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LAGRANGIAN UNKNOTTEDNESS IN STEIN SURFACES*

RICHARD HINDT

Abstract. We show that the space of Lagrangian spheres inside the cotangent bundle of the
2-sphere is contractible. We then discuss the phenomenon of Lagrangian unknottedness in other
Stein surfaces. There exist homotopic Lagrangian spheres which are not Hamiltonian isotopic, but
we show that in a typical case all such spheres are still equivalent under a symplectomorphism.
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1. Introduction. Studying the space of Lagrangian submanifolds is a funda-
mental problem in symplectic topology. Lagrangian spheres appear naturally in the
Lefschetz pencil picture of symplectic manifolds.

In this paper we demonstrate the uniqueness up to Hamiltonian isotopy of the
Lagrangian spheres in some 4-dimensional Stein symplectic manifolds. The most
important example is the cotangent bundle of the 2-sphere, T*52, with its standard
symplectic structure. In this case we will go on to study the space of all Lagrangian
spheres in T*S52, showing that it is contractible.

Finally, we study an example of a Stein manifold in which a particular homotopy
class (even isotopy class) contains Lagrangian spheres which are not Hamiltonian
isotopic. We show that the spheres in this class are still unknotted in a weaker sense,
namely they are all equivalent under a global (non Hamiltonian) symplectomorphism
built by composing a Hamiltonian diffeomorphism with a product of symplectic Dehn
twists.

We recall that if a convex symplectic manifold has a boundary of contact-type,
then we can perform surgery operations on the manifold by adding handles to the
boundary. In the 4-dimensional case these handles can be of index 1 or 2. Our first
examples are symplectic manifolds formed by adding 1-handles to a unit cotangent
bundle T1S%. Questions regarding Lagrangian isotopy classes are independent of
which metric we use to define a unit tangent bundle or of any choices involved in
adding 1-handles.

THEOREM 1. Let M be T*S? or the result of adding any number of 1-handles to
T'S? and L C M be a Lagrangian sphere. Then there exists a Hamiltonian diffeo-
morphism of M mapping L onto the zero-section.

We will establish this theorem by utilizing an existence result for almost-complex
structures on S? x S? with convenient properties, taken from [18], and a fact about
diffeomorphisms of the 2-sphere.

In fact more is true. We let £ denote the space of Lagrangian spheres in 7*S5?
endowed with the topology of smooth convergence.

THEOREM 2. The topological space L is contractible.

It is a consequence of a general theorem of J. Coffey [4], combined with the result
of [18], that the space of parameterized Lagrangian spheres in S? x S? is homotopic
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to SO(3) x SO(3). A theorem of Y. Eliashberg and L. Polterovich, see [11], says that
the space of Lagrangian planes in a standard R*, equal to a fixed plane outside of a
compact set, is also contractible. The proof here involves parameterized versions of
the arguments in Theorem 1. In both cases we need a result about diffeomorphisms
of the 2-sphere.

THEOREM 3. The subset of fized-point free maps contained in the diffeomorphism
group of S? is contractible.

In section 2 we prove our result on the diffeomorphisms of S2. In section 3, by
using the conclusions of [18], we reduce our theorem in the case of M = T*S? to the
statements in section 2. In section 4 we will deal with the addition of handles. This
involves slightly generalizing the results from [18] so we will review them again there.

We now consider the addition of 2-handles. Let W be the Stein manifold formed
by adding to T'S? a single 2-handle along the Legendrian curve in a single fiber
of the boundary. As a Stein manifold it carries a symplectic structure which has
a conformally expanding vector field whose flow exists for all time. The symplectic
structure is the Kéahler form associated to a plurisubharmonic exhaustion function
and all such forms are equivalent up to symplectomorphism (see [10]). Alternatively
W can be realized as the plumbing of two copies of T1S2. The resulting symplectic
manifold W has two Lagrangian spheres L; and Ly coming from the zero-sections in
the copies of T15? (or the original zero-section and the stable manifold of the index
2 critical point in the added handle). Again we will establish a uniqueness result for
Lagrangian spheres in W.

THEOREM 4. Let L be a Lagrangian sphere in W, the plumbing of two copies
of T*S?, which is homotopic to one of the zero-sections Li. Then there exists a
symplectomorphism ¢ of W such that ¢(L) = Ly.

The proof combines Theorem 1 with some previous work of the author and is
described in section 5.

Thus any Lagrangian spheres which are homotopic to L; but are knotted in
the Hamiltonian sense must arise from global symplectomorphisms applied to L;.
Such symplectomorphisms do indeed exist. Recall that associated to any Lagrangian
sphere L is a compactly supported symplectomorphism 77, called a generalized Dehn
Twist. It is well-defined up to Hamiltonian symplectomorphism. The square T% is
smoothly but not necessarily symplectically isotopic to the identity. Thus T]%’; (Ly)is a
Lagrangian sphere in W which is smoothly isotopic to Ly for any integer r. However,
as demonstrated by P. Seidel in [29], a Floer homology computation shows that none
of the TEZ (L1) are Hamiltonian isotopic. A natural question is whether these are the
only examples of such Lagrangian knots, and we will show that this is indeed the case.

THEOREM 5. Let L be a Lagrangian sphere in W. Then there exists a composition
of Dehn twists T such that 7(L) is Hamiltonian isotopic to L1 or L.

This will be proven in section 6.

In a Stein manifold a Lagrangian isotopy can be composed with a conformally
contracting vector field (the negative gradient of the plurisubharmonic exhaustion) so
as to lie in an arbitrarily small neighborhood of the union of the stable manifolds of
the critical points. Also, a theorem of Weinstein, [34], says that a Lagrangian sphere
(or two Lagrangian spheres intersecting transversally in a single point) have tubular
neighborhoods unique up to symplectomorphism. Thus Theorem 1 about Lagrangian
spheres in T*S5? implies the following.
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THEOREM 6. Let Ly be a Lagrangian sphere in a symplectic 4-manifold M.
Then any other Lagrangian sphere L C M which is sufficiently C° close to Ly is
Hamiltonian isotopic to L.

Theorem 5 similarly gives the following.

THEOREM 7. Let L; and Ly be two Lagrangian spheres in a symplectic 4-manifold
M, intersecting transversally in a single point. Then for any other Lagrangian sphere
L C M which is sufficiently C° close to Ly U Ly there exists a composition T of the
Dehn twists Tr,, and 71, about Ly and Lo such that 7(L) is Hamiltonian isotopic to
L1 or L2.

Similar methods can generalize the unknottedness result of Theorem 5 to a larger
class of Stein manifolds, but it is unclear whether or not it is true in general that homo-
topic Lagrangian spheres are equivalent under a global symplectomorphism composed
of a Hamiltonian flow and Dehn twists.

Acknowledgement. The author would like to thank Alex Ivrii and an anony-
mous referee for helpful comments and suggestions.

2. Diffeomorphisms of the two-sphere. In this section we let f denote a
diffeomorphism of the 2-sphere S? and for a point z € S? we denote its antipodal
point by —z.

DEFINITION 8. A diffeomorphism f is nowhere antipodal if f(x) # —x for all
e S2.

The aim of the section is to prove the following theorem. It is equivalent to
Theorem 3, noting that composition with the antipodal map gives a bijection between
fixed point free and nowhere antipodal diffeomorphisms.

THEOREM 9. Suppose that a smooth family of diffeomorphisms f, depending upon
a parameter p € S*, k > 0, are all nowhere antipodal and fi = id for a point 1 € S*.
Then there exists a family of isotopies fpi, 0 <t < 1, with fpo = fp and fp1 = id
for all p, f1+ =1id for all t and such that f,; is nowhere antipodal for all p, t.

REMARK 10. Note that nowhere antipodal diffeomorphisms of the 2-sphere are
necessarily orientation preserving. Then by analogy we can consider orientation pre-
serving isometries. These can be identified with the rotation group SO(3), and this in
turn is can be identified with

RP? = 5% x [0,7]/(2,0) ~ (y,0), (z, ) ~ (—z,).

Under this identification the S? factor gives an oriented azis of rotation and the [0, 7]
factor is the angle. In this picture, nowhere antipodal rotations get identified with the
subset

5% x [0,m)/(x,0) ~ (y,0) ~ B,
which is contractible.

