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Abstract

It was suggested that light-cone superstring field theory (LCSFT) and
matrix string theory (MST) are closely related. Especially the bosonic
twist fields and the fermionic spin fields in MST correspond to the string
interaction vertices in LCSFT. Since CFT operators are characterized
by their OPEs, in our previous work we realized the most important
OPE of the twist fields by computing contractions of the interaction
vertices using the bosonic cousin of LCSFT. Here using the full LCSFT
we generalize our previous work into the realization of OPEs for a vast
class of operators.

1 Introduction

Search for a fundamental field-theoretical formulation of string theory began
in the old days of dual resonance models. However, none of these attempts
have been completed yet for the superstring theory.

e-print archive: http://lanl.arXiv.org/abs/hep-th/0611113
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The light-cone superstring field theory (LCSFT) is the most successful
formulation thus far and was first constructed in [1,2]. The starting point is
the Green—Schwarz action in the light-cone gauge. Out of the action we can
construct the free Hamiltonian Hy and two free supercharges Qg, Qg, which
satisfy the supersymmetry algebra:

{Q5, Q4} = {Q6, Qb = 20" Hy, (1.1)

[an HO] = [ngHO] =0. (12)

The interaction terms are added to these charges so that the total charges
satisfy the same supersymmetry algebra order by order. Namely, we con-

struct the interaction terms by replacing the free charges Hy, QO, QO in (1.1),
(1.2) by the full order charges

H:H0+g5H1+-~-, (13)
Q' = Qi+ g:Qf + -+, (1.4)
Q" = Qi+ gQf + -, (1.5)

and determining the interaction terms order by order. The result for the
first order interaction terms is

[Hy)123 = Z° 2707 (Y) |V )123, (1.6)
Q1) 123 = Z°s"*(Y)|V ) 123, (1.7)
1Q%)123 = Z'5"(Y) |V )123. (1.8)

Here |V)193 is the kinematical three-string interaction vertex constructed by
the overlapping condition and Z¢ (Z%) is the holomorphic (anti-holomorphic)
part of the bosonic momentum at the interaction point, whose divergence is
regularized:

(P(l)l 1+ ie(oing — 01)

471'\/%\/ |01nt - 01

with a, :pj, a123 = ajasas and ojyy being the interaction point. We
take the range of o1 to be —wa; < 01 < 7oy, which implies oy = may for
o1 ~7way and oy = —mway for o1 ~ —may, respectively. e(x) is the step
function and defined by e(xz) = +1 (—1) for x > 0 (x < 0). Similarly, Y is
the regularization of the fermionic momentum at the interaction point:

7X(1)Z/> (Ul) |V>123

2mon

ZZ\V 123, (1.9)

A(l)a(gl)lv>123 Y ‘V 123, (1.10)

4m\/—a1234/ |0’mt — o]

and the prefactors v//(Y), s'(Y) and §%(Y) are functions of Y% and were
originally given in complicated forms. Here we find that these functions can
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be simply put into the hyperbolic functions:

Uji(Y) _ [COSh Y]Z] — 5 + %(YQ)Z] + %(Yél)z] + é(yﬁ)l] + é(YB)ij,

s"“(Y) = y/—aiz3[sinh Y] @

= Vam|()F + ;W?’W P S, (112)
§ia (Y) = 14/ —Q123 [sinh Y] v

— iy [+ ) G0 0] (1)

where we have constructed gamma matrices with spinor indices 4* out of
the standard gamma matrices with the vector indices 7* using the triality

of SO(8) and defined Y as
*y asa 0 ia
n*Y 4t = ( XE] ) , (1.14)

ai

Y =
—(123

with n* = e="/4. Note that the indices of the functions in (1.11) to (1.13)
are consistent because cosh is an even function while sinh is an odd one. For
more details of the prefactors, see Appendix A. As pointed out in [1], these
quantities satisfy the following Fourier identities:

[cosh Y] V= <()41223>4/d8q5 o(2/0a23)9"Y" [coshgﬁ]ji, (1.15)
[sinh ¥]% = —i (%)4 / 8 ¢ o2/ Y™ [ginh )7, (1.16)
[sinh Y] = i (%)4 / 08 ¢ €128 [giny )40 (1.17)

which will play important roles in our following computation. The program
of constructing the interaction terms is successful at the first order, though
it is too complicated to proceed to higher orders.

Recently, there is a significant breakthrough in the construction [3]. The
point is to relate LCSFT to another formulation of the superstring theory
known as matrix string theory (MST) [4,5]. MST stems from the matrix
formulation of light-cone quantization of M-theory [6] and takes the form
of the maximally supersymmetric Yang-Mills theory. To relate MST to the
perturbative string, we note that the Yang-Mills coupling constant gyn is
related to the string coupling constant gs and the string length va/ by
gi{/[ ~ gsVo!. Hence, the free string limit corresponds to the IR limit and
the first order interaction term to the least irrelevant operator. From the
requirement of the dimension counting and the locality of the interaction,
we expect that the first order interaction term is a dimension three operator
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constructed essentially out of the bosonic twist fields and the fermionic spin
fields. The interaction term of MST is proposed to be [5]

o, = Z/da(wﬂ]ziiﬂ')mm, (1.18)

where 7!(2) is the excited Zg twist field defined as

i L

0X'(z)-0(0) ~ \/ET (0), (1.19)
with o(z) being the elementary Zso twist field. Since the holomorphic part
of the twist field does not completely decouple from the anti-holomorphic
part due to the zero-mode contribution, we combine them with the square
parenthesis in (1.18). X%(z) and ¥4(z) (which will appear later) are the spin
fields for the Green-Schwarz fermion #(z). The indices m and n of the twist
fields denote the string bits where the “exchange” interaction takes place.

Now we can find a close analogy between (1.6) and (1.18) and between
(1.9) and (1.19), if we regard [05](2,2) as |V)123 and [7°77)(z,2) as Z°Z7
|V')123. Following this analogy between LCSET and MST, two supercharges
of MST were written down explicitly in [7]:

Q4 = Z/da([ari]zdii)mm, Q4 = Z/da([Tia]Eiia)mm, (1.20)

and the supersymmetry algebra was checked. These arguments of super-
charges are consistent with the pioneering argument in [5] and with the
relation between LCSFT and MST proposed in [3].

After observing the analogy between LCSEFT and MST, we would like
to establish the correspondence next. Since operators in conformal field
theory are characterized by their OPEs, we need to reproduce the OPEs
in terms of LCSFT in order to completely confirm the correspondence. In

our previous work [8], we assumed the correspondence between the bosonic
cousin of LCSFT

|HP*™) 195 = [V") 123, (1.21)
and the “bosonic” version of MST [9]

HPoson — Z/do([o&})mm, (1.22)

and reproduced the OPE of the twist field
1

[|2[1/4(log |2))1/2] "%

(1.23)

[0c](z, 2) - [05](0,0) ~
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by computing the corresponding contractions of the string interaction ver-
tices in the bosonic LCSFT. On the LCSFT side, it is well-known that the
first order interaction vertex in the bosonic LCSFT (1.21) takes the same
form as that in the full LCSFT, if we drop the prefactors and pick up the
bosonic sector in the kinematical interaction vertex |V)123. The superscript
“b” in (1.21) denotes that we pick up the bosonic sector. On the MST side,
of course there is no non-perturbative justification for the bosonic MST, but
the interaction term (1.22) looks natural considering the correct dimension
of the operators [0a] and the correspondence between [07](z, Z) and |V)123.

Since the string interaction vertex describes both the processes of one
string splitting into two strings and two strings joining into one string, there
are two diagrams which correspond to the OPE (1.23). One of them is a
tree diagram with two incoming strings and two outgoing strings of the same
string lengths, while the other is a one-loop diagram with one incoming string
and one outgoing string. (see figures 1 and 2 at the beginning of sections 3
and 4, respectively) For the two realizations of the OPE, the corresponding
contractions of the interaction vertices are given by

T/la (3) , 7(3)
a6 (B2 T/10sD G LG [0y o1y

(
14<Rb‘25<Rb‘e(—T/a1)(Lo

456,

AL (T ) (LGN |0y vy e (1.24)

We found that both the contractions of the string vertices give exactly the
same singular behavior expected from the OPE (1.23).

Though the correspondence seems to work well also in the bosonic case,
the action (1.22) still lacks justification. In this paper we would like to
return to our original motivation of investigating the correspondence in the
supersymmetric case, where we typically have to deal with the prefactors.
First, we repeat the computation of the bosonic sector. In order to reproduce
the OPE

5ik

i5)(z, 2) - [TFe ~—_——
[T'5](z,2) - [775](0,0) 25(log |2

(1.25)

in terms of LCSFT, from the correspondence dictionary we need to consider
two contractions:

- ), 7)) .
36 (RP|el /103Dl +L0™) 78 (| VPY 193 ZEs 6|V P) 56,

_T/a WL FDy (g @) 7@y,
14<Rb|25<Rb|e( T/oa)(Ly '+Lg )e( T/a2)(Ly +Lg )Z123|Vb>123Z!f56|Vb>456,
(1.26)

for the tree diagram and the one-loop diagram. After the computation in
the bosonic sector, we shall proceed to the fermionic sector. Among various
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OPEs of the spin fields, we would like to concentrate on the realization of
the OPE

5ik6jl

S(2)S9 (2) - SF(0)!(0) ~ p

(1.27)

This OPE corresponds to the fermionic parts of the contractions between
two first order Hamiltonians |H;) (1.6) in LCSFT:

36 <Rf|e(_T/|a3‘)(L83)+E33)) [cosh Y123] W V193 [cosh Yis6] kl|Vf)456,

(R (B e T/ I~ T/02) (L) [0k ¥ia5] Y]V

14 123

X [COSh YZ;56] kl\Vf)456. (1.28)

The superscript “f” denotes that we pick up the fermionic sector. Comparing
with the previous case of (1.24), we note that in the computation of (1.26)
and (1.28) we have to deal with the prefactors Z* or [cosh Y'|".

