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THE ATTYAH-PATODI-SINGER INDEX THEOREM FOR DIRAC
OPERATORS OVER C*-ALGEBRAS*
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Abstract. We prove a higher Atiyah—Patodi—Singer index theorem for Dirac operators twisted
by C*-vector bundles. We use it to derive a general product formula for n-forms and to define and
study new p-invariants generalizing Lott’s higher p-form. The higher Atiyah—Patodi—Singer index
theorem of Leichtnam—Piazza can be recovered by applying the theorem to Dirac operators twisted
by the Mishenko—Fomenko bundle associated to the reduced C*-algebra of the fundamental group.
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Introduction. In noncommutative geometry a compact space X is generalized
by a unital C*-algebra A. By applying a noncommutative concept to the commutative
C*-algebra A = C(X) one recovers its classical counterpart. An A-vector bundle on
a Riemannian manifold M is a locally trivial bundle of projective A-modules. Its
classical counterpart is a (complex) vector bundle on M x X. Thus the index theory
of a Dirac operator on M twisted by an A-vector bundle is a variant of family index
theory, where the base space, encoded by A, is noncommutative. If A = C'(X), one
obtains a Dirac operator on M twisted by a vector bundle on M x X, which we can
consider as a vertical operator on the fiber bundle M x X — X. In the realm of family
index theory this situation is particularly simple since the fiber bundle is trivial and
the metric on M does not depend on the parameter.

Modelled on the family case, the superconnection formalism has been applied
Dirac operators over C*-algebras in [L0o92b][Lo99b]. In the classical case, for the
construction of a Bismut superconnection one needs that X is a smooth manifold. In
the noncommutative case this is encoded in the choice of a projective system of Banach
algebras (A4;)ien, with A9 = A, and with injective structure maps whose images are
closed under holomorphic functional calculus. By using the de Rham homology for
algebras and the Chern character as defined in [K] from the K-theory of A to the de
Rham homology of the projective limit Ao, (which is assumed to be dense in .A) one
can formulate for closed M an index theorem for Dirac operators twisted by A-vector
bundles in analogy to the Atiyah—Singer family index theorem. One gets numerical
invariants from the index theorem by pairing the de Rham homology classes with
reduced cyclic cocycles.

By results of Lott [Lo99b] the Atiyah—Singer index theorem for Dirac operators
over C*-algebras can be proven by adapting the superconnection proof of Bismut, as
given in [BGV]. While the construction of the heat semigroup is completely analogous
to the construction in [BGV], the main difficulty lies in the study of the large time
limit of the heat semigroup. In the classical case, where the Dirac operator is a self-
adjoint operator on a Hilbert space of L2-sections, the exponential decay of the heat
semigroup on the complement of the kernel of the Dirac operator can be proven using
the positivity of the square of the Dirac operator on the complement. Here however
we deal with Banach spaces, namely subspaces of the A;-module L?(M, A;)". The
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crucial ingredient for the proof of the large time asymptotics is a result in [Lo99b, §6],
which relates the spectrum of an operator with integral kernel in C*°(M x M, A;) on
L?(M, A;) to the spectrum of the corresponding operator on the Hilbert A-module
L?(M, A). Then one uses that the spectrum of a holomorphic semigroup gives infor-
mation on its large time behaviour.

Using Lott’s methods one can also define noncommutative n-forms and formulate
an Atiyah—Patodi—Singer index theorem for Dirac operators over C*-algebras. The
proof of this theorem is the main result of the present paper. (See Theorem 9.4 in
the even case and Theorem 11.1 for the odd case. For the expressions used in its
statement, we refer the reader to §1, where noncommutative de Rham homology is
explained as needed here, and §2, where the geometric situation is introduced.) The
proof is a generalization of the proof given in a special situation in [W07] and uses
some of the concepts and results developed there.

One of the main motivations to study the index theory of Dirac operator twisted
by C*-vector bundles comes from higher index theory, pioneered by Connes—Moscovici
with their higher index theorem and relevant in connection with the Novikov conjec-
ture [CM]. Here the A = CT is the reduced group C*-algebra of the fundamental
group T of M and the C*T-vector bundle is the Mishenko-Fomenko bundle M xC?T.
An appropriate projective system of Banach algebras can be gained from the work
of Connes-Moscovici [CM]. Eta-forms and the superconnection formalism in higher
index theory were introduced by Lott [Lo92a|[Lo92b]. Leichtnam-Piazza proved a
higher Atiyah-Patodi-Singer index theorem [LP97][LP98][LP99, §4]. Many results
from family and higher index theory carry directly over to our setting. So does
part of the proof of the higher Atiyah—Patodi-Singer index theorem in [LP99, §4].
However the consideration of the large time limit there is based on the higher b-
pseudodifferential calculus [LP97, §12], which exploits the special situation given in
higher index theory. The higher Atiyah—Patodi-Singer index theorem of Leichtnam—
Piazza can be reproven by applying our main result to Dirac operators twisted by
the Mishenko—Fomenko bundle. A nice introduction into the matter can be found in
[LP97], for example.

In the remainder of this introduction we discuss our results in more detail and
outline possible applications. Because of the length of the paper, the applications will
not be treated in its body.

The boundary conditions we consider are a generalization of those introduced
by Melrose-Piazza [MP97a][MP97b] for families and in higher index theory by
Leichtnam—Piazza, see [LP03]. They incorporate the product situations discussed
in [W10]. The main application is an easy proof of a product formula for n-forms (see
§10), which generalizes and unifies several formulas proven before [LP01, §2] [PS07a,
Theorem 6.1][MP97b, Lemma 6] (the latter when translated from family index the-
ory to the present setting). It is used in the proof of the index theorem in the odd
case. The approach should also work in family index theory. In our proof of the
index theorem we follow a strategy of Bunke [BK][Bu], which is inspired by, but more
pedestrian than the proof of Melrose-Piazza based on Melrose’s b-calculus [MP97a].
It is also related to Miiller’s approach [M96], but differs in the treatment of the large
time limit. In particular we study an index problem for a manifold M with cylindric
ends. It is well-known that any Atiyah—Patodi—Singer boundary value problem can be
translated into such a problem (see [W10, Prop. 2.1] for the result as needed here and
references therein for corresponding earlier results in higher and family index theory).
As in the closed case, the main additional difficulty arising in the noncommutative
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situation lies in the study of the behaviour of the heat semigroup for large times. One
important step is an extension of Lott’s method mentioned above, see §13.1 and §13.2.

On the way we obtain a large time estimate (see §9.1) that seems to be new also
in higher index theory (see [MP97a][BK] for the family case). It might allow to define
noncommutative n-forms for invertible Dirac operators on manifolds with cylindric
ends in analogy to Miiller’s construction in [Mii94] and in the family case Bunke’s
definition in [Bu]. These are interesting in connection with the gluing problem for
n-forms.

As a special case of our main result one obtains an Atiyah—Patodi—Singer index
theorem for Dirac operators twisted by the Mishenko-Fomenko bundle M xp C*I'
associated to the maximal group C*-algebra C*T". This is relevant in connection with
p-invariants; see [PS07a], where the zero degree part of the theorem was proven. In
§12 we define new p-invariants, motivated by Lott’s higher p-form [Lo92a] and the
higher p-forms for the signature operator defined by Leichtnam—Piazza [LP00], and
study their properties.

In higher index theory our framework may be applied to the study of Lott’s
delocalized L2-invariants [Lo99a], which can be defined in full generality by using the
new projective systems of Banach algebras (A;);ew, recently introduced by Puschnigg
[P]. (In the approach of Leichtnam—Piazza the algebra A, seems to be implicitely
fixed by compatibility with [LP97, Def. 12.1(ii)], so their results do not seem to
generalize directly to Puschnigg’s systems.)

Possible applications of our results also arise from twisted higher index theory.
A higher twisted Atiyah—Singer index theorem has been proven by Marcolli-Mathai
[MM]. In this situation the C*-vector bundle playing the role of the Mishenko—-
Fomenko bundle is in general not flat.

Furthermore, our theorem can be applied to flat foliated bundles: Let I' act
by diffeomorphisms on a closed manifold 7' and consider the reduced crossed product
C(T)x,I. An appropriate projective system of subalgebras has been defined in [W09,
§4.1]. Any invariant vector bundle on M x T descends to a C(T') x,. I-vector bundle
on M. Thus we get an index theorem for a Dirac operator on M twisted by such
a bundle. In contrast to the Mishenko—Fomenko bundle this C*-vector bundle is in
general not flat. The resulting theorem should be compared with the Atiyah—Patodi—
Singer index theorem for étale groupoids by Leichtnam—Piazza [LP05], which applies
to more general foliated bundles under some additional assumptions, in particular that
T" is virtually nilpotent and the boundary operator invertible. It would be interesting
to find a strategy for the Atiyah—Patodi—Singer index theory for foliated bundles
which at the same time overcomes the restrictions of the present method (the special
geometric situation) and those of [LP05] (in particular the condition on the group).

Conventions. All tensor products are graded and completed. When dealing
with Hilbert C*- modules they are tensor products of Hilbert C*-modules, else they
are projective tensor products (sometimes for clarity denoted by ®,). Commutators
are graded. We use the following convention concerning L?-spaces of Banach algebra
valued functions: We use the Hilbert C*-module completion if the Banach algebra
is a C*-algebra. The completion is given by the norm | f|| = | [ f(x)* f(x) dz|*/2.
(Here and in general in this paper |- | also denotes a norm.) If the algebra is not
a C*-algebra, the completion is with respect to the norm ||f|| = ([ |f(z)|* dz)/2.
An analogous convention holds for L2-spaces of sections of bundles whose fibres are
projective modules over a Banach resp. C*-algebra.

In general, notation and conventions are as in [W07]. We refer to [W07, Ch. 5]
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for the notions of Hilbert-Schmidt and trace class operators for L?-spaces of Banach
algebra valued functions and results guaranteeing that for our purposes they behave
as in the classical case.

1. Differential algebras, connections and Chern character.

1.1. Differential algebras and de Rham homology. Let B be a involutive
unital locally m-convex Fréchet algebra [Ma] which is in addition a local Banach al-
gebra [B]. The Z-graded universal differential algebra is defined as Q.8 = | 0B
with B = B(®B/C)*, k € INy with differential d of degree one given by
d(bg ® b1...®b;) = 1 ® by ® ...b; and linear extension. The product is deter-
mined by by ® by ... Qb = bygdbyd...dbg, the graded Leibniz rule and C-bilinearity.
Differential and product are continuous.

The involution on B = B extends uniquely to an involution on Q,8 fulfilling
(aB)” = fra*.

Let Z C Q.B be a closed homogenous involutive ideal, closed under d. Then
QfB = Q*B /Z inherits the structure of an involutive differential algebra.

The de Rham homology HZ(B) is the topological homology of the complex
(QZB/[OIB,OZB],d), “topological” meaning that the closure of the range of d is
divided out such that HZ(B) is a Hausdorff space.

Let V be a finitely generated projective right B-module.

Let V* be the left B-module of all right B-module maps s : V — B. If V C BP?,
we define for s € V with s = Y7_, s;e;

P

* * sk *

s .—E sje; € V'
i=1

here (ey,...,ep) is an orthonormal basis of C” and (ef,...,ey) is its dual basis.

~ We also define the right QfB—mpdule Orv =V®s OZB and the left QiB—module
OLV* = QLB ®p V*. The algebra QIV ®azp QOLV* equals the algebra of QfB-linear

homomorphisms on QfV It is endowed with a supertrace
tr: QFV gz TV — OIB/[OIB, 078 |
which can be understood, for example, as induced by the supertrace
tr - M,(O2B) — OLB/(OTB,0T8)

defined, as usual, by adding up the elements on the diagonal.

1.2. Connections and Chern character. In the following we study the prod-
uct of a manifold with the “noncommutative space” B. This can be considered as a
special case of the previous situation applied to the algebra C*°(M, B). However, we
will use a different notation, since we want to keep the standard geometric notation
as far as possible.

Let M be a manifold and A*T*M the bundle of differential forms. The de
Rham differential d and differential d make C°° (M, A*T*M ® QZB) a double com-
plex. As usual, the differential d;,; of the total complex acts on a form af with
a € C®(M,A™T*M) and § € Q%B as

diot(@B) = (d+ d)aB = (da)B + (~1)"a(d ) -
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The topological homology of the total complex Hy (M) is naturally isomorphic
to

> HP(M,H](B)) .
pg=x

Furthermore for M closed
HP(M,H}(B)) = H"(M)® H}(B) .

Let P € C*(M, My(B)) be a (selfadjoint) projection and let F := P(M x BP).
We call F a B-vector bundle, since its fibers are projective finitely generated right
B-modules. The bundle F is endowed with a fiberwise B-valued non-degenerated
product (see [W07, Def. 5.27] for the terminology)

p
(s,t) =) siti.
=1

Therefore we call F a B-hermitian bundle.

We have bundles Q< , F = FoQ<, B = P(Mx(Q<,B)?) and Q<. F* = Q< ,Bos
F*. The fibers are right resp. left QS pB-modules. We identify the bundle of Banach
algebras Q< , F Da_ .5 Q< F* with {s € M x M,(Q<,B) | PsP = s}.

A connection on F in the direction of M is a B-linear map V¥ : O®(M,F) —
C>®(M, T*M @ F) such that for s € C*°(M, F) and f € C>*(M, B)

V7 (sf) =V (s)f + sdf .

It extends to amap on C*(M, {&*T*M@Qf]:) such that for s € C°(M, A*T* M ®
QL F) and a € C(M,\*T*M @ QIB)

V7 (sa) = VF (s)a + (—1)" ™ sda .

A connection on F in the direction of B is a C°° (M )-linear map dx : C*°(M, F) —
C>(M,QFF) such for s € C°°(M, F) and f € C>°(M,B)

dr(sf) = dr(s)f +sd(f) -

It extends to a map on C*° (M,AA*T*M@)Q%}") such that for s € C°(M,AT*M ®
QL F) and o € C°(M,A\*T*M @ QIB)

dr(sa) = dz(s)a+ (1) "sda .

We call V7 + dr a total connection on F.
A useful example is the total Grassmannian connection PdP + P d P.
As in the classical case one has:

LEMMA 1.1.
1. Let V7 ,V7 be connections on F in the direction of M. Then V7 — V7 ¢
C®(M,AN'T*M @ F @p F*). ~
2. Let dr,dr be connections on F in the direction of B. Then dr —dr €
C=(M, QL F @gzp OLF").
3. The curvature (V7 +dx)? is an element of C>(M, A*T*M@Q*}"@Q*BQ*}'*)
of total degree 2.
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Proof. It is enough to show that the differences and the curvature are
C®(M,A*T*M ® QfB)—linear. For the differences this is straightforward, for the
curvature it follows from a little calculation, see §4.3 for a similar calculation. O

The Chern character form is defined as

> (_q)n
chl (V7 + dp) i=tre (Y Hd)* = > % tr(VF +dx)*" .
n=0 ’

Mostly, we will write ch(F), thus suppressing the choice of the connections from the
notation.

Let V7, dr, V7, dr be as is the statement of the previous lemma and define the
linear interpolations

vt i= (1 -t) V7 +tV7

di = (1 —t)dr +tdr .

The proof of the classical transgression formula, as given for example in [BGV,
§1.5], works here also, yielding

1
chy (V7 +dp) —chp' (V7 +dr) = dtot/ tr((ﬁ}——V}—+df—d}‘)e_(vf’t+d§r)2) dt .
0

The Chern character form is closed with respect to ds;: This follows from the
equality

dior chY (PP + Pd P) = tr[PdP + Pd P,e~ (PAPHPAP)] —

in combination with the transgression formula.

If M is closed, the class of chy (V7 4 dz) in Hpj; 7(M) only depends on the class
of Fin Ko(C(M,B)) and is called the Chern character of F.

The connection dr resp. V7 is called compatible with the B-hermitian structure
on F if for s1,s9 € C*°(M, F)

d(s1,s2) = (dF s1,52) + (s1,dF s2)
resp.
d<81, 82> = <V]:81, 52> -+ <51, V‘F52> .

In the following, if M is a Riemannian manifold we introduce for s € C*°(M, F)
the operator

1 C2(M, F) — B, f»—)/M<s(x),f(x)>dx.

1.3. Projective systems. In general, we will work with projective systems of
algebras:
We assume that (A;, tiy1, 1 Ait1 = Ai)ien, is a projective system of involutive
Banach algebras with unit satisfying the following conditions:
e The algebra A := A is a C*-algebra.
e For any i € INg the map ¢;41; : Aj41 — A; is injective.
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e For any j € INg the map ¢; : Ao = @Ai — A; has dense range.

e For any ¢ € INg the algebra A; is s‘gable with respect to the holomorphic
functional calculus in A.