Proof of Theorem 9. For economy of notation, and also in the interests of read-
ability, we will give a complete proof of the theorem in the case when k£ = 0 so that all
subscripts p can be forgotten. However we will be careful throughout to ensure that
all constructions and genericity assumptions apply equally well to the parameterized
situation, it is left to the reader to confirm this.
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Let E denote an equator on S2. The complement of E consists of two open disks
H1 and H2 with —H1 = Hg.

We observe that any nowhere antipodal diffeomorphism g with the property that
g(E) = FE is indeed isotopic to the identity through nowhere antipodal diffeomor-
phisms ¢;. To construct such an isotopy, we first isotope g to the identity in a
neighbourhood of E (using the contractibility of nowhere antipodal diffeomorphisms
of S1). Now the resulting map restricts to a compactly supported diffeomorphism of
H; and H,. But by a theorem of Smale, [30], compactly supported diffeomorphisms of
the disk are isotopic to the identity (see for instance [33], page 205). Combining these
isotopies we get the required isotopy of g. It is nowhere antipodal since —H; = Hs.

Given this, it suffices to find a nowhere antipodal isotopy from f to a diffeomor-
phism preserving an equator E.

We will construct our isotopy by applying the following proposition.

PROPOSITION 11. Let ® : (—1,1) x S* — S? be a smooth embedding and Ly =
®(2 arctan(s)x S'), —0o < s < 00 be a foliation of ®((—1,1)x.S*) by circles. Suppose
that there exist K, N such that f(Lsyn) is transverse to —Lg for all s > —K. Then
there exists a nowhere antipodal isotopy fi such that fo = f and fi(Ls) = f(Lsttn)
for all0 <t <1, s> —K. Further fi(z) = f(2) for all z outside of the image of @
and for all t.

REMARK 12. Suppose that ® extends to a diffeomorphism of S* = [—1,1] x
S1/(£1,0) ~ (£1,0") such that ®(—1,0) = —f®(1,0). Let z = f®(1,6). Then for
any given fized K there exists a § such that Ls is disjoint from Bs(®(—1,0)) (the ball
of radius § centered at ®(—1,0)) for all s > —K. In other words, —L is disjoint from
Bs(—®(—1,0)) = Bs(z) for all such s. On the other hand, if N is chosen sufficiently
large then f(Lsyn) C Bs(z) for all s > —K. Therefore, given any K, there exists an
N = N(K) such that the hypotheses of Proposition 11 are satisfied.

Proof of Proposition 11. As the condition of being nowhere antipodal is an open
one, we may assume any necessary genericity properties for the diffeomorphisms f with
respect to the foliation L. Specifically for any 7, s we will assume that f(L,) N —L,
consists of an isolated set of points and any tangencies are of finite order.

REMARK 13. We have two foliations of subsets of S*, namely {f(Ls)} and
{—Ls}. In the generic case the corresponding line fields will be tangent on a set of
codimension 1 and these tangents will be of order 2 except at isolated points when they
have order 3. In a high parameter family of foliations though we do expect tangencies
of higher order, but still expect the assumption above to hold true.

Suppose that N > 0. Let a, be a family of diffeomorphisms of S? depending on
a parameter r € R such that ar(Ls) = Lsyr and a, extends as the identity outside of
the image of ® and ag = id. Then we will define f; on the image of ® by

ft(Z) = htfaNt(Z)

where h; is a diffeomorphism of the image of f® which preserves the foliation {f(Ls)}
and extends by the identity to a diffeomorphism of S?. We set h; s = hel$(Losne)- In
order that fy = f we require all hy s = id.

Then we need to find smoothly varying h; s such that hy o(f(ane(2))) # —z for
all s,all z€ Lg,and 0 <t < 1.

Fixing N, for s very large and z € L, we notice that ay¢(z) must very close to
z (as the an; extend as the identity outside of the image of ®). We may assume it

+Nt
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is so close to z that fan:(z) is very close to f(z) and hence disjoint from —z (as f
is nowhere antipodal). Therefore we may choose h; s = id for s sufficiently large. We
must show that we can extend these diffeomorphisms for all parameters s.

We observe that once we have defined the h; s, for some sp we can smoothly
extend the functions to define h; , for s slightly less than sg, again relying on the fact
that nowhere antipodal is an open condition. Similarly we can always define h; s for
t close to 0 by extending the identity map.

The following lemma will be useful.

LEMMA 14. Suppose that there exist hy s for all 0 < ¢ < 1 and all s > s" such
that the corresponding maps f; restricted to Uszs, L are nowhere antipodal. Then the

isotopies fi can be extended to nowhere antipodal isotopies of S* mapping the circles
{Ls} into the circles {f(Ls)}.

We remark that the maps f; are not required to map Ly into f(Lsiin). One
application of the lemma is that it allows us to conclude the proof of Proposition 11
once the h; ; have been defined for s > —K.

Proof of Lemma 14. Define a vector field X on Uy, y> >y f(Ls) by X(fi(z)) =
4 (f(z)). Then X can be extended to all of S? by setting X = 0 outside of
Usso—e f(Ls) and defining X over Jy~ > f(Ls) in such a way that the corre-
sponding flow ¢; takes the circles f(Ls) into other such circles. The lemma will be
established by setting f; = ¢ o f once we check that such an isotopy is nowhere
antipodal.

Again let * € Ly. Then fi(x) # —x for all 0 < ¢ < 1 and so there exists a §
such that ¢:(f(x)) = fi(z) ¢ Bs(—x), a d-ball about —z, for all 0 < ¢ < 1. (By
compactness, the same § can be chosen for all € Ly.) If e is sufficiently small
and t < 0 then ¢:(f(x)) is very close to f(z) and so we may assume that in fact
¢:(f(2)) ¢ Bs(—x) for all —oo <t <1 and f;*(f(x)) = f'o_¢(f(2)) € Bs(x) for
all t > 0. Thus the points which flow through f(z) also avoid their antipodal points
and the extension of f; is nowhere antipodal as required. This completes the proof of
Lemma 14. O

Returning to Proposition 11, for any s, as ¢ increases from 0 to 1 there is a varying
collection of points I; s = f(Lsyin)N—Ls. The diffeomorphisms h; ; can be extended
arbitrarily over f(Ls4n:) once they define the inverse image of these intersections.
That is, we only need to check that h s(f(ani(2))) # —z for all z € — 1 5.

For a fixed value of s the I ; will consist of a set of points varying with ¢. For
each t, we are assuming that I; s is a finite set of points in f(Lsy.n). If we identify all
f(Lst¢n) then as ¢ varies the only qualitative changes in I; s are collections of points
appearing or vanishing.

For each s we can define a map

Ts:—LsN (Utlzof(LertN)) —[0,1]
by mapping z € —Lg to the unique r such that z € f(Lgyrn).

LEMMA 15. Suppose that Ty is a Morse function without critical values at 0 or
1. Equivalently, —Lg» is transverse to (L) and f(Lsr1n) and any tangencies with
other f(Lssyin) are of order 2. Then if hy s is defined for some s > s" with s’ — s”
sufficiently small we can also define a continuous family of hys for all 8" < s <.

Proof of Lemma 15. We know that hy o (f(ant(z))) # —z for all z € Ly and all ¢,
in particular for z € —I; . To reduce notation, let us assume slightly more generally
that he o (f(ant(2))) ¢ It for all z € —I; o and all ¢t.
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First we consider the case when the critical points of T, all have distinct values.
We recall that Morse functions without critical points on the boundary and with
distinct critical values are stable up to reparameterization, that is, if T~ is Morse
then so are all T for s sufficiently close to s”’. Moreover, fixing such an s’ with s’ —s”
sufficiently small there exist continuous families of diffeomorphisms s : —Ls — — L
and ¢, of [0, 1] such that Ty = ¢; T, for all " < s < 5.

Note that 1, can be extended to a diffeomorphism from U}_,f(Lsiin) to
Ut_of(Ls4tn) (preserving the foliation {f(L,)}). We still denote this extended
map by 9s. Then s necessarily maps each of the sets I; s onto Iy (1) . Indeed,

ws(f(LertN)) = f(Ls/+¢S(t)N)'
We can now define our h; s by

hes(f(ain (2))) = 05 he, 1), fag, )N (—s(—2))

for z € Ly and check that if z € —I; 5 then h (f(ain(2))) & Iis-

In the case when Ty~ has critical points with the same critical values, we simply
divide —Lg~ into subintervals on which T~ is Morse and stable and define the h; s on
each subinterval as above, adjusting our maps to ensure they match at the boundaries.
d

Summarizing our situation so far, the goal is to define h; , for all s > —K and
all 0 <t < 1. The maps can easily be defined for s very large and all ¢, and for all s
when ¢ = 0 (here they are the identity). Further, by Lemma 15, if s” is the infimum
of the set of s’ such that h; s can be continuously defined on s > s’ then T, is either
not Morse, or is Morse with boundary critical points.

