(x)=1II x=a), %=1 (»v-0b),

(9.11) aEA; b€ B;
w(@)=1Il(z-¢ (@(=01,...,k),
cEC;
so that
k k k
©12) Mo =x-x [Muo)=y-» He@=z:-z
i=0 i=0 i=0
Then
Fx,y z)=1+§ x4 —x Yi=y 29—
(9.13) 7 =1 (%) () w(2)

X &7 (X)W (1w (2).

Conversely if ¢;(x), ¥;(»), w;(2),i =0, 1, ..., k, are any polynomials satisfying
(9.12) and deg ¢;(x) > 0, deg ¢,(¥) > 0, deg w;(z) > 0 (1 < i < k), then the
partitions defined by (9.12) and (9.8) give a correspondence with the characteris-
tic polynomial (9.13).

In the next place, consider the partitions
(9.14) F'=AqU 4, U - U4, F;=ByU B U: - UB,
where m > 1, n > 1, A,,..., A4, B,,..., B, are nonvacuous while 4, B,
are arbitrary.

THEOREM 9.6. There exists a polynomial f(x, y) € F[x, y], where x € F',
Y € FJ, such that
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0 (a€A,beB,1<i<k),
(9.15) f(a,b) = {1 ( ! )

The polynomial f(x, y) is the characteristic polynomial of the (m, n)
correspondence defined by (9.14). The definition of admissible polynomial
need not be restated.

For arbitrary 4 C F define

g(a, 4) = {

THEOREM 9.7. With the notation (9.14), put
&(x,y) = g(x,4,)g(y, B;) (1 <i<k).

(otherwise).

1 (a€A),
0 otherwise.

Then

k
9.16) fxy)=1-2 g(xy)

i=1

is the characteristic polynomial of the correspondence defined by (9.14).

Composition of correspondences as defined in §8 is easily carried over to
more general correspondences. However we shall not take the space to
discuss this topic.

10. Some examples. A. (l 1, 1) admissible and characteristic polynomials.

() f(x, y, z2) =1 — x97 9712471 is characteristic for correspondence of
rank 1 defined by 4y = By = Cy = {0}, 4, = B, = C, = F,\ {0}.

(i) A(x,y, z) = 1 — xyz (¢ > 2) is not admissible for any correspondence.

(iii) The polynomials A(x,y,z) =x +y + z, xy — z, x97 ' 4 ya~1 — 797!
are not admissible for any correspondence.

(iv) f(x, y, z) = 0 is characteristic for the correspondence of rank 1 defined
byd, =B, =C, =F,

W flx,y,z)=1is characteristic for the correspondence of rank O defined
by Ay = B, = C, = F,.

(vi) The polynomial

fGy )= (=) (= T (= )TN - 2
N C R G R U s Lol R Lt
= (2= )T (=) = (2= )T =)

is characteristic for the identity correspondence defined by 4, = B, = C;, =
{a} (1 < i< gq),where F,=a,ay...,a,

WiD) f(x, 3, 2) = (1= )1+ (1 = p2)=! = (1 = )0~ '(1 = y2)e~ s
characteristic for the correspondence of rank ¢ — 1 defined by 4, = B, = C,
= (0}, 4,={qa;}, B;={a™"}, C,={a} (1 < i< gq—1), where F, = {0,
Ay ...y dy_y}

(viii) f(x »,z)=1—(1=x"H1 - y9=1 - 2971 is characteristic for
the correspondence of rank 1 defined by 4, = B, = Cy = F,\ {0}, 4, = B,
= C, = {0}.

B. (2, 1) admissible and characteristic polynomials.
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(ix) A(x;, x5 ) = xf"'x§~' — y97' is admissible for the correspondence
of rank 2 defined by
4, = {(av az)|“1“2 #* 0}’ 4, = {(al’ a,), a4, = 0},
B, = F\ {0}, B,={0}.

(X) f(x;s X5 y) =1 — xf~'x§~971 is characteristic for the correspon-
dence of rank 1 defined by
4, = {(al’ a2)|a1a2 = 0}’ 4, = {(a,, a2)|a,az # 0}’
Bo = {0}, Bl = Fq \ {0}.
(xi) A(x;, x5, ¥) = x; + X,y is not admissible for any (2,1) correspondence.
(xii) A(x;, x5, y) = x; + x, — y is admissible for the correspondence of
rank g defined by 4, = {(a,, @y)|a, + a, = b;}, B, = {b;} (1 < i < g), where
F,=(by by ..., b,}.
(xiii) A(x;, x5, ¥) = x;x,y is not admissible for any (2, 1) correspondence.