The motivating example is A; = C7(B) for a closed manifold B. Another impor-
tant example stems from the Connes—Moscovici algebra in higher index theory.

Furthermore we assume that for each ¢ € IN there is given a closed homogenous
involutive ideal Z; C Q*Ai, closed under d, such that ¢;41,;(Z;4+1) is a dense subset of
Z;. We denote its projective limit by Zo.

Then Lemmata [W07, 1.3.6-1.3.8] imply that

lim O A; = 07~ A |

bimm QA /[ A, Q5 A = Q% Ao /[0 Ao, 67 Asc]

lim H (Ai) = H= (Aso) -

2

For simplification, we will in general omit the dependence on the ideal from the
notation.

2. Dirac operators over (C*-algebras. Let M be an oriented Riemannian
manifold of even dimension with a cylindric end Z* isometric to (—1,00) x N for some
closed Riemannian manifold N such that M, := M \ Z* is a compact manifold with
boundary N. We orient N such that the isometry Z+ = (—1,00) x N is orientation
preserving. The coordinate defined by the projection py : ZT — (—1,00) is denoted
by z1. We also define the projection p : Z+ — N. Furthermore we write Z = R x N
and identify N with {0} x N. We denote the Levi-Civita connection of M by V.
Using the Riemannian metric we identify tangent and cotangent bundle.

Let E be a Z/2-graded Clifford module on M and assume that there is a vector
bundle EN on N such that E|z+ = (CT @& C7) ® p* EV. Assume that the hermitian
structure of E is of product type on Z* and that the Clifford module structure extends
to a translation invariant Clifford module structure on the bundle (CT & C™) @ p* EN
over Z.

We further twist E with a C*-vector bundle:

Let P € C*°(M, M,(Ax)) be a selfadjoint projection such that P|z+ does not
depend on z; and define the A;-vector bundle F; = P(M x A?), i € NU{0,00}. We
get a projective system of Z/2-graded Clifford modules

E'L' :E®]:z .

The bundles F; inherit a A;-hermitian structure from the standard A;-valued scalar
product on AY (see §1).

In general we abbreviate F = Fy.

Note that, by tensoring with the identity, Pd P defines a connection on £, in
the direction of A,,. Let Pd P + v be a connection on &, in the direction of A,
compatible with the A -hermitian structure. Thus v = —v* € C*°(M, Q€ Pa, AL

Q*E;‘O) We assume that v supercommutes with Clifford multiplication and that ~|z+
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is independent of z;. Clearly, P d P+ defines also a connection on &; in the direction
of A; for each 1.

Let V¢ be a Clifford connection on & (i.e. a connection on & in the direction of M
compatible with the A-valued scalar product and fulfilling ¢(VMv) = [V, ¢(v)]). We
assume that V¢ is of product type on Z+. We write J¢ =: co V¢ for the associated
Dirac operator.

Let V¥ be a Clifford connection on E. The Dirac operator co V¥ on C°(M, E®
AP) is denoted by @g. Then ¢ — PPpP is a bundle endomorphism.

We identify EY with E*|y and write FV = F|y and &V = £F|y. Hence
EN = EN @ FN. The induced Clifford module structure on £V is given by cx(v) :=
c(dxy)c(v) for v € TN € TM. We denote the Dirac operator associated to £V by
dn. By identifying €7 with £~ on Z via ic(dz1) we have fixed an isomorphism

Elz+ 2 (CTaC ) (pEY).
Let I denote the grading operator on £. On the cylindric end
@g = C(d$1)(61 — F@N) .

For an operator B acting on the sections of £V we write B for the induced operator
I'B acting on the sections of €| z+. Note that ¢(dz;)B + Be(dzy) = 0.

The proofs of the following facts are as in the complex case. We use the notation
of [BGV, Prop. 3.43]. By A we denote the scalar Laplacian.

The curvature of V€ decomposes as a sum

(VS)Q —_ RS +F5/S

where F€/5 is the relative curvature of the bundle £& and R is the Riemannian
curvature, which acts on &£ via the Clifford multiplication. The operator @2 is a
generalized Laplacian. Define for s € C*°(M, £)

Afs = — (VI MBEYEs)
We have the following analogue of the Lichnerowitz formula:

93 = A 4 o(FE/5) 4 I

where r); is the scalar curvature of M and for X € Q?(M, End(£))

o(X) = X(ei e;)c(es)c(e;) € C°(M,End(€))

1<J

for an orthonormal frame (e;);=1,...dimm of TM. A similar formula yields a map
c: Q"(M,End(€)) —» C>*°(M,End(£)).

3. Fredholm properties. Recall that a closed densely defined operator D on a
Hilbert A-module H is called regular if (1 + D*D) is surjective. Furthermore we call
a regular operator D Fredholm if it is Fredholm as a bounded operator from H(D)
to H, where H(D) is the Hilbert A-module that coincides with dom D as a right
A-module and is endowed with the A-valued scalar product

<fag>H(D) = <DfaDg> + <fag> .



THE ATIYAH-PATODI-SINGER INDEX THEOREM OVER C*-ALGEBRAS 273

Here (, ) denotes the A-valued scalar product on H.
In the following we denote by B(H) the algebra of bounded adjointable operators
and by K (H) the ideal of compact operators on H.

PROPOSITION 3.1. The closure Dy of the operator §s with domain C°(M,E) is
reqular on L*(M,E).

Proof. The closure of @ is clearly regular on L?(M, E ® AP), hence so is the
closure Dg of J¢ since the operator J¢ @ (1 — P)Jg(1 — P) on L*(M,E @ AP) is a
bounded perturbation of @g. O

By a similar argument the closure Dy of @y with domain C*(N, £V) is regular.

The following definition goes back to [MP97a].

DEFINITION 3.2. A selfadjoint bounded operator A on L?(N,EN) such that Dy +
A is invertible, is called a trivializing operator for Dy .

The existence of trivializing operators for Dirac operators associated to C*-vector
bundles was claimed in [LP03], see the Remark at the beginning of [LP03, §2.4].
However, the Technical Lemma in [LP03, §2.2] seems to require that the fibers of
the C*-vector bundle are full Hilbert C*-modules. This is no major restriction since
one may always modify the problem by a stabilization construction such that the
condition is fulfilled.

The following definition anticipates the existence of the heat semigroup e_tD?V,
which is proven in §4.1.

Note that taking the adjoint needs not be continuous on the space of bounded
operators on the Banach space L?(N, Q< ,EN) (see [W07, §5.2.3] for a discussion on
adjoints in this context).

DEFINITION 3.3. A selfadjoint bounded operator A on L2(N,EN) is called adapted

to Dy if the following holds on L?(N, QSHSZN) and on C*(N, QﬁugiN) for any p, i, k:
1. The operator 2 is densely defined (by restriction and QSHAi—linear extension)

and bounded and there is C' > 0 such that for 0 < t < 1 with B = ADn+Dn2A

|Be~ PN < OtV |l PR Bl < OV

2. The operator [P d P, 2] is QSMAi-linear.

For example, a selfadjoint integral operator with integral kernel in C*°(N x
N,EN K4 (EN)*) is adapted to Dy.

Let x € C*(IR) with supp(x) C [1,00) and X|j2,) = 1. We consider x as a
function on Z1, which we extend by zero to M. Let A be a trivializing operator for
Dn.

PROPOSITION 3.4. The closure Dg(A) of the operator Js — xc(dx1)A is a Fred-
holm operator from H(Dg(A)) to L*(M,E).

Proof. First note that any integral operator with integral kernel in the Schwartz
space S(M x M,E R4 £*) is in K(L?*(M,€)) and in K(H(Dg(A))). By standard
cutting-and-pasting methods an operator Q € B(L?(M,&)) that is also continuous
from L%(M, &) to H(Dg(A)) can be constructed such that Dg(A4)Q—1 and QDg(A)—1
are integral operators with integral kernels in S(M x M, EX 4 E*). (The operator Q(0)
defined in §7.1 works.) The operator @ is automatically adjointable from L2(M, &)
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to H(Dg(A)) by

Q = (De(A) + i) (De(A) +0)Q
= (De(A) +1) " (De(A)Q — 1) + (De(A) +i) (1 +iQ) . T

By a homotopy argument the index of Dg(A) does not depend on x. Furthermore
it is invariant under small perturbations of A.

As usual, we write
0 De(A)~
2e) = p e )

with respect to the decomposition L?(M,E) = L*(M,ET) & L3(M,£7).

In the following we define a perturbation of Dg(A) with closed range by adapting
a construction of Atiyah and Singer, see [BGV, Ch. 9.5]. Recall that the index of a
Fredholm operator with closed range equals the difference of the K-theory classes of
its kernel and cokernel.

PROPOSITION 3.5. There is a finite subset {f1,..., fa} of C°(M,EL) generating
a projective A-module Q such that Q + RanDg(A)T = L?(M,E7).

Proof. Since Dg(A)*' is a Fredholm operator, there is a projective module QcC
L*(M,£7) such that Q + RanDg(A)T = L*(M,£7). Let P: L*(M,£~) — Q be the
(orthogonal) projection onto Q. Let (e&;)ien C C°(M, E ® C) be an orthonormal
basis of L?(M, E ® AP) and for j € IN let P; be the orthogonal projection onto the
A-linear span of the first j basis vectors. We extend P by zero to a projection on
L?*(M,E ® AP). There is N' € IN such that ]5|PN(Q) : Py(Q) — @ is an isomorphism

and such that Py (Q) + RanDg(A)™ = L?*(M,E7) (see [WO07, Prop. 5.1.21]). Since
P = PP, it follows that P : PPy(Q) — Q is an isomorphism. Thus the set {f; :=
Pe; | i=1,..., N} fulfills the conditions. O

Now the perturbation of Dg(A)T is defined as follows: Let M’ be the disjoint
union of M and a point . On M’ we define the A-vector bundles (')t = £+ U AN
with NV as in the proposition, and ()~ = £~ U {0}. Furthermore we define £’ on
M’ by E'|yy = E and E'(x) = (CY)V, and P’ by P[5 = P and such that P’(x) is
a projection of rank one in M,(C). Then & = E’ ® P'(M’ x AP). Furthermore we
extend the noncommutative one-form v by zero to M’.

Let (v;)i=1,... n be the standard orthonormal basis of AN = E'(x). We set

N
R =" fop LM ET) — LX(M',€7)
=1

and
N
R o= (R0 =D wiff  LX(M',€7) = LA(M, &) .
i=1
0 R \. - QA r o
Then R := & 0 is a selfadjoint and compact operator on L*(M’' E’).

For any p # 0 the operator (Dg(A) + p&)™ is surjective and
indDg(A)" = ind(Dg(A) + pR)*T — [AV]
= [Ker(De (A) + pR)] — [AV] .
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For later purposes we note that we may enlarge N without changing the operator
by setting f; = 0 for 7 large.

In the following we drop the indices and write for example £ and M for £ and
M’, respectively.

4. Heat semigroup and superconnection for a closed manifold. In prepa-
ration for the general case we restrict our attention to the case where M is closed.
In this section M may be odd-dimensional, then the bundle E is assumed ungraded.
Let 21 be a symmetric bounded operator on L?(M, &) that is adapted to Dg (see Def.
3.3). Then 2 is also adapted for r € [—1,1]. We study the properties of J¢ + 2 on
L*(M,Q<,&;) and on C*(M,Q<,&;).

In general we demand that unbounded operators on L?(M, QS uEi) resp.
C’k(M,QSMSi) have C‘X’(M,QSH&) as a core of their domain. The operators con-
sidered here are closable on L2(M,Q<,&;) resp. CF(M,Q<,&) by [W07, Lemma
5.2.10] since they have a densely defined adjoint. We define (Dg + ()™ as the closure
of the operator (Jg + r2)™ on L?(M, qu&-) resp. C*(M, qu&-), thus we first take
powers, then closures.

We often consider the family Dg + r2f as an operator on C([—1, 1], L?(M, qu&'))
resp. C([—1,1], C*(M,Q<,&)).

4.1. Heat semigroup and resolvents.

ProOPOSITION 4.1.
1. The family —(De + rA)? generates a holomorphic semigroup on
C([-1,1), L3(M, Q<,&)) and on C([—1,1], C*(M,Q<,&)).
2. Fort > 0 the operator et Petm)? g gp integral operator with integral kernel
k(r)s € C®(M x M,Ex Ra, EL) depending smoothly on (t,r).
3. Let m > 4mIEE - There js C' > 0 such that for [r| <1 and 0 <t <1

d
IE(r)ll < G k()] < G

in CF(M x M,&; Ky, EF).
4. Let B be a first order differential operator resp. B = DU + UADge. There is
C > 0 such that for |r] <1 and 0 <t <1

d

|Be {Petr?| < 0473 | || S=Be t Pt < ¢
— b d’f' — Y

He—t(Dg+rm)23H <Ct T, ||die—t(bg+7-m)23|‘ <C
T

on L2(M,Q§M5i). Furthermore for B = Dgd + ADg these estimates hold
also on CF(M, Q< ,&).
5. Let ¢, € C®(M) with disjoint support. Assume that there is a sequence

(€n)nen C C®(M) with & = ¢, supp(l — &u41) Nsupp&p = 0, supp&, N
suppt) = 0 and such that [£,,2] is an integral operator with integral kernel
in C°(M x M,E Ry, EF). Then for|r| <1, 0<t<1

(@)K (r):(z, y) ()|l < Ct H¢(Z)d%k(7")t(w,y)¢(y)l\ <Ct

in CK(M x M,& R4, ).
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Proof. For t > 0 the integral kernel k:(z,y) associated of e~tP? can be con-
structed as in [BGV, Ch. 2]. Then one shows as in [W07, §3] that the operator —D3%
generates a strongly continuous semigroup on C*(M, QS »€i) and a holomorphic semi-
group on L2(M, qu&)- Assume that B is a first order differential operator. Then
on L2(M,Q<,&;) one get as in [WO07, §3.2] the estimates ||Be~P¢|| < Ct~/2 and
He_thBH < Ct=1/2 for small ¢.

It follows from the asymptotics of the heat kernel by using that —(D2%).k(z,y) =
4 ki (2, y) that on C*(M, Q<,&)

ID2e~"PE|| < Ot

for small ¢ > 0. Thus, by Prop. 13.6 the semigroup extends to a holomorphic
semigroup on C*(M,Q<,&;). For r = 0 the first estimate of (3) is [BGV, Lemma
2.39].

(1) follows now from Prop. 13.10.

We use Volterra development in order to prove (2) and (3). We set R := (Dg +
r2A)% — D%, Since r2 is adapted to Dg there is C' > 1 such that |Re~tD2|| < Ct=1/2
and ||e PER|| < Ct— Y2 for 0 <t <1, |r] < 1.

The series
eTHPEHR) N (1) S, (1)
n=0
with

_ 2 _ 2 _ 2
Sp(t) = / e~ w0tPe Re=witPe | Re~ntPe quy ... du,

converges for ¢ < (£)? uniformly in r € [-1,1].

By [BGV, Lemma 2.39] the integral kernel of ¢~'P¢ is bounded in C*(M x
M,ERy, EF) by Ct—™ for m > % and |r] < 1,0 <t <1. By astandard argu-
ment (see the proof of [BGV, Theorem 9.48]), which uses that for (ug,...,un) € Ay,
there is u; > %, the operator S, (t) is an integral operator and there is C' > 0, in-
dependent of n, such that for |r| < 1, 0 < ¢t < 1 its integral kernel is bounded by
cr (%)7”1 t="/2in C*(M x M,&; K 4, £). Similar estimates hold for the derivatives
with respect to r and t. It follows that the series of integral kernels converges in
CH(M x M,E R4, E) for 0 < t < (&)? and that the limit depends smoothly on 7, t.
Estimate (3) also follows. For t > (%)2 the integral kernel is constructed using the
semigroup law.

(4) The estimates also follow from the Volterra development: One interchanges
the operator B with the summation and integration and uses that |[Be~ 0P| <
C(upt)~/2 and [|e=0!DZ B|| < C(ugt)~'/2 for ¢ small.

(5) The integral kernel of &, Sy(t)y is bounded by Ct in C*¥(M x M, &;X 4, EF) by
[BGV, Theorem 2.30]. We show by induction on n that the integral kernel of ¢S, (¢)y
converges in C¥(M x M, E;X 4, EF) for t — 0 uniformly in 7 € [~1,1]. By the estimate
of the integral kernel of S,,(t) from above we need to prove this only for finitely many
n. Then the assertion follows.
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It holds that
1
EmSn(t)Y = / (1= u0)™ "&mSo(uot) Rém425n—1((1 — uo)t)h dug
0

+ / (1~ )" S0 (uot) R(L — Ems2)Sur (1 — o))t duo .