Since both the reflector and the interaction vertex basically take the
Gaussian form, we will utilize the Gaussian convolution formula in our com-
putation. The bosonic case of the Gaussian convolution formula is well-
known and can be found, for example, in [8]. For the fermionic oscillators

S, S satisfying {Sp,, S;fl} = Om,n, the formula reads

1 1
(0| exp <2STMS + kTS> exp (QSTTNST + lTsT> |0)

1 1 1 1
= y/det(1+ MN) exp<2kTN k+ 1" Ml

1+ MN 2 1+MN

1
[ 1.2
* 1+MN> (1.29)

To deal with the bosonic prefactor Zi,; Zk. o in (1.26), we need to intro-
duce the source term eﬁ§232{2;;+[3§56Z556’ take the derivative with respect
to 3 and finally set 3 = 0. However, the fermionic prefactor [cosh ¥7j93]"
[cosh ¥456]* in (1.28) looks much more complicated than the bosonic one
Ziys Zkeq. Fortunately, using the Fourier transformation of the prefactor
(1.15) we can compute the contractions with the simple source term
e(2/0123)(9123Y123—¢456Ya56) a9 in the bosonic case and perform the ¢ integra-
tion afterwards. The surprise is that, although the right hand side of (1.29)
consists of the bilinear terms of the sources k and I, after the computation we
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find that the bilinear terms of ¢ do not appear in the final result. Therefore,
in the ¢ integration we can apply (1.15) once again and write down the
answer explicitly.

The contents of the present paper are as follows. In the next section,
we recapitulate some ingredients of LCSFT, which will be necessary in our
computation. After the review we proceed to the computation of the con-
tractions of the string interaction vertices which correspond to the OPEs.
We first compute the contractions of the tree diagram in Section 3 in the
ordering of the bosonic sector and the fermionic sector. Then we turn
to the computation of the one-loop diagram in the same ordering in Sec-
tion 4. Finally we conclude our paper with some comments. Appen-
dix A is devoted to our new notations of the prefactors. In Appendix B
we collect several relations of the Neumann coeflicient matrices and prove
some preliminary formulas for Appendix C. In Appendix C we evaluate the
small intermediate time behavior of some Neumann coefficient matrix prod-
ucts. In Appendix D we collect some formulas for the gamma matrices.
The results in the appendices are necessary at each stage of our diagram
computation.

2 Light-cone superstring field theory

In this section we would like to recapitulate some ingredients of LCSFT,
which are necessary in the computation of following sections. The first
order interaction terms are expressed by the three-string Fock space and
given by [2]

|Hy)123 = Z'Z7 [cosh Y}ij‘v>123, (2.1)
Q3125 = V=123 Z [sinh Y] “|V) 123, (2.2)
‘Q%>123 =1y —04123Zi [Sinh Y] ia‘V>123. (2.3)

Here the kinematical interaction vertex [V)ia3 = |V"(1ay,20s,3a0s)) V"
(Lays2a05,3a3)), determined by the overlapping conditions of strings, is
given by

VP(Lay, 200, 30s)) = / $P(1,2,3)e" T ) |pa)alps)s,  (2.4)

|Vf(1a172a273a3)> :/5f(17273)eEf|)\1>1|)\2>2)‘3>3’ (25)
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with the zero-mode delta functions being

d®py dPpy dp3
6°(1,2,3) = 27)85° 2.6
/ ( ) ) / (27‘(‘)8 (271—)8 (271')8( 7T) (pl + D2 +p3)7 ( )
/5f(1, 2,3) = /d8>\1d8/\2d8)\3(58()\1 + X2+ A3), (2.7)
and the oscillator bilinears EP (and its anti-holomorphic cousin EP) and Ef
given by
B — LaU2IT \1212,12)t 4 (21T 12330 L)1 33,001

2 2

(N2 4 N3Tq@ )Py — 0 P2, (2.8)
2193

Bt — 15(12)TT[N]12,125(12)1 + SUDITN]I23 G5BT 4 15(3)TT [N]338®)1
2 2
— V293 (NlQTSH(H)T n NgTsn(g)T)_ (2.9)

The explicit forms of the building blocks of the prefactors Z* and Y@, defined
n (1.9) and (1.10), are given by

7' = Ply; — iz Z Z NZ; g (2.10)
r=1n= 1

ye — (1123 o 04123 [ n Nr,« r)a' (211)
r= 1 n= 1

Our notation for the bosonic part is exactly the same as those in our
previous work [8]. Hence, we shall only explain our notation for the fermionic
part in detail. We define the zero mode Af,5 to be Afys = a1 A — 2], and
adopt the matrix notation for the infinite non-zero modes of the fermionic

oscillators SqquT)a and Sﬁ(”“ satisfying
{S}r(zr)av S7Il(s)b} _ 5m+n,05T’85a7b; {SrIrIL(r)av S}}I(s)b} _ m+n705r,35a,b’
{Slra gll(s)by — (2.12)

and Si" |)\ Yo = SH(T)Q|)\T>T = 0 (m > 0) on the vacuum ket-state |\,),.. We

first rewrite the fermionic oscillators S,Iér)a and S,I}L(r)a into the vector forms
(m > 0)

(SI(T))m _ S%Lr)’ (SH(T))m _ Sg(r)’ (SI(T)T)m _ 51_(27 (SH(T)T)m — SI_I,E;)
(2.13)

Then we combine the fermionic oscillators of the incoming/outgoing strings as

ST _ (51(1)T 51(2)T) ., SuaYT (SH(l)T SH(?)T) , (2.14)
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and finally pair up the oscillators with the index I and the oscillators with
the index II:

SUAT — (11T gu(NT) = gAT _ (GIHT  GHE)T) (2.15)

Correspondingly, we repeat the same manipulation for the Neumann
coefficient matrices. The Neumann coefficient matrices for the fermionic
oscillators N ™S, N7 are constructed out of those for the bosonic oscillators
N™, N" by

N™ = (C/ay)'2N™*(C/as) ™2, N™ = (C/a,)'/°N". (2.16)

We combine the Neumann coefficient matrices of the incoming/outgoing
strings by

R NLL L2 ) A . A N3
12,12 _ 3,12 _ N123
N = (NQ,l N2,2> » N = (“3’1 “3’2)7 = (N2,3> )

N2 = <N1> , (2.17)

and pair the Neumann coefficient matrices for the fermionic oscillators with
the index I and those for the fermionic oscillators with the index II:

o 112,12 0 _ 12,127 512.3 0 _ 3127
[N] = <N12,12 0 , [V] = N12.3 0 )
R 0 _N3,3T
3,3 _

Using the matrix notation, the fermionic part of the reflector (R(3,6)| =
(RP(3,6)|(R(3,6)] is expressed as

(F3.6) = [ 536)s0uls 0l exp (;szs(s@), (2.19)

with the vacuum bra-state satisfying r(Ar|S£(:,)L = r(Ar|S£I£,:) =0and (A\|N)=
68(\ — X). Here the fermionic oscillators are defined as SG9T = (§(3)T §6)T)
and the matrix R is given by

(T () e
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where the matrices 1 and 0 in [X!] denote the infinite-dimensional unity
matrix and the infinite-dimensional zero matrix respectively and are the
Neumann coefficient matrices for the oscillators with the indices I and II.

3 Tree amplitude

After the recapitulation of LCSFT in the previous section, we would like
to proceed to realize various OPEs using the string interaction vertices. As
explained in the introduction, we have two ways to realize the OPEs. This
section will devote to the calculation of the four-point tree diagram with
two incoming strings 1 (with length a1(> 0)) and 2 (with length aa(> 0)),
joining and splitting again into two outgoing strings 4 and 5 of the same
length as 1 and 2, respectively. (see figure 1.)

Figure 1: Four-string tree diagram.

3.1 Bosonic sector

Let us start with realizing the OPE

5ik

i 5. k5 -
[731(2.2) - [21(0) ~ et

(3.1)
with the tree diagram. For this purpose, we shall consider the bosonic
effective four-string interaction vertex

4P (1,2, 4,5)) = (RY(3,6)|eT/loaD(L6”+15")

X Z{23|Vb(1a1 ) 20427 3a3)>Zzll€56‘Vb (4—a1 ) 5—042 ) 6—a3)>(' )
3.2

Comparing the OPE (3.1) with (1.23), we have an extra factor of 1/z. There-
fore, we expect that the extra prefactors Zjy3Z ff56 in the effective four-string
vertex |AP(1,2,4,5)) induce an extra 1/T factor in the limit 7" — 40. Here

note that we can identify the relative distance in z as the relative distance
inT.
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For the computation of the effective four-string interaction vertex |A"(1, 2,
4,5)), it is sufficient to consider the generating function

|AB(1,2,4, 5)) = <Rb(376)|e(*T/\a3|)(Lé3)+Eg3))

x Mz Zaa Pl Zlso VP (Tays 200, 3as )V (-1 5-az, 6-a))-
(3.3)

The computation is almost the same as that performed in [8]. The only
difference is the source term, but the effect can be easily absorbed by com-
pleting the square. The result is given as

|A5(1,2,4,5)) = (det)~® / 0°(1,2,4,5)el"(1249)
% eP123Z123+Bas6 Za56+(1/2)(8323+8256)a2+B1238456b2

X |p1)1lp2)2|pa)lps)s, (3.4)

where various expressions are

det = det [1 — (el=T/2lasDC N3,3e(—T/2|a3|)0)2}

27 5/12,1/6 [T ] " (3.5)
lanag|V/3] 7

3
—exp< T(]Z ), 7'0:Zoztlog|at|, (3.6)
=1

8 8 8 8
/6b (1,2,4,5) /(d p)1 é:; (C;:; é p)5 (27)36%(p1 + p2 + pa + ps5),
(3.7)

lim FP(1,2,4 (21T, (45)F | = (12)1T 7 (45)1) _ 2 1
Tgrio (1,2,4,5) = (a a +a a ) (p1 + pa) Tllffiob

