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Introduction. Let (G; K31, K») be a compact symmetric triad in the
sense of [3], G simply connected. The natural action of K; on G/K,
is of interest because it is variationally complete [5]. In [3] we intro-
duced certain “affine root systems” in order to describe the orbits of
this K;-action, and in the pi1esent note we wish to announce the classi-
fication [4] of these systems and to indicate further applications to
the theory of symmetric spaces.

1. Preliminaries. Let ¢ be a complex semisimple Lie algebra, » an
automorphism of g, and set g,= { X Eg: »(X) =X }. The following is
due essentially to de Siebenthal [7] (cf. also [4, §7]).

(1.1) ProrositiON. If h,Cg, is a Cartan subalgebra, there is a unique
Cartan subalgebra YWCg such that b, CY. There is a finite family a
= { <5 —CliZ } of affine functionals and an orthogonal direct sum
decomposition

6=0®2g (Ea
where dim(g;) =1 and
voexp(ad(2)) | g = exp(2£(2)),
for all ZEY, and {Ea. ¢(0) is pure imaginary for all { Ea.

b= V@1V where V is the real subspace on which the “linear parts”
&=w—w(0) of the elements wE&a are real. One defines

A={a|V—iw0):wE a}

interpreted as a set of affine functionals V—R/Z. This is the system
defined by de Siebenthal.

g =g+ D7gs where g« is the compact real form of g. Let s; and s,
be involutive automorphisms of g«, o1 and o, the extensions of these to
anti-involutions of g. There correspond symmetric subalgebras ¥y, Iz of
g« and noncompact real forms g, g. of g.

Let mCg« be the simultaneous —1 eigenspace of s; and s,. Set
v =002 and choose b, as in (1.1), but such that h,\(m@+m) is maxi-
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mal abelian in m@®+m. Let o denote a’ll g,=o',| g». Note that o(V)=V
and that ¢ induces a permutation ox of . The pair (¥, o+) will be
called the affine o-system associated to (g; @i, g2) (or to (g«; By, f2)).

If we let V- denote the -1 eigenspace of ¢| V and %~ the set of
nonconstant restrictions of elements of ¥ to V—, we obtain the affine
root system of [3].

2. Equivalences and classification. One defines <somorphism
A, ox)=’, o4 ) via linear isometries ¢: V—V’ carrying A’'—Y and
such that ¢ oo =0’ 0 ¢, and one similarly defines affine equivalence
A, ox)~ ', 04) via affine isometries ¢: V—V’ with ¢ 0 0=0"' 0 ¢.
Isomorphism (g; g1, 82)=2(g; @1, 87 ) is defined via an automorphism 6
of g leaving g« invariant such that 0(g;) =g/, j=1, 2. Affine equivalence
(8; 61, g2)~(g; 8/, g7 ) means that there are inner automorphisms {;,
¢ of g leaving g« invariant such that (g; g1, g2)=2(g; &i1(gf), &2(g)).-

(2.1) THEOREM. Let (g; g1, 82) and (g; g, g¢) have respective affine
o-systems (U, ox) and (W', o' ). Then (g; @1, 92)=2(g; af, 87 )=(¥, o%)
=W, av )=(8; 81, 82)=2(a; Bw)s Bwe) for a suitable permutation w of
{1, 2}. Likewise, (8; a1, 02)~(a; 67, 64 )=(¥, o) ~ (W', 0 )=(g; 01, 82)
~(8; Bum)» Bu®)-

The affine o-systems for all triads (g; g1, g2) have been classified up
to affine equivalence [4].

3. Topological applications. Consider the action of K; on G/ K; as
in the introduction. Let T CG/K: be the flat geodesic torus described
in [3] and [6]. Then T meets orthogonally every K;-orbit and V-
identifies in a natural way with the universal covering of 7. The
system ¥~ describes the singular set in T relative to the K;-action
[3] and enables us to apply the theory of [2]. If NCG/K; is a K;-
orbit, Theorem 3.1 of [3] shows that the space Q(G/Kz3; x, N) of paths
on G/K; from the point x to the submanifold NV has no torsion in
homology iff a certain “regularity” condition [3, p. 236] is satisfied
by %-. As a result of [4] we can list up to affine equivalence (and a
permutation of {1, 2}) the triads (ge; B, ;) for which 9~ is regular.
For g« simple these are given in the following list.