The integral kernel of the first term on the right hand side has a limit for ¢ — 0,
since the integral kernel of &,,425,—1((1 — uo)t)y has one by induction.

We denote by ~ equality up to integral operators with smooth integral kernels
that have a limit for ¢t — 0.

We have that

[R, &my2] = r[ADs + D + 1A%, &)
= 7([2, &mt2]De + A(L — &m1)e(dém+2) + (1 — Emt1)e(dEmr2)A + De R, Em2])
+ 2 (AR, Emz] + [, Em2]2A)
~ 7(1 = &mir) (Ac(dm2) + c(d€m+2)) .

Thus

EmSo(uot) R(1 — &mt2)

~ 17§m S0 (uot) (1 = Emt1) (1 — Emy2) R — Ac(démy2) — c(d€m2)A)
~0.

Thus also the smooth integral kernel of the second term has a limit for ¢ — 0.

The proof for the derivative with respect to r is analogous. O

We collect some further estimates, in particular concerning the large time be-
haviour of the heat semigroup.

Since et P+’ ig an integral operator with smooth integral kernel, its spectral
radius on L2(M, QSM&') smaller than or equal to 1, see Prop. 13.1. Thus the spectral
radius of ¢~ HPe+r0” o C([~1,1], L3 (M, Q<,&;)) is smaller than or equal to 1. From
Prop. 13.9 we infer that for any ¢ > 0 there is C > 0 such that on L?(M, QSM&') for
all ¢ and r € [—1,1]

(4.1) le=H Pt < Cett
From
k(r)t(x7y) = / k(r)l/Q(xVZ) (e_(t_l)(D£+Tm)2k(r)1/2('7y))(z) dz
M
it follows that there is C' > 0 such that for ¢t > 1 and r € [—1,1] in C¥(M x M, &X 4,E})
(4.2) k(r)e]| < Cet .

This in turn implies that the inequality 4.1 holds also on C* (M, qu&')-
Furthermore by Duhamel’s formula (see Prop. 13.12)

t
die*t(pgﬂﬂ)2 = —/ ef(tfs)(DHTm)Q(DsQl +ADe + 27’9{2)@*5@5”2{)2 ds .
T 0
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It follows that there is C' > 0 such that for ¢ > 1 and r € [~1,1] in CF(M x M, &; X 4,
&)

d
(4.3) Ikl < Cet .

By Duhamel’s formula we can improve Prop. 4.1 (4): There is C' > 0 such that
for t small and r € [—1,1] on C*(M,Q<,&;) as well as on L*(M, Q< ,&)

ie—t(Dg+7‘m)2H < Cth/?

I3,
Our estimates allow us to obtain information about the resolvents of D¢ + r2l:
For Re A2 < 0 and n € IN the integral

I .
(De + 72— \) " = ¥ / " (Dg + 1A+ A)reH(PeHrDI=N gy
+JOo

(n—1

which converges as a bounded operator on L?(M, qu&-), is of class C! in 7.

PROPOSITION 4.2. Let m > HmMIREL 4p9 Re ) < 0.

The operator ((Dg + rA)2 — X\)~™ is an integral operator with integral kernel in
CH(M x M,E Ry, EF), which is of class C' in r. In particular ((Dg + r2)% — X\)~™
is a bounded operator from LQ(M,QSM&) to Ck(M,QSM&-), which is of class C in
T

Proof. We have that

1 o0
(De +r2)2 — \)~™ = m/ g1, —t(Detr2)>=X) gy
—01

On the level of integral kernels the convergence of the integral follows for large ¢ from
eq. 4.2 and 4.3 and for small ¢ from Prop. 4.1 (3). O

PROPOSITION 4.3. Let ¢, € C(M) with disjoint support. Assume that there
is a sequence (n)ne € C(M) with & = ¢, supp(l — Enp1) Nsuppéy = O and
supp &, Nsupp ¥ = O and such that [&,,2] is an integral operator with integral kernel
in C°(M x M,&E Ryu, E).

For ReA < 0 and k € IN the operator

o((De + rA)2 — X))~y

is an integral operator with integral kernel in C°(M x M, &R 4, EF), which is of class
Ctinr.

Proof. The assertion follows from Prop. 4.1 (5) by the above integral formula. O
The previous proposition implies an analogous statement for ¢(Dg + r2 — )~ 1)
if ReA? < 0 by
d(Dg + 1A — )\)*1@/1
= ¢(Deg +rA+ \)((De +72A)% — A"y
= (Dg + %A 4+ No((De + 72)* — X)) + [p, De + rA]((De + rA)* — X2) 1o

In the following proposition we fix r = 1.
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PROPOSITION 4.4. Assume that M is even-dimensional (and closed). For N as in
§2 big enough there is w > 0 and a symmetric integral operator K with integral kernel
in C®(M x M,Ex W4 EX) such that Dg + A+ K — X is invertible on L?(M,Q<,&;)
for Re \? < w.

For Re \? < w an analogue of Prop. 4.2 holds for (De + 2 + K)? — A% and an
analogue of Prop. 4.3 for ¢((De + A + K)2 — N2) 7).

Proof. We first show that for N big enough there is an integral operator X with
integral kernel in C®°(M x M,Ex W4, £X) such that Dg + A + K is invertible on
L2(M,€E).

The operator Dg +2 is a Fredholm operator with vanishing index. By a construc-
tion as in §3 for ' big enough there is a symmetric integral operator K; with integral
kernel in C°(M x M, EsW 4 L) such that Dg+2A+ K4 has closed range as an opera-
tor on L?(M, £). Hence the projection P onto the kernel of Dg + 21+ K is well-defined
and Dg +2A + K1 + P has a bounded inverse on L?(M, ). By Prop. 13.2 the operator
P is an integral operator with integral kernel in L?(M x M, & X 4 E*). Now the claim
from the beginning of the proof follows from the fact that C°(M x M,Ex K L)
is dense in L?2(M x M,E K 4 E*).

There is w > 0 such that the spectrum of the semigroup e~ on
L?3(M,€) is contained in the interval [0,e~“f] for all . As above by Prop. 13.1
and Prop. 13.9 for any & > 0 there is C' > 0 such that for all > 0 on L*(M, Q<,&;)
and on C*(M, Q<)

t(De+2A+K)?

||e—t(Ds+2l+lC)2|| < Ce—w=ot

Now the assertion follows as above. O

4.2. Heat kernel for the superconnection. Recall the definition of the con-
nection P d P + + in the direction of A; from §2.
We define the superconnection associated to Dg + r2l by

A(r):=PdP+~vy+Dg+ 1.
The curvature of A(r) is the QS wAi-linear map
A(r)2 = (Dg +1%)? + [PAP +~,Dg + 19| + PAPdP .

The operator A(0)? is a generalized Laplacien (see §4.3 for the calculation of the
supercommutator), hence the construction of [BGV, Ch. 2] applies here as well. Then
one can construct and study the semigroup generated by —A(r)? as in the proof of
Prop. 4.1.

Since A(r)? is a nilpotent bounded perturbation of (Dg +721)? on L2(M, Q<,&;)
resp. on C*(M, qu&-), analogues of the estimates 4.1 and 4.2 hold.

We conclude:

PROPOSITION 4.5. The operator —A(r)? generates a holomorphic semigroup
on C([=1,1], L3(M, Q< ,&)) resp. on C([—1,1],C*(M,Q<,&)), and e tAM* s an
integral operators with integral kernel p(r); € C(M x M,Q<,& Me A Q< &)
depending smoothly on (t,r). The following estimates hold:

1. Let B be a first order differential operator resp. B = Degd + ADg. There is
C > 0 such that for |r] <1 and 0 <t <1

d
|Be AW <ot || =B A <0,
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1 d
leAOB| <Cth || e A B <C

on LQ(M,QSMEZ-). Furthermore for B = Dgl + ADg these estimates hold
also on CF(M, Q< &),

2. For e > 0 there is C > 0 such that on L*(M,Q<,&;) and on CF(M,Q<,&)
forallr € [-1,1] and t > 1

”eftA(r)z” < Cect ’ ”d;dre*tA(Tf” < Ce®t .

3. For e > 0 there is C > 0 such that for allt > 1 and r € [-1,1]
et d et
lp(r)ell < Ce=, I p(r)ell < Ce™

where the norm is taken in C*(M x M, Q<“EZ- ®Q< A, Q<M5f).
. — <pi —
4. Letm > %. There is C' > 0 such that for for |r] <1 and 0 <t <1

—m d —m
lp(r)ell < G, ll—-p(r)ell < Ct

in CM(M x M, Q<& Bo_ 4, Q<u&]).

5. Let ¢,0p € C®°(M) with disjoint support. Assume that there is a sequence
(€n)nen C C(M) with & = ¢, supp(l —E&np1) Nsupp &y =0 and supp &, N
suppt) = 0 and such that [£,,2] is an integral operator with integral kernel
in C°(M x M,&E Wa, EF). Then there is C > 0 such that for |r| <1 and
0<t<1

d
le(@)p(r)e(z, m)v)ll < Ct, o(z)p(r)e(z, y)v(y)| < Ct
in CM(M x M, Q<& Bo_ 4, Q<u&]).

4.3. Rescaled superconnection and limit for ¢ — 0. In the following we
write

A:=A(0)=PdP+~vy+D¢
and define the rescaled superconnection
Ay =PdP+~+VtDs .

We determine the limit of the pointwise supertrace of the heat kernel of e—A? for
t — 0, closely following [BGV, Ch. 4].

Assume n = dim M even.

We adapt the Getzler rescaling to our situation:

Let U be a geodesic coordinate patch centered at zg € M. In the following
we denote by x the coordinate. Let V := T, U = R", Sy = S;, and W :=
Home (v)(Sv, Ez,). Via parallel transport along geodesics we identify TU with U x V/,
furthermore the spinor bundle S|y with U x Sy, and Home (7 (S|u, Elv) with UxW.
There is an induced isomorphism E|y =2 U x (Sy @ W). As before F|y = P(U x AP).



THE ATIYAH-PATODI-SINGER INDEX THEOREM OVER C*-ALGEBRAS 281

We consider &|¢ as a subbundle of the trivial bundle U x (Sy @W®AY) = U x Sy @A™
for m = pdim W.
For o € C®(RY x U, A*V* @ M,,,(Q<,.A;)) we rescale

k41 1
(Oya)(t,x) := Zu_%a(ut,uim)mm .
k,l

Here a(t, )y is the homogenous component of a(t,z) that is of degree k with
respect to the grading on A*V* and of degree [ with respect to quAi-

We identify the Clifford algebra C(V*) with the exterior algebra AV* via the
symbol map

with 1 € A°(V*). The restriction of the integral kernel of e=*A” to U x U is denoted
by k(t,x,y) and the restriction of the kernel of e~ A7 by k(t,x,y). We have that

((t,z) — k(t,z,20)) € C®(RT x U, AV* @ M, Q< As)) -

Set
r(u,t, x) = w28, k(t, x,20) .
Then
r(uLz) = 3 w02k b, o)y
k,l
_ Zu(wk)ﬂ/%(u,u%x,xo)[k][z] :
k,l
Hence
Ly (1, 20) gy = 1y i (u, o, 20) iy

We consider A2 as an operator on the space C*°(U, AV* ® M,,(Q<,.A;)). Note
that

(0r — ud, A% Dr(u,t,z) =0 .

In the following we determine the limit of ud, A28, ! for u — 0.

For that aim we first calculate [Dg, Pd P + ] = [Dg, Pd P] + ¢(dv).

Let {e;};=1,...n be an orthonormal basis of V*. We denote the dual basis vector
ofej by 9;, 7=1,...,n.

We use that there is a € C®(U,A'V* @ A*V* @ M,,(A;)) such that V& =
PdP + a. Thus

n

De = Zc(ej)vgj = Zc(ej)PajP +c(a) .

Jj=1



282 C. WAHL

Furthermore P(9;P)P =0 and P(d P)P = 0. Then

[Z c(e;)Pd; P, Pd P]

72 c(e;)(P9;PdP — PdPo;P)
J=1

n

= c(e;)(P(9;P)d P + Pd;d P — P(d P)9;P — Pd9; P)
= zn:c( ;) (P(0;P)(d P) 4+ P(8;P)Pd—P(d P)(9;P) — P(d P)Pd;)

}: P)(d P) — P(d P)(9;P)))
= Pc(dP)(d P) + P(d P)c(dP) .

We decompose o = 221 e;B; with 8; € C°(U,A*V* @ M;,(A;)). Then

),PdP] = c(e;)(8;dP — Pd}p))
j=1

> ele;)(B;(d P) + B;d—P(d 8;) — B;d)
j=1

>_cle;)(B5(dP) = P(dBy))

=c(a)(dP) + P(dc(a)) .

—

Summarizing,

[De, PAP + 4] = Pe(dP)(d P) + P(d P)e(dP) + ¢(dv) + c¢(a)(d P) + P(d ¢(c)) .
It holds that
uby(PAP +~)26; = (PAP +~)?,

and
ud,[De, Pd P 4]0, ! z": e(e;) + ue(e;))(P(9;P)(d P) — P(d P)(9,P)

j=1
+B3;(dP) — P(d ;) + 9;7) ,
which converges for u — 0 to
Q = P(dP)(dP)+ P(dP)(dP)+ a(dP)+ P(da) +dy .

Denote by R(zg);; € A?V* the matrix coefficients of the curvature tensor of M
at zo and let K be the differential operator

n

K=- Z(& — EZR(ZO)UZ]')Q + FS/S(JJ()) .

i=1 j=1
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From the previous calculations and [BGV, Prop. 4.19] it follows that

hn%u&uA?a;l =K+Q+ (PdP+~7)?*.
u—r

Let volys be the volume form of M. As in [BGV, §4.3] one concludes that

1ir%(trs l%(u,xo,aco))volM (in this expression we do not apply the symbol map to
u—

k(u, o, o)) equals the A*V*-homogenous component of degree n of
R/2 e/s 2
4.4 27mi) "/ 2det/? try e~ (/7 HQH(PAPEYT)|
(44) (2mi) ¢ sinh(R/2) fs € 2o
= (2mi) 2 AM) try e (TP QEP AP

In order to compare trye~(F*/*+Q+(PAP+1*) (with the Chern character of V¢ +
(Pd P + ) we calculate the curvature of V& + (Pd P + 7):
(VE+PAP+7)? = (V) +[V5,PAP ++]+ (PAP +7)?
= (V5?2 + [PdP 4 a,PdP +~]+ (PdP +~)>
=RE+FE/5 +Q+ (PAP+1)%,
where the equality
[VE,PAP 4] =[PdP +a,PdP+~]=Q

is proved by replacing c(e;) with e; in the above calculations.
In particular, if V¢ is of the form V¥ ® 1 + 1 ® V7, then

trs(e*(Fg/SJrQJr(PdPJrv)?)) — trs(e*FE/S) h(VF + (PAP +7)) .
In general, we will be sloppy and write ch(£/S) for the left hand side, thus suppressing

the dependence on the connection.

5. The n-form. We apply the results of the previous sections to the odd-
dimensional manifold NV of §2 and construct the n-form. The construction works
also if N is not a boundary.

Let C; be the Clifford algebra of IR with odd generator ¢ with 02 = 1. Define
the superconnection

AY = PdP+ 0Dy
and the rescaled superconnection
AY = PdP +VtoDy .

Both act as odd operators on sections of the Z/2-graded bundle C; ® Q< ,EN.
Let try(a + ob) := tr(a) and define analogously the operator trace Tr,.

PROPOSITION 5.1. The expression t~1/? TrU(DNe_(AiV)2) converges fort — 0 in
QSMAi/[QSMAiv QSMAi]'
Proof. We adapt [BC, pp. 49-50].

Let S! = R/Z endowed with the euclidian metric and let p : S' x N — N be the
projection.
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Define a Clifford module & = (CT @ €7) ® (p*&N) on S' x N with Clifford

multiplication
0 —i
c(dxy) = ( i OZ )

and ¢(v) := —c(dz1)en(v) for v € T*N, and endow &; with the product A;-hermitian

structure and connection. The projection P|y o p is denoted by P again, and |y op

is also denoted by . Thus Pd P + v is a connection on &+ in the direction of As.
Let @4 denote the Dirac operator associated to E ; thus

Pe = c(dz1)(01 — Py) |

with § = ( @év 7;N ) as in §2.
Let f € C*°(S') be a positive function such that f(z) =z + 3 for z € [1, 3].
For s > 0 we define a new metric

gs = s 'dzt + f(z1)’gn

on St x N. We write X* € T*N for the dual of X € TN with respect to f(z1)%gn-
As before, V¥V is the Levi-Civita connection on N with respect to gn. Furthermore
Pry :T(S' x N) = TN C T(S! x N) denotes the projection.