Suppose that there exists a finite infimum s” of the above set. For convenience,
assume that there is a single point in S? and a single ¢ parameter, for which f (L4 sn)
is tangent to — L~ to high order, or for which f(Lgy¢n) is tangent to —Lg» and t = 0
or t = 1. In other words, T~ has a single degenerate critical point with value t.

By hypothesis we are assuming that f(Lg/4 ) is transverse to —Lgr. If f(Lgr)
is tangent to —Lg~ then diffeomorphisms can still be defined as in Lemma 15 to give
a continuous extension of h; s to s > s” which give nowhere antipodal maps at least
for t away from 0. But as all hg s are the identity anyway, the resulting f; will in fact
be nowhere antipodal even for ¢ close to 0 (maps with antipodal points can only arise
through nontrivial isotopies).

So finally we consider the situation when f(Ls») and f(Lsv4n) are transverse to
— Ly and there exists a o with 0 < 0 < 1 and f(Ls/1on) tangent to high order with
— L, say at a point z. By this we mean that we can choose local coordinates (z,y) in
a neighborhood U of z in S2 such that —Lg» = {y = 2"} and f(Lgry4n) = {y =t—0o}
for some integer n > 1, the order of the tangency.

Nevertheless the I; , still consist of isolated sets of points. We suppose that h;
can be defined for some s’ > s and s” is the largest critical parameter less than s’.

A short digression. Figure 1 illustrates a possible scenario when n = 3 (the
typical case which arises for a single generic f). Setting ¢ = s — s’ close to 0, suppose
that the curves —L, are modeled by graphs f.(z) = 2® — ex + ¢. So when s > s” the
I; s NU consists of a single point when ¢ is sufficiently far from o, but may consist of
three points for some ¢ close to 0. On the other hand, I; s NU is always a single point
when s < s”. Thus, for certain fixed ¢, as s decreases we find a continuous family of
points —x(s), —y(s) € I,s C f(Ls+¢n) which converge (come together) as s — s”.

Let fi s = ft|r.. A problem would then arise if for some s’ > s” we find an interval
[z(s"),y(s")] € Ly and t’ close to o such that fy o ([z(s'),y(s")]) C [—z(s"),—y(s')] C
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t
s \ L,

Fia. 1. Curves mear the point z

f(Lsyen)NU. Such fp ¢ could certainly not be extended to s > s” without finding
an s for which either fy s(x(s)) = —x(s) or fi s(y(s)) = —y(s), a contradiction if
our f; are to be nowhere antipodal. However, letting ¢ decrease with s’ now fixed,
the horizontal line f(Lg +ny) moves down our figure, and, as o > 0, will eventually
move into the negative half-space where I; s is a single point. In other words, we
also find a contracting interval [—x(t), —y(t)] C f(Ls4en) with —x(¢), —y(t) € It &,
where z(t') = z(s’) and y(t') = y(s'), and so such an f ¢ could also not be extended
to smaller . But we already know this to be possible in our case since for s > s”
the h; s exist for all t. So the potential obstruction does not in fact arise. End of
digression.

We formalize the intuition of the above digression in the following lemma.

We choose a small neighborhood U of z such that —Ls; N U consists of a small
interval V; for all s < s < ¢, and which contains all of the points in I; 4 for ¢ close
to o and s close to s” which converge to z as t — ¢ and s — s”. We note that
I, ¢+ NU = z, but for s close to s” and ¢ close to o, I, s N U may contain several
points.

LEMMA 16. We may isotope our maps hys such that fi(Ly N =U) is disjoint
from U for all t.

REMARK 17. The construction here is sufficiently canonical that it should be clear
no additional obstructions arise in higher parameter families.

Proof of Lemma 16. There is a well defined map = from U to Ly (defined using
our original f;, before the current isotopy) which takes a point w € U to the unique
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x € Ly with fi(z) = w for some t. The image of U is an interval W C Ly. If =V is
disjoint from W then there is nothing to do, otherwise by choosing U sufficiently small
we may assume that W U —V,, is an interval inside Ly . For each x € —V, we have
m(—x) € W and if we orient the interval W U —V,» we observe that either x > 7(—x)
for all x € Vg or © < m(—x) for all z € V. For otherwise, by the intermediate value
theorem, we can find a y € Vs for which fi(y) = —y, a contradiction. Suppose that
the first scenario arises. Then we can redefine the h; s to be unchanged on parts of
their domain away from U but to move the image of —V;, (under fan;) in the positive
direction in order to displace it from U. As points of —Vy move only in the positive
direction, we notice that the new f; = h; o fan, are still nowhere antipodal. O

Given Lemma 16, to complete the proof of Proposition 11 we can now mimic
the proof of Lemma 15 by defining, for s” < s < &, diffeomorphisms 5 from
Ut_of(Lsttn) to Ut_o f(Lsyen) which preserve the foliations { f(L,)} and ¢ : [0,1] —
[0,1] by the formula (f(Lsi¢n)) = f(Letp.)n). Making the same assumptions
as in Lemma 15, as Ty is Morse away from — Ly N U, we may assume that 1; maps
—Ls\ U to =Ly NU and hence that 1,(I; s \ U) maps to Iy (4),s \ U. For s" —s"
sufficiently small, we may also assume that the diffeomorphisms 15 preserve U itself.
Then we check that the formula

hes(f(ain (2))) = 5 he, ), fag, N (—s(—=2))

still works to define our hys for " < s < . Indeed, if z € —(Its \ U) then
his(flain(2))) # —z as before, but if z € —(Iys N U) then, by applying the
isotopy of Lemma 16, we may assume that h: s(f(an(2))) ¢ U and so again
hes(flain(2))) # —z.

This completes the proof of Proposition 11, that is, the maps h; s can be defined
for all ¢ for both an open and closed subset of s, including large s. Thus they can be
defined everywhere and we have our isotopy. O

We apply Proposition 11 in various situations to complete the proof of Theorem 9.

Let n denote the north pole in S?, and define z = f(n). Let « be a great circle
intersecting n, z and —z. Then we can define E to be the great circle perpendicular
to v and intersecting the two midpoints of v between n and —z. We note that n # —z
(since f is nowhere antipodal). In the case when z = n there is of course a family of
great circles intersecting n = z and —z, but all produce the same E, which in this
case is just the standard equator. By definition n and —z lie on opposite sides of FE.
As the antipodal map preserves E but maps one hemisphere to the other, z must lie
on the same side of E as n, while —n, the south pole, lies on the same side as —z.

We can choose an embedding ®; : (—1,1) x ST — 5% with sxS? — nass — 1 and
sx 8! — —z as s — —1. Then we may suppose that ®; extends to a diffeomorphism
of spheres and so by Remark 12 the hypotheses of Proposition 11 are satisfied (for any
K given a suitably large N) and we can find a smooth isotopy of nowhere antipodal
diffeomorphisms from f to a new map f; with fi(n) = z and f1(F) = C, a small
circle around z. We have tried to illustrate the situation in Figure 2.

Repeating this argument, as f; is nowhere antipodal f 1(771) # n and so we can
choose another embedding ®, : (—1,1) x S — S? such that now s x S* — f;'(-n)
ass — land s x S — nass — —1. Then fi®((—1,1) x S!) is a cylinder converging
at its positive end to —n and at its negative end to z, see again Figure 2. As F
separates these two points we can also choose ® such that fi®5({0} x S') = E and
[1®,({—K} x S') = C for a —K close to —1. Thus applying Proposition 11 again
gives an isotopy fi+ of fi through nowhere antipodal diffeomorphisms such that there
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SES
f_).
<

Fic. 2. The diffeomorphisms f and f1

n=1,"(2)

will be a moment ¢y when the corresponding diffeomorphism f; ;, maps E to itself.
By our first observation this is enough to complete the proof of Theorem 9. O

3. Lagrangian spheres in 7*S2. Let L be a Lagrangian sphere in 7*S2. This
has self-intersection number —2 and so must be homotopic to the zero-section. By
scaling in the fibers we may assume that L C T1'S2, the unit disk bundle defined
using a round metric. We will identify T'S? with the complement of the diagonal
A in S? x §? with its standard split symplectic form w = wy @ wy. Under this
identification, the zero-section in T'*S? becomes the antidiagonal A. Thus Theorem
1 in this case is equivalent to the following.