— (p1 + pa)as NPT (N123) 71 (1D | q(15)F
+ a(lz)T + a(45) ) (3.8)

b=0aiN3To (—(N3»3)§)0‘1N 2log’7§‘ (3.9)

which have already appeared in [8]. Here we drop the subscript T in bp
of [8], because all the quantities depend on T'. The new effect of the source
term is taken care of by

Z193 = (1 — a1)P1a3 — biPasg — a” a2 + bTao1, (3.10)
Z456 = —b1P123 + (1 — a1)Pys6 — bTa11 + CLTG(45)T, (3.11)
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with various new quantities defined by

a1 = ajo3N3T <C> o (1—(N3%)2) N33 0 N3, (3.12)
as

b1 = a1o3N*T (5) o (1 (N*%2)7'N3, (3.13)
3

as = (a123)2N3T <C> o (1—(N*)2)'N33 o <C> N3, (3.14)
> o (1—(N32) ! (C> N3, (3.15)
aT = o193 <N12T <C> 4+ NAT <C) o(1— (N3’3)§)0_1N373 o N3,12i6)

b' = s N1 <> o(1- (N3’3)E)O_1N3’12. (3.17)

Here o denotes the matrix multiplication with e(=7/les)C

(N33)2)71 is defined by

inserted and (1 —

(1 — (N3’3)2);1 =14+ N33 o N33 o L N33 o N33 o N33 o N33 0 4.0,

(3.18)
Note that C'/aqs is the bookkeeping notation for
C £
— =[x , 3.19
Q12 ( 0 C%) (3.19)

and should not be confused with a195 = ajasas. To get back to the effective
four-string interaction vertex |AP(1,2,4,5)) we need to take the derivative
of the generating function \AB(L 2,4,5)) and set = 0 finally:

0 0
’Ab(la 27 47 5)> = 717’Ab(17 27 47 5))‘
8ﬁ123 664]1656 g

= (b26™ + Zip3Z056)1AB(1, 2,4, 5))‘ : (3.20)
£B=0

B=0

Let us take the short intermediate time limit 7" — 40 hereafter to repro-
duce the OPE (3.1). Note that the non-zero-mode part of the reflector
already appears correctly in (3.8) and no extra contributions from the pref-
actor (3.10) and (3.11) are added to the non-zero-mode part because of
limp_ 1 9a =limp,19gb=0 (B.9), as proved in Appendix B.2. Hence, we



ON LCSFT/MST CORRESPONDENCE 123

shall concentrate on the zero-mode contribution. Using

Ziay ~ —Ziz ~ —biaz(p1 + pa)’, (3.21)
which can be shown with limz_,9(1 — a1 —b1) =0 (B.9), the zero-mode
part of the effective interaction vertex |AP(1,2,4,5)) is given as

AP(1,2,4,5))| ~ (b6 + (br0s)*(p1 + pa) (p1 + pa)F)) e PlPrHws)”

0

x 6%(p1 + pa + pa + ps)

N Kbg + (bla3)2>5“€+ (b103)* 5 5 ] e-oorp0?

2% 2 Oni
x 6%(p1 + pa + pa + ps)
~ byt . e_b(p1+p4)258(p2 +ps). (3.22)

In the last line we have picked up the most singular term using the short
intermediate time behavior of b (3.9), b; (C.8) and by (C.9). The behavior
of by in the short intermediate time limit 7" — +0 is by ~ —a123/(27"). Since
we have an extra 1/T factor compared with the case with no prefactors, this
result is exactly what we have expected from the OPE (3.1). After all the
final result is given as

gk 7\
|Ab<1,2,4,5>>~229/3w4ﬂ4/31a123\5/3T3(1og) IRP(1, 4))| R°(2,5)).

|os|
(3.23)
3.2 Fermionic sector
In this subsection we would like to realize the OPE
. . % < 5ik5jl
S'(z)X(2) - F(0)X°(0) ~ FEk (3.24)

in terms of the string interaction vertex. This OPE corresponds to the
fermionic part of the contraction between two first order Hamiltonians H; -
H;. Therefore, we shall compute the fermionic effective four-string interac-
tion vertex

|A%(1,2,4,5)) = <Rf(3’6)|e(fT/|as\)(L83)+Eg3))

x [cosh ¥123] g Vi(1ays 200, 3as)) [cosh Yus6
X V(40,5 g, 6_a3)). (3.25)

]kl
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Due to the Fourier transformation formula (1.15), we can evaluate the
effective four-string interaction vertex |Af(1,2,4,5)) by the generating
function

|A(fb(1,2,4,5)> = (Rf(376)|e(fT/\a3\)(Lé3)+Eé3’)
X 6(2/a123)(¢123Y123_¢456Y456)‘Vf(lal 20, 3a3)>

X V(4 01,5 0y, 6_a3)). (3.26)

In order to calculate the generating function |A2)(1, 2,4,5)), we first rewrite
the reflector and the interaction vertices into the following expression:

(R (3, 6)] T/ las ("
1 ~
= / 5'(3,6)3(Asl6(As| exp (25<36>TM5<36>>, (3.27)

o(2/@123)(¢123 A 123 —Pas56Mas6) |Vf(1a1 200 3043)> |Vf(4—a17 5y 6_@3»

+L{)

= [ 5,285,500 (;s@ﬁmzvs(%ﬁ LTSN p)
X [A1)1[A2)2 -+ |Ae)s, (3.28)

with SG6) = (8®) sO), §(1245) _ (812 §19)) and

I o T/lashe (0 Sy 5 (NP0
M=e <—i[21} 0o ) N=1 (N33 ) (3:29)
~ N3:12T 0 _ _ .
T = sU249)IT <[ ]0 [N]&UT) — V2 (h1a3 Mi2s idusg ihase) N7,
(3.30)
- 1 [N]12,12 0
— - g(1245)fT A (1245)t

P=35 ( 0 (N]1212 S

— V2 (p123 Ar2s iduse iAase) N'2T U240

+ @(%23/\123 — ¢a560\a56)- (3.31)

Then the calculation can be easily done with the help of the fermionic
Gaussian convolution formula (1.29). The result is given as

’Ags(l, 2.4, 5)> _ (det)g / 5f(1’ 2,4, 5)e(2/a123)(¢123y123—¢45637456)

x ef L245) |\ 1)1 [Aa)a | Aa)a| As)s, (3.32)
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with various expressions defined as

/ 6'(1,2,4,5) / AN AP Ao dB A4 dP 508 (A1 + Ay + Ay + As), (3.33)
1

( 2 4 5) S(1245)TTM5(1245)T + kTs(1245)T (3 34)
2 ’ ’
a2yt [ C e
Vios = (1 —a1)A123 — b1Ags6 — —=S < ) a
123 = ( 1)A123 — b1Ays6 f oo
i c\ V2
+ — glEaT () b, 3.35
7 o (3.35)
L crazyir ([ © e
Vuse = —b1A123 + (1 — a1)Ays6 + —=S () b
456 1A123 + ( 1)A4s6 NG oo
i c\ V2
— =St <> a. 3.36
7 o (3.36)
Here the effective Neumann coefficient matrix M and k' are given as
([ [4] B (0 AT (0 BT
M= <—i[3] ) W=a o ) Bl=l o) (3.37)
kT:—\/i (0 A123UT—043<)\1+)\4) vt o i(A456UT+C¥3()\1+A4) VT)) ,
(3.38)

with the building blocks being

A= N'212 4 N123 5 33 (1 _ (N3,3) ) 1373, 12 (3.39)
B= N30 (1- (N33)2) TN312, (3.40)
U=N"4N230(1- N33 "N, (3.41)
V= N23 (1 (N33)2)'N°. (3.42)

What is surprising in this result (3.32) is that although in the bosonic case
we find the linear source term 3 induces the squared source term (2 in the
final result (3.4), the squared source term ¢? is absent in the current final
result (3.32). The reason is that both the Neumann coefficient matrix in the
interaction vertex (2.18) and that in the reflector (2.20) connect the oscilla-
tors with the index I and the oscillators with the index II, but in the Fourier
transformation formula (1.15) the source ¢ only couples to the oscillators
with the index I. Due to this fact, we can perform the ¢ integration without
difficulty. After performing the inverse Fourier transformation (1.15) for the
result of the generating function ]A(fz)(l, 2,4,5)) (3.32), we find the effective
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four-string interaction vertex |Af(1,2,4,5)) itself is given by
AT(1,2,4,5)) = (dev® [ 5(1,2,4,5)

[coshy125] [coshy456}kl F(1,2,4,5) IA1)1]A2)2|Aa)4|A5) 5.
(3.43)

Note that the kinematical overlapping part in the short intermediate time
limit T" — 40 is given as

lim A=0, lim B=1, lim U =0, (3.44)
T—40 T—40 T—+0

1/2 3/2
lim V = <C> (N312)7 N3 = 28 (C) ATC-1B  (3.45)
T—+0 Q12

which implies

lim F(1,2,4,5) = i(SIUDITGUIT _ GIA2)IT GLL(A5)1
T—+0

—V2a3(M\1 + A\g) lim VT(Z'SH(45)T _ SII(12)T)’
T—40
(3.46)

while the singular behavior of the prefactors are
Viag ~ =Visg ~ YV, V" =braz(M + A1), (3.47)

if we use the short intermediate time behavior of 1 — aq, b1, @ and b in
(B.9). Since we have normalized Y by \/—ai23 as in (1.14), the result of
(3.47) implies

\@ n*ya ,:ya ~ ﬂ
NETT R i/ —ai23

where the phase ¢ induce the effect of the transposition:

Y56 = N (=Viag)y" = i V123, (3.48)

[COSh ) ylgg] M = [COSh %23] lk. (349)

To reproduce the tensor structure of the most singular term in the OPE
(3.24), let us first rewrite the prefactors into

[COSh ylgg] W [COSh ylgg] h

1)(1/2)m(m=1)

8
1 ~cleeC JRP
o Z Yin " (cosh Yragy T cosh Yiog)iy,  (3.50)

m=0



ON LCSFT/MST CORRESPONDENCE 127

and then expand the hyperbolic functions into polynomials to study the
singular behavior of each term. Here in (3.50) we have used the Fierz identity

—pMING E ) @/mem-y)

m=0
(3.51)

MapNcp =

with 4e1em = 4ler | 4eml Note that from the index structure of 45",

the summand of (3.50) is nonvanishing only when m is even.