Using [BGV, (1.18)] one checks that the Levi-Civita connection with respect to
gs fulfills

!/
Vi =0+ éf—fPTN ;

and for X € TN

!
Let cs : T*(S' x N) — End(fj) denote the Clifford multiplication with respect to gs.
A Clifford connection V¢ on € with respect to g, is given by

Vv =0,

N !/
Vi = V§(NU - éf—fs%cs(s*%dxl)cs(X*)v .

We write Dy = fc(dzl)éN. The Dirac operator associated to V¢ is
dim N f’ 1:
D5(s) = o) (20 + T Ly - 2y
2 ff
dimN f/. 1
— gl/2 e S R
s 2e(dxy) (01 + 5 f)+fDN .

The rescaled superconnection associated to @(s) is

B(s); := PA P+~ + Vtds(s)
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with curvature
dim N f/
2 f
12 f 212
— te(dxy)s / PDN +tf °D%

B(s)i = ~ts(0a, + )?

+VtfYPdAP +~,Dy]+ (PAdP + 7).

Similar to §4.3 we consider the action of e B()? on C°(S'x N, (A*T*S'REnd(EN))®
My(Qc,Ay)).

We introduce the coordinate r = x; — % near r; = % and rescale it: Let a €
C=(8' x N,(AMT*S' KR End(EN)) ® M, (Q<,.A;)). For |r| small and u > 0 define

Sur(r, ma) = u” % a(u?r, 29) .

Then
Suc(dr)o;t = u=2e(dr) + u'/?u(dr) |
and we have that
6,0.0,1 = u"Y?0, .
We get that
lim 6uB)20;t = —t0? — tdrDy + tD3 — Vt{[PdP +~,Dy] — (PdP +~)? .

We represent 5ue_B(“)%5;1 by an integral kernel on S! x S! with values in the

integral operators on A*R@ (CT@&C™)@LA(N, Q< ,EN). We write (5ue’B(“)?551) ()
for its value at (% +7, %), and similarly for other integral operators. By Tr, we mean in

the following the supertrace of integral operators on A*IR@(CT@C™)QL2(N, Q< ,EN).
Thus

~ “Bw?5—-1y(0) — —(Pd P4y+iDy)?
lim Tr, (ue 6, )(0) = Tr, ((1 4 tdrDy)e )(0)
t
= —4\\% Trs (erNe*<PdP+v+x/fDN>2)(0).
Thus for some C > 0
lim Tr, (3,6 B(6,1) (0) = CtF Try (Dye A7) .

u—0
Near r =0 for u =1, t < 1 there is an asymptotic development
Tro (B PM6,1) (1) ~ 3 07k (r)
j€Ng

with n = dim S* x N. .
By eq. 4.4 the supertrace Tr, (5ue*B(“)t 5;1)(0) converges for t — 0 and u =1
to the dr-component

(2mi) /2 /N A(SY x N)ch(EN /SN )|r=0 .
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One checks that this expression does not involve dr. It follows that k;(r) = 0if j < 3.
This implies the assertion. O

Let A be an adapted trivializing operator for Dy and let ¢p € C*(IR) be a
function with ¢(r) = 0 for r <1 and ¢(r) =1 for r > 2.

We define the superconnection AN (r) = Pd P++y+0(Dy+v(r)A). Its curvature
is

AY(r)? = (Dy +4(r)A)* + (PAP +7)* — oR

with R = [Pd P 4 v, Dy + ¢(r)A] bounded and Q< ,A;-linear.

The rescaled superconnection is given by AN (r); = Pd P+y++/to(Dy +v(r)A).

Set

1 [ dAN (1) _an(p2 . -
(@, A) = ﬁ/o Tr, a#e ATON dt € QAo [UAoo, UAsd] -

For ¢ — 0 the convergence follows from the previous proposition, for t — oo it is
implied by the results in §4.1. Note that in general n(@x, A) depends on the choice
of ¥, P and =, although this is not reflected in the notation.

6. Heat semigroup and superconnection on the cylinder.

6.1. Resolvents and heat kernel. The discussion in this section is similar to
[W07, §83.4, 4.2].

Let Z =R x N. Denote by £ the bundle (C* @ C™) ® p* (V) with the Clifford
module structure as in the proof of Prop. 5.1 and let @z be the Dirac operator
associated to £%.

Let 2 be a selfadjoint operator adapted to Dy. Recall that 2 denotes the trans-
%l 702[ on L*(Z, QSMEI,Z),

Fourier transform is continuous on the Fréchet space of rapidly decaying functions
S(Z,0<,E7) since S(IR) is nuclear.

We fix the convention that closed operators have S(Z, QS »&i) as a core for their
domain. In particular we take first powers, then closures.

Let Dyz(r) be the closure of @, — ¢(dxy)rL.

Denote by Dy + r2 the closure of @y + 2, which acts on S(Z,Q<,&) in a
translation invariant way, and denote by AR the closure of the Laplace operator —d3.
Both, (Dy + r2)? and AR generate holomorphic semigroups on L?(Z, qu&') by the
fact that L2(Z,Q<,&) = L*(R, L*(N, Q<,EN)). Tt follows that

lation invariant operator (

e—t(’DN—i-rQ[)ze—tA]R _ e—tDz(r)2

is a holomorphic semigroup on L?(Z, QS 1€i). The strong limit for ¢ — 0 is uniform
inrel[-1,1].

Furthermore e acts also as a holomorphic semigroup on the spaces
CER, C? @ CY(N,Q<,EN)), k,I € Ny, and the strong limit for ¢ — 0 is uniform
in 7 € [~1,1] as well. Hence this also holds for C§(Z, Q< ,E7).

Eq. 4.1 and the subsequent remarks imply that for any € > 0 there is C' > 0 such
that for all ¢ > 1 and r € [—1,1]

—tDy (7‘)2

(6.1) e PO < Ot om0 < et
T
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on L?(Z, qugiz) resp. on C¥(Z, QSMEZ,Z),

LEMMA 6.1.

1. Let B be a differential operator of order k with coefficients in
C>®(Z,0<,E7 Ra_ . 4, (Q<,EZ)*). Let m > 4mZEE - Then there is C > 0

such that for |r| <1 and 0 <t <1 on L*(Z,Q<,E7)

[Be =0 < crm | gt < o
T

le=tP=’ Bl < ot IIdie‘“’Z("’zBII <Ct
T

2. Let B be a differential operator of order 1 with coefficients in
C>®(Z,0<,EF Da_ A, (Q<,E7)*) resp. let B = DnA+ ADy. Then for

Ir| <1 and 0 <t <1 on L*(Z,0<,E)

|Be =P < ord || Be P <0
T

“eftDz(T)?BH < Ot 3 , ||die’tDZ(T)QB|| <C.
r

For B = DN+ ADy these estimates hold also on C¥(Z, qu&')-

Proof. Without loss of generality we may restrict to the case where B is translation
invariant.
We decompose B = 3 B;(i0s, )Y with B; a differential operator on

C®(N,Q<,EN) of order at most k — j and write
B;(i8,, Y e P71 = Bie HPNH+r0? (g yie—tAm
Now the assertion follows since by Prop. 4.1 (3) for |[r] <land 0 <¢ <1

d

—t(Dy+rA)? —m+1
[l e [

Bje—t(’DN-‘erl)2 H < Ct—m-i—%

and since furthermore
l(i0n) et 2w < O3

The second claim follows analogously by using Prop. 4.1 (4). O

PROPOSITION 6.2. Let A € € with ReA? < 0. Then Dz(r) — X has a bounded
inverse on S(Z,0<,E7) as well as on L*(Z,0<,E7). On L*(Z,0<,EF) the inverse
is of class Ct in r (with respect to the norm topology). Furthermore its derivative
is bounded on S(Z,0<,E7). If f € S(Z,0<,E7), then (r = (Dz(r) = N)7'f) €
Cl([ilal]vs(zaﬁﬁﬂgiz))'

Proof. We first consider the action on S(Z, Q< ,E7).

Fourier transform intertwines the operator Dz (r) =\ = c(dx1)(01 — (Dn+72))—A
with the operator c(dzy)(iz1 — (Dn + 1)) — A. It is enough to study the inverse of
(=A2 + 22 + (Dn +rA)?).
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The resolvent (—A2+ 3 + (D 4 2)?)~! exists on CF(N, Q< ,EN) by the results
in §4 and is bounded by C(|z1|+1)~2, with C independent of r € [~1,1]. The bound
follows from the standard estimate for resolvents of generators of holomorphic semi-
groups. Thus (=A% 422 + (Dy +72)?)~" defines a bounded operator on S(Z, Q<,&;).
The usual resolvent formula implies that (—=A\? + 2% + (Dy + r2)?) "1 f is continuous
in r and that

d
5(42 + 22+ (Dn +r)H) 71

= (=N + 22+ (Dy +r0)H) L ADN + DNA+2rAP) (=N + 22 + (Dy +720)3) 71 f

which is also cgntinuous in 7.
On L*(Z,Q<,&;) the integral

—1 1 e —t ZT27 2
(Dz(r) = A)" = )!/O (D (r) + \)e tPz(*=3) g

(k-1

converges as a bounded operator. It is C' in r by the estimates of the previous
Lemma. O
It follows that the powers of Dz(r) — A with Re A2 < 0 are closed.

PROPOSITION 6.3. Let m € IN,k € INy with m > %. Let A € C with
Re X < 0.

The operator (Dz(r)2 — \)™™ is a bounded operator from L*(Z,Q<,&) to
CH(Z,0<,&) that is of class C* in r.

Proof. For a differential operator B = >, B;(id1)’ of order smaller or equal to

k, where the B; are differential operators on C*°(N, qu&') of order at most k — 7,
the operator B(Dz(r)? — A\)~™ is well-defined on S(Z, Q<,&;) and

1 o0 5 )
2 _\2ym o - m—1 § : —t(Dn+r)2 a9 Vi —tAR At
B(Dz(r)” =A™ = (m_1)!/0 t - Bjem"mw (i) ) e AR L
The following estimates hold for small ¢ and r € [—1, 1], where the norm is the operator

norm for bounded operators from L?(Z, qu&') to C(Z, QS#&-):

HBj@*t(DNHm)QHLMC <oty HBj%eit(DNerl)?HLz—%J <CtTmTHE

[(i0)7e A% || 12,0 < Ct 7 .

Hence the integral converges as a bounded operator from L?(Z, qu&-) to C(Z, QSM&)
and is C' in r. O

PROPOSITION 6.4. Let k € IN and A € € with Re A < 0.

Let ¢, € C*(IR) with disjoint support and with ¢ (resp. 1) compactly supported.
Then ¢(Dz(r)2—\) "% is an integral operator with integral kernel in C*([—1,1], S(Z x
7,67 Wa, (E7)"))-

Proof. We only prove the case where v is compactly supported. The other case
is analogous. We use induction. First assume that k£ = 1.
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For T > 0 the integral kernel of
T 2
¢/ e—t(DN-‘rTQl) e—tA]Ret)\ dt ,lp
0

isin CY([—1,1],8(Z x Z,E7 W4, (E7))).
Furthermore

¢/OO e—t(DN-H“Ql)Qe—tAmetk dt w — ¢(DZ (7,,)2 _ A)_le_T(DN—HQ[)z€_TAIR€T)\’¢ ,
T

and the integral kernel of e T(PN+T*=TARTNy i in CY([-1,1],8(Z x
Z,EZ K4, (E#)*)). We conclude from Prop. 6.2 that the integral kernal of
¢ [0 e HPNAT e —thme =t gt 4 s in O ([~1,1],8(Z x Z,E7 K, (E7))).

For k > 1 let £ € C°(IR) be such that supp(l — &) Nsupp?y = () and supp& N
supp ¢ = 0. By induction and by Prop. 6.2 each of the terms on the right hand side of
the following equation is an integral operator with integral kernel in C1([—1,1],S8(Z x
Z,E7 ®a, (E7))):

d(Dz(r)? = N) " = ¢(Dz(r)* = N) Dz (r)? — N1
+ (D7 (r)? =X)L = (Dz(r)> =Ny
O

If %A is an adapted trivializing operator for Dy then there is w > 0 such that on
L*(Z,0<,E7)

||e_t(DN+Q[)2|| < Ce™wt .

Analogues of the previous three propositions hold for the resolvents (Dz(1)2—\)~*
with Re A < w resp. (Dz(1) — A\)~! with ReA\? < w.

6.2. The superconnection. A superconnection associated to Dz (r) is defined
by
AZ(r):=PdP +~+4Dy(r) = PAP 4~ + ¢(dz,)d; — c(dz1)(Dn + 1) ,

and the corresponding rescaled superconnection by AZ(r)t = PdP+~v+ \/EDZ(T)
It holds that

AZ(r)? =Dg(r)* + (PdP +7)* — c(dx1)[PAP + 7, Dy + 9]
= AR+ (PAP +7)*+ (Dn +rA)% — c(dz1)R .

Note that c(dz1)R = Re(dxy).
There is a linear map

L:a+0ob— a+c(dx)b,

with o as in §5.

Here, for example, a,b are homomorphisms on QS HEZN and the image is a ho-
momorphism on QS#EiZ. If a,b are operators on L?(N, QS“EfV), then L(a + ob) is a
translation invariant operator on L?(Z, QSMQZ ). Note that for homomorphisms the
supertrace vanishes on the image of L.
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Using Volterra development with respect to c(dml)é one verifies that
(6.2) e tAZ ()7 _ e—tAlRﬂ(e—tAN(r)Q) .

We conclude from Prop. 4.5:

PropoOSITION 6.5. The operator etAT(M? s an integral operator with smooth

integral kernel pZ (r); depending smoothly on (r,t). For anyei,e9 > 0 and ¢ > 4 there
is C'> 0 such that for |x1 — y1| > €2 for allt >0 and r € [—1,1]

(z1-y1)?

7 (r)e(z,y)| < Cet'™ =

Analogous estimates hold for the first derivatives with respect to r,t and the partial
derivatives in x,y.

Z 2 .
—tA%(r)” yvanishes. The same

The pointwise supertrace of the integral kernel of e
holds true for the composition of e~tA”("” with even differential operators com-
muting with ¢(dz1). Moreover the pointwise supertrace of the integral kernel of
Dz(r)e_tAZ(’“)2 vanishes on the diagonal. Analogous statements hold for the inte-

—AZ(r)]
gral kernel of the rescaled operator e t,
For later use note also that for homomorphisms a, b, c on QSMEiN

(6.3) trg éL(a + ob) = trs(éa + c(dxy)cb) = 2tr(ca) = 2tr, c(a + ob) .

7. Resolvents and heat semigroup on M. Now we return to the situation
introduced in §2 and §3. In particular, M is the union of a manifold with cylindric
end and an isolated point. We assume that A is an adapted trivializing operator for
Dn. Recall x, R from §3 and the function v defined in the end of §5.

We set

D(r,p) := De — (r)e(dry ) XA + pf .

For the definition of a parametrix and for the study of the heat semigroup patching
arguments will be used, which we prepare now.

We assume N € IN defined in §3 large enough for the constructions in the following
sections to work.

Let d > 4 be such that the support of the integral kernel of R is contained in
(M,U{x e Z" |z <d—1})%

Define an open covering U := (Uy, U, Uz) of M by

e Up:=MU{zeZ" |z <i}ux ,
o Uy :={zeZ" |2 €(0,d)} ,
e Uy:={zeZ"|x1>d—-1} .

We have that supp x N Uy = 0, supp x’ C Uy and supp x’ N Uz = (. Furthermore
the intersection of the support of the integral kernel of R with M x Us UU; x M is
empty.

Let (¢o, ¢1, ¢2) be a smooth partition of unity subordinate to U and let ({o, (1, (2)
with ¢; € C°°(M) be such that supp(; C U; and supp(1l — ¢;) Nsupp ¢; = 0. Note
that the derivatives of ¢;,(; are supported on the cylindric end. We assume that
®;,¢; only depend on the variable z; on the cylindric end.

Let W be the union of a closed manifold and an isolated point *y and let Eyy be a
Z /2-graded Clifford module on W. Assume that there is an isomorphism E|y, — Ew
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of Clifford modules whose base map is an isometric embedding mapping * to *xyp,. We
identify E|y, with its image in Ew. Let Py € C°°(W, M,(Ax)) be a projection such
that Py|y, = Plu,. We set EW = EW @ Py(W x AP) and choose a Clifford connection
on £V which agrees on Uy with V<. Let Dy (r) := Dw be the Dirac operator associ-
ated to EW.