&iv) f(x, X ¥)=1—=(1 — xf (1 = xf~ )1 — y?71) is characteristic
for the correspondence of rank 1 defined by

Ag= F}\{(0,0)}, 4,={(0,0)},
B, = F,\ {0}, B, = {0}.

(xv) h(x;, X5 ¥) = xf~' + x§~1 — »9~1 is admissible for the correspon-
dence of rank 2 defined by

4,={(0,0)), d,=F2\{(0,0)},
B, = {0}, B, = F,\ {0}.

(xvi) h(x,, x,, y) = 0 is characteristic for the correspondence of rank 1
defined by 4, = F2, B, = F,.

(xvii) A(x,, x,, y) = 1 is characteristic for the correspondence of rank 0
defined by 4, = F2, By = F,.

C. (2, 2) characteristic polynomials.

n Jxux2102)
(xviif) -1 -1 —1,g9-1 -1 -1 —1,q9-1
=1—=(xf7' + xf7 = X i e

is characteristic for the rank 1 correspondence 4, = B, = {(0, 0)}, 4, = B,
= F2\{(0, 0)}.

(xix)  fxp, Xpypr2) =1 = (1= xf7)(1 = xf~ )1 =)A= yf7")
is characteristic for the rank 1 correspondence 4, = B, = qu \{(©, 0)},
4,= B, = {0 0)}.

S X p003) = (% = y)7 7+ (k= y2)* 7 = (=) T (e — y)*7?
is characteristic for the identity correspondence (rank g¢?).

11. Normal forms. A. (1, 1, 1) correspondences. Let the partitions
(11.1) Ap Ay ..., Ay BpBy....B; CpuCy...,Cy
subject to the usual conditions define the (1,1,1) correspondence I'. We define
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k,, the augmented rank of T', as equal to k, k + 1, k + 2 according as 4, B,
C, are all vacuous, at most two are nonvacuous, or all are nonvacuous.

In order to obtain results like those of §4, we extend the notion of an
admissible polynomial. Let 4,(x, y, 2), hy(x, y, z) be polynomials in F [x, y, z]
such that the set of zeros of the system

hy(x,y,2) =0, hy(x,y,2) =0

is given by U%_,(4; X B; X C,).We shall say that h,, h, are an admissible
pair for T.

THEOREM 11.1. Given arbitrary polynomials ¢(x), ¢(y), w(z), with coefficients
in F,, the polynomials ¢(x) — ¥(y), ¥(y) — w(z) constitute an admissible pair
for some (1, 1, 1) correspondence. The augmented rank of this correspondence
satisfies the inequality k, < q.

THEOREM 11.2. 4 (1, 1, 1) correspondence possesses an admissible pair of the
Jorm ¢(x) — ¢(y), Y(¥) — w(z) except when its rank is q — 1 and its aug-
mented rank is g + 1.

THEOREM 11.3. In the exceptional case of Theorem 11.2, that is, k = q — 1,
k, = q + 1, the characteristic polynomial is given by f(a(x), B(y), Y(2)), where

fGopz) =1 —x")(1 =y )1 = 277 + (x — »)*7!
+ (x — z)"_'— (x —y)‘i“l(x _ z)q—l
and a(x), B(»), y(z) are permutation polynomials.

B. (m, n) correspondences. Let the partitions
(11.2) Ay A, ..., A; ByB,...,B,,

subject to the usual conditions, define the (m, n) correspondence I'. We
define k,, the augmented rank of T, as equal to k, k + 1, k + 2 according as
A, B, are both vacuous, one is nonvacuous, or both are nonvacuous.

THEOREM 11.4. Given arbitrary polynomials ¢(x) € F,[x], ¥(y) € Fly], the
polynomial h(x, y) = ¢(X) — Y(y) is admissible for some (m, n) correspondence.
The augmented rank of this correspondence satisfies the inequality k, < q.

THEOREM 11.5. An (m, n) correspondence possesses an admissible polynomial
of the form ¢(x) — Y(y) if and only if k, < q.

Note that for (m, n) correspondences, k < min(g™, ¢"). Thus only if m = 1
or n = 1 will an admissible polynomial of the form ¢(x) — Y(y) be “usual”.

