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1. Introduction. Let R be communicative domain with 1. We call R a
Half-Factorial Domain (HFD) provided the equality [T, x; = II[Z, p; implies
m = n, whenever the x’s and the »’s are nonunit and irreducible elements of R.
The study of HFD’s is motivated in part by a result in number theory of Carlitz
[1], and was raised by Narkiewicz [4]. For a Krull domain R, we denote by
C(R) the ideal class group of R. We identify the ideal P with its image in C(R).
The ring Z denotes the ring of integers.

A Dedekind domain R is called special, if whenever a prime P equals (in
C(R)) a product of primes Q, * - * Q,, it already equals one of the Q’s (in C(R)).

2. General criteria. Remark that if R is an HFD, then for every r # 0 if
r is a nonunit in R, w(r) = { number of irreducible factors in a complete decom-
position for r} is a well-defined function on R = {r| # 0, r nonunit,” € R} into
the positive integers, such that w(rs) = w(r) + w(s) forr, s € R, and w(r) = 1 iff
r is an irreducible element in R. Conversely, the existence of such a function
implies that R is an HFD.

ProPOSITION 1. Let R be a Dedekind domain with torsion class group.

Then R is an HFD iff whenever P, . . . , P, are prime ideals so that
P{1 -« - P!t = Rx, there exists a subproduct P{"1 - - - P"t =Ry, m; <n,
where y is an irreducible element such that (m,[s,) + * + - + (m,/s,) = 1, where

§; is the order of P; (s; = 1 if P, = Rz).

PROPOSITION 2. Suppose that in the Dedekind domain R, for every prime
ideal M there exists a prime ideal N so that MN is a principal ideal. Then R is
an HFD iff C(R) is 2-elementary and R is a special Dedekind domain, or else
C(R) is isomorphic to Z, and a prime ideal P exists so that for every prime ideal
M exactly one of the following equalities holds: (i) M =P, (i) MP =R,

(iii) M =R.
The following theorem leads to a class of Dedekind domains that are HFD
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with a given finitely generated abelian group as its ideal class group. The exist-
ence of domains in this class is a consequence of the Claborn construction of
Dedekind domains with a prescribed ideal class group (e.g. [2], [3]).

THEOREM 3. Let R be a Dedekind domain with C(R) a finitely generated
abelian group. Let C; @ - -+ ® C, be a decomposition of C(R) into cyclic
groups. If (a) prime ideals P, . . . , P, exist so that P; generates C;, (b) for
every prime Q in R, if Q is a nonprincipal prime ideal, then for some i either
Q = P; or else QP; =R, and (c) if for some i, QP; = R, then C; is isomorphic to
Z. Then R is an HFD.

3. The cyclic case. We start with a question:

DEFINITION. A set of positive integers {p,, . .., p,} is a splittable set if
whenever n,, . . . , n, are positive integers so that (n,/p,) + - - + (n,/p,) is an
integer, there exist positive integers m,, . . . , m, so that m; < n; and (m,/p,)
+ -+ (m/p) = 1.

Question. Is every set of positive integers splittable?

As for the general cyclic case we have

THEOREM 4. If C(R) is cyclic of order n, and if there exists a prime P
that generates C(R), then R is an HFD iff (a) for every prime Q that is nonprin-
cipal there exists an integer m so that m divides n, and Q = P™, and (b) if
(my, ..., m,) is a complete set of integers so that for every primeP in R
there exists an i, 1 <i < t, so that m; is the order of P in C(R), then this set is
a splittable set.

Passing to the case C(R) is cyclic of prime order p we obtain

COROLLARY 5. Let R be a Dedekind domain whose class group is a cyclic

p-group. Then R is an HFD iff for every pair of prime ideals M and Q, there
exists an integer n so that M = QP " or else Q = MP" .

COROLLARY 6. Let R be a Dedekind domain whose class group is a cyclic
p-group. If R is an HFD then every overring of R is an HFD.

REMARK a. The converse to Corollary 6 is false in general.

REMARK b. There exist Dedekind domains that are HFD, for which C(R)
is cyclic of order n, but no prime ideal generates C(R).

REMARK c. Similar results hold in case C(R) = 2o thus leading to Dede-
kind HFD’s for which C(R) = C; ® - - - ® C,,, where each C; is cyclic or an
indecomposable torsion divisible group.

ReEmMARrRk d. If C(R) is a cyclic group of order » and if R is an HFD, then
it is false, in general, that every overring of R is an HFD. However, if n is a
prime, and R has no prime elements then every overring of R is a PID. The con-
verse does not necessarily hold.
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THEOREM 7. Let R be a Dedekind domain with C(R) a 2-elementary group.
Then R is an HFD iff R is a special ring.

We close with an interesting class of Krull domains that are HFD.

THEOREM 8. Let R be a Krull domain. If C(R) = Z/2Z, then R is an
HFD.

THEOREM 9. Let R be a Krull domain. The ring of polynomials over R
is an HFD iff either R is a UFD or else C(R) = Z[2Z.

CoROLLARY 10. A Krull domain R with C(R) = Z/2Z is the intersection
of two Krull domains S, T, R = S N T, where S is a UFD, T is an HFD all of
whose proper flat overrings are UFD, and both S and T are localizations of R
within its field of quotients.

REMARK 1. Most of the results as stated for Dedekind HFD can be proved
for Krull HFD with slight modifications.

REMARK 2. We do not know if Krull HFD exist, éxcept those mentioned.

REMARK 3. The domain Z[+/=3] is an HFD which is not a Krull domain.

Proofs and more details will appear elsewhere.
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