Furthermore choose a connection Pyd Py + 79 on SOVZ in the direction of A. with
Yolv, = Y|u,- Furthermore we assume that vy supercommutes with Clifford multipli-
cation and that vy = —9;.

Let £ € C°(Uy) be such that £ equals x on a neighbourhood of supp ;. Let
Sa+1 = IR/(d+ 1)Z be the circle with circumference d + 1. We define Y as the union
of Sg11 X N and an isolated point xy. Let p: Y \ *y — N be the projection and let
E}X\*Y =(CT e CT)@p*eN and Y (xy) = £(x). We endow (C* @ C7) @ p*&N with
the product Clifford module structure and the Clifford connection of product type
induced by the connection V¢ ", Furthermore we identify &|y, with the restriction of
EY to (0,d) x NCY.

Let Dy be the Dirac operator associated to €Y (which is assumed to vanish on the
isolated point). Then the operator

Di(r) :=Dy — w(r)c(dxl)gfl

is a closed operator on L?(Y, QSMEZ-Y ). A straightforward calculation exploiting the

product structure shows that c(dacl)gfl is adapted to Dy. Hence the results of §4

apply.

We define P1,v1 by Pi(z) = P(p(x)),n1(z) = v(p(x)) for z € Y \ *y and Py (xy) =

P(*),71(*y) = v(x) and thus get a connection P, d P; +v; on £X in the direction of
oo

Furthermore we set

Ds(r) := Dz — ¥(r)c(dz1) A

and Py(z) = P(p(x)), v2(z) = v(p(x)). Here p: Z — N is the projection.

7.1. The resolvents. In the following we define a parametrix of D(r, p) — A,
which will be used to apply the results of §13.2.

By Prop. 4.4 for N large enough there is a symmetric integral operator Ky with
integral kernel in C°(W x W, Y Ky, (EMV)*) and wy > 0 such that

QY = (Do(2) + Ko — \)*

exists for Re A2 < wy.

Similarly, assuming N large enough there is w; > 0 and an symmetric integral
operator K1 with integral kernel in C*°(Y x Y, EY & (£))*) such that Q1 := (D1(2) +
K1 — X) 7! exists for Re A2 < wy.

Furthermore we can choose wy > 0 such that Q3 = (D2(2) — A\) ™! is well-defined
for Re A2 < ws. ‘

For Re A\? < min(wp,ws,ws) we set Qy 1= Z?:o Q1G5 -

In order to study the r-dependence we define Q% (r) = (D;(r) — A\)~',j = 0,1,2
for Re A2 < 0 and set

OA(r) == ;UG -
=0
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We verify that Qx(r) is a regular left parametrix of D(r,p) — A in the sense of
§13.2.

We denote equality up to integral operators with integral kernel in C*(IR x
[0,1],S(M x M,E K4, EF)) by ~.

We have that

Q(r)(D(r,p) =) — 1
~ QA(r)(D(r,0) = A) — 1

= Z $;QA(r)(GD(r,0) = (1)) + > 6 (LD (r) = A) = 1)¢

~ =2 @B elds;)

~0.

The last equivalence holds by the off-diagonal properties of the resolvents, which
follow from Prop. 4.3 and Prop. 6.4 (see the remark after Prop. 4.3).

It follows that Q(r) is a regular left parametrix of D(r, p) — A as defined in §13.2.

Analogously for Re A2 < min(wo,ws,ws2) and 7 > 2 the operator Q) is a regular
left parametrix of D(r, p) — \.

We also need parametrices of higher order. We only carry out the construction
in the case ReA\? < 0, the case Re \? < min(wp,ws,ws) and r > 2 is similar.

Set

2
RY(r) =) ¢;(Dj(r)* = X*) "¢ .

Jj=0

LEMMA 7.1. The operator RY'(r) is a regular left parametriz of (D(r, p)> — A2)™.
Proof. We have

2

> " 6;(D;(r)* = X2) "G (D(r, p)? =A™
~ Y 65D ()2 = X)) THD; (1) + A) TG (D(r,0) + A)(D(r, 0) — A%

+ Y 65(D;(r)* = X2) TG D(r,0) = Dy(r)¢)(D(r,0) + A)(D(r,0)* = A7)

By induction Z?:o $;(Dj(r)?2 — M)~ D;(r) + A\)7I¢; is a regular left
parametrix of (D(r,0) 4+ \)(D(r,0)? — A2)™~L. This shows that the first term is equiv-
alent to 1. In the second term ¢;(D;(r)? — A2)~™(¢;D(r,0) — D;(r)¢;) is equivalent
to zero by the off-diagonal behavior of (D;(r)? — A?)=™. O

PROPOSITION 7.2. Assume that D(r, p) — A has a bounded inverse on L2(M,E).

1. If ReA? < 0, then D(r,p) — A has a bounded inverse on L*(M,Q<,&;) that
is of class C* in (r,p). The inverse also acts continuously on S(M,Q<,&)
and for f € S(M,Q<,&) it holds that ((r, p) — (D(r,p) — A)"1f) € CY(R x
[-1,1], S(M, QS#&))'
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2. Let ReA? < 0 and let m,k € IN with m > MLkl = Then (D(r, p)? —
A2)=™ maps L2(M, Q<,&;) continuously to C*(M, Q< &) and is of class O

n (r,p).
3. Analogues of (1) and (2) hold for r > 2 and Re A\* < min(wo, w1, ws).

COROLLARY 7.3. If p# 0 and r > 2, then there is w > 0 such that the operator
D(r, p) — A has a bounded inverse on L*(M,Q<,E;) for X # 0 and Re \? < w.

Proof. Since the selfadjoint operator D(r, p) has closed range for p # 0 and r > 2,
there is w > 0 such that the operator D(r, p) — A has a bounded inverse on L?(M, &)
for A # 0 and Re A% < w. O

COROLLARY 7.4. Let p # 0 and r > 2. The kernel of D(r,p) on L*(M, Q< &)
consists of elements of S(M, Qéugi)'

Proof. Let f be an element of the kernel of D(r, p) on L?(M, Qéugi)~ Then by
the previous proposition for m > %

f=(D(r,p)?*+1)7"f € C"(M,Q<,E)) -
Thus f € C*(M, QS#&-). This implies that

Da(r)pof = (D2(r)ds — 62D(r, p)) f = clde2)f € S(Z,Q<,EF) .

Hence by Prop. 6.2
d2f = Da(r) " cldéo) f € S(Z,0<,E7) .

Thus f € S(M,Q<,&). O
For p # 0 and r > 2 let P be the projection onto the kernel of D(r, p) on L?(M, £).

It exists since the range of D(r, p) is closed. Furthermore D(r, p) + P is invertible on
L2(M,€).

PROPOSITION 7.5. Let p # 0 and r > 2.
1. It holds that P = Zle gih; for appropriate elements g, h; € S(M,Ex) in
the kernel of D(r, p).
2. An analogue of Prop. 7.2 holds for D( rp) + P. In particular the operator
D(r, p) + P has a bounded inverse on L*(M,Q<,E&;).

Proof. By Prop. 7.2 zero is an isolated point in the spectrum of D(r,p) on
L*(M,Q<,&) for p#0 and r > 2. Hence for € > 0 small enough

_ 1 -1
P727m' lM:E(D(r,p) A) 7T dA

is well-defined and bounded on L?(M, Q< ,&;).

For ;4 = 0 we have that Ran,, P C S(M,Ex) by the previous lemma. (Here
we use the notation of Prop. 13.3). Since S(M, As) C L?*(M,C) ®, A, and since
the bundle £, can be isometrically embedded in a trivial bundle, the first assertion
follows from Prop. 13.3. The proof of the second assertion is as the proof of Prop.
7.2. Note that Q) is also a left regular parametrix of D(r,p) + P — X. O
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7.2. The heat semigroup. We prove the existence of the heat semigroup
on Co(R x [~1,1], L*(M,Q<,&)) generated by —D(r, p)? (considered as a family
parametrized by (r,p) € IR x [—1,1]) by defining an approximation and then using
Volterra development as in [BGV, §2.4].

We set

PROPOSITION 7.6. Let m,k € INg with m > dmMiktl

1. The operator —D(r,p)? generates a holomorphic semigroup on Cy(IR x
(1,1, L2(M, Q< ,&)). For t > 0 the operator e~"P()° s of class C* in
(r,p,t) on L2(M,Q<,&;).

2. For t > 0 the operator e~tPrP)’ s  continuous operator from
C?™ (M, Q< &) to CF(M, Q< ,E;), which is of class C in (r, p,t).

3. Let B be a first order differential operator. On Co(R x [—1,1], L*(M, Q<))
foro<t<1

||Be—t17(7“,p)2|| < Ct_%, He—tD(T,p)2B|| < O+ 3 ,

A ipirar? d _ipir
| =B Pt <0, | Ze P B <

4. For e > 0 there is C > 0 such that for allt > 0,7 € R, p € [-1,1]

Heft’D(r,p)2H < Cett , ||ie*tp(7"vﬂ)2” < Ct1/2est
dr
as an operator on L2(M,Q§M€Z-) resp. as an operator from C’gm(M,QS“&-)
to C*(M,Q<,&;).
5. Let p # 0 and r > 2. Then the estimate in (4) holds with e = 0. Let P be the
projection onto the kernel of D(r, p). There is w > 0 and C > 0 such that for
allt >0

Heft(D(np)JrP)QH < Cewt

as an operator on LQ(M,QSMEZ-) resp. as an operator from C’fm(M,QS“&-)
to C’k(]\47 QSME'L')'
Proof. For t > 0 let

R(r, p)y 1= (% +D(r, p)2)E(r)s

2
= " [De,e(dg)le P10 g + (pl8, D(r, 0)] + p* ) B(r);
=0
and set R(r, p)o = p[&, D(r,0)] + p28R2.

Note that R(r,p); is a bounded operator from L2(M,Q<,&;) to C*(M, Q< &)
for any k € IN and is of class C! in (r, p, ).
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Thus (see [BGV, §2.4]) the series Y (—1)"Q"(r, p); with
Qo= [ BO) i RO RO Py, B s
tA,

converges and defines the strongly continuous semigroup e~tP(rp)* on 12 (M, QS u€i)-
(The semigroup is unique since on L?(M, &;) it has to agree with the one defined on
the Hilbert A-module L?(M, &) by the functional calculus for selfadjoint operators.)
One checks that for t > 0 the limit is of class C! in (r, p, t).

By a similar calculation as above for 0 < ¢ < 1 on L?(M, Qéugi)

d _1
4B ) + E0)D( o)) < CEY
Thus, since R(r, p); is uniformly bounded for small ¢

ID(r, p)2E(r): + E(r):D(r, p)?|| < Ct ™% .

Using that D(r, p)?R(r, p); is uniformly bounded as well for ¢ small we get that
ID(r, p)2Q™(r, p)e|| < C™t"~2 for small ¢ and n > 1. Since | D(r, p)2E(r),| < Ct1,
this implies that [|D(r, p)QG’D(“JFH < Ct~!. Hence the semigroup extends to a
holomorphic one, see Prop. 13.6.

This implies (1). The first two estimates in (3) follow since |BE(r);|| < Ct~2
and ||E(r),B|| < Ct~2 by Prop. 4.1 and Prop. 6.1.

(2) follows from Prop. 7.2 and

P00 = (D(r,p)? + X) e PO (D, p)? + A

. . . p— 2
From the above series expansion one infers that e P("”)" preserves the space

S(M, Qéugi)~ Thus we can apply Duhamel’s formula (Prop. 13.12) and get

t
2 2 2
d;‘iefmw) __ /O o—sD(rp) (d;‘ip(ﬁ p)2)e=(t=IDE)* g

The first estimate of (4) follows from Prop. 7.2 and Prop. 13.9, the second
from the first in combination with the previous formula. We also get the remaining
estimates of (3).

The proof of (5) is analogous and uses Prop. 7.5 (2) and, for the exponential
decay, the fact that e=*P(rP)+P)* = =tD(rp)*(1 — P) 4 ¢~'P. O

7.3. T2he heat kernel. In the following we construct and study the heat kernel
of e~ *P("P)" by comparison with E(r);.
By Duhamel’s principle

E(r); — e~tP(rp)?
2

t
(71) = Z/ e_SD(7'7p)2 [Dg, C(dcj)]e_(t_S)Dj(T)z(bj dS

j=0"0

t
+/ est(r,p)Q (p[ﬁ,D(T, 0)] + pQ‘QQ)E(T)tfs ds .
0
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Using the heat kerne?l estimates of §4.1 and Prop. 6.5 we infer that the operator
Z?ZO[D& c(d¢;)]e tPi(")" ¢, has a smooth integral kernel g;(z, ), which is supported
in Uy x M. For any € > 0, ¢ > 4 there is C > 0 such that for t > 0,7 € IR

_ Ad(UguUy )2
ct

|9:(z,y)] < Ce'1y, (x)te

Analogous estimates hold for the partial derivatives and the first derivatives with
respect to r and t.

The term (p[8, D(r,0)] + p> &%) E(r); is an integral operator with smooth integral
kernel supported on (Uy UU;) x (UpUUy). The integral kernel converges in C° (M x
M,E Ry, &) for t — 0 uniformly in r € R, p € [—1,1]. Furthermore for any ¢ > 0
there is C' > 0 such that the integral kernel is bounded by Ce®'1y,, v, (z)1u,uu, (¥)
for t > 0,7 € R, p € [-1,1]. Analogous estimates hold for the partial derivatives and
the first derivatives with respect to r, p and t¢.

Let m,k € Ny with m > dmMEktl - Ginee ¢=sPre)* o C2m (M Qe &) —
Ck(M, QSM&) is bounded by Prop. 7.6, these arguments imply that FE(r); — e tD(rp)’
is an integral operator with smooth integral kernel, which furthermore is of class C!
in (r,p,t). Hence e~ tP(0)? is an integral operator with integral kernel k(r,p); €
C=(M x M,Q<,&; Mo, 4, Q<,E}), which is of class C! in (r, p, t).

We denote by e(r); the integral kernel of E(r);.

From the previous considerations and Prop. 7.6 we obtain the following estimate
on the integral kernel:

For € > 0, ¢ > 4 there is C > 0 such that for all ¢ > 0, p € [-1,1], r € R

d(UguUy,p)?

(7.2) |k(r, p)e(,y) — e(r)e(@,y)| < Ce'te™ =

Analogous estimates hold for the first derivatives with respect to r, p, t and the partial
derivatives with respect to x,y.

PROPOSITION 7.7. The operator —D(r, p)? generates a holomorphic semigroup
on Co(R x [~1,1],CE(M, Q< ,E)). Fort >0 the operator et s of class C in
(r,p,t). There is C > 0 such that on Co(IR x [—1,1], CE(M,Q<,&;)) for t small

ie—ﬂ?(r,p)2 | < Ct'/2.

Hdr
For any ¢ > 0 there is C > 0 such that for all ¢ > 0 on Co(IR %
[~1,1], C§ (M, Q<€)

Heft’D(r,pVH < Cet .

Proof. The operator E(r); is strongly continuous in ¢t. It fulfills the bounds in
the assertion by the estimates in §4.1 and by estimate 6.1. Furthermore, since E(r);
is defined from the holomorphic semigroups on a closed manifold and the cylinder, on
Co(R x [~1,1],Ck(M, qu&-)) for ¢ small

d
| SE@ < CE

The estimate 7.2 shows that E(r); —e~tP(10)” is well-defined as a bounded operator on
Co(R x [-1,1],CF(M,Q<,&:)). Furthermore it is of class C* with respect (r, p, t) and
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it and its first derivatives are bounded by Ctet for ¢t > 0. It follows that e~tD(rp)?
is a strongly continuous semigroup fulfilling the estimates. This and the previous
estimate imply that for ¢ small

| e P < et

Thus, by Prop. 13.6, the semigroup is holomorphic. O

8. The semigroup associated to the superconnection. We define the su-
perconnection associated to D(r, p) by

A(r,p) :=PdP+~+D(r,p)
and the rescaled superconnection by
A(r,p)i == PdP+~y+VtD(r,p) .

Later we will set r = t, however the following calculations are more transparent with
both variables kept separate.
The curvature

A(r,p)* =D(r,p)> + [Pd P +~,D(r,p)] + (Pd P +7)°

is a nilpotent perturbation of D(r, p)?, and the difference A (r, p)>~D(r, p)* is bounded
on Co(R x [—1,1], L*(M, Q< ,&;)) resp. on Co(IR x [—1,1], CE¥(M,Q<,&:)). Tt follows
that e~*A("”)” is a holomorphic semigroup on Cy (R x [~1,1], L3(M,Q<,&;)) and on
Co(R x [~1,1],Ck(M, QSM&)). If N is the operator that multiplies a homogenous
element (with respect to the Z-grading on quAi) of order m by m, then

o~ Ap)F _ = N/2,—tA(rp)* N/2

The strategy for the study of e~Ar)? is as in the previous section the comparison
with an appropriate approximation.

