SEMI-GROUPS OF OPERATORS AND THE
WEIERSTRASS THEOREM

NELSON DUNFORD AND I. E. SEGAL

In this note we give a short proof of the generalization! of M. H.
Stone’s representation of groups of unitary operators in Hilbert space
and show how it yields the theorem of Weierstrass on uniform ap-
proximation by polynomials. This classical result in turn yields fairly
easily the more recent algebraic-topological formulation of the Weier-
strass theorem as given by M. H. Stone for real algebras and by
I. Gelfand and G. Silov? for complex algebras.

For 0=s<« let T, be a linear operation in the real or complex
Banach space X satisfying the conditions

(1) Tepe=TTy To=1I |TJ] =1, lmTx=Tw zEX.
pa.

Let Ay =h'[T»—I] and D(A4) be the domain of definition of the op-

erator Ax =lims.odnx.

THEOREM 1. If T,, 0S5 < =, is a semi-group of operators in X satis-
Sfying (1) then D(A) is dense in X and uniformly for s in any finite
interval we have

)] T:x = lim e*4hx, € X.

b0

Note that x, =51 [ Tuxdu—x and that

at+h h
Apxs = (sh)-l[f Tuxdu —f T.,xdu] — A, as h—0O.
8 0

Thus D(4) is dense in X. Since | e*4h| = | e(/MTag=elh| < golhe=elh=1 it
suffices to prove (2) for x&€D(4). If x&D(A) we have
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| Tz — estrg| =

s d
f .(21_‘ (e(s—u)AhTux)du
0

I

f et~ WAT (Ax — Apx)du
0

IIA

s[Ax—Ahx|—>0, as h— 0,

which completes the proof.?
There is an #-parameter analogue of Theorem 1. Suppose that E;*

is the set of points s=(sy, * + +, s,) in Euclidean #-space whose co-
ordinates s; are non-negative. Let T,, sEE,}, be a linear operator
in X satisfying (1). Let A;=(0, -+ -, 0, &, 0, -+ -, 0) be the vec-

tor in E;} with 2>0 in the sth place and zeros elsewhere. Let
A(h, 1) =h2[Ty,—1I] and D(4;) be the domain of definition of the
operator A x =limy.d4 (k, 7)x.

TaEOREM 2. If T,, sEE;}, is a semi-group of operators in X satisfy-
ing (1) then N;D(A;) is dense in X and uniformly for s in a bounded
closed set we have

3) Tex = lim exp (s1 A(k, 1) + - - - + s,4(h, n))x, e X.
0

Let C be the cube 0<s;<8 and x;=08""[¢Txdu. Then x;—x as
as §—0. Just as before it follows that x;&N:D(4;) so that this set is
dense in X. Since exp (Q_:s:4 (%, 1)) =]]: exp (s:A (%, 1)) equation (3)
follows from Theorem 1.

THEOREM 3. Every real or complex continuous funciion x(s) defined
on a bounded closed subset E of Euclidean space is the uniform limit of
polynomials in the coordinates s1, + + + , $a Of s.

Let X be the Banach space of real or complex bounded uniformly
continuous functions x(\) defined on E, (lx| Esuplx()\)l). We may
and shall assume that ECE,;} and that the function x(s) =x of the
theorem is a point of X. For s€E,;} define T.x =x(A+s). By (3) then
we have uniformly for \€E, and sEE

L

1
(A +5) = lim Y, — (514 (1) + -+ - + 524 (hy 7)),

=0  p=0 B

Since A (k, 7)x is independent of s and the series D .-, converges uni-
formly for s€E the desired conclusion follows by placing A=0.

8 In case T, is continuous in s in the uniform topology of operators, obvious
modifications of the above proof show that 4 is a bounded operator with | Ay—4 |
—0 and T,=e*4.
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THEOREM 4. Let % be a closed (in the topology | x| =sup|x(y)|) sud-
algebra of the Banach algebra C(T') of all continuous (real or complex)
functions on the locally compact space which vanish at infinity.t In the
case of the complex algebra, suppose also that if xEN then there exists
a vy in N such that £(v) =y(v).5 If for every 157, there is an x EN such
that x(v1) 0, x(v2) =0, then A=C(y).

To begin with, suppose that the algebra is real and that I' is com-
pact. In view of the known form of the general linear functional on
C(I"), it suffices to show that a regular countably additive numeri-
cally-valued set function u on the Borel sets of T' is identically zero
provided

@ f 2(v)du(y) = O, s E L.

Let I';be T with the neighborhood system defined for € >0 and %, €%
with x:(y0) =0 by

(5) N(yo) = [y||stm| <ei=1,--, k]

Such neighborhoods are, by the continuity of x;, open in I' and hence
T; is compact. By hypothesis these neighborhoods separate points
and since a continuous 1-1 map between compact spaces is a homeo-
morphism, we see that the neighborhoods N(7,) form a basis for I'. Let
F(s)=F(s3, - - -, s») be a bounded uniformly continuous function de-
fined for s=(s1, + - -, s,) EE,. Let x, - - -, x, be elements of A. If
F(xy, * -+, x,) is defined by the equation

F(%y, - -+ 2a)(y) = F(2:(y), - - -, %.(Y)), yE&T,

it is plain that F(xi, - + +, x,) ECT'). If F(s) coincides with a poly-
nomial (with F(0)=0) in sy, - - -, s, on the set (x,(T"), + + -, x.(T)),
then clearly F(xy, - - - , x,) EN. But since ¥ is closed, Theorem 3 shows
that F(xi, - -+, 2,) €N for an arbitrary continuous function F(s) such
that F(0)=0. Let N be the neighborhood in E, defined by the in-
equalities ls;l <e t=1, - - -, n, and let ®(s) be the characteristic
function of its complement. Clearly (x1(y), * « +, %.(y))EN if and
only if 4 is in the neighborhood N(v,) given by (5). Let F,(s) be a
uniformly bounded sequence of continuous functions such that
F,(s)>®(s), s€E,. Then F,(x1, -, %.)(y¥) approaches 1 for
Y& N(v,) and 0 for yEN(vo) and so

4 A function x vanishes at infinity if for ¢>0 there is a compact set outside of
which |%(v)| <e.
5 £(v) is the complex conjugate of x(v).
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WE = NG = lim [ Fua, -+, ) (dutr) = 0,

from which it readily follows that u =0.
In case U is complex the proof is the same with the exception that
N(v,) is defined by

N(vo) = [y|] sty <e i=1,2,--+,n]

The proof for the case of I' locally compact and not compact can be
reduced to the case of I' compact by compactification with a single
point and addition of the constants to ¥, with removal of the point
and the constants after the result just obtained has been applied.

YALE UNIVERSITY AND
INSTITUTE FOR ADVANCED STUDY