Since ) is the only singularity, the more )’s we have, the more singular
the expression is. In order to extract the coefficient of the most singular
term (p+ ¢ = 8)

ya ... yapyln .. .ybq = €a1-~-apb1-~-bq58(y)7 (58(3}) = yl e yg’ (3.52)

we note the formulas [10]

qlleal"'apbr"bq,a/bl”'bq = (—1)I/2plp—1)z01-ap gy (3.53)
(—1)1/2)p(p—1) . . .
B guamgerngeras —dypeen, (354

with 49 and d,, ,, defined by

8

> (1) dy ma”

p=0

S 57 0 —m m
0 6z'zb

(3.55)

There are lots of useful formulas of d,, ,,. We collect some of them in Appen-
dix D, which are necessary in this paper. Using the formulas (3.53), (3.54)
and (D.5), we find the most singular part of the prefactors is given as

ij 2y
[cosh Y193]" [cosh Y13] = 16v°0i67,0° (V) + OQV), v = —augn '
(3.56)

This extra fermionic delta function will eliminate the extra term in Ff(l, 2,
4,5) (3.46) and turn |Af(1,2,4,5)) into two reflectors

0ikd51
T2
as we have expected from the OPE (3.24).

‘Af(172747 5)> ~ 226/3/1’4/3‘0‘123‘72/3 ‘Rf(174>>’Rf(275)>7 (357)
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3.3 Other processes

Other processes corresponding to the OPEs (up to the numerical factor)

. ab gij . . ij sab
g - SOs0) ~ 0 FEsHE Tosho) ~ L5
(3.58)
S - O8H0) ~ T g 0),
. . i _ . 5““'}/
D ()P () BHO)DH0) ~ 7 L2(0), (3.59)
L L A At _
Yi(2)2(z) - 24(0)2b(0) ~ %9“(0)#(0), (3.60)

can also be evaluated as in the previous subsection. These OPEs correspond
to the fermionic sector of the Q% - @Y, Q‘f . ~l{, Hy-Q% Hy - Q‘f and Q4 - Ql{
contractions respectively. Since all of the string interaction vertices have
the identical overlapping part |VF), we would like to concentrate on the
prefactors hereafter.

The tree diagram corresponding to (3.58) can be evaluated exactly in the
same way except that instead of (3.49) we use

o bj  .r. ib s b . by
[Slnhlylgg] ) = z[smhylgg}] , [Slnhzylgg]J = z[smhylgg] 7. (3.61)
and instead of (D.5) we use (D.6). Since the contribution of the prefactors
is given by

[Sinhylzg] e [Sinhy123]ji) = *161/8(51]'5&558(3)) + O(yﬁ), (362)
[sinh Y1a3] ™ [sinh Y105] ¥ = 16056,50,;65()) + O(), (3.63)

the effective interaction vertices are computed to be
(R' (3, 6)[e"T/1es D" L6™) [sinh ¥105] |V (1ar, 20y 3ay)
% [sinh ¥as6]VE(d—ar s 5—ags 6—ap))
~ i | B ) R (2,5), (364
(RI(3, 6)|e(—T/|a3|)(L§)3’+Z53)) [sinh Y123]id|vf(1a1 203+ 30))
% [sinh ¥as6] Ve (4—ar, 5—ags 6—ay))

0;:0.;
~ 1223t g PP =R RY(1, 4)) | RY (2, 5))- (3.65)
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To evaluate the tree diagram corresponding to (3.59) and (3.60), a little
more effort is required. Since the most singular term p + ¢ = 8 vanishes in
this case, we have to consider terms with p 4+ ¢ < 8. First we note that a
natural generalization of (3.52) for p+ ¢ < 8 is

7! oYydh gy

),
(3.66)

if we define r = 8 — (p + ¢). Using (3.66) and (3.53), we find two expressions
for each term of the polynomial expansion of the hyperbolic functions:

1 a,. a\pacL-C 1 Cc1-C veed A 0 0
M(J’ FEPF e (VOAP) = ﬁGpl m 1 dr%aydl oy (V)
(=D™ ~dydycrems O 90 g
— 471! qu 1 79 aydl . 8ydr (y)7
(3.67)
with Gg e ddr ang GIdner e Gefined as
—1)(1/2)p(p—1)
Gzl...cm’dl...dr _ ( ) p' rAyal“'aprs/cl"'Cmﬁyal'“apdl“'dT’ (368)
- —1)(1/2)q(g—1)
G;ll---dT,cl---cm _ (=1 . ;Yd1---drbl---bq,AYCr--CmfAybl"'bq_ (3.69)

For the computation of the tree diagram corresponding to (3.59), we con-
€1 Cmd

sider the case p+ ¢ = 7 or r = 1. For this purpose, G, is evaluated in
Appendix D:
Gpremt=| T e [ AT DT g | A1
0<pp<p 0<po<p
po=p mod 2 po=p—1 mod 2
(3.70)

Using (D.7) and (D.8), we find the contribution of the prefactors is given by

i a ;0
[cosh P1z3] " [sinh Pra3]* = _8V75jk’72d37ya58(y) +0(°), (3.71)

d
T (V) + 0. (3.72)

To translate these results into the effective interaction vertices, we need a
fermionic expansion formula:

] Pt <[22 -] Sorw. em)

[COSh %23] g [sinh y123] ak = 8V76ik'7ia
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which can be proved by

e 9 _5(e) = 2% e), 68<s+n>—68<n>+sb;’nb68<n>+0<§2>,

S =14 €5+ 0(&%). (3.74)

g

After plugging 2= (A1 + \4)% n%= (Ao + X5)® and (= —+/2a3limp_, o VT
(181 — §102)1) into (3.73) for our purpose, we find the expression
appearing on the right hand side can be rewritten into

i_i_ : T/ QII(45)t 11(12)1 f £
[axz oM \@QSTEI{;OV (@5 =57 IR (L4)|R(2,5))
= [0 (02,m1) — 9D (01im0)] “| R (1,4))|R (2, 5)), (3.75)

with the fermionic coordinate

9" (0,) = 0, +\/ Z( SI—i-SH cos’n’ (SH SI_n)sin’T;UTO,

and o1 int = a1, 02iny = 0. Therefore, the effective string interaction ver-
tices corresponding to (3.59) are given as

(R'(3, 6),6(—T/\a3|)<Lg3>+Lg3)> lcosh ¥125] 7 [V (Lay  2ay: 3as)
x [sinh ¥ase] VI (4-a,. 50z, 6-ay))
* — 5']“73&
~ =1 220/3M4/3|01123’ 2/3;’3ﬁ [19(2) (O'int)
— 0 (01e) | “| R (1,4)) | B (2, 5)), (3.77)
<Rf(3, 6)’6(—T|a3\)(L(()3)+L( [COSh Y123] ij ‘V ( s a273a3)>
X [Sinh Y456] kd‘vf(ll_al y 5—0427 6_a3)>
51‘ j' a
~ 77*220/3M4/3\04123\_2/3 ;;;(;a [79(2) (Uint) - 79(1) (Uint)] ‘Rf(l? 4)>|Rf(27 5)>
(3.78)

Here we have abbreviated o1 in and 09 int as Oing.

Finally, let us turn to the effective string interaction vertex corresponding
0 (3.60). We can easily show with the help of (D.6) that p+ g > 7 does

not contribute. Hence, let us consider the case of p + ¢ = 6. Though it is

C1+++Cm,d1d2 rédldQ,Cl'"cm
q

not easy to find the value of G, separately, we find
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in Appendix D that the difference can be evaluated as

G;l'“cmydld2 _ égldz,cl-"cm — Z dpo,m [,?Cl"'cm’ﬁydldﬂ' (3.79)

0<pp<p
po=p mod 2

To use this result properly, let us first combine two expressions of (3.67)
into
1
plq!
— %(G}C)y'-cm,dldg +( )mGdldQ,Cl “Cm, +G61 ‘Cm,d1d2
0 0
ydl aydg

Fortunately, since we only want to consider the case with m being odd
because of the index structure of the gamma matrices in the summand
of (3.51), (3.80) reduces to the difference of G;l"'cm’d1d2 and é§1d2’01”'cm.
Therefore, we can apply the result of (3.79) directly to find

(Vg ypqerem(YPAP)T 4+ (Yaq®)aqerem (PP4P)P)

+ ( )mGd1d2,01 cm)7 58(3}) (380)

: air . b con (1ac adids o 0
[Slnhylgg] [Slnhyug]bJ ~ 185 )aj ([7 , Adrd D oy 9y §8()), (3.81)

with the help of (D.9). Using the formula for the gamma matrices (),

(3, ’7d1d2])bl = 4'73[(1 q. b}, we arrive at the result:

af;a a—ybég(y) +0Y.  (3.82)

To translate our result into the effective interaction vertex, we introduce
another fermionic expansion formula similar to (3.73)

[sinh Y193] a [sinh Y193] " 4V6’Yga72j,

0 0 4 < eoce _ [a o r[a a_rg g
e O] B =| 2 - 2 o) [ - o] Bor
(3.83)
which can be proved with
o 0 S _ i 8 ci 8
£ 9Ee 851,5 (&) = 5ba£a5 (£)+5aa§b5 (€),
o 0
€80 5er0 (€) = — (9307 — 0503)8°(€). (3.84)

¢ g
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Finally, using (3.83) the effective string interaction vertex is expressed as

(3

(RE(3, 6)|el~T/lesD (LG +L5") [sinh ¥123] “ 1V (Lars 202, 3as))

. i
x [sinh Yas6]”" [VI(4—ay, 5—ass 6_as))

J
‘04123’_2/3% [79(2)(Uint) — 19(1)(0int)] ¢ [19(2) (Cint)

— 9 (010 "R (1, 4)) | R (2, 5)). (3.85)

~ 21473473

This result exactly takes the form expected from (3.60).