THEOREM 18. Given a Lagrangian sphere L C S% x 2\ A homotopic to A, there
exists a Hamiltonian isotopy of S? x S? which fizes A and maps L onto A.

Given an almost-complex structure J on S? x S? tamed by w, Gromov showed
in [12] that there exist unique foliations Fy and F; by J-holomorphic curves in the
classes [S? x pt] and [pt x S?]. With respect to the standard almost-complex structure
Jo = i @1, these foliations are exactly S? x pt and pt x S2. The key lemma which we
need from [18] is the following.

LEMMA 19. There exists a tame almost-complex structure J on S% x S? such that
each curve in the corresponding foliations Fo and Fi intersects L transversally in a
single point. The almost-complex structure J can be taken to agree with Jo near A.

The second statement was not included in [18] but is clearly true from the proof.
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FX(LX) ) F(LY) B, (0 F,(0.g,(y)
* y A X N A
? 0, (®)
—_—
p
1, }

Fic. 3. The map ¢

There exists a family of tame almost-complex structures Jy, 0 < ¢t < 1 on §? x 52
with J; = J and, for all ¢, J; = Jy = i near A. In particular, A is a Ji-holomorphic
curve for all ¢t. By the positivity of intersections for J;-holomorphic curves, each
holomorphic curve in the foliations Fy and F; intersects A transversally in a single
point. Therefore we can make the following definition.

DEFINITION 20. F;(t,x) is the Ji-holomorphic sphere in the foliation F; which
intersects A at the point x.

We define a diffeomorphism f : A — A by f(z) =y, where y € A is the unique
point such that Fi(1,y) N Fo(l,z) € L. Then, as L is disjoint from A, we have
f(x) # z for all z € A. Equivalently, this means that —f~! is nowhere antipodal.

As in the previous section, for a point x € A we denote its image under the
antipodal map by —z. Then Fy(0,z) N F1(0, —z) € L for all x € A.

We can apply the Theorem 9 without the parameter p (or in the case k = 0) to
get the following.

LEMMA 21. There exists an isotopy g¢ : A — A, 0 < t <1, of nowhere antipodal
maps with go = id and g1 = —f~ L.

We now define maps ¢; : S% x 2 = 52 x 52 to be the unique diffeomorphisms
sending Fo(t,x) to Fo(0,z) and Fi(t,y) to F1(0,¢9:(y)) for all z,y € A. The map is
illustrated in Figure 3.

Then ¢¢ = id, ¢1(L) = A and ¢;(A) is disjoint from A for all . For the second
point, note that Fo(1,2) N F1(l,y) € L if and only if y = f(x) or, equivalently,
g1(y) = —f~(y) = —z. The third point is equivalent to g; being nowhere antipodal.

Let L; = ¢; '(A), so L; gives a smooth isotopy from L to A in 2 x 5%\ A.

Now, as the coordinate foliations are holomorphic, ¢;,(J;) is tamed by the split
form w, and we see from this that ¢.(A), which is ¢, (J;)-holomorphic, is a symplectic
submanifold for all ¢.

For fixed ¢, set ws = s¢} (w)+ (1 —s)w. This is a symplectic form for all 0 < s < 1.
It is clearly closed and is symplectic since it tames J;. We note that A is symplectic
for all ws and, if t =0 or t =1, L; is Lagrangian with respect to all ws. Hence by an
application of Moser’s theorem we can find diffeomorphisms 1; of S? x S? such that
Yf(w) = ¢; (w). The 1 can be chosen to vary smoothly with ¢, to fix A and such that
1o = id and 1 fixes L. To see this, we recall that Moser’s method involves writing

ws = wo + das and studying the flow of the vector field X defined by X |ws = d;‘;.
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The definition implies that Lx ws = d( dc‘l)‘;) = %. We have the freedom in this
construction to add any smooth family of exact 1-forms S5 to the as. These 55 can
be chosen such that a, + (s vanishes on the symplectic normal bundle to A and, if
t =0 ort =1, on the tangent bundle to L;. Then the flow fixes A and, if ¢t = 0 or
t =1, also fixes L;.

Thus v (L;) is a Lagrangian isotopy from L to A inside S2 x S?\ A as required.

To show that the space £ of Lagrangian spheres is contractible, by applying a
result of R. S. Palais [28], the Corollary following Theorem 15, it suffices to show that
7 (L) = 0 for all integers k > 0. Thus Theorem 2 reduces to the following.

THEOREM 22. Given a family of Lagrangian spheres L, C S* x S\ A for p € S*
there exists a family of Hamiltonian isotopies of S* x S% which fit A and map L,
onto A.

This follows exactly as Theorem 1 for 7%S? by applying the full parameterized
version of Theorem 9 once we establish the analogue of Lemma 19, that is, we need
to show the following.

LEMMA 23. There exists a family of tame almost-complex structures J, on 52 x 52
such that each curve in the corresponding foliations Fo and Fy intersects L, transver-
sally in a single point. The almost-complex structures J, can be taken to agree with
Jo near A.

Proof of Lemma 23. We briefly recall the construction of the almost-complex
structures in [18]. Associated to each p € S*¥ and positive integer N there exists
a tame almost-complex structure J, y on 52 x S? which corresponds to stretching
the neck to length N along the boundary of a small tubular neighborhood of L,. It
is easy to arrange that the J, y vary smoothly with p. For fixed p it was shown
in [18] that, after taking a subsequence as N — oo, reparameterizations of Jj, n-
holomorphic spheres in the corresponding foliations Fy and F; converge smoothly to
finite energy planes in T*L,. For a suitable choice of the J, y these finite energy
planes must be transverse to L, in particular the J, 5 holomorphic foliations Fy and
JFi are transverse to L, for N sufficiently large. This was shown in [18] assuming some
regularity conditions on the J, n, in particular for almost every p in a generic family.
A limiting argument and positivity of intersection shows that the arrangement of the
curves with respect to L, must in fact be the same for all p. We claim that there
exists an N such that the J, y-holomorphic foliations are transverse to L, for all p,
thus establishing the lemma.

Suppose that the claim is false. Then for all j there exists a point ¢; € S* and
a Jg, j-holomorphic sphere C; tangent somewhere to L,;. A subsequence of {g;}
will converge to some p € S*. Now, there exist diffeomorphisms aj + S% x S% —
5% x 82 such that a;(Lg,) = L, and a; is an (Jg, j, Jp,;)-biholomorphism on the
tubular neighborhood of L,;. Furthermore, after taking the subsequence, the a;
can be chosen to converge C'°° uniformly to the identity and so I; = aj.(Jg, ;) is a
sequence of almost-complex structures on S? x S? agreeing with J, ; near L, and
which are tame for j large. We apply the compactness theorem from [3] exactly
as in [18] to the Ij-holomorphic foliations Fy and F;. The same proof shows that
reparameterizations converge to finite energy planes in 7*L, transverse to L,. But
this gives a contradiction as required since the I; holomorphic spheres a;(C;) are
tangent to L. O
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FIG. 4. Subsets of S% x S2

4. Manifolds with 1-handles. We will now consider the class of convex sym-
plectic manifolds constructed by adding 1-handles to the unit cotangent bundle 752
in order to establish Theorem 1 in this case. Our first observation is that any such
manifold M can be symplectically embedded in (S? x S? w), see Figure 4, after
perhaps scaling the symplectic form. This follows from the methods of [10]. We can
arrange that the zero-section in 7' S? again becomes identified with A and the bound-
ary of M is a smooth hypersurface ¥ of contact-type in S? x S2. More precisely one
can think of M as a Stein manifold having a bounded plurisubharmonic exhaustion
function which is zero on the zero-section in T*S? and whose other critical points
are nondegenerate and have Morse index 1. The symplectic form on M is the Kéahler
form of the plurisubharmonic exhaustion. Now, as in [7] or [8], 2-handles can be
added to M to cancel the 1-handles and produce a Stein manifold symplectomorphic
to T19? = §% x S\ A. We will later use the fact that ¥ is now a level-set of a
plurisubharmonic exhaustion on S? x 52\ A.