For j = 0,1,2 set Aj(r) = PjdP; + v; + Dj(r) and A;(r); := P;jdP; + v +
VtD;(r). We define

2
(r)2
H(r) =Y e Mg,
=0

and write h(r); for its integral kernel.
Since e~AP) is not a semigroup, we cannot directly use Duhamel’s principle
as in the previous section. This makes the proof of the following proposition more

technical.
ProposITION 8.1. The operator e‘A(T"A”)f s an integral operator with integral
kernel p(r, p)e € C°(M x M, Q<. &g 4 (<u&)*), which is of class Clin (r,p,t).
< PR
The following estimates hold:
1. For any e >0, ¢ > 4 there is C > 0 such that fort >¢, pe[-1,1], r€ R

_ d(y,UquUp)?
ct

|p(7‘, p)t($, y) - h(r)t(x, y)l < Cecle
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2. For T >0 and ¢ > 4 there is C > 0 such that for 0 <t <T

d(y,supp d¢;)>

2
|p(0a0)t(may) - h(O)t(x,y)| § 0267 ct ]-supp(bj (y) .
j=0

Analogous estimates hold for the partial derivatives with respect to x,y. The first
estimate also holds for the first derivatives with respect to r, p.

Proof. In order to keep track of the rescaling process we use Volterra development.
With B = [Pd P +~,D(r,p)] + (Pd P +v)? and

I,(r,p,t) = / e~uotD(rp)? pe—witD(rp)* | po—untD(rp)? dugduy . . . duy,

we have that

oo

eftA(r,p)2 — Z(fl)”tnfn(r,l)at) :

n=0

Only the first © 4 1 terms of the series are non-trivial.

The operators I,(r,p,t) are bounded operators on L2(M, qu&') resp. on
Ck(M,Q<,E), which are of class C' in (r,p,t) for t > 0. The derivatives with
respect to r and p converge for t — 0.

Prop. 7.6 and 7.7 imply that for any € > 0 there is C' > 0 such that for all ¢ > 0
on Co([-1,1] x R, L*(M,Q<,&)) as well as on Cy([~1,1] x R, CE(M, Q<,E;))

1 (r, p, )] < Ce™" .

In the following homogenous components are taken with respect to the grading on
Qg;n‘lz‘- We define I,,(r, p,t)m to be the homogenous component of degree m. It holds
that I, (r, p,t)m = 0 for m < n or m > 2n.

Furthermore we implicitely define operators J,,(r, p,t), homogenous of degree
m € Ny, by

AT = N (1, p,t)
m=0
From
Jm(T, P t) = Z (71)ntnim/2]’n(rapat)m
n=[(m+1)/2]

it follows that for any € > 0 there is C' > 0 such that ||.J,,(r, p,t)|| < Ce®t for t > 0
on Co([-1,1] x R, L*(M, Q<)) resp. on Co([—1,1] x IR, CF (M, Q< ,E)).

Let W(r,t) := Z?:o (:je_tAj(T')quj and for m € INg let V}(r,t) be the unique
homogenous operator of degree m such that

e
e W
m=0

For t > 0 the operators W (r,t), V,J(r,t) are integral operators with smooth
integral kernels, which are of class C* in (r,t).
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Duhamel’s principle yields that
W(r,t) — eTtArp)?

t
= / e_SA(T’p)2(% + A(r, p) YW (r,t — s) ds
0

2 t
=3 [l a0
7=0"0
(A(r,0)2 + p[D(r,0) + PAP +~, ] + p2ﬁ2)gj)e*<t*5>Aj<’”>2¢j ds
2 t
= Z/ e AP (Dee(ddy) + e(dg;) Dy~
j=0"0
GlPjd Py +;,Dj(r)] + [Pd P +~,D(r, O)Kj)@*(t*s)AJ’(”Q% ds

2 t
0> / e~ AT ([D(r,0) + Pd P + vy, f] + pR2)¢ie~ 980 6 s
=00

2t
=> / e~ SATP (Dge(dl;) + e(de;)Dy)e TR 4 dg
j=0 0
2 t . |
' pz/ e ACIN(D(r,0) + PAP +7, 8] + pR)G e~ =M g, ds
3=0 0

The rescaled operator
2 t 2 2
t_N/QZ/ e AL ([D(r,0) + PA P + v, &] 4 pR2) e 98 g0 ds ¢N/2
j=0"9

is an integral operator whose integral kernel is supported in M x (UpUU; ) and bounded
in by Ce®* uniformly in (p,r) € [-1,1] x IR for t > €.
By using that

oo

eitA(T”nf = Z tn/QJn (Ta Ps t)

n=0

one gets that the degree n component of the second before last line equals, after
rescaling,

n 2
2D / ST, 8) (Dec(dl) + e(d YD) Vi (rt — 8)éy ds

t
m=0 j=0 0

Now the assertions follow from off-diagonal estimates applied to (Dgc(d(;) +
c(d¢;)D;j)V,i (r,t — s)¢j: The first assumption follows from the off-diagonal estimates
on the cylinder, see Prop. 6.5. For the second assumption we use in addition the
off-diagonal estimates for the heat kernel on a closed manifold, which follow from the
asymptotic development [BGV, Ch. 2]. O
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9. The index theorem. We prove the Atiyah—Patodi—Singer index theorem
using the approach of [BK]. The notions of Hilbert—Schmidt operators and trace class
operators used in the following have been defined in [WO07].

At this point we set r = ¢.

Let o : R — [0, 1] be a smooth function with a(z) =1 for x < 0 and a(z) =0
for x > 1. For R > 0 set ag(x) = a(x — R). Then ap defines a function on M, again
denoted by ap, that equals 1 on M, and ag(z1) on the cylindric end.

Assume that K is a bounded operator on LQ(M,QSL&-) such that agKapg is
trace class for any R > 0. Define

Tr, K := lim Trs(arKag)
R—o0

provided the limit exists. The definition does not depend of the choice of a.
The following properties are easy to verify.
1. If K is a trace class operator, then Tr, K = Tr, K.
2. Let K be an integral operator. If Tr, K exists, then Tr[Pd P + ~, K] exists
as well and equals d Tr), K.
3. Let K1, K5 be integral operators with continuous integral kernels ki, ko. As-
sume that one of the following conditions holds:
(a) The function (x,y) — trs(ki(z,y)k2(y,x)) is compactly supported on
M x M.
(b) There are f,g € L'(M),h € L'(IR) such that |ki(x,y)| < f(y) +
h(d(z,y)) and ks (z, )| < g(y) for all ,y € M.
Then Tr, (K7, Ka] = 0.

PRropPOSITION 9.1. The expressions

Tt e~ Atp)7
S

and

T, dA(tvp)tefA(t,p)f
dt
are well-defined for t > 0.

Furthermore there are C,d > 0 such that for all t > 1

|Tr'se At,p); _ Trs e A(tvp)tat| < Ce ot ,

T dA(t, p)t o Atp)?

dA(t, p)
T dt dt

t 2 _
— Trs oy e~ Atr) a| < Ce ot

Proof. By Prop. 8.1 and since trs h(t)¢(z,z) =0 for x € ZT, for any € > 0, ¢ > 4
there is C' > 0 such that

_ d(=,UguUp)?

|trs p(t, p)e(z, )| < Cee

forallz € M, t > e. ,
In particular Tr, e~ A®P)% is well defined.
Furthermore there are C,d > 0 such that for ¢ > 1

o0 92
/ e~ ds < Ce 0t .
t
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Choose € < §. Then the previous estimates imply that there is C' > 0 such that for
allt > 1

| Tr!, (1 — af)e‘A(t”’)f| < CelEt

The proof for Tr, %eﬂ“(t’p)? is analogous. O

9.1. The limit ¢t — oco. In the following we fix p # 0. Recall that P is the
projection onto the kernel of D(r, p) for r > 2. (Clearly, P does not depend on r > 2).
The second estimate of the following theorem is not used in the proof of the index
theorem, however it is useful, for example, for the definition of 7n-forms for Dirac
operators on manifold with cylindric ends and therefore is included here.

THEOREM 9.2. There is C > 0 such that for all t > 2

| TY! e AT _ Ty, ef(PdP+P7P)2| <ot Y/?

and

Ty, dAEZ p)te—A(t,p)?| <Ot .

Proof. We set Py =P and P; =1—Pg.

For the first estimate the proof of [BGV, Theorem 9.19] works in slightly modified
form. We sketch the argument. Let N,, m € IN denote the nilpotent algebra of
trace class operators on L?(M, qu&-) that increase the degree with respect to the
Z-grading on quu‘lz‘ by at least m and that are of the form Zj fig; with f;,g; €

S(M, qu&)- Then, by an adaption of [BGV, Lemma 9.21], there is g € 1+ N7, such
that

gA(t,p)2g~" = (Pod Py + PoyPo)? + P1D(t, p)*P1 + By + By

with By € 7)0/\/37)0 and By € P [PdP + ’y,'D(t,p)]Pl + PN P
Recall that A(t, p)? = t~N/2T1A(t, p)2tN/2. Define g; = t~V/2gtN/2. Then

G At p)igrt =t NP g AL, p)Pg N2
This implies that
Tr/, e~ Atp)] _ T, exp(t—N/* g A(t, p)2g~1tN/?)
= Tr, exp(—(Po d Py + PoyPo)® — t~ N/ Byt"/?)
+ T, exp(—tP1D(t, p)? — t~N/2H1BN/2) |
By Volterra development there is C' > 0 such that for ¢t > 2
| Try exp(—(Po d Po + PoyPo)? — t~N/2H1 BytN/2) _ Ty, e~ (PodPotPorPo)®| < cp=1/2

Furthermore

exp(—tP1D(t, p)? — t=N/2H1 B #N/2)

_ t—N/Q Z(*l)ntn Ple_uotD(t’p)2Blple_ultD(t’p)2
n=0 An

.. .3177167“"1@(’5"))2 dugduy . .. du, tN/?% .
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We can decompose the right hand side further by decomposing B; = By1 + B2 with
Biy = P1[PAP +v,D(t,p)|P1 and Bia € P1N1P1. Any term in the development
having a factor Bis is a trace class operator whose supertrace vanishes exponentially
for t — oo by Prop. 7.6 (5).

As in the proof of [W07, Lemma 4.4.5] one shows that there are C,§ > 0 such
that for ¢t > 2

_ 2 _ 2
| Tr, o PLetw0tD(tp) B ettt
A’IL

.. By Pre PR quoduy .. duy| < Ce™ .

By Prop. 9.1 this implies the assertion.
The second estimate is the analogue of [BGV, Theorem 9.23]. For t > 2 we have
that

dA(t, p): _ 1 —1/2
— =1 D(t,p) .

The assertion follows as above by using that

g:D(t,p)g; " =t N2gD(t, p)g~ "/
€ D(t,p) + t N 2(NID(t, p) + D(t, p) NN/ + N2 NN/
and that any operator in t~V/2\/,,,t"V/2 is bounded by Ct~"/2 in the trace class norm
for t > 2. We also use that PyD(t,p) =0. 0
9.2. Variation formulas. Recall the definition of AN (r); from the end of §5.
PROPOSITION 9.3. We have that
1

VT

L] T e~ At — _

‘ Tr, a_dAN(t)te—AN(t)f AT dA(tvp)tefA(t,p)?
dt ¢ s dt

dt
and

A gy oA — gy, AL g
dp dp

Proof. Since by §6.1 the supertrace of %h(t)t(:c, x) vanishes for x € M\ (UyUU),
it follows from Prop. 8.1 that there are ¢, C > 0 such that

d i
[ (1, phe(a, )] < G om0’
uniformly for ¢ in a compact subset of (0,00). Hence

% T e~ Ao} Z Ty %eanyp)f ,

As in the proof of [W07, Lemma 4.4.9], chain rule and Duhamel’s formula (see
Prop. 13.12) imply that

at’ dt

d _A@p? _ /1 —(=9)Awp2 AL _saqp? g,
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and

1 2
A —Awp? _ 7/ o—(1=9)A@p? AW _oawp? 4y
0

dp dp
In the following ¢ > 0 is fixed.
We set
2
A(s) = e AR} Z(je’SAj(t)fgb-
§=0
and
2 2
B(s) = Z CjefsAj (t)t¢,
j=0
Then
1 2
/ o~ (1=9)A(t,p)7 dA(t, p); e SALP)T g
1 2
_ / o (1=9)A(tp)? dA(t, p); A(s) ds
1 2
dA(t
+/ A(l - S)MB(S) ds
0 dt
! dA(t, p)?
+/ B(1 - S)MB(S) ds .

We treat the first term on the right hand side of the equation. We denote the integral
kernel of A(s) by A(s)(z,y) and similarly for other integral operators.
The proof of Prop. 8.1 can be modified easily to show that for s € [0,1]

HA(S)(ay)Hc(I)c < Ce_Cd(yaU()UUl)z .

This and the fact that e~(1=)AEP? ig uniformly bounded on Ck(M, QSM&') imply
that there are C, ¢ > 0 such that for all s € [0,1] and z € M

2
|(e—(1—s)A(t,ﬂ)f dA(CZ; p)t A(S)) (:L',:L')| < Ce—cd(;c,UOUUl)2 )

Thus we can interchange Tr/, and integration over s.
Furthermore for fixed s, t there are C, ¢ > 0 such that

e~ A=)AWRE (3 )| < Cemed@)? 4 gmedw.UolU?y

Thus property (3) of Tr’, (see the beginning of §9) implies that

2
Tr;[ef(lfs)A(t,p)fv WA(S)] =0.

Similar arguments hold for the second term.
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For the third term one checks that for all z,y € M \ (Up U Uy)

2
ALY pa))(y.) =0

try B(l - S)($, y)(
It follows that Tr/, and integration on s can be interchanged. Again, property (3) of
Tr,, implies that

dA(t, p);

Tr,[B(1 — s), 7 LB(s)]=0.

Summarizing and evaluating, we get that

A A

dt —°
! 2
:*/ Trlse_(l_s)A(tvP)fme—sA(t,p)f ds
0 dt
ME*A(L;))?
dt

A
= A o), B -

A A
=T, [Pd P+, dA(E, p)e (;t’ p)te—A(t,p)?] VAT D, p), d (t,p)te—A(t,pﬁ]

dt
dAs(t
7dA(t’p)te*A(t’p)f +/t lim Tr, c(da3)72( )te*A2(t)? )
dt R—o0 dt

o /
= —Tr,

= —d Ty,

See the proof of [W07, Lemma 4.4.10] for omitted details.
Now

(VDN +U(1)A)) a2
at
1
- St T (alpdre A0

dAs(t
Tr, C(dOéR)%e*Az(tﬁ = Tr, O/R

The second term on the right hand side vanishes since 816*(9“’?/1)2/ 4t vanishes on the

diagonal. By using eq. 6.2 and 6.3 and

o0
/ ap(ry) drp = -1
0
one sees that the first term on the right hand side equals

2 Ir, d(Vt(Dy + ¢(t)A)) AN 7
Vart dt

This implies the first assertion of the proposition.
The equation

2
iTr; AW — Ty dA(t, p); o ALp)?
dp dp

is proven by similar but simpler arguments as above.
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Hence

i TI‘; e*A(t,ﬂ)f - - Tr; [A(t’ p)t; MG*A(t,p)f]
dp dp

— —ViTr,[PA P+, Re 2B — ¢ Tr [D(t, p), Re AP
= —VtdTr, Re— AP
We used that
Tr,[D(t, p), Re ™ A] = T, [D(t, )R, e A0 = 0 .

0

9.3. The theorem. The proof of the index theorem is now as usual. Recall the
definition of Dg(A) from §3. In the following M denotes the manifold without the
isolated point, as in the beginning of §3.

THEOREM 9.4. In HI>~(AL) it holds that

ch(ind Dg(A)T) = (27ri)_”/2 /M A(M) ch(&/S) —n(dn,A) .