4 One-loop amplitude

In the previous section we have computed one realization of the OPE via
the tree diagram. Here we would like to proceed to the other realization
via the one-loop diagram: the incoming string 6 splits into two short strings
and join again into the outgoing string 3. (see figure 2.) Since most of the
computations are parallel to the previous section, we will be short in the
presentation and put the prime P’ on every corresponding quantity P in
the tree diagram to make the similarity clear.

Figure 2: Two-string one-loop diagram.

4.1 Bosonic sector

We start with the bosonic sector again. We would like to compute the
effective two-string interaction vertex

(1), 7(1) (2), 7(2)
|A(3,6)) = (RP(1, 4)|(R>(2, 5) T/ (B0 +E ) o T el 67+ E)
X Zi23|vb(1a1’2a273a3)>Zf56’Vb(4*0¢1’ 5*042’6*043»7 (4'1)
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to see whether the prefactor Zi,3 7k gives the extra contribution of 1/7.
As in the previous section, let us first consider the generating function

|A%(3,6))
_/pb b (~T/a) (L +LEY) o (~T/a2) (L +LED)
(R°(1,4)|(R"(2,5)e e

s Pl st B0 7850 [0 (1, 20, By DIV (4o 5oags 6-ao)) (4:2)

The result of the generating function is

[A%(3,6))
d8p1 /b
= (det’ 8/ /5b 3,6)e’” (30p1)
( € ) (271')8 ( ) )e
% 651232123+5456Zi56+(1/2)( T23+8156)ab+B123B456b) |p3>3‘p6> 65 (4.3)

with various expressions denoting

det’ = det [1 _ (e(—T/Qoqz)CN12,126(—T/2(112)C)2:|7 (4.4)
/ﬁ36 /fﬁggngmﬁm) (4.5)
2
Jim F(3,6,p1) = — (a0t 4+ a®Mal0) + (TIHSI—O ‘) {pl - Z;m}

n ( lim CT) (@®t — aOt 1 g®t _ 5Ot [pl _ 2193]’

T—+0
(4.6)
Zlog = (1= dj — b)) Prag — a’Ta® + 6001, (4.7)
Zise = (1 — a’1 — b)) Prog — b Ta® a'Ta(G)T. (4.8)

Here various quantities are given as
T/2 — _
c— 204%( /2 —1o L N12T (1 _ N12’12)O,1N12), (4.9)
123
C = a3 (N3 L N2y (1 N2 12) N12) (4.10)
) = 93 N12T <C> o (1 _ (N12’12)§,);1N12’12 o N2, (4.11)
12
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>d@f4N”ﬂﬁmfNu, (4.12)

c _ C
ab = (a123>2N12T <> o (1 _ (le,lz)g/)o,lle,lz o () N2,

12 Q12
(4.13)
b= (PN () (v (e
12 Qa2
a'T = ay9s (N3T (C> LNt (C)
Qas Q12
o (1 - (N12’12)g,);1N12’12 o N12’3>, (4.15)
b/T — 04123N12T <C> o (1 _ (N12’12)g/)0_,1N12’3, (416)
12

with o’ denoting the matrix multiplication with e(=7/@12)C inserted. Again,
we dropped the subscript T in ¢p and Cr from our previous paper [8]. To
consider the effective two-string interaction vertex |A’P(3,6)), we take the
derivative of the generating function ]Agj(S, 6)) as in the previous section:

B,
AR ootk 4 zht A% (3,6 ,

s 35456| (3,6)) - = ( theZite) AR (3,6)) oo
(4.17)

|A™(3,6)) =

where in the last expression the factor (b6 + 21, Z!k ) should be inter-
preted to be in the p; integration of |A’b(3 6)).

Let us consider the short intermediate time limit hereafter. In (B.19), we
prove that

-1 3
. / . / 123 C (t)
= =—|— E 4.
hmoa hmob 5 { 3] A { ] ) (4.18)

which, as argued around (C.19) in [2], gives the difference of the delta func-
tions of physically the same point and vanishes essentially. Hence, we can
concentrate on the zero-mode part again. Since we have

) ) a i
Ziog ~ Zisg ~ —2bja3 <p1 - 073293> ; (4.19)
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because of limp_,o(1 —aj 4+ b)) =0 (B.19), the contribution of the zero-
mode part is given by

a® o
4230 | ~ [P0+ a3~ Sh)i o1 - )
0 (2 ) a3
« ocP1—(a1/as)ps)’+CT (aPT-al®T+aMT-alo)1) (p1—(a1/as)ps)
(4.20)

Comparing by ~ O(T~1) (C.23) with b2/c ~ O(T'(logT)™"') due to (C.24)
and (C.25), we find that the first term is more singular. Because of
limy_10(C)m(C)pn/c =0 [8] (see also Appendix C.3.), the leading contri-
bution is given by
! sik 1

o~ g
The behavior of b, (C.23) is roughly b, ~ —a23/(27) in the limit T — +0,
so we have found the expected singular behavior again:

|A™(3,6)) (4.21)

stk T\
A(3,6)) ~ 27297 g 0 <1og, 3|) R(3,6)). (122)

4.2 Fermionic sector

Let us turn to the fermionic sector of the one-loop diagram. Here we would
like to compute the effective two-string interaction vertex

|A%(3,6)) = (RE(1, 4)|(RE(2, 5)]e-T/an (b +E0) o~ T/az) (L7 +L)

ij kl
X [cosh Ylgg] NV ey, 20, 3as)) [cosh Y456}
X V(4 0,5 g, 6_a3)). (4.23)
As in the tree diagram let us consider the generating function first:
(1), 7(1) (2), 7(2)
|A%(3,6)) = (R'(1,4)|(R'(2, 5)16(4/041)@01 +L{Y) (=T /az) (LE + L)
« e(2/6!123)(¢Z5123Y123—¢>456Y456) |Vf(1a1 200 3a3)>‘vf(47a1 5o 6,a3)>.
(4.24)
After applying the Gaussian convolution formula (1.29), we find
|45(3,6))

- (det’)8/5f(37 6)/dBAle(z/QIQS)(¢123y123¢456y:156)eF,f(3,6)’)\3>3’A6>6,
(4.25)
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with various expressions defined by

F/f(?), 6) — %S(?)G)TTMls(?)G)T + k/TS(?)G)'I" (426)
1 c\ V2
Vigz = (1 —aj — b)) Ao — ESI(?’)TT <a3> a’
i c\ 2
+ —SlOFT (> b, 4.27
7 o (4.27)
1 . T C —1/2
Vise = (1 —ay — b)) A1g3 + ES @)t <a3> v’
: ~1/2
— L gue)T (C> a. (4.28)
V2 as

Here M’ and kT are given as

- (8 - ) - (3 )

KT =-v2(0 1 0 i)ApsU™, (4.30)
with the building blocks being

Al = N33 4 N312 o 1212 o (1 _ (N12’12)2/)_1N12’3 (4.31)

B — 312 o (1 _ (N12’12)Z/);1N12’3, (4.32)

U' = N°+ N2 (1 - N1212) N2, (4.33)

Transforming back to the original effective interaction vertex with (1.15),
we find our result is given as

14%(3,6)) = (det)® / 5%(3,6) / d® )y [cosh P}g3] 7 [cosh Pss) ™

« eF"(3,6) |A3)3|A6)6. (4.34)

Note that for T" — +0, we have

lim A =0, lim B'=1, lim U =0, (4.35)
T—+0 T—+0 T—+0
which implies
lim F'{(3,6) = i(—S"OTT UG . IBIT GUO)), (4.36)
T—40 ’

Also, due to (B.19) which essentially means limy_,oa’ = limp_,ob" = 0,
we have

1% a
V8, Y Y Y ol ()\1 - a—;xg) , (4.37)
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where we have used A1o3 = Ay56 = agA1 — a3 A3. As in the previous section,
this relation implies

)%56 ~ —iyizgv [COSh —Z'yizzs = [COShyﬁ&; (4-38)

Hence, we can repeat the evaluation with the Fierz identity analogous to
(3.56) and find

}kl ]lk

_2/30ik0j1

|A(3,6)) ~ 2297315 o |0 SR RY(3,6)), (4.39)
with the use of (C.26). This expression of the effective interaction vertex
gives the expected results from the OPE (3.24).

4.3 Other processes

Similarly, using
[sinh —i Yjay)% = —i[sinh Yip,)", [sinh —i Plps]? = —i[sinh Plps] ¥
(4.40)

and the one-loop analogues of (3.62) and (3.63), we can also evaluate the
effective interaction vertices

(RE(1, 4)|(RE(2, 5)[el~T/a0)(E6)+ L) o(~T/a2) (LG +L57)

% [sinh ¥123) V! (Lo 2. 30s)) [sinh ¥ass] VI (4—ar 5oag: 6—az))
2200303 ] 2132808 | (3, ). (4.41)
(RY(1,4)|(R" (2, 5)|e(—T/a1)(Lf)1)+Z(()1))e(—T/az)(L52)+E52>)
% [sinh ¥125] V! (Lo 2a0: 3as)) [Sinh Yas6] 1V (4— 0y 5 6—as))
~ —i226/3ﬂ4/3|04123|_§’%}

which again give the expected results from the OPEs in (3.58).

|RY(3,6)), (4.42)

To evaluate the one-loop diagram corresponding to the OPEs in (3.59)
and (3.60), we need more efforts. Using the one-loop analogues of (3.71),
(3.72) and (3.82), we find that the most singular terms in these cases do
not have eight enough A123’s to survive the A; integration in an expression
similar to (4.34). Therefore, we need to take Aja3 in k' (4.30) out of the

exponential factor el (3:6) (4.26) to compensate the \; integration.