12, Admissible polynomials. A. (1, 1, 1) correspondences. Two admissible
polynomials are equivalent if they are admissible for the same correspon-
dence. Thus the totality of admissible polynomials breaks up into a number
of equivalence classes. Clearly the number of equivalence classes is equal to
the number of correspondences. Also two admissible polynomials 4,(x, y, z),
hy(x, y, z) are equivalent if and only if (h(x, y, 2))?™! = (hy(x, y, 2))7" L
Moreover, if 4,(x, y, z) and h,(x, y, z) are equivalent, then

(12.1) h(x,y,z) = hy(x,y, 2)hy(x,y, 2)
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is in the same equivalence class. Thus the polynomials in an equivalence class
constitute a commutative group with respect to multiplication as defined by
(12.1); the characteristic polynomial is the identity element of the group.

Let the partitions
(12.2) Ap Ay, ..., Ay BypBy...,B; CuCh...,C

define the (1, 1, 1) correspondence I'. Also let

(12.3) ApAy ..., Ay ByB,...,B
and
(12.4) ByBy...,B; CpCp...,C

define the (1, 1) correspondences I', and T,, respectively. The following
theorem relates the characteristic polynomials of T, T, T,.

THEOREM 12.1. Let f(x, y, z), fi(x, y), f(y, z) denote the characteristic
polynomials of T, T, T, respectively. Then

(12.5) f(x.p,2) = fi(x0) + L (»,2) = [ (% 0) (¥, 2).

THEOREM 12.2. With the notation of Theorem 12.1, let h(x, y, z) denote any
admissible polynomial for T'. Then there exist h((x, y), hy, z), admissible
polynomials for T',, T',, respectively, such that

h(x!y’ Z) = hl(x’y) + h2(y’ Z) - hl(x’y)h2(y’ z)'

THEOREM 12.3. The number of admissible polynomials for the correspondence
defined by (12.2) is equal to

k
(9 - l)e, e=¢q - _21 |4 |Bi|-|Cil-
Two admissible pairs of polynomials are equivalent if they are admissible

for the same correspondence.

THEOREM 12.4. Given the (1, 1, 1) correspondence of augmented rank k, < q,
two admissible pairs

o(x) = ¥(»), ¥(») —w(2); (%) — ¥ (»), $(¥) — @ (2)
are equivalent if and only if
$1(x) = f(9(x)), %1 (») =F(¥()), w1 (2) = f(w(2)),
where f is any function that is one-to-one when it is restricted to each of the
images of ¢, ¢, w.

We remark that there are 32 admissible polynomials for ¢ = 2.
B. (m, n) correspondences. We give only the following two results.

THEOREM 12.5. The number of admissible polynomials for the (m, n) corre-
spondences defined by

Fq"‘=A0uA,u-~uAk, Fq"=BouBlu-~-uBk

is equal to

k
(q _ l)e’ e = qm+n _ .21 lAi|.|Bil'
i=
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THEOREM 12.6. Given the (m, n) correspondence of augmented rank k, < g,
two admissible polynomials ¢(x) — Y(y), ¢(¥) — ¥,(y) are equivalent if and

only if ¢,(x) = f(¢(X)), ¥,(¥) = f(Y(y)), where f denotes any function that is
one-to-one when it is restricted to each of the images of ¢ and .

We remark that there are 96 admissible (2, 1) polynomials for ¢ = 2. For
the tabulation, inclusing the corresponding partitions, see [3, §5].

13. Rank. A. (1, 1, 1) correspondences. The unique (1, 1, 1) correspondence
of rank 0 is defined by 4, = By = C, = F,. It has the characteristic poly-
nomial f(x, y, z) = 1. The admissible polynomials are the h(x, y, z) that
never vanish; the number of such polynomials is (¢ — 1)?.

The characteristic polynomial of the rank 1 correspondence defined by
A, =B, =C, = F,is f(x, y, z) = 0; this is also the only admissible poly-
nomial. The correspondence defined by
(13.1) Ay=By=Cy= {0}, 4, =B,=C, = F,\{0}

is of rank 1 and has characteristic polynomial f(x, y, z) = 1 — x7~}9=1z9-1,
The number of admissible polynomials 3¢> — 3¢ + 1.
Another special case of rank 1 in a sense dual to (13.1) is

(13.2) Ay= By= Cy= F,\ {0}, 4,=B,=C, ={0}.
It has characteristic polynomial
foy, ) =1=(1=xH(1 =y )1 = 277",
There are (¢ — 1)?~! admissible polynomials. In particular, h(x, y, z) = x9~!
+ y971 + 227! js admissible provided (g, 3) = 1. For ¢ = 3', ¢ > 1, it can be
shown that
h(x,p,2) = x0T+ A7 4 N,

where A € F,\ F,, is admissible.