Proof. By the remarks at the end of §3 for r > 2, p=1
ch(ind Dg(A)T) = ch(Ker D(r, p)) — N
By Theorem 9.2 and Prop. 13.3

ch(KerD(3,1)) = lim Tr), e AGDT

t—o0

For 0 < s <1 < t it holds that

1
Tr/, e~ AGDY _ Tr', e~ A0 = / di Tr/, e~ A0 gy

1
o,
0

t

+/ 4 Tr/, e~ AL gy
u=1 du

U
d
d_p Trls e*A(l,p)? dp

Now it follows from Prop. 9.3 that modulo exact forms

t N
T, e AGD _my A0l — L [y UdAT(t)t AN

ﬁ S

Furthermore, by Prop. 8.1 and by the small time limit from §4.3

lim T, e~ A0 = iy Tr!, H(s)s
s—0 s—0

= (2mi)~"/? /M A(M)ch(£/S)+ N .

Here we also used that the supertrace of the integral kernel of H(s) vanishes on the
cylindric end. The summand A comes from the isolated point. O
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We can now define the n-form for trivializing operators not necessarily adapted
to Dy. It is well-defined up to (the closure of the space of) exact forms.

DEFINITION 9.5. Let A be a trivializing operator of Dn. A symmetric operator
24 adapted to Dy is called an adapted approximation of A if on L2(N,&EN)

J(A—24)(Dy + 4)Y < L.

There is always an adapted approximation 4. We can even demand that %A 4 is
an integral operator with integral kernel in C*°(N x N, E, W4, ). Note that by
the Neumann series Dy + s 4 + (1 — s)A is invertible for s € [0, 1].

If A is a trivializing operator of Dy which is not adapted, we may set

n(Dn, A) :=n(Dn,Aa) .

The Atiyah—Patodi-Singer index theorem on the cylinder implies that modulo the
closure of the space of exact forms the definition does not depend on the choice of
A4, and also not on the choice of ¢ (see the end of §5 for that choice).

With this definition the index theorem holds also if A is not adapted since
indDg(A)+ = indDg(QlA)+.

10. Product formula for n-forms. In the following we prove a product formula
for n-forms. Such a formula was derived in [LP01, §2] under the assumption that the
Dirac operator is invertible. Also the equality established in [MP97b, Lemma 6] (when
translated from family index theory to the present setting) concerning suspended 7-
forms and the product formulas proven in [PS07a, §4] are special cases of our formula.

We assume that A = B ® C for unital C*-algebras BB,C. Here we use the spatial
tensor product. Let A; be as before and endow B; := A; N B and C; := A; NC with
the subspace topology of A;. Note that B; resp. C; are closed under holomorphic
functional calculus in B resp. C. We assume that the projective limit B, resp. Cuo
is dense in B; resp. C;. We define Z; to be the closed ideal in Q*Ai generated by the
supercommutators [«, 8] with « € Q.B; and 3 € Q.C;. In the following we deal with
QfAz We write d; for the differential on 2.B; and ds for the differential on Q.C;.

Let N7 be an odd-dimensional and N5 an even-dimensional oriented Riemannian
manifold and let N = N; x N5. Furthermore let Fy resp. E5 be Clifford modules over
Ni resp. No. We denote the grading operator on Es by I's. In the following Ey will
be considered as an ungraded bundle. Set Eny = F1 K Fs.

Furthermore let P, € C*°(Ny, M, (B )) and Py € C°°(Ny, M, (Cx)) be projec-
tions and set P = P, ® Py € C®°(N, My 11n(As)). We define £} = By ® Py(N;y x
Bm), €2 = Es ® P2(Ny x C') and & = Ey ® P(N x A;”Jr”). Choose connections
Pid; Py + 791, Poda Py + 72 on &}, E? in the direction of B;, C;, respectively and
Clifford connections V!, V2 on &1 := &}, €2 = £2. We get induced connections on
&;.

Let Dy, , D, be the Dirac operators associated to €1, 2. Then

Dy =T19Dn, + Dn,

is the Dirac operator associated to £ = &.

If A is a trivializing operator for Dy,, then A= I'3(A ® 1) is a trivializing
operator for Dy. We assume that A resp. A is adapted to Dy, resp. Dy. (This is
the case, for example, if A is an integral operator with integral kernel in C'*° (N7 X
Ny, EL K (EL)*). Here we use that we have divided out the ideal Z;.)
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_ ProrosiTion 10.1. In OZ= Ay, modulo the closure of [QF Ay, Q%= As] +
(QBoo) d(Q0dCo0) it holds that

1(Dn, A) = n(Dn,, A) ch(ind DY) .

The proof is very similar to the proof in [LP01, §2], and is given here for com-
pleteness.

There are analogous formulas for other parities of dim N7 and dim N, if Ais as
defined in [W10]. See §11 for the definition of the n-form in the even-dimensional
case.

Here 7)(Dy, A) and 5(Dy, , A) are defined using the same function ¢ (see the end
of §5). Otherwise we have to divide out in addition the closure of (d Q*BOO)Q*COO.

Proof. We set

BYi(t), := P dy P, + 1 + VtoDa(Dy, + h(t)A) |

B, := Pydy P> + 72 + VtoDy, .

Then AN (t); = BN1(t), + B and AN (t)2 = (BV1(¢),)? + (BY?)2.
Furthermore BN (t); and B)? anticommute. Hence
SAAY D) —avz _ BT (0 vz @iy
dt dt
N
2B 7 B

+oe BV T

The second term on the right hand side anticommutes with I's. Thus

M2 dBY? _(my:

=0.
dt

Tr, oe
Now consider the first term. There are integral operators ay, by on L?(Ny, qué'})
and ag, by on L?(Na, leté‘f) such that

Ny
0Ty Me—BNl ®)F =

7 (a1 ®1)4+0T2(by ®1)

and
Toe B — 19 ay + o(1®by) .

Note that aj, as are even, whereas by, by are odd (with respect to grading on the al-
gebra of noncommutative differential forms). It follows from I's[P2 da Pa + 2, Dy, ] =
—[Pada P> + v2,Dn,]T's by Volterra development that Teba = —bol's. Hence
TI'(Flebg) = 0. Thus

dBMN (¢
Tr, a%e—BNl ()7 = (B?)? _ Tr, ((a1 + oT2b1)(az + obs))

= Tr(alag) + T‘I‘(nglbg)
= Tr(aq) Tr(ag)
= Tr, (a1 + ob1) Tro(az + oba) .
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It holds that

N
dB () Bz

a1 +oby =0 7

Set AZVQ = Pody Po+2+ \/1_5231\]2 and define cf(AiV2)2 by considering EZ-Q a graded
vector bundle with grading operator I's. One easily checks that

Tr, I’gef(vaz)2 = Tr, ef(Aivz)2 .

By the index theorem and Prop. 9.3 applied to Dy, we get that Tr e (AT

ch(ind DJJ(,2) after dividing out the even forms in d(Q.(Coo)/[2(Coo), 24 (Co)])-
This implies the assertion. 0

11. The odd index theorem. In the following we prove an analogue of the
odd family index for manifolds with boundary [MP97b]. The setting is again as in
§2, but now we assume that M is odd-dimensional and E ungraded. On the cylindric
end the Dirac operator is then of the form

Pe = c(dw1)(Or = Pn) -

The bundle £V is Z/2-graded with grading operator I'y = ic(dz).

Let A be an adapted trivialising operator for @x. We assume that A is odd with
respect to I'y. As in §3 one gets that the closure Dg(A) of Jg —c(dz1)x A is Fredholm.
Its index is an element in K7 (A).

Define AN (t); = PAP + v+ Vt(Dy + (t)A). The n-form is defined as

1 e dAN(t)t AN (£)2 N —

A)i=— [ Tr,——"e A W0 dt € QA /[QAs, LAo]

nw )= o= [ R € Qudec /[0 Ac, A
The odd Chern character cha_ : K1(A) — HZ>(As) is determined up to sign

by the following commuting diagramm:

K1 (A) ® K1 (C(81)) —— Ko(C(S, A))

lchAm @ ch®' J{chi;
HI=(Ay) @ H*(SY) — HI>~(Ay) ® H*(SY)
The diagram determines also ch®’ up to sign:

Let u : S' — U(1) be a loop with winding number 1. We identify S' with
[0,1]/0~1 and define on S! the C(S')-line bundle

L= [Oa 1] X C(Sl)/(O,uv)N(l,v) .

We denote by D, the closure of the Dirac operator —i0, on S twisted by L.

The Chern character ch® *5' Ko(C(St x S1)) — H*(S! x S') applied to L,
considered as a complex vector bundle on S x S*, fulfills

[51 . ch® S (L) = 2mi .
X
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The class ind Dy is a generator of K1(C(S')). The above commuting diagram implies
that

/ ch®' (ind D) = v2ri .
Sl

The sign of the odd Chern character is fixed by demanding that this equation holds
for /i 1= e™/4,

THEOREM 11.1. In HI~(A) it holds that

ch(ind Dg (A)) = (2mi) /2 /M A(M)ch(E/S) —n(dn, A) .

In [MP97D] a different normalization of the odd Chern character has been used,
leading to a factor (27i)~("+1)/2 in front of the integral.

Proof. The idea of the proof is as in [MP97b], namely to reduce the odd index
problem to the even index problem via suspension. A different proof, which should
also work here, has been given in [Bu, Theorem 2.2.18].

There are two main steps: a suspension formula for index classes [MP97b, Prop.
8] and a suspension formula for 7-forms [MP97b, Lemma 6]. Probably the proof of
the suspension formulas given in [MP97b] works also in the present context. Here we
derive them from the more general product formulas for Atiyah—Patodi—-Singer index
classes (see [W10]) and n-forms (see §10), respectively.

On M x S we define the C(S?, A)-vector bundle

EMxST — (E@ERL .

LetF1:<(1) 01)’F2:<Oz‘ (Z))actonit.

The Dirac operator

Drrxst =T1@e + T2,

is odd with respect to the grading I'j; g1 = —il'1I's.

Set EN*S' = (£M*S" )+ The space L2(N x S', EN*5") is spanned by sections of
the form (z,z) ® y with z € L?(N, €|n) and y € L?(S1, L).

Define the Dirac operator @nyg: := @n + I'n@z, which acts on the sections of
EN*S' Then

@MXS1 = C(dxl)(al - FstlaNxsl) .

As in [W10, §4.3] we define a trivialising operator A of dnxst by

A((l‘,l‘) ®y) - (A:EaA:E) XY .

We get a Fredholm operator Djsy g1 (A), see §3.
By the product formula for Atiyah—Patodi-Singer index classes [W10]

ind Dy 1 (A)t = ind(De(A)) ® ind(Dy) € Ko(C (S, A)) .
Thus

V2ri chu_ (ind De(A)) = / ch®_(ind Dysresr (A)F) .
Sl
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Furthermore by the product formula for n-forms, see §10,
V2ri n(@n, A) = n(@nxs1, A) -

Now the assertion follows from Theorem 9.4 since
/ / A(M x SY)chM*S (M58 15y enS S (1)
st Jmxst =~

_ /M AMyen_(£/8) / ch® 5 (L)

S1x St
= 2mi / A(M)chl{ _(£/9) .
M

O

12. Application: p-invariants. For the sake of brevity we assume in the fol-
lowing that the manifold N is odd-dimensional. The even-dimensional case can be
treated analogously.

12.1. p-invariants for the Dirac operator on manifolds with positive
scalar curvature. Let N be a closed spin manifold with positive scalar curvature.
Let 7 : N — N be a Galois covering of N and let I' be the group of deck transforma-
tions.

The higher p-form of N was introduced by Lott [Lo92a]. In the higher context
the C*-algebra involved is the reduced group C*-algebra C}I'. Closely related are
the classical p-invariants, which however in general come from a representation of the
maximal group C*-algebra C*T', see [PS07a| for a detailed account. The following
discussion unifies these concepts and allows for the definition and study of new p-
invariants.

In the following let A = C*T". We assume that the projective system (A;);cn,
is such that CI' C As. For the reduced group C*-algebra B = C}I' a suitable
projective system of algebras (B;);c, can be derived from a construction of Connes—
Moscovici [CM], see for example [W09, §4] for a detailed account. There is a canonical
surjection p : C*I' — CT. Tt is straightforward to check that A; := p~!B; with norm
llall.a; := |lall.a + |lp(a)||ls; is a Banach algebra closed under holomorphic functional
calculus in C*T" and hence (A4;);cnN, is an appropriate projective system.

Denote by P = N xp C*T the Mishenko-Fomenko C*I'-vector bundle endowed
with the C*I'-valued scalar product induced by the standard C*I'-valued scalar prod-
uct on C*T. Let V" be the flat connection on P induced by the de Rham differential
on N and let @ N be the spin Dirac operator on N twisted by P.

We recall the construction of an embedding of P into a trivial C*I'-vector bundle:
Choose a finite connected open cover (Ug)g=1,...n of N such that for any k there is
a cross-section ¢y, : Up — 7 'U;. We write Uk = Y (Ug). Let gy : U, NU; = T
be the locally constant function whose image at a point x is the deck transformation
sending U; N7~ (z) to Up N7~ (z). Note that grigim = grm (Whenever the left hand
side is defined) and gxr, = 1. Let (X% )k=1,...n be a partition of unity subordinate to
(Uk). Define the projection P € C*°(M, M,,(CT")) by setting Py = xrXx1gki. Then P
is isometrically isomorphic to P(N x (C*T")™) via

C®(N,C* )T = P(C®(N, (C*T)")), s+— (x1(s0 1), xa(s02), ..., xn(s0Up)) .

One checks that VP = PdyP.
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Note that @y is invertible. Thus n(@dy,0), which we define using the Grassman-
nian connection Pd P in the direction of A;, exists.

In the following we deal with the universal differential algebra (thus Z; = 0).

Let ¢ : (Ax/ (E)‘g;n+1 — V be a continuous reduced cyclic cocycle on A with
values in a Fréchet space V such that ¢(go, ..., gm) = 0 for all (go, ..., gm) € T™F1

with gogi . ..gm = 1. There is an induced linear map ¢ : QAo /[QeAoo, U Ase] = V.
defined by c(apday ...day,) = c(ag,ai,...,an) and by zero on forms of degree not
equal to m. The map vanishes on exact forms. We define the maximal p-invariant
associated to c as

Pt (@n) = c(n(Pn,0)) € V.

LEMMA 12.1. The p-invariant pI*** (@) is independent of the choice of the cover
and the partition of unity.

Proof. Let (U},)g=1,...» be asecond open cover of N and let P’ = (x}. g, X)) k,i=1,....p
be a projection constructed as above. Define Ul’c as above. For k = 1,...,p
and [ = 1,...,n let hyy : U, NU — T be the locally constant function such
that hy () is the decktransformation mapping U, N 7w~ !(z) to U, N7~ '(z). Then
U = (Xphwixi)k=1,... pji=1..n is a partial isometry with UU* = P’ and U*U = P.
Thus U*P'dP'U = PdP + U*d(U). Let ¢ : R — IR be a smooth function
that vanishes for z < 1/6 and equals 1 for z > 5/6. Set Z = IR x N. Define
Y(z1,22) = ¢(a1)U* d(U)(x2) for (z1,22) € Z. By the Atiyah-Patodi-Singer index
theorem applied to the Dirac operator on Z twisted by P# = P(Z x A") the difference
of the p-invariants defined using P and P’ equals C' [, A(Z)e(ch(PdzP+PdP+7)).
Using that gi,k, (hkgkg)_lg§¢3k4hk4k59k5k6 equals gr, s on its domain, one checks that
¢(ch(PdzP + Pd P +«)) vanishes. O

From the Atiyah—Patodi—Singer index theorem we get the following generalization
of [LP97, Theorem 15.1]:

PROPOSITION 12.2. Let M be a compact spin manifold with boundary N and
product structure near the boundary. Let M be a Galois covering of M with deck
transformation group I'. Assume that the metric on M and its restriction to N are

of positive scalar curvature. Then p™**(@n) = 0.

By using the Atiyah—Patodi—Singer index theorem and the product formula for
n-forms of the previous sections instead of the corresponding higher versions of
Leichtnam—Piazza, the proof of [PS07a, Prop. 13.9] works also in the present set-
ting, yielding:

PROPOSITION 12.3. Let ' be torsion-free. Assume that the assembly map p :
K.(BT) = K.(C*T) is an isomorphism. Then p7*(dn) = 0.

C

EXAMPLE. Let my,m : ' — U(l) be two unitary representations and let
F1,F, be the associated flat vector bundles on N. For j = 1,2 let 7, (N) €

QAo / [Q*AOO,Q*AOO] be the noncommutative n-form of the spin Dirac operator
on N twisted by the flat C*I'-bundle F; ® P. We define the maximal Atiyah-Patodi-
Singer p-form

Pry,mo (N) = ﬁFl (N) - ﬁFz (N) € Q*-Aoo/[Q*-Aoo, Q*.Aoo] .
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Let b : (Ax/ (D)®;rn+1 — V be an arbitrary continuous reduced cyclic cocycle and
define the reduced cyclic cocycle

c=boTro(m ®id), —boTro(m ®id), : (As/C)%*  —V .