An explicit asymptotic expression of U’ (4.33) is necessary, since Ajo3 in
k' (4.30) always appears simultaneously with U’, when we take Ajs3 out of
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F'£(3,6)

the exponential part e using the formulas

@) = [2 - v,

[ai aagb 58(0} = {885 B 4 a L‘?fs R r58<§>- (4.43)

Using a, and bj, with the definition given by (C.33) and (C.34) and the
asymptotic expression given by (C.46) and (C.47), we find the asymptotic
expression of U’ is

C aj+ b’ a1
OB, .44
= A o e TP ot D (4.44)

where we have plugged in the value of g (C.64) which is determined in
Appendix C.4.

Our final result can be summarized by the expression of the fermionic
momentum acting on the reflector

A3 (5) + A0 (0)]|R(3,6)) = ! i(sl_lfuz's“(@))smfm(?, 6)),

\/2C¥37T 1 ’
(4.45)
with the fermionic momentum given by
(r) Qp II(r)
A(o) = 27r|ar| [ \/ Z< (S, + 5 )cos |Oér|
+ (M) _ gLy i Z"M. (4.46)

The results are given by

(RU(1, 4) (R (2, 5[ T/ (L +167) o(~T/aa) (L5 +167)
g [COSh %23] ! |Vf( a 2a27 3a3)> [Sinh Y456] aklvf(zl—al ) 5—042 ) 6_a3)>

* - J aa a
~ 122003 A3 oy g5 | 72 %igz 47 A (0311) + A (03,m)]“| R (3,6)),
(4.47)
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(RU(1,4)|(RE (2, 5)]e T/ (L6 +L67) o(~T/az) (L5 +157)

X [COSh Y123] N ‘Vf(loq s 2025 3a3)) [smh Y456} a|Vf (4—a155-as,6-0a3))

51' j' a
~ —77>'<22()/3,u4/3!CV123|_2/3ﬂ47T A (350) + A9 (03,3m0) ]“| BT (3, 6)),

T3/2
(4.48)
(RE(1, 4)|(RE(2, 5)[el~T/an) L6+ L5 o(~T/a2) (LG +L57)

. i . ib
x [sinh ¥123] “ |V (Lay, 205, 3as)) [sinh ¥as6])” [V (A—ay, 5-as, 6-ay))
Vo
~ 214/3M4/3|0<123|_2/3%47T (A (03,m) + A (05,1n)]

% 47 [A®) (03.m0) + A0 (035m0)] | R (3, 6)), (4.49)
with o3 jnt = mag, which match exactly with the OPEs (3.59) and (3.60).

5 Conclusion

In this paper, we have completed our previous attempts of realizing all the
OPEs in MST using the interaction vertices in LCSFT. We have found
all the diagrams reproduce the correct OPEs and established the correspon-
dence between LCSFT and MST. Especially, we find the OPEs (3.1), (3.24),
(3.58), (3.59), (3.60) are realized by the tree diagrams in (3.23), (3.57),
(3.64), (3.65), (3.77), (3.78), (3.85) and the loop diagrams in (4.22), (4.39),
(4.41), (4.42), (4.47), (4.48), (4.49). It would be interesting to understand
the relation between our current computations and those in [11] where the
Veneziano amplitude was reproduced from MST.

We have to confess that we do not fully understand why the holomor-
phic quantity 6%(z) and the anti-holomorphic quantity #%(2) in (3.59) and
(3.60) are realized as 9 (oyy) — 9V (o1y) in the tree diagrams while as
47 [/\(3) (oint) + A(G)(Uim)] in the loop diagrams. Roughly speaking, two sets
of fermions are separated as holomorphic #?(z) and anti-holomorphic 6% (%)
in MST while their linear combinations play the role of the fermionic coor-
dinate ¥(¢) and the fermionic momentum A(c) in LCSFT. But we cannot
make the exact correspondence clear.

Aside from the main result, we have several comments. First of all, the
notoriously complicated prefactors in LCSFT are put into much simpler
expressions (1.11) to (1.13). As in Appendix A, using these expressions, the
supersymmetry algebras are shown easily. We hope these expressions will
make LCSFT more accessible to nonexperts of the subject.
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Secondly, we have performed the computation of the tree and one-loop
diagrams. At first sight the computation in the fermionic sector seems
impossibly complicated. Fortunately, since the result of the generating func-
tion does not have the squared term of the source, we can perform the inverse
Fourier transformation without difficulty and write down the result explic-
itly. We hope this fact will enable other important calculations in LCSFT.

Having acquired enough information of the first order interaction term,
we would like to turn to the contact terms next. We wish to report progress
in this direction in the near future.
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A Prefactors

In this section, we would like to recapitulate the prefactors of the Green—
Schwarz-Brink light-cone superstring field theory. The prefactors were
thought to be notoriously complicated. We would like to show here that
we can simplify the expressions of the prefactors in our new notation. First
of all, we note that due to the triality of SO(8) we can construct the gamma
matrices with the spinor indices

. 0 %)
“=1. wa Al
! <’Y§i 0)’ (A1)
by the gamma matrices with the vector indices 4% = 4% =¢,. Here we
have used 1i,j,k,--- to represent the vector indices, a,b,c,--- to repre-

sent the spinor indices and a,b,¢,--- to represent the cospinor indices.
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The new gamma matrices with the spinor indices satisfy the standard anti-
commutation relations:

’Yza’}/a] + 721:}/3] = 26ab(sij; ’Yazfy + ,3/31;)/(1() - 25@1)5@{}' (AQ)
If we define ¥ as

—a123

2 . 0 Yi
_ *yagze — La , A3
Y Yy (qu' 0 > (A.3)
using the modified gamma matrices 4, we find the complicated prefactors
of Hamiltonian and two supercharges, v/*(Y), s"(Y), §'%(Y) as well as the
auxiliary quantity m%(Y") can be written as

V(YY) = [cosh Y] 9, mai’(Y) = [cosh Y] db, (A.4)
s"(Y) = =angs[sinh ¥, #4(Y) = iv/—angs[sinh ¥]", (A.5)

where the indices of the function are consistent because cosh is an even
function while sinh is an odd function.

Let us show that the supersymmetry algebra can be proved easily with
our new notation hereafter. The Y® derivative and the Y* multiplication
are paired into two anti-commuting operators D% and D**. We shall modify
the definition of two anti-commuting operators slightly by

. [—oi23 . —Q123

D =i | Dy, D=\ [ =S, (A.6)
—a123 1 /2

Ye. AT

n* 3Ya “angs (A7)

Then we can easily find how the operators D¢ act on cosh ¥ and sinh Y.
Since the derivative 9/9Y® can act on any ¥ in the polynomial expansion
of the hyperbolic functions, we need a formula to bring 4% to the most left
side or the most right side of the expression. By iterative use of (A.2), we
find

Yk;ya _ (_1)k;ya Yk — (_1)’6712]{ 2 n*Ya kal
V —aia3
2

=2k yrt vy, (A.8)

—Q123
[—ai3 1 0 4 ca yk—1 [ 2 svayhk-2
— =k —k(k—=1)y/——n'Y
2 n*roYe Y ¥ ( ) —041237] ¥
_ —1ra — 2 *Va
L e e e e ]
—Q23

(A.9)

with
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for k =1,2,---. The results of the computation are given as

D4 [cosh ¥]7 = [4%sinh ¥]7, D [cosh ¥]” = —[(sinh ¥')5°]",

DY [cosh Y] b _ [@“ sinh Y} ai)’ D [cosh Y] i _ _ [(sinh Y)f“ya] db,

Di [sinh Yj| ail _ [ﬁ/a cosh Y] di’ D(i [Sil’lh Y] ai _ [(COSh Y)ﬂ/a] di’
D% [sjnh Y] @ _ [&a cosh Y] ia, D [Sinh Y] i _ [(cosh Y)ﬁa] id,
which imply

? 1

DUIY) = —Z=us(¥), DoY) = === (Y),
. 1 . . 1 . .
DY) = Zoaia S (V). DY) = s (),

.. 100123 i i va i 1923 "
DY) = =—=mav” (Y), D*s(Y) = —=,;m*(Y),

\/5 aa \/i ab
G Q123 i ba *a zia Q123 5o
DY) = —=yym™(Y), DH5(Y) = —=yg,0"* (V).
\/E ab \/i aa

Using (A.16) and (A.17) we can further show

V201238,4,07 (V) = i, DU (Y) + i), D*s"(Y)
= —ini D*F(Y) — i DY),
V201389 m® (V) = 3, D (V) + 1 D5 (V)

Y, . B ..
— ,yabD*aSm(Y) —|—")/él~)D*aSJa(Y).

(A.10)

(A.11)
(A.12)
(A.13)

(A.14)
(A.15)
(A.16)

(A.17)

(A.18)

(A.19)

All these formulas are sufficient to prove the supersymmetry algebra.

B Neumann coefficient matrices

B.1 Convention

We would like to present the definition of various Neumann coefficient matri-
ces in this appendix, in order to fix the convention used in this paper as well

as to make preparations for the next appendix.
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In [1] the overlapping condition was rewritten in terms of the mode expan-
sion and the matrices AV, A® B and C were introduced as

—1)m To
(A(l))mn:””()/ do 2 cos -2 cos 2
m Taq o1 as

L
(A, = " =™ /W(o‘lm2 n(oc —way)  mo
L.

daQsm—sm@ (B.1)
Qs

do 2cos ——— = cos —
(6% Qs

m To9

2(—1)m+1 To 2(—1)™ m(a1ta2)
(B)m—()/ do cosma()/ do cos@,

(631

(a1+az) _
dO’QSiDMSiD@, (B.2)
(%) Qs

Vmragag o3 Vmragag o3
(B.3)
(C)mn = M- (B.4)

In terms of these matrices, the Neumann coefficient matrices are given as
NS — §7s _ 2A(T)TP71A(S)’ N' = _A(T)Trle’
D=1+AWA0T 4 AR AT (B.5)

if we define (A®)),,,, = 6n in addition. It was found in [1] by explicit
computation that these matrices satisfy the relations (r,s = 1,2)

W AOTCAS = 5,0, ADTCB =0, %alagBTCB _,

ag
a3 1 1
B ANT Z A =5,
o C C’
1
ZatA(t) CA(t)T 50&10&20&3BB Z tA CA( ) 0. (BG)

t=1 t=1

As was pointed out in [8,12], these relations can simply be interpreted as
the unitarity of the overlapping transformation between the incoming and
outgoing strings where no information is lost. Due to (B.6) we can also
prove the following relations without difficulty.