We plan to find families of almost-complex structures J; on S? x 52 and diffeo-
morphisms f; : A — A such that Fy(¢, z) intersects F1 (¢, ft(x)) on embedded spheres
L, ¢ M with Ly = A and L; = L. The notation here is from Definition 20. The
almost-complex structures can be constructed by deforming Jy in a neighbourhood of
¥ and, for ¢ close to 0 or 1, also in a neighbourhood of A or L.

Suppose that we perform the operation of stretching-the-neck along . That is,
we symplectically identify a neighbourhood of ¥ in S? x §2 with ((—e,€) x 2, d(efa)),
where « is a fixed contact form on X. We can then produce a manifold Ay by replacing
this neighbourhood by (=N, N) x 3. Our original almost-complex structure can be
extended over (—N, N) x ¥ to be translation invariant and the symplectic form can
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be extended over (—N, N) x ¥ such that Ay is symplectomorphic to (5% x S2,w)
via a symplectomorphism equal to the identity outside (—N,N) x X (for this see
[23]). Under this symplectomorphism we can think of stretching the neck as studying
a family of almost-complex structures Jy on S? x S? which degenerate along ¥ as
N — oo.

At the same time, we can deform the almost-complex structure along the bound-
ary of tubular neighborhoods Uy or U of Ly = A or L; = L respectively, see again
Figure 4. Stretching to length N7 and Ny on the contact hypersurfaces ¥ and 9U;
respectively we obtain almost-complex structures Jy,o and Jy 1, where N = (N1, Na).
There exist smooth families of almost-complex structures Jy; connecting Jy,o and
Jn,1 which are fixed on the tubular neighborhoods of £ and in the complement of M.

The following summarizes work of H. Hofer, K. Wysocki and E. Zehnder, see [23],
applied to our situation. We recall that the completion of a symplectic manifold with
a contact boundary (P, = {\A = 0}) denotes the union of the symplectic manifold
with a cylindrical end equal to the positive ((0,00) x P, d(e* X)) or negative ((—o0,0) x
P, d(e'\)) symplectization of the boundary, depending upon whether the boundary is
convex or concave respectively.

LEMMA 24. Given a sequence N = (N1, N3) in which both entries tend towards
infinity, there exists a subsequence such that for i,j = 0,1 the corresponding Jy ;-
holomorphic curves in F; will converge to unions of finite energy curves as N — 00.
The limiting finite energy curves can be chosen to extend to foliations of three sym-
plectic manifolds with cylindrical ends, namely the completion W of the complement
of M in S? x S?, the completion of U;, which will be a copy of T*S?, and the comple-
tion of M \ U;, which has two ends symplectomorphic to the positive symplectization
of ¥ and the negative symplectization of the boundary of U;.

A priori these foliations will depend upon the subsequence (N7, N3) — co. Sim-
ilarly we can let just N7 or N5 tend towards infinity. In the first case we produce
foliations of W and the completion of M. In the second case we produce foliations of
the completions of U; and S? x S?\ Uj;.

Outline of the proof of Lemma 24. The relevant compactness result here as
N — oo is contained in [3]. Specifically it says that given a fixed point p € S? x §2
there exists a subsequence of N such that the Jy-holomorphic curves through p
converge to a holomorphic building, that is, a union of finite energy curves in our
completed symplectic manifolds (with respect to a compatible almost-complex struc-
ture translation invariant near the ends). If we choose a countable dense collection
of p in each of the three manifolds then taking a diagonal subsequence we may find
a sequence of N such that the Jy-holomorphic curves through all p in the collection
converge. Note that any point in one of our competed manifolds can be identified with
a point in each Ay provided that N is sufficiently large. The result is finite energy
curves through a dense set of points in each of our completions. These curves either
coincide or are distinct by positivity of intersection, see [26], since, as the curves are
limits of the same sequence of N, any intersections of curves with different images
will also be seen as intersections of Jy-holomorphic curves, which are known to form
a foliation. Finally, limits of the finite energy curves through the dense set of points
produce curves through every point, and positivity of intersection again implies that
these form a foliation.

Further facts about finite energy curves, such as definitions, asymptotic conver-
gence to Reeb orbits and Fredholm properties can be found in the series of papers
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[20], [21], [22]. A brief summary containing the facts we need here appears in section
2 of [18]. O

The foliations of the completion of U; were determined in [18], Lemma 10. For
U; and its almost-complex structure suitably chosen, the Reeb flow on 0Uj is foliated
by closed orbits, and exactly one curve in each foliation is asymptotic to each closed
orbit. Also, each curve in the foliation from Fy intersects in a single point each curve
in the foliation from F; provided that the curves have different asymptotic limits.
Another result coming from the analysis in [18], see Lemmas 8 and 9, is that the
curves in both foliations are transverse to the zero-section, and it follows that, for a
fixed N7, the curves in the foliations of S? x S? are transverse to L; for N sufficiently
large.

We now look at the resulting foliations of W coming from taking limits of curves
in Fy or F1. A priori of course these foliations could depend on the almost-complex
structure J on M as well as the original homology class. We fix once and for all
the restriction of the almost-complex structure to W. There is a natural topology on
almost-complex structures on M which are allowed to degenerate along one of the 9U;.
Namely we use the topology of smooth uniform convergence to define the restriction
of the topology to the nonsingular and singular (degenerate) structures, and say that
under neck stretching the nonsingular structures converge to the singular limit. We
will use F;(J) to denote the limiting foliation of W resulting from stretching curves
in F;, suppressing the possible dependence on the sequence N; — oo. In the case
when J is singular this corresponds to taking limits of curves in F; as N1 << No
but both tend to infinity (since when N is very large the holomorphic spheres in the
F; intersect the complement of U; in a foliation arbitrarily close to the finite energy
foliation of S? x §%\ U; coming from letting Ny — c0).

LEMMA 25. For a fized singular J on M the foliations Fo(J) and Fy(J) formed
by taking limits of a common convergent subsequence of N1 — oo coincide. Therefore
we may denote the common foliation by F(J).

Proof. Suppose that a curve in the limiting Fy(J) foliation intersects one in the
limiting F3(J) foliation but that the curves do not have identical images. Then, by
the positivity of intersections, any intersections of limiting finite energy curves must
also be seen as intersections of holomorphic spheres in the foliations Fy and F; of
the complement of U; when Nj is large. By the positivity of intersections again,
intersections are stable under perturbation and so we may assume that the curves
have distinct asymptotic limits on 0U;. But this gives a contradiction since we can
then topologically glue in planes in U; homologous to the corresponding finite energy
planes to produce spheres in the classes [S? x pt] and [pt x S?] with intersection
number 2. 0

Now we consider limits when the complex structure J; on M is nonsingular.

LEMMA 26. The foliation F;(J1) of W coincides with F(J), where J is the fixved
singular structure on M above. Therefore we can denote the common foliation simply
by F.

Proof. We study the limits of curves through a generic point x € A. By this we
mean that the deformation index I(C) of the finite energy curve C in F(J) passing
through the point z satisfies I(C') = 2. This is equivalent to saying that the con-
strained index (amongst curves passing through x) is 0. Suppose that the curve C’
in F;(Jy) passing through = does not coincide with C. Note that if F;(J;) differs
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from F(J) then an open subset of the corresponding curves must be different, and in
particular curves through a generic point will differ.

By considering a family of almost-complex structures J; connecting Jy = J and
J1 and fixed on W (so that the almost-complex structures are degenerating along
0U;), we find corresponding families of Ji-holomorphic curves, say Ch, ¢, such that,
as N1 — oo, the curves Ch, o have C as a limiting component in W and the curves
Cn, 1 have C' as a limiting component. Denote the intersection of a holomorphic
curve D with a compact subset K of W by D¥X. Then, given an ¢ > 0, for N;
sufficiently large, and provided the curves are suitable parameterized, C’]I\fho is e-close

to CK, and C’]{fhl is e-close to C'K in a fixed C* topology. Now, as C' and C’

are distinct, the distance between CX and C'¥ is bounded away from 0 in our C>
topology. Therefore, for any given small € and N7 sufficiently large we can find a J;
holomorphic sphere C;, ; such that the distance between Cf\,(hlt and C¥ is exactly e.
Taking a limit, the same is true for the limiting finite energy curve, say C” in W, that
is, C¥ and C"K are exactly e apart. Then, if the almost-complex structure on W is
regular and e is chosen suitably, C” must have positive constrained deformation index
(as curves through « of constrained index 0 form a 0-dimensional set) or, equivalently,
unconstrained index I(C"”) > 3. But, following the analysis of M-L. Yau, see [36],
for a suitable choice of contact form on ¥ the Reeb orbits (of a bounded period)
correspond either to Reeb orbits on a perturbed T1.S?, or are multiple covers of orbits
lying entirely in the 1-handles. In any case, they have Conley-Zehnder index at least
1 and therefore the components D of the limit of the C, ; in M all have nonnegative
deformation index. Now I(C") + I(D) = 2, the index of our original curves, and so
it follows that I(C") < 2 and we have a contradiction. O

COROLLARY 27. Given a compact subset of singular and monsingular almost-
complex structures on M and a compact subset K of W, there exists an Ny such that
if the complex structure is stretched to length N1 along ¥ then (independently of the
almost-complex structure on M ) we may assume that the restriction to K of the curve
in either Fo or F1 through a point x € A lies C* e-close to the corresponding curve
in F' restricted to K.