Similarly, for (13.1), A(x, y, z) =3 — x?7! — y9=1 — 741 i5 admissible
provided (g, 3) = 1. For ¢ = 3", ¢t > 1,

h(x,y,2) =1—ax?™' — ay?™! — (1 + a)z77},

where a € F,\ F;, is admissible.

As an example of a rank 2 correspondence, we take
(13.3) 4,=B,=C, = {0}, 4,=B,=C,=F,\{0}.
The characteristic polynomial is

f(X,p,2) = x97 4+ pa=l 4 2971 — pa-lza=1 _ za-1xa=1 _ ya-lq-1

For q > 2, the polynomial A(x, y, z) = ax?™ ' + By?~! + yz9~! where a +
B+ v =0, aBy # 0, is admissible.

The last few examples suggest that it would be of interest to determine
those (1, 1, 1) correspondences that have admissible polynomials of the form
(13.4) o(x) + ¥(») + o(2).

B. (m, n) correspondences. For rank 1 we have generally the partitions
(13.5) A09A]; By, B,,
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where o; = |4,], B; = |B)|, &; > 0, B, > 0, ag + ) = ¢™, By + B, = q". Thus
the number of correspondences is

qm q" m n
S 3 (4) () =@ -ner-.
a=1pg=1\1 1

In particular, for m = 2, n = 1, the correspondence defined by 4, = {(0,
0)}, By, = {0}, A1 = F2\{(0, 0)}, B, = F,\ {0} has the characteristic poly-
nomial 1 — (xf~! + x"“ — xf~xfh y" !, The correspondence defined by
Ay = F}\{(0,0)}, By = F,\ {O} A1 = {(0, 0)}, B, = {0} has the character-
istic polynom1a1 1-01- x{’ N1 = xf~H(1 = y971). As for (13.2), the poly-
nomial xf~!'+ x§~!+ y?7! is admissible provided (g, 3) = 1. The case
q=131t > 1, can be handled as for (13.2).

For (2, 1) correspondences of rank g, consider

(13.6) Ay ..., A; By, ..., B,
where 4; = {(a;, b, — a)}, B;={b} (1 <i< g) and F,=b,,...,b,. An
admissible polynomial is evidently x, + x, — y and therefore

(X, + x = p)"!

is characteristic.

14. Enumeration (compare §7 above). A. (m,, ..., m,) correspondences.
The general correspondence of rank k is defined by
(14.1) qul=Ai0UA“U e UAik (1<l<r),

together with

<i ,0< j < k),
(14.2) =|4,] (1<i<nr0 k)
a,-0>0, a; >0 (1<j<k),
and
k
(14.3) "=, (1<i<r).
j=0
The set of integers (o) (1 < i < r; 0 < j < k) satisfying (14.2) and (14.3)
is said to characterize a correspondence type Let T(@™,...,q™, k) denote

the number of correspondence types of rank k. Also let T(q"", e q™
denote the total number of correspondence types.

THEOREM 14.1. We have
o0
> XT(ny...,n,k)xfe - xMzk
(14.4) ny.o.o.,n=0 k

0

—(-x)t(=x)t I (= x;;z)“

iy ip=1

Thus T(qg™,...,q™, k) is equal to the number of rectangular arrays of
positive integers (o) (1 < i< r 1< j<k)such that

o< g™ (1<i<r).
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THEOREM 14.2. We have
0
> T(ny...osn)xpt s X%

ny ..., n=0

(14.5)

o0

. |
=(1—x1)—1--.(1—xr)_1 H (l—x[‘l...xr’r .

iy eensip=1

THEOREM 14.3. The number of (m,, ..., m,) correspondences of rank k is
equal to

(k1) 7'S(@™m+ Lk+1)- - S(g™+ Lk +1),
where S(n + 1, k + 1) denotes a Stirling number of the second kind.

THEOREM 14.4. The number of (m,, . . . , m,)-admissible polynomials of rank
k is equal to

(k1Y (q — ™t +m,ih;’i’(‘.1m') - ([,Im’)s(il, in ks (g~ D7,

i i

where
o0 x"l “ .. xnr
-1 . 1 r
(k')r 2 S(nl,...,n,,k,A)ﬁT
n,,.‘.,n,-k 1° r*
x"l . x"r k
= ! r ™ n,
! . !
ny, n=1 ny n.:
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