3 3
Y NUINYS =4, Y NVIN'=-N". (B.7)
t_

As in [13], we adopt

(A1) = _ <0) A02)T <C) o (B.8)

12
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to be the inverse of A12) = (A(l) A(2)), since we can show that it is a right
inverse as well as a left inverse by applying (B.6).

B.2 Tree diagram formulas

Here we would like to prove some preliminary formulas

lim a= lim b=0, lim ((1-a1)—1b)=0, (B.9)
T—+0 T—+0 T—40

which appear in the main text and will also be necessary in the next appendix.

Using (B.7) we find that

C C _
lim aT:a123<N12T+N3TN3’3(N12’3) 1), (B.10)
T—40 12 a3
C -1
lim &' = N3TZ (N123) 7, B.11
i T = o N2 (1) @10

With the help of the expression for N™* in (B.5), we can put the above two
expressions into

lim af = Q193 N12T£ . 1N3T£F(A(12)T)*1 + NBTQ(A(H)T)*l
T—+0 @19 2 (o5} as '
(B.12)

lim b7 = —%N?’TQF(A(H)T)_I. (B.13)
T—+0 2 o3

If we plug in the expression for (A1%)~! (B.8) we find the first term and
the last term of (B.12) cancel each other. Therefore both the expressions
(B.12) and (B.13) reduce to the same form. Furthermore, if we plug in the
expression of I' (B.5) and (A(1?))~1 (B.8), we obtain

lim a¥ = lim b7 = — 2% (—N3TA(12>C + N3TCA(12)). (B.14)
T—40 T—+0 2 a9 a3

As in [1], from the definition of I' (B.5), we can easily compute I'C'A(1?)
using (B.6):

) ¢

rCA12 = cA02) _ 34012 (B.15)
Q12
By multiplying BTT~! from the left, we find finally
lim a¥ = lim " =07, (B.16)

T—40 T—40
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For the second formula of (B.9) let us repeat our formal computation:

102

lim ((1—ay)—b1)=1-—

1
BT=CB. B.1
T—+0 2 FC ( 7)

Since computation of 'CB with (B.5) and (B.6) leads to I'CB = CB,
we find

1
BTfCB = B1CB, (B.18)

which combined with (B.6) implies the second formula.

B.3 Loop diagram formulas

Let us turn to the proof of

3 2 -1
lim @'T = lim yT =22 ZNtT [C] AT [C} ,

T—+0 T—+40 2 = Q Qs
li 1—d b)) = B.19
Aim (L= ay) +8) =0, (B.19)

in this subsection. The proof is parallel to the previous subsection. For the
first formula, we find both of the expressions reduce to

lim " = lim &7 = —@N”Tg(ml?))‘lp (B.20)
T—+0 T—+0 2 a2

Plugging the expression of I" and (A(IQ))_l, we find the result does not vanish
but gives instead (B.19) this time. The second formula can also be proved
similarly.

C Small time behavior of the matrix products
C.1 Tree diagram formulas

In this subsection we would like to evaluate a;, by and bo, which is necessary
for our analysis of small intermediate time behavior of the tree diagram
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amplitude. Let us define as in [14] (i,7 > 0)

G;; = 10sN3TC o N33 o (1 — (N33)2) T /NP, (C.1)
li)@j = ozlonggTCi e} (1 — (N3,3)Z);1 CjNB. (CZ)
Then, according to [14] we can show that these quantities satisfy the relations
|as] 0 log det a (C.3)
as| == =- :
3 T g 1,15
o o
\03|a7ai,j = b;1b1,5, (C.4)
9 - _ _
|a3|675¢,j =bi1a1,5 — bij+1, (C.5)
using the decomposition formula [1]
C C C
€ s + N™— = —ajapaz3—N"N*T —. (C.6)
Oér Oés a7‘ aS

Combining with our results from the bosonic case [8]
T ]V T
det ~ 27%/12,1/6 {1/3} , boo ~ o 12 log — (C.7)
|ov123] ai 7 ag|’

we have especially

2 2
l—ar=1-a10~ e |0473’ by = bl 0~ e |O[3‘ (C'8>
V a3 T’ \/ a3

a
by = by ~ 21;3 (C.9)

C.2 Loop diagram formulas

As the Neumann matrix products (C.1) and (C.2) are defined in [14] to
analyze the tree diagram amplitude, let us define

o oK
= (e [ €1
12

x ( — (N2 12))0,)0,1 [CTNH, (C.10)

Q12

B = (anan) D /20, N12T [O

i J
’ 12,12\2 \ 1 c 12
b 0412] ° <1 - )O/)O/ [ ] N

12
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for the loop diagram amplitude. These quantities satisfy the following
identities:

\/0410428% logdet’ = —aj 4, (C.12)
0 -

\/O[]_O[Q aT ’L] bé,lb/l,j7 (C].B)
a _

vV @102 oT z ] b; 1 /1,] i,j+17 (014)

which imply especially the following relations:

2
aazg s logdet’ = —(_’171)2 (C.15)
2
_ - - _ 2
041042@(@6,0 +bpo) = b1 (b — (1 —ayy))”, (C.16)
0 _ - _
W&T ( -(1- all,O)) = b/1,1 ( /1,0 -(1- 0/1,0)) : (C.17)

Combining with the results from our bosonic analysis [§],

T T 9 1/4
V—cdet’ ~ 21/12,1/6 73 (log > , (C.18)
|avi23] / s
T-—-2 2 _
=2 220) 208 L) (C.19)

109 4/ 109

we find that the quantities a} = @} o, by = b 5 and by = \/arazasb) | appear-
ing in the main text should satisfy

) amfes(on) (o) T
~ 1+2(1lo + 2| log — + ——=log(—c),
<04123 4T & ’ 3‘ & ‘043’ 2 8T2 g( )

(C.20)

aray 02 b’
;32 or2" a123 a1 (7 all))27 (G2
o1zs 0 () — (1—al)) =¥ — (1 —d}). (C.22)

bl oT
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Solving the asymptotic behavior by first adopting the ansatz of the Laurent
expansion of T" and then correcting by the Laurent expansion of logT, we
find that

T\ ' ¥ 171 T\ !
W —(1-d ~g<10 > , 2 ~—[+<1o > ]
1= Y VT g\Oé3| Q123 T(2 g\Oé3|
(C.23)

Qo T\ !
2o —g?(1log — ) (C.24)
Qa3 ‘043’

where ¢ is an undetermined constant independent of the intermediate time
T. Moreover, due to (B.19), we find explicitly

o~ —9_(1og - 1 =9 (109 L o (C.25)
2T las| )7 2VT (%3

Note that a combination 2V} /v/—c does not depend on the undetermined
constant g. Combining with (C.18) we find especially

22/3M4/3 Q1o 4
o, det")® ~ C.26
( 1 de ) ‘04123‘2/31—12 < oz > ) ( )

which appears in the main text.

C.3 Some identities

In this subsection let us make a small digression to clarify several relations
of the Neumann coeflicient products. As a result, among others, we will
show

lim (GO _ (C.27)
T—+0 C

which was conjectured in [8] and is also needed in our computation in (4.21).
Our result in this subsection will also enable the evaluation of g in the next
subsection.

We start with proving

(1—ah)? b =1. (C.28)
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Our strategy is basically the same as the derivation of the differential equa-
tions (C.3) to (C.5) and (C.12) to (C.14). First of all let us rewrite a} as
follows:

. onss qar| C N12.12 N12.12 C

- P — N2 (C.29
“ 2 a1 1 — (N12:12)2 + 1 — (N1212)2 o ( )

Here (until (C.31)) note that o’ in the multiplication between Neumann
matrices is implicit. We omit it shortly just to simplify our notation.
The key point is to regard the decomposition formula (C.6) as an anti-
commutation relation between the Neumann coefficient matrix N2 and
C'/ai2 and move C'/aq9 all the way from the right to the left. The quantity
in the square bracket of (C.29) is given as (C12 = C'/au2)

[. . ] = C1aN212 4 N12201, 4 O (N1212)3
+ N12,12C12(N12,12)2 _ N12,12012(N12,12)2 _ (N12,12)2012N12,12
+ (N12’12)2012N12’12 + (N12’12)3012 4o, (030)

which can be resumed into

1 C c 1
== - - Y Nbkytkr=_ -
[-] ‘)‘123{ 1— (N1212)2 o, arp 1 — (N1212)2
N1212 o c Ni212
Y nteyeer (C.31)
1— (N1212)2 o, arp 1 — (N1212)2

where we have used the decomposition formula (C.6). This implies that
(C.29) can be expressed as

= 5 (~00) + (@), (€32

which is exactly what we want in (C.28).
Similarly, if we further define af, and bf, as
a) = aras (N3 +NBI2 G (1 (N1212)2) I N1212 o N12), (C.33)
by = arasN>12 o (1 — (N'212)2) "I N2, (C.34)
we can prove the following formulas algebraically,

a' — Caj=ad'd, - bV, (C.35)

Y+ Cbl) = —a'l, + bd). (C.36)
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Using (C.28), we can solve these equations for a’ and b':
a’ = (1 —a})Cay + b, Cby, (C.37)
b = —¥.Cal, — (1 - d})Cb. (C.38)

We have found several algebraical formulas thus far. Let us turn to the
proof of the formula (C.27). Noting C can be expressed as

c=-

P (ah + by), (C.39)

let us study the short intermediate time behavior of af, and bj. Our strategy
is as follows. We first consider the derivatives of af, and bj,. From the expe-
rience of the previous two subsections, we know roughly the results should
be given by a’ and b, which are expressed again by a, and bj by (C.37)
and (C.38). Therefore we can solve the differential equations explicitly.