Here (7 @ id)s : QuAoo/[QAoo, QuAos] = Mi(QuAoo /[ Aco, U As]) is induced by
the homomorphism 7; @ id : C*T' — C*(U(l) ® I') = M;(C) ® C*T'. Then

b(pry,ma (N)) = p () -

Thus the previous results apply to b(px, .z, (IV)).

In the case where I' is a group with torsion, p-invariants can often be used to
distinguish I-bordism classes of metrics of positive scalar curvature (see p.e. [LP01],
also for the terminology, and [PS07b]). Higher p-invariants are useful for the study of
Cartesian products. We give an elementary example, based on results and ideas from
[LPO1][PSO7D].

PRrROPOSITION 12.4. Let N be a closed spin manifold of dimension 4k+3, k € IN,
admitting a metric of positive scalar curvature. Assume that the fundamental group
T of N has torsion. Then, for any m € IN, the manifold N x T™ has infinitely many
I’ x Z™-bordism classes of metrics of positive scalar curvature.

Proof. Let 1, : C*T' — C be the trace defined by 7.(g) = 64, for g € I', and let
71 be the trace induced by the trivial representation of I'. Set 7 = 7. — 7. In the
situation of §10 we have that C = C*(Z) and C; = C*(T™). It is well-known that
there is a cyclic cocycle ¢ on C*°(T"™) such that [, A(T™)e(ch PT™) # 0.

Since pMa*(@y) is the L2-p-invariant, by [PS07b] there are infinitely many
I'-bordism classes of metrics of positive scalar curvature on N distinguished by
P ().

For each bordism class choose a representative (i.e. a metric of positive scalar
curvature on V) such that the product metric on N xT"™ is of positive scalar curvature.
The p-invariants p"* (@ xprm ) fulfill

THe

PR D) = (2mi) 252 (B [ AEeen P

m

and thus distinguish the resulting metrics of positive scalar curvature on N x T™ up
to I' x Z™-bordism. O

12.2. p-invariants for the signature operator. In a similar spirit we study
p-invariants for the signature operator. Our definition is motivated by the definition
of higher p-invariants suggested in [Lo92a]. It is a straightforward generalization of
the definition presented in [LP00] for groups of polynomial growth. Note that [LP00,
Prop. 5.1] need not hold in the present situation.

Thus now N is a closed oriented Riemannian manifold of dimension 2m — 1.

Denote by (N, P) the space of smooth forms with values in P and by QE‘Q) (N,P)
the completion as a Hilbert C*I'-module with respect to the L?-norm.

Set d**9 := dr +7d. Here 7 is the chirality operator, which agrees with the Hodge
star operator in the normalisation of [BGV, Def. 3.57].

We assume that the closure of d : Q™ 1(N,P) — Q5)(N,P) has closed range.

(This assumption is independent of the choice of the Riemannian metric on N.)
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It follows that there is a canonical trivializing operator Ay, see [W10]. (In fact,
one can use any of the symmetric boundary conditions introduced in [LP03].) For a
reduced continuous cyclic cocycle ¢ as above define

Pt (N) := c(n(d™, An)) .

We leave it to the reader to show that the Atiyah—Patodi—Singer p-invariant and the
L2-p-invariant of Cheeger—Gromov are special cases (under our assumption).

The Atiyah—Patodi-Singer index theorem for the cylinder implies that p***(N)
does not depend on the Riemannian metric since the twisted signature class
o(Z,P%) € Ko(C*T) (see [W10] for the terminology) vanishes.

Theorem 9.4 implies:

ProPOSITION 12.5. Assume that N is the boundary of a manifold M and let
o(M,PM) € Ko(C*T) be the twisted signature class. If c(ch(o(M,PM))) = 0, then
pet*(N) = 0.

From the product formula for n-forms and the Atiyah—Patodi—Singer index theo-
rem one gets in analogy to [PS07a, Theorem 7.1]:

PRrROPOSITION 12.6. Let I' be torsion-free. Assume that the assembly map p :
K,.(BT') — K.(C*T') is an isomorphism. Then p7*(N) = 0.

C

It would be interesting to find a connection to the L-theoretic higher p-invariants
introduced in [We].

13. Appendix: Operators on Banach spaces.

13.1. Projective systems and resolvent sets. In the following let M be a
o-finite measure space such that L?(M) is separable. Choose an orthonormal basis
of L?(M) and let P, the projection onto the span of the first m vectors. We use the
definitions from §1.3.

PROPOSITION 13.1. Let k € L*(M x M) @7 My(A;) and let K be the cor-
responding Hilbert Schmidt operator on L*(M,Q<,A%). If 1 — K is invertible in
B(L*(M, A™)), then it is invertible in B(L*(M,Q<,A")) as well.

Proof. We adapt a method from [Lo99b, §6].

It is enough to find a decomposition L?(M,Q<,A?) = X &Y with the following

property: If we write
a b
- K= ( c d )

with respect to the decomposition, then d is invertible and a — bd~'c is invertible.
Then the assertion follows from

a b\ _ (1 bd! a—bd~ e 0 1 0
c d) \0 1 0 d d~ ¢ 1 )

Acting with respect to one variable on L?(M x M) ®, M, (A), the operator
P, converges strongly to the identity for m — oo. Hence for m big enough ||(1 —
P)K(1—Py)|| < 1 in B(L?(M, A™)) and in B(L*(M,Q<,A?)). Then d, defined as
above with respect to the decomposition

LA(M. Qe AY) = P L¥ (M, Q0 A7) & (1~ Po) L2 (M, Q1 AT)
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is invertible.

The assumption implies that a — bd~'c is invertible on P,,(L?(M,.A")). Since
this is a finitely generated free A-module of rank mn and M,,,(A;) is closed under
holomorphic functional calculus in M, (A), the map a — bd~'c is invertible as well
on P, L*(M,Q<,A?). O

Note that if M is a closed manifold, then C°°(M x M, M,(A;)) C L*(M x
M) ®@r Mp(A;). If M is a manifold with cylindric ends, then S(M x M, M, (A;)) C
L3*(M x M) @, M, (A;).

PROPOSITION 13.2. Let P € B(L?*(M,A™)) be a projection onto a projective
submodule of L*(M,A™). Then P is a Hilbert-Schmidt operator of the form P =

Sty fiht with f;,h; € Ran P.

Proof. Since P is compact, there is m € IN such that ||P(P, — 1) < 3.

Then (see [W07, Prop. 5.1.21]) the map PP, P : Ran P — Ran P is an isomor-
phism.

It follows that Ker PP,,P = Ker P and therefore

P=1- PKerPPmP ’

where Pker pp,, p denotes the projection onto Ker PP, P.
We can find r > 0 such that B,(0) \ {0} is in the resolvent set of PP,,P.
The assertion follows from

P =1- Pkerpp,,P
1
=1- — (A= PP, P)tax
211 [A|=r
1
= — ()\*1 — (A= PPmP)’l) dA
211 [A|=r

1
= f—,PPmP/ A YA = PP, P) 'd\ .
211 A|=r

d
Recall from [W07, §5.2] that there is a well-behaved notion of trace class operators
on L?(M,A?) if (for example) M is a complete Riemannian manifold.

PROPOSITION 13.3. Let P € B(L?*(M,A™)) be a projection onto a projective
submodule of L>(M, A™). Assume further that for any i € IN it restricts to a bounded
projection on L?(M, A?) and that P(L*(M,C")) C L*(M) ®, A?. Let

Rang, P:= (| P(L*(M, A})) .
i€IN

Then:

1. The projection P is a Hilbert-Schmidt operator of the form P = Z?zl Iil;
with f;,hj € Rane PN (LA (M) ®r A%).

2. The intersection Rans, P is a projective As-module. The classes [Ran P] €
Ky(A) and [Rans P] € Ko(Ax) correspond to each other under the canonical
isomorphism Ko(A) =2 Ko(As).

Now assume that M is a complete Riemannian manifold and let d+v with v €
O (M, M, (€1 As)) be a connection of M x A" in the direction of Ay as in §1.2.
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Then

—~~

Tr (P(d49)P(d++)P) € HI=(A) .

X (=1
ch[Rans P] = Z 1')
=0 7

Proof. For v = 0, the proof is analogous to the proof of [W07, Prop. 5.3.6]. Then
the assertion follows also for v # 0 by an analogue of the transgression formula in
§1.2 applied to the connection Pd P + PyP. O

13.2. Parameter dependent parametrices. The following results generalize
results from [Lo99b, §6].

Let M, & be as in §2.

First we make a general observation: If B is a bounded operator on the Hilbert
A-module L?(M, £), then by restriction and QSHAi—linear extension one gets an un-
bounded (not necessarily densely defined) operator on L2(M,Q<,&;).

We will also use that there is a continuous map from S(M x M, &; K4, (&)%) to
the Banach algebra of bounded operators on L?(M, QS »€i) mapping integral kernels
to the corresponding integral operators. The map is also continuous if considered
as a a map into the space of bounded operators from L?(M, qu&-) to S(M, QSM&)
endowed with the strong operator topology.

Let I be an interval. Let (D(r))res be a family of regular operators on the Hilbert
A-module L?(M, ). We assume that the following conditions hold:

1. For each r € I the space S(M,&;) is a core for D(r). The family (D(r))rer
defines a bounded operator on the space C'(I,S(M,&;)) and extends to a
bounded operator on C(I,S(M, Q< ,E)).

2. Analogous properties hold for D(r)* as well.

The closure of D(r) on L?(M,Q<,&;) is denoted by D(r) as well.

DEFINITION 13.4. Let (Q(r))rer be a family of bounded operators on L*(M, &),
which is of class C (with respect to the operator norm). Assume that it also defines
a family of bounded operator of class C' on LQ(M,QSH&) and induces a bounded
operator on C (I, S(M, Q<,E;)).

We call (Q(r))rer a parameter dependent regular left parametrix for (D(r)),cr if
1—Q(r)D(r) is an integral operator whose integral kernel is in C* (1, S(M x M, E;X 4,
7))

If M is closed, the main examples come from parameter dependent elliptic pseu-
dodifferential operators, and for general M from appropriate generalizations.

PROPOSITION 13.5. Assume that (D(r))rer has a parameter dependent regular
left parametriz (Q(r))rer and that D(r) has an inverse in B(L?*(M,&)) for each r,
which depends continuously on r. Furthermore we assume that the adjoint (D(r)*)rer
has a parameter dependent regular left parametriz as well.

Then it holds:

1. The operator D(r) has a bounded inverse on L*(M,Q< &), which is of class
Clinr.

2. The operator D(r)~! — Q(r) is an integral operator with integral kernel in
CHI,S(M x M, & Ry, E)).

3. In particular D(r)~" induces a bounded operator on C'(I,S(M,Q<,&)).
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Proof. Note that (D(r)),er defines a regular invertible operator on the Hilbert
C(I, A)-module C(I,L?(M,€E)), which for brevity we also denote by D(r) in the
following.

First we modify Q(r) such that Q(r)D(r) is invertible for each r: Since 1 —
Q(r)D(r) is an integral operator with integral kernel in C(I,S(M x M,&; Ky, EF))
and D(r)* is invertible on the Hilbert C(I,.A)-module C(I,L?(M,E)), there is an
integral operator S(r) with integral kernel in C(I,S(M x M,E; K 4, £F)) such that
in B(C(I, L*(M, €))

(1 = Q(r)D(r)) = S(r)D(r)]| <

N =

Then Q'(r) := Q(r) + S(r) is a regular left parametrix of D(r) as well. Set K(r) :=
1—Q'(r)D(r). By the estimate 1— K (r) has an inverse in B(L?*(M, £)) for each r € I.
By Prop. 13.1 this implies that the operator 1 — K (r) is invertible on L?(M, qu&)
for each 7. Since 1 — K(r) is of class C' as a bounded operator on L?(M,Q<,&;),
its inverse is also of class C! in r. Hence D(r)~! = (1 — K(r))~*Q’(r) is a bounded
operator on L?(M, qu&-) that is of class C! in r. From

D(r)™" = Q(r) = 8(r) + K(r)D(r)~*

and the fact that K(r) maps C'(I,L3(M,Q<,E)) continuously to
CY(I,8(M,Q<,&)) one gets (3). By applying (3) to the adjoint D(r)*
we conclude that K(r)D(r)~! is an integral operator with integral kernel in
CHI,S(M x M,E; Ry, £)). Then the previous equation implies (2). O

13.3. Holomorphic semigroups. In the following we collect some facts about
holomorphic semigroups for convenience of the reader. Definitions and proofs can be
found in [D] (note however that we do not assume a holomorphic semigroup to be
bounded), see also [W07, §5.4] for more details as needed here.

Let V be a Banach space.

PROPOSITION 13.6. Let Z be the generator of a strongly continuous semigroup
such that Ranet? C dom Z for all t > 0. The semigroup extends to a holomorphic
one if and only if there is C > 0 such that for t # 0 small

|Zet?|| < Ct™t .

In the following let Z be a generator of a holomorphic semigroup eZ on V.
The following two propositions describe the connection between spectrum of the
generator and the behaviour of the semigroup for ¢ — oco:

PROPOSITION 13.7. Assume that there is 6 > 0 such that the resolvent (Z — \)~!
exists for all X\ € C with Re A > —4.
Then the semigroup e*? is bounded.

PROPOSITION 13.8. Let w € IR be such that for all € > 0 there is C > 0 with
et < Ce=@=9) for all t > 0. If Re A > —w, then for k € IN

A—2)F= ﬁ/ th=1et(Z=2) gt |
A



THE ATIYAH-PATODI-SINGER INDEX THEOREM OVER C*-ALGEBRAS 317

The spectrum of the semigroup itself and its behaviour for ¢ — oo are also related
to each other:

PROPOSITION 13.9. Let r € IR be such that the spectral radius of €' is smaller
than or equal to €™ for all t > 0. Then for all € > 0 there is C > 1 such that

HetZH < Ce(r—i—a)t )

The following proposition addresses the question when a perturbation of a gen-
erator is again a generator.

PROPOSITION 13.10. Let B be a closed operator on V such that Bet? is well-
defined and bounded for all t > 0 and such that there is C > 0 with

”BetZ” § Ct_1/2

foro<t<1.
Then Z + B generates a holomorphic semigroup.

We recall Duhamel’s principle:

PropPOSITION 13.11. Let Z be the generator of a strongly continuous semigroup
onV and let u € C*([0,00), V) be such that u(t) € dom Z and (& — Z)u(t) € dom Z
for allt > 0. Then

e Zu(0) —u(t) = 7/0 esz(% —Z)u(t—s) ds .

From Duhamel’s principle we derive Duhamel’s formula as needed here:

PRrOPOSITION 13.12. Let Z be the generator of a holomorphic semigroup on V.
Let € > 0 and let (B(r))re[—c,c] be a family of closed operators with B(0) = 0 such
that B(r)e'? is well-defined and bounded for all t > 0 and r € [—¢,€] and depends
continuously onr. We assume that <=(B(r)e'?)|,—g ewists for all t > 0 and that there
is C > 0 such that for r € [—e,e]\ {0} and 0 <t < 1

1
|-Br)e?| < ot V2.
:

Furthermore we assume that the set of all f € dom Z such that B(r)et? f € dom Z
for allt >0 and r € [—¢,¢] is dense in V.
Then

t
iet(ZJrB(T))“,O _ / esZiB(T)e(tfs)Z“io ds .
dr - 0 dr -

Note that the right hand side is well-defined as a bounded operator, whereas the
existence of the left hand side is part of the assertion.

Proof. We write B for the operator induced by the family (B(r)),cj—c,q on
C(]—¢,¢],V) and consider Z also as an operator on C([—¢,¢],V) in the obvious way.
Thus dom Z C C([—¢,¢],V) in the following. Note that dom(Z 4+ B) = dom Z. By
the estimate and the previous proposition Z + B generates a holomorphic semigroup
on C([—¢,¢], V).
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If f € C([~¢,¢],V) such that f € dom Z and Be'? f € dom Z for all ¢ > 0, then
e?f edomZ and (4 — Z — B)e!? f = —Be*? f € dom Z for all t > 0. Duhamel’s
principle implies that

t
€t(Z+B)f _ eth — / es(Z—i—B)Be(t—s)Zf ds .
0

Using Lebesgue Lemma we get that

t
lim l(et(ZJrB(r)) _ etZ)) — lim l eS(Z+B(T))B(T)e(t75)Z ds

r—07r r—0 7r 0

¢
7 d »
:/0 eézaB(r)e(t_é)Zh:o ds .

This proves the assertion. O
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