TYPe A- (Ar; Aqur—q—l XR, Ak XAr—k—l XR)t (A2r—l; Dn Azr-z XR),
(Azr: B,, As;_1XR), (Asr-1; Gy, Cr): (Ah—l; C, Df)t (Asp—1; Cy,
AgXAsrg2XR), (A2r—1; Dy, A1 X A2,-3XR).

Type B. (Br; D,, D,), (Br; D,, BvxDr—')o

Type C. (Cr; CeXCry, Ci X Cr), (G CeXCrogy Ar1 XR).

TYpe D- (Dr; Br—lp Br—l)v (Dr; Ar—lny Ar—l X-R)y (Dr; Dr—lva
Dy XD,_;) where r>k21, (Dyrsr; De XDy, Ar1XR) where k20,
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(Dy; By, Dy X D,_;) wherer>k=1, (D,; A1 XR, Bi X By—-1) where
r>k=1, (Dy; Bs, w(Bs)), (Ds; Bs, w(B1XBs)). Here w is the triality
automorphism of D4; Bs and By X B, are standardly imbedded in D,.
Type E. (Es; Ds X R, DsXR), (Es; F4, Fi), (Es; F4, Cs), (Es; DsXR,
AsX A1), (Es; Fo, DsXR), (Es; Fuy AsX A1), (Er; EsXR, E¢XR),
(Er; Az, EsXR), (Er; EsXR, DsX4,).
Type F. (Fy; By, By), (Fy; By, C3XA4y).

4. Commuting involutions. Following Hermann [6] one asks
whether there is an inner automorphism { of g leaving g« invariant
such that {o:{~! commutes with 2. Using (1.1) and (2.1) one can
prove the answer is affirmative iff (U, ox)~U’, o) where ¢EU’
implies ¢(0) =0 or }.

As Hermann has shown [6, Proposition 2.1], the existence of totally
geodesic K;-orbits in G/ K, is completely bound up with the solutions
¢ to this problem. The system (¥, gx) somewhat clarifies this situation
as we now indicate.

Let p: V=—T be the natural covering map. Supposing that the
commuting involutions problem has a solution, we lose no generality
in assuming o102 =0901 (hence s;s2=s51). Then if A is the lattice
{XEV-:6(X)=0o0r}, all €A}, we have the following.

(4.1) ProroSITION. 2 = p(A) is the subset of T consisting of the points
whose K,-orbits are totally geodesic in G/K,.

The assumption siS2=sy5; implies that s, defines an involutive
isometry (again called s;) of G/K,. This situation is quite general.

(4.2) PrOPOSITION. Let G be simply connected. Then every involutive
isometry of G/K, having nonempty fixed point set is conjugate (in the
isometry group) to one produced by an involutive automorphism s, of G
commuting with s,.

We explicitly identify the fixed point set of the involution s; in
G/K,. For each ¢ €U, let ¢ be the linear part as in §1 and define
hy € V- by ks LKer($) and §(ky) =2. The lattice A, spanned by these
vectors h, is exactly p“({Kz}).

(4.3) THEOREM. Again assume G simply connected and si5;= s3s1.
Let Ax=3A, and Zu=p(Ax). Then Z+CZ and the fixed point set of s
in G/K; is exactly the union of the Ki-orbits of the elements of Zx.

5. Pseudo-Riemannian symmetric spaces. The explicit solutions
of the commuting involutions problem make possible a classification
of the isomorphism classes of those (g; g1, g2) for which ¢30; =030y. For
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each of these (g1, g1/M\g2) and (gs, g1/ )g2) are dual pseudo-Riemannian
symmetric pairs [1]. All pseudo-Riemannian pairs may be obtained
in this way; hence [4] contains implicitly the classification [1].

In the following, R = {¢ EA: $(0) =0} and R—= {¢SA~: $(0) =0]}.
These are identified as subsets of the dual spaces V* and (V—)* re-
spectively. For other terminology in the theorem below, cf. [1].

(5.1) THEOREM. Let g be simple, 0102 =0201. The corresponding dual
symmetric pairs are either both reducible or both irreducible. They are
reducible iff R~ spans a subspace of (V-)* of codimension one, and in
this case the dual pairs are mutually isomorphic. They are irreducible
iff R spans (V-)*. The dual symmetric pairs are either both complex
symmetric or both fail to be so. They are complex symmetric iff R spans
a subspace of V* of codimension one and R~ spans (V-)*. In this case
the dual pairs are actually semikihlerian.

These facts are proven without classification.
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