Similarly to the previous two subsections, we find that

0t
34T

by = b1 —d}) = (1 - )b\ Cap+ (1 - a})°Cby,  (C.A1)

aly = b't) = —(b))?Cafy — (1 — dy)V,Oby, (C.40)

4

“ar

where in the last equations we have used (C.37) and (C.38). Plugging the
small intermediate time behavior of 1 — a and ¥} (C.25), we find

d g
70,6 ~ — 2
dlog(T'/|asl) 4o (log(T'/|e3]))

Cl(ay — bp), (C.42)

4y g SC(al — bY). (C.43)
dlog(T/|as|) dag (log(T/| )

These differential equations imply that aj, — bf, is T-independent at the
leading order. Using (B.7) we find

2
CL6 — b6 ~ CBlCMQW N3 = —alagB, (C44>
ay+ by ~ 0, (C.45)

in the exact limit of T'— +0. Plugging (C.44) back to (C.42) and (C.43),
we find the expression for aj, and by:

2
/ a0 g a2
al ~ — — CB, C.46
0 2 4oz log(T/|as|) ( )
2
b ~ 2192 e e NG} : 3 (C.47)

2 7 daslog(T/|as|)
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which implies

g2

S loa(T ol log(T/|a3])CB' (C.48)

The final result shows (C.27).

C.4 Evaluation of g

In order to obtain explicit formulas corresponding to (3.59) and (3.60) for
the one-loop diagram in LCSFT, we have to evaluate the constant g, which
appeared in Appendix C.2. Here, we determine it by computing a one-loop
diagram with two gravitons inserted in two ways, using respectively bosonic
LCSFT and the o = p™ HIKKO string field theory [15], and comparing their
results. Note that in [8] we applied the same method for a one-loop diagram
with two tachyons inserted to determine Kr = p*(47)~'2|/—cdet’|~2* or
(C.18).

Let us con81der in bosonic LCSFT, a contraction of two graviton states
(Cor =] = € (ki@ (r = 3,6) with kil — 0,0 — 75, =0
and |B(3, 6)) which is given by (34) in [8]. It is evaluated as

(3, —H51(C6, —k5| B(3,6))
~ Ik ly‘laﬂ‘k (—210((0)1)2> +5ﬂ52’€] 7(2m)*6% (k3 + k),
(C.49)

for T'— 40, where K7 appears similarly to the computation of the one-loop
diagram with two tachyons inserted [8]. From (C.48), we have

1 2 92 sin®(may /|ovs|)
212 |y an fag| —log(T/|as])

(C.50)

which implies that we can determine g from the evaluation of (C.49).

Including the light-cone directions and the level matching projection, the
total amplitude for the one-loop diagram with two gravitons is computed as

T6=(C3s—ksl{(Co, ko | (RVC (2, 5)[(RVC (1, 4)| A1 Ao VFC(1, 2, 3)) V€ (4, 5,6))
2Tk_
/ dT/dalyfdalja{dH? 2m)26(ky + kg )0(kT + k)

47ra1a2
<<3a *k3‘<<6a *k6|391,92 (37 6)> ’ (0'51)
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where A, is the propagator combined with the level matching projection:

1
+, - (r | 7(r) P
—2prpr + L + L
© dT,

A, =

(T far)(=2pf w7 +LG L) Gitn (L L6 (0 59)

and | By, 9,(3,6)) is the effective interaction vertex rotated from the original
one |B(3,6)) with | By, =0 ,0,—0(3,6)) = |B(3,6)).

The above on-shell amplitude T3¢ can be also obtained in the framework
of the a = p™ HIKKO string field theory:

p(VpD

tot
tot(l) + Ltot( )P

T36 = (C3, —ks|(Co, —ke|(REP"(2,5)[(RP" (1, 4)]

NOIRC)

X g v ;EOtH (1 23)>“ (156»
tot 7 tot 7 o
[ (2) [0 (2)

/ dT1/ de?{dglfd% (C3, —ksl(Co. — ke (R7P" (2,5)]

X (RO=P* (1, 4)| b5 D52

a1

1 = T _
X exp ( _ oTi(LBOt(U + Lgot(l)) o i(Lgot@) n L(t)ot(g))

x [VO=P"(1,2,3)) V=P (4,5,6)), (C.53)

which includes the ghost part in addition to the light-cone direc-
tions. We calculate it using the CFT correlator on the torus w-plane
(u~u+1l~u+r7):

Ts6 —/ dTl/ dTQ% o % d92 a1a2) 1b( )b(l)b( )b( )

X ‘/&61]@6 (U6’ UG)‘/%3,k3(U3a U3)>T ) (054)
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where b is given by a contour integral on C; in the u-plane, which is
denoted in figure 3 of Ref. [8] for a pure imaginary 7, and V¢ i (u, ) is the
graviton vertex:

0 = [ o Shw),
c; 2mi dp

Ver(u, @) = %{ijc(u)é(ﬂ) 10X (w)id X7 (@)etkn X" (W), (C.55)

Note that here we have used the on-shell condition for the graviton vertices:
k5ks, = kf ke, = 0. The light-cone diagram (p-plane) can be obtained from
the torus u-plane by the generalized Mandelstam map:

. 191(u — U6|7') ,Im(Ug - Uﬁ)
p(u) = |as]| <10g I —Ta) 2mi— ——u), (C.56)

with |ag| = k; and Us + Ug = 0. It is related to the parameters on the
light-cone diagram as

plu+1) — p(u) = —2miaq, (C.57)
plu+7)—p(u) =Ty —T1 —i(azby — a16y), (C.58)

dp(u+)
du

plu_) — pluy) =Ty — ianbs, =0. (C.59)

From the explicit computation with the a = p* prescription, which pro-
vides 6(Re(p(u+ 7) — p(u))) = 6(To — T1) in the integrand, (C.54) can be
rewritten as

/ / 2 1/4 —48
dwm—%w—mM—wm\wmﬂnm]
2 2
ij kil | il sik [ T 5l ik / _
X (5’ o [6 ) (ImT) + 076 T + ¢1(Us — Us|T) }, (C.60)

with ¢} (v|7) = 0%log¥1(v|7). The factors in the second and the third line
are functions of two complex parameters 7, Us — Ug, which are related to 4
real parameters T'(=T} = T3), a1, 61,02 by (C.57) to (C.59).
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Similarly, for the one-loop amplitude with two tachyons inserted we find?

bé)bt()) tot _ %0 %0 ptot
)

Ss6 = (—ks|(—ke|(R*" (2, 5)(RP" (1, 4)] pot 00 __
L+ L) LY+ LY

u/a=p*(1,2,3)>ufa=p*(4 5,6))
i1 [ don 8§ g 1
/ 23872504
—48
4wm—%M—wm—wmlkm#%w>

X |e (C.62)

+ 91 (Us — Us|7)

X |e

7T(Im(UIs—Uﬁ))2 81,191 (V’T)|l,:(] 4
U1(Us — Us|T)
For 6; =02 = 0,7 — +0, the extra factor of the integrand in (C.60) com-
pared to that in (C.62) can be evaluated as
2 2
C Ckl sil ik T 4 gitgik| T
Im7 Im7
W(Im(UI:a—UG))Q 81,191(V’7')|1/:0 h
V1 (Us — Ug\T)
ij sin (7041/\043’) il sik
Ng%ﬂww< + 69t5ik | C.63
i ~Toa(T I} (€09
Comparing this factor with (C.50) and (C.49), we finally obtain
g9 = V2r|oraz/as|'/?. (C.64)
D Formulas for the gamma matrices

Here we would like to prove the formulas (3.70) and (3.79) first. The point
is to find a recursion relation. Multiplying (3.54) by 4414 and using the

!Because we have included the level matching projection which was omitted in [8], we
can reproduce a modular invariant measure by computing the Jacobian using (C.57) to

(C.59):
/ dT/ %d@lf d02 041052
2r  ai

= %/d Tdxdy !gl ut — Us|T) — g1 (uy — U3\7—)|2 (). (C.61)

Here z,y are real parameters defined by Us — Us = « + y7. However, we have only to
use the expression of the integrand for ; = 0,02 = 0, namely without projection, in the
evaluation of K1 (T' — +40) in [8] and g here.
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gamma matrix product formula (See e.g. [16])

min(p,q) (—1)Ph=(1/2)k(k+1) )

2a1ap 2brebg p'q! [a1 Ak 2 Qk+1°Qp]
=) (p — k) g — k)!K! Oy Op A by
k=0
(D.1)
where [- - -] denotes the anti-symmetrization of the indices, we find the recur-
sive relations for small 7:
o m?d
G, ¢
pm,{ycl Cm,_)/ _ dp 1m’)/ ,Ycl “Cm + GCl Cm, , (D2)
modidy _ Adida,crecm
G;l -C 142 G 1G2,C1--C
— dp7mﬁ/c1---cm dldz] + GCI Cm,d1dy GzldQQ,q “Cm (DS)

Using these formula recursively, we can prove (3.70) and (3.79) without
difficulty.

For the explicit computation of Gy emd and Gy emydidz _ GgldQ’cl'"cm
we need several summation formulas of dpm. For thls purpose first we note
that dy, ., has the residue formula:

9

dpm = (—l)pm]{ d—z_1 P14 2)5M(1 - )™

0 27
min(p,m) s
— (p—9)!B—m—p+s)lsi(m—s)! '
Using this expression we find we can show the following formulas.
4
> dagm = 128(6m0 + Gms), (D.5)
q=0
3
> dogrim =128(8m0 — Oms); (D.6)
q=0
3 q
Z d2q0+1 m = 320(67%,0 - 5m,8) - 32(5771,1 - 5m,7)7 (D~7)
q=0 go=0

3 q
Z Z dagy.m = 256(6m,0 + Om.8) + 32(6m,1 + Om,7), (D.8)

q=0 qo=0

N
M= 2

dagot1.m = 192(6m.0 — Oms) — 32(0ma — 7). (D.9)

0

)
Il
o

q0
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