Otherwise, letting N; — oo, we reach a contradiction. In particular, if we stretch
to length at least N then curves in Fy and F; through any pair of points z,y € A
which are distance order € apart do not intersect in the fixed compact subset of W.
The following is the key proposition for the proof of Theorem 1.

PROPOSITION 28. There exists a family of almost-complex structures J; and dif-
feomorphisms fi of A such that Fo(t, x)NF1(t, fe(x)) € M for allx € A. Furthermore,
we may assume that the sphere isotopy

Ly ={Fo(t,z) N F1(t, fi(x))|z € A}

satisfies Lo = A and L, = L.

Proof. Letting No = oo, for ¢ = 0,1 we have two foliations of U; and a single
foliation of S? x S? \ U; coming from limits of curves in Fy and F;. We can define
diffeomorphisms f; of A as follows. Each p € L; lies on a unique plane P, in the
foliation of the completion of U; coming from limits of Fy. Similarly, p lies on a
unique plane P; in the completion of U; coming from limits of F;. There is a unique
plane Qo in S? x S?\ U; whose negative asymptotic limit corresponds to the positive
limit of Py, and there is a unique plane Q; in S? x S?\ U; whose negative asymptotic
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limit corresponds to the positive limit of P;. If we denote the intersection of Q¢ with
A by x then f;(x) can be defined to be the intersection with A of Q.

By construction the f; are fixed-point free, therefore by Theorem 3 they can be
connected by a family of fixed-point free diffeomorphisms f; of A. Assume that for
any € A and ¢ € [0, 1] the points x and fi(x) are at least ¢ apart. Leaves of F which
intersect A in points €’ apart we may assume to remain an e apart on W (thought
of as a compact subset of its completion). Therefore we can choose a corresponding
N as in Corollary 27 such that when we stretch to length N; along ¥ the sphere in
Fo through z does not intersect the sphere in 77 through f;(x) in W for any x,t. In
other words the spheres intersect in M.

We can find a family of almost-complex structures J; on S? x S2 such that if t < §
then J; is stretched to length Ny along OUp; if t > 1 — 6 then J; is stretched to length
Ny along OUy; if 6 <t <1 — 0 then J; is stretched to length N; along ¥. Then we
claim that if Ns is chosen sufficiently large the spheres L; are all disjoint from W as
required. Given our choice of Nj this is already established for the spheres L; when
0 <t <1-—94. For other ¢ the claim follows by taking a limit as No — oco. If the
claim were false for ¢ < ¢ then, taking the limit, we could find an x € A such that the
curve in the foliation of S? x S?\ Uy coming from JFy and passing through z intersects
in the curve in the foliation of S? x S? \ Uy coming from F; through f;(z). Indeed,
the intersection point is a limit of intersection points of J;-holomorphic spheres in W.
But this is a contradiction as these two foliations coincide.

We remark that for a fixed large, but finite, N5 this construction gives Ly and L,
only C* close to A and L respectively, but this can easily be corrected with a small
adjustment of the f; and Proposition 28 is established. O

Using Proposition 28, we now complete the proof of Theorem 1. Following the
method of section 3, we can find a family of symplectic forms w; on S2 x §? such that
L, is Lagrangian with respect to w;. The w; restrict to exact symplectic forms on
M, say w; = day, which tame J;. In a tubular neighborhood V' = (—¢,0) x X of the
boundary ¥ = {0} x 3 of M, define a function x : V' — [0,1) such that x(r,y) = x(r)
is an increasing function of r, x(r,y) = 0 for r close to —e and x(r,y) =1 for r close
to 0. Then, first scaling «; if necessary, we can replace it by 5; = (1 — x)ar + xe"« in
V. The new form w; = df; will still be symplectic and tamed by J; (for a; suitably
scaled) but now agrees with w near 3. Assuming V to be disjoint from all L;, the
submanifolds L; will still be Lagrangian with respect to w;.

We now apply Moser’s method as in section 3 to find a symplectomorphism be-
tween (M,w;) and (M,w) and thereby isotope the L; into Lagrangian submanifolds
of (M,w). As before, this can be arranged to fix Ly and L; and now also the neigh-
borhood V. Thus it gives our Lagrangian isotopy as required.

5. Proof of Theorem 4. In this section we study the symplectic manifold W,
which is a plumbing of two copies of T%S2. Namely we take two copies of T*S? and
identify the cotangent fibers projecting to a disk D in S? with a product D x E in each
copy. We then identify the two copies of D x E, preserving the product structure but
reversing the factors. Alternatively W can be realized as a Stein manifold by adding
a 2-handle to a disk bundle T 5? along the boundary of one fiber, a Legendrian curve
for the natural choice of contact structure.

In any case, W is naturally a symplectic manifold with symplectic form wy and
contains two Lagrangian spheres L1 and Lo corresponding to the two zero-sections.
We will think of its non-compact end as a copy of [0,00) x M where M carries a
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contact structure with contact form « and the symplectic structure on the end is
given by w = d(ea).

The manifold M is a lens space L(3,2). The contact form can be described as
follows.

Let S be the 3-sphere given by
S = {(21,22) € C*|H(x) = 1}
where
2, 1 2
H(z) = o1 + 51ea]

and equipped with the contact form A|g where

A=

1 _ _
Z (Zdej — Zdej).

2
=1

J

Let 2 > 1 be an irrational number and let py and p; denote the periodic orbits
{z2 =0} NS and {z; =0} NS respectively.

LEMMA 29. (see [19] Lemma 1.6) The associated Reeb vector field posesses pre-
cisely two periodic orbits pg and p1. They are nondegenerate and have Conley-Zehnder
indices p1(po) = 3 and pu(p1) = 2n+ 1 wheren <r? +1<n+ 1.

Now we observe that S and Mg are invariant under the map o : (z1,22) —
(e% 2,65 29) and so project to L(3,2) to give the contact form a. The orbits pg and
p1 triple cover periodic orbits zp and 7 on our L(3,2). Let X be the corresponding
Reeb vectorfield.

Our proof will proceed as follows. On [0,00) x M we choose a tame almost-
complex structure J which is translation invariant, preserves the contact planes on
M and satisfies J (%) = X. Throughout the proof we will fix this almost-complex
structure. It can be extended to a tame almost-complex structure J on W and for
each extension we will describe a foliation of W by finite energy planes asymptotic to
multiple covers of xg. Let L C W be a Lagrangian sphere homotopic to L;. Then we
pay specific attention to the pattern of the foliation relative to L when we change J
by stretching the neck near L. This is all done in section 5.1.

In section 5.2, using our holomorphic foliations we can construct plurisubharmonic
exhaustion functions on W. These functions will have exactly one minimum and two
critical points of index 2. It will turn out that after stretching the neck along L, the
unstable manifold with respect to the upward gradient flow of one critical point will
be disjoint from L. The arrangement we aim for is illustrated in Figure 5.

All such plurisubharmonic exhaustions give isotopic symplectic structures on W.
The final part of the proof, in section 5.3, will use these isotopies to construct the
symplectomorphism needed for our theorem. Of course Theorem 1 will also be used,
in a form which says that a Lagrangian sphere disjoint from the unstable manifold of
one critical point is Hamiltonian isotopic to the stable manifold of the other critical
point.

5.1. Finite energy holomorphic curves in W.
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unstable manifolds

index 2 mints

minimum

Fic. 5. An unstable manifold disjoint from L

5.1.1. Finite energy foliations. As stated above, W admits a foliation by
finite energy planes. More specifically the following is true.

