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I. It is the purpose of this note to announce a theorem which shows
that there exists a connection between automorphisms of compact
Riemann surfaces and the vanishing of Riemann theta constants.
In particular we shall outline the proof of the following theorem:

TuHEOREM 1. Let S be a compact Riemann surface of genus 2g—1,
g=2, which permits a conformal fixed point free tnvolution T. Let
Y1, * t oty Yeg—1} 01, ¢ ¢ ¢, 021 be @ camomical dissection of S and let T
be such that T (y1) is homologous to 1, T (1) is homologous to 61, T ()
is homologous 1o ygyi and T(8;) is homologous to 8,454, 1=2, - - - , g.
Then, there exist at least 29—2(29—1—1) half integer theta characteristics
€, « - - such that 0.,,(0)=0,(0)= - - - =0 and the order of the zero
is =2.

The proof of the theorem rests on the fact that S is a two sheeted
nonbranched covering of a compact Riemann surface of genus g and
the following lemma which was proved in [1].

LeMMA 1. Let {0 be equivalent special divisors of degree G—1 on a
compact Riemann surface S of genus G. Then if i(§w) =1, where “4” is
the index of specialty of the divisor, there exists a half integer charac-
teristic € corresponding to the divisor ¢ such that 0.(0) =0 and the order
of the zero is 2 2. 0 is of course the Riemann theta of S.

II. Let $=S/T denote the compact Riemann surface of genus g
which is covered by S. Then all the functions and differentials which
exist and are well defined on S may be lifted to S and are well-defined
objects thereon. As a matter of fact all such lifted functions and dif-
ferentials will be invariant under the involution 7" and conversely all
objects on S which are invariant under T are well defined on S. There
are, however, objects which are not well defined on § but are well
defined on S. For example, let 8, and s be two odd Riemann thetas
associated with S such that a+B8=8 where § is the characteristic
©,+--,0;% 0--:0), o, B half integer characteristics. Then the
quotient 6,/8s is not well defined on S for analytic continuation of
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8,/ 0s around the cycle 8, on S carries 6,/ into —6,/8s. Such func-
tions will be called multiplicative functions and they will be dis-
cussed in detail by H. E. Rauch and the author in a forthcoming paper
[2]. The crucial thing here is that 8./8s is well defined on S and is a
single valued meromorphic function on .S with 2g—2 zeros and 2g—2
poles. Utilizing now the well-known result that associated with an
odd theta there is an Abelian differential of first kind with double
zeros, we are through. For let d&g be the Abelian differential of first
kind associated with 85 on S, and let dwg be the lifted differential on S.
(6o/8s)dws is then an Abelian differential of first kind on S and its
zeros are precisely the same as the zeros and poles of 8,/ Hence we
have shown that on S there exist equivalent special divisors {, w of
degree G—1=2g—2, the respective zero and polar divisors of 8,/
such that 7({w) =1. Hence by the lemma there exists a half integer
characteristic € such that 6.(0) =0 and the order of the zero is =2.

It is now easy to compute a lower bound for the number of half
integer characteristics €; for which 0e;(0) =0 and the order of the zero
is = 2. There are at least as many half integer characteristics as there
are pairs of odd theta characteristics «, 8 such that a+8=4. This
number is clearly equal to 29-2(2¢—1—1). The proof of Lemma 1 im-
plies that different pairs (o, 8) correspond to different'e.

COROLLARY 1. If the genus of S is 3 then S is hyperelliptic.

Proor. By Theorem 1, there exists one half integer characteristic ¢
such that 0.(0) =0 and the order of the zero is =2. However, it is
known that for a compact Riemann surface of genus 3, 2 is an upper
bound for the order of vanishing of a theta [3]. Hence the charac-
teristic € is an even characteristic and it is well known that a neces-
sary and sufficient condition for a compact Riemann surface of genus
3 to be hyperelliptic is that one even theta vanish at the origin.

The result may also be obtained directly in this case by observing
that the lifted function f./ds is a function with two poles.
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