THEOREM 30. For any tame extension J, the almost-complex manifold (W, J)
can be foliated by finite energy planes. Ezactly three planes in the foliation, Ey, F1,
E5, are asymptotic to xy. The other finite energy planes are all asymptotic to 3xg.
After choosing orientations for L1 and Lo we may assume that E; @ L = —6;; and
EyeL;=1 fori,j=1,2.

Proof. This is very similar to the proof in [16], (which of course is heavily reliant
on the series of papers [20], [21], [22]) but the arrangement of finite energy planes is
different to the situation covered there. In fact, [16] described finite energy foliations
of Stein manifolds diffeomorphic to disk bundles over S? whose boundaries are the
Lens spaces L(p, 1). The basic case of the foliation of T*S? with boundary RP3 was
worked out earlier in [15]. The proofs, and this one, follow the same path in that they
start with the finite energy planes in R x S® constructed in [19] (using the method
of filling by holomorphic disks) and project these to get finite energy planes in W
which are topologically trivial relative to the boundary but appear in a 2-dimensional
family. A process of elimination using index and area inequalities then determines
the behaviour of the family of curves as they propagate into W.

More precisely, this reasoning, originating in the works of H. Hofer, K. Wysocki
and E. Zehnder, [19], Theorem 5.1, implies that there is a 2-dimensional moduli space
of unparameterized disjoint embedded finite energy planes asymptotic to 3zg. The
planes lying in [0, 00) x M are all disjoint from the cylinder [0,00) x z¢ lying over
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U~

M x R

F1G. 6. Finite energy planes making up B

the Reeb orbit and the natural S* action on C? by rotation in the complex planes
restricts to an action on our original 3-sphere which in turn descends to act on this
subset of the moduli space. Then we may assume that there exists an S' family of
planes in [0,00) x M such that each plane in the family touches {1} x M in a single
point (the family is given simply by the S! orbit of a plane whose R coordinate has
a single absolute minimum). Choosing R large, this S! family will intersect { R} x M
in an S' family of circles, a 2-torus, which bounds a solid torus U containing the
periodic orbit xzo. Let B be the intersection of the S' family of finite energy planes
with [0, R] x M, see Figure 6.

Now, we may change our almost-complex structure near B such that it is bi-
holomorphic to a neighborhood of {|z1| < 1,|ze| = 1} c C2, where B itself
is identified with {]z1] < 1,|z2] = 1} and a neighborhood U’ of U C U with
{1 —€ < |22)? < 1,]22]2 = 2 — |21|?}. We may assume when perturbing the almost-
complex structure that the planes intersecting B remain holomorphic, and also that
the foliation of nearby planes coincides with the zi-planes near B U U’ and with the
original foliation away from a small neighborhood. Let us replace B U U’ by the hy-
persurface {|z2]?> = h(|21]?)} where h is a concave decreasing function approximately
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equal to 1 when |21]? < 1 and equal to 2 — |21]?> when |21|> > 1+ ¢. Then the new
hypersurface is strictly pseudoconvex and, together with U \ U’, bounds a domain
V. We recall that (complete) plurisubharmonic exhaustions of Stein domains define
a symplectic structure which depends only upon the underlying complex domain, see
[10] Theorem 1.4.A, and in our case this structure is symplectomorphic to W (as it
is isotopic to W through domains defined by R translates of B).

We are interested in an extension of our moduli space to a family of finite energy
planes foliating V. After the perturbation of B U U’ we observe that there exists an
S1 family of finite energy planes (corresponding to |22|? = h(0)) which intersects B
in a circle v of complex tangencies. Other nearby finite energy planes in our moduli
space intersect B in circles linking +, see for example Figure 2 in [16]. Since M is an
L(3,2), after choosing coordinates on U we may assume that the finite energy planes
intersecting OU do so in (3, 1) curves, where the first component represents the class
of a longitude homotopic to zg.

The planes in the moduli space intersecting U do not form a compact set. In
fact, as in [16], Lemma 3.2, bubbling occurs and sequences of finite energy planes
asymptotic to 3xp will converge to three finite energy planes Ey, E1, Fo asymptotic
to xg. (The topology of V implies that we now get bubbling into three planes, energy
considerations imply that they are all asymptotic to xg.) We call these rigid planes
since the moduli space of finite energy planes asymptotic to x¢g modulo reparameteri-
zation has dimension 0. Together with the finite energy planes asymptotic to 3z( the
rigid planes complete our foliation.

We notice as in [16] that V' is homotopic to the intersections of the rigid planes
with V, after identifying their boundaries in U. (This implies that there is no further
bubbling.) To check the intersection numbers, we can choose a convenient almost-
complex structure J since the numbers are independent of the choice. In fact there
is an S! subgroup of symplectomorphisms of W which on each cotangent bundle
corresponds to the extension via differentials of the rotations of L; about the axis
through the intersection point ¢ € Ly N Ly. Let g; and g2 be the antipodal point of
q in Ly and Lo respectively. If the almost-complex structure is invariant under these
symplectomorphisms, then so are the rigid planes (as they appear only in dimension 0).
Stokes’ Theorem implies that holomorphic planes cannot intersect our Lagrangians
in circles (since they are symplectic and the symplectic form on W is exact) and
so the rigid planes must intersect the two Lagrangians in fixed points of the S!-
action. A plane disjoint from the Lagrangians is homotopic to a plane in [0, 00) x M
where the asymptotic limit zg is not contractible. Therefore each rigid plane does
indeed intersect a Lagrangian and we can order our planes so that Ey N L; = {q},
EinNL; ={q1} and E3 N Ly = {g2}. Choosing orientations for L; and Ly gives the
theorem as required. O

Topologically the intersections of our finite energy planes with U can be visualized
as follows. We note however that this is an idealized picture. In practice holomorphic
curves can have quite complicated tangencies with pseudoconvex hypersurfaces. In
the next section we will use the technique of filling by holomorphic disks to ensure
that the pattern we describe here does indeed occur.

We look at a cross-section A of U. The interior of A has three special points
corresponding to the intersection of A with the rigid planes. By taking R sufficiently
large, the rigid planes can be assumed to intersect U C {R} x M transversally. A
finite energy plane intersecting OU hits 0 A in three points. Choosing a path from one
of these points to one of the special points determines a 1-parameter family of finite



LAGRANGIAN UNKNOTTEDNESS IN STEIN SURFACES 21

Fic. 7. Flowlines in the cross-section A

energy planes intersecting the path. The intersections of these planes with A generate
two more paths from our points in A to the remaining special points. Conversely a
path in our moduli space starting from a plane intersecting OU and converging to the
bubbled planes generates three paths in A. Starting with other planes intersecting
OU we can generate a vector field on A with elliptic points corresponding to the
rigid planes. The vector field will necessarily have hyperbolic points corresponding to
tangencies of finite energy planes with U. Assuming that there are no more elliptic
points (which could occur if a finite energy plane became tangent to U from the
outside) there must be two hyperbolic points and the various integral curves are
illustrated in Figure 7. The three marked points on the boundary are the intersections
of a typical finite energy plane with dA. With our choice of subscripts the central
special elliptic point in Figure 7 corresponds to Ejy. Notice that the same picture is
obtained in each cross-section Ay of U for § € S' and we can continuously choose
coordinates in each Ay so that the elliptic points lie in the same position. But then
the points on 0Ay corresponding to a fixed finite energy plane will rotate through %’T
in these coordinates as  moves once around. The integral curves leaving our points
on Ay can be chosen so that they correspond to the same family of finite energy planes
for each 6. These integral curves will encounter a hyperbolic point for two values of
0, corresponding to a 1-parameter family in the moduli space becoming tangent to U
twice before bubbling. Topologically this means that two curves in the plane must
contract to the boundary and that the plane will bubble into three components.

5.1.2. Stretching the neck. In this subsection we consider which finite energy
planes in the foliation will intersect L if we perform a stretching-the-neck operation
to deform J along the boundary of a tubular neighborhood of L. The result is the
following.

ProproOSITION 31. There exist tame extensions J on W such that the rigid planes
FEy and E; intersect L transversally in a single point each and Es is disjoint from



22 R. HIND

L. The nonrigid planes intersecting L contain an S' family with the property that
the planes in the family intersect U in two disjoint circles. The union of the first S
family of circles form a torus enclosing Egy NU and Ey NU; the union of the second
St family of circles form a torus enclosing Eo NU.

Proof of Proposition 31. The almost-complex structure is replaced by other
almost-complex structures Jy as in section 4 where X is now the boundary of a
tubular neighborhood Z of our Lagrangian L, which of course is diffeomorphic to
RP? = L(2,1). We fix a contact form on ¥ as above, now quotienting S by the map
o : (z1,22) = (—z1,—22). Denote by yo and y; the corresponding Reeb periodic orbits
on Y. Note that this form and the corresponding Reeb vector field are nondegenerate,
unlike the Morse-Bott type form on dU; used in section 4.

The stretching-the-neck procedure in section 4 applies again here to produce a
finite energy foliation of the completed tubular neighborhood of I which is now iden-
tified with T*L = T*S?. Since y; has large Conley-Zehnder index the finite energy
curves must be asymptotic to yo. The resulting foliation was first described in [15],
(see Theorem 2.1, or alternatively, for a description entirely in terms of finite energy
planes, rather than disks, Theorem 2.3 in [16]). There are two finite energy planes
asymptotic to yo and the remaining planes are asymptotic to 2yg. The planes asymp-
totic to yp have intersection number +1 with L. They are rigid in the sense that the
corresponding moduli space has dimension 0.

Taking limits of finite energy planes in the holomorphic foliations of (W, Jy) also
results in a collection of finite energy curves lying in a completion of W \ Z and
the symplectization of ¥ equipped with suitable almost-complex structures. After
taking subsequences and additional limits as in Lemma 24 we also obtain finite energy
foliations of W'\ Z.

Suppose that an embedded finite energy curve « in W\ Z has one positive asymp-
totic limit mxo and k negative asymptotic limits asymptotic to n;yo, 1 < i < k. The
virtual dimension of the moduli space of finite energy curves containing u modulo
reparameterization is given by

k
index(u) = —(2 —1—k) + p(mazo) — Zu(niyo)

i=1

where the p are Conley-Zehnder indices with respect to a suitable trivialization giving
c1(TW) = 0. For m, n; not too large pu(maxo) = 2| % | + 1 and u(nyo) = 2[5 +1
where | z] denotes the greatest integer less than or equal to z. Hence

® index(u) = 2(| 5] = Y15 ).

In particular all virtual indices are even. Note that by the compactness result of [3]
such curves are the only ones which can appear as components in W\ Z of limits of
our curves in W. Recall also our assumption is that L is homotopic to L;.

LemMA 32. Limits of the rigid planes Eg or By as N — oo contain a rigid plane
in T*L and a cylindrical component in W \ Z with ends asymptotic to xo and yo.
Limits of the rigid plane E5 have no components in T*L.

Proof. As their intersection number with L is £1, the limits of the Jy holomorphic
rigid planes Ey and F; must contain planes in T*L, and as the indices of the limiting
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W\Z

E 0
Fic. 8. Limits of the rigid curves E;

components of the rigid planes add to 0 we may assume that these planes are rigid.
The corresponding components of the limits in W \ Z have a single positive end
asymptotic to 2o (which implies that there is only one component in W\ Z and it is
not a multiple cover), and, from the above, at least one negative end asymptotic to
a multiple of yo. The index formula (1) implies that such a component has negative
index unless it is a cylinder with ends asymptotic to xg and yg. As the curve is not a
multiple cover we may assume by regularity that it has nonnegative index.

Next, we note that for the component of the limit of the Ey in W \ Z to have
nonnegative index, since m = 1 formula (1) implies that its negative asymptotic limit
can cover yo at most once. Therefore if there is a component in T*L it must be a
single rigid curve. But as such a curve has intersection number +1 with L and as F»
has intersection number 0 this is impossible. 00

LEMMA 33. The limits of Ey and Ey in W\ Z coincide. Limits of nonrigid planes
either have no component in T*L or the components in W \ Z consist of the limit of
E5 and a cylinder double covering the corresponding component of the limit of Fy.

Figure 8 illustrates the arrangement of the various limits of rigid curves.

Proof. We first note that since all indices are even the limiting foliation of W'\ Z
must consist of the images of a single moduli space of deformation index 2 curves
together with isolated curves of index 0. Indeed, the image of the evaluation map
applied to such a 2-dimensional moduli space will be both open and closed in W\ Z
with boundary consisting of images of curves of index 0, which have codimension 2.
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As we know the behaviour of curves on the cylindrical end this 2-dimensional moduli
space consists of planes asymptotic to 3xg.

Suppose that a converging sequence of nonrigid planes has a limiting component
in T* L. As nonrigid planes have intersection number 0 with L this limiting component
is not a single rigid plane and so the negative ends of the components in W\ Z cover
yo a total of at least two times. As the positive ends cover x( a total of three times we
cannot have a plane asymptotic to 3z as part of the image (as this would be the only
component, and we know there are negative ends) and so all components in W \ Z
have deformation index 0.

We next claim that for any converging sequence of nonrigid planes with a non-
trivial component in T*L the limiting component in W \ Z has the same image. For
suppose not. Then, arguing as in Lemma 26, we have sequences of planes Cy and Cly
whose limits have distinct images in W\ Z. For each large N we can find a family of
Jn-holomorphic planes connecting Cy and C, which all intersect a compact subset
of T*L (for example the family of planes in the foliation which pass through a curve
in T*L between Cy and CY). There is a plane in this family, say Dy whose distance
from Cn in a Hausdoff metric on W \ Z is a fixed number independent of N and
different from the distance of all index 0 curves in W \ Z from the limit of the Cy.
Taking a limit of a subsequence of the Dy then gives a contradiction.

Now if we take a limit of planes C'y which lie arbitrarily close to the rigid planes
and converge to the rigid planes as N — oo we see that these unique limiting compo-
nents in W\ Z have image coinciding with that of the rigid planes. If the component
in T*L is a plane asymptotic to 2yg then the only possibility for the components in
W\ Z consist of a cylinder asymptotic to 2z¢ and 2y and the plane asymptotic to
xzo equal to the limit of F5. This cylinder must contain the limits of the Fy and F4
and so we conclude that these limits coincide and the map from the cylinder here is
a double cover. O

Returning to the proof of Proposition 31, suppose that we fix a point p € T*L
disjoint from the rigid planes. Then by Lemma 33 the limits of the planes through p
converge to a plane asymptotic to 2y in T*L and the cylinder double covering the
limits of the Ey and F; and a plane equal to the limit of the Es in W\ Z. This implies
by uniform convergence that for N sufficiently large the nonrigid planes through p
will intersect U in two disjoint circles, one close to the intersection of U with Ejy and
F4 and homotopic to 2z, the other close to the intersection with E5. Looking at
the points p lying in a small circle in L around the intersection with one of the rigid
planes we find an S family of curves satisfying the requirements of Proposition 31. O

5.2. Plurisubharmonic exhaustion functions. In this section we produce a
filling (or foliation) of V' by holomorphic disks with boundary on the perturbation of
BUU and use it to construct a plurisubharmonic exhaustion for V. The key property
is that L will be disjoint from the unstable manifold of one of the two index 2 critical
points.

THEOREM 34. For any extension J as in Lemma 31, the almost-complex manifold
(V,J) admits a plurisubharmonic exhaustion function with three critical points, one a
minimum and the others of index 2. The Lagrangian L is disjoint from the unstable
manifold of one of the index 2 critical points.

It would be convenient simply to use the intersections of V' with finite energy
planes as our filling. Unfortunately it seems hard to control the tangencies of such
planes with U. Therefore we singularly foliate U with surfaces, each of which in turn
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can be singularly foliated by the boundaries of holomorphic disks. Together with the
finite energy planes intersecting B these will complete the filling.

Proof. We have discussed an S* family of curves lying in [R,o0) x M which
intersect QU in the proof of Theorem 30 (they form the hypersurface B). As described
at the end of the proof of Proposition 31 the Jy-holomorphic curves passing through
a small circle in L around the intersection of L with Eq give another S! family which
forms the boundary of a tubular neighborhood of the intersection of the rigid planes
with V. These two S families bound a compact subset A of the moduli space of
planes asymptotic to 3zg and if R’ > R is sufficiently large we may assume that they
all intersect {R'} x M transversally. Thus the curves in N will intersect a cross-
section A of a neighborhood U’ of zp in {R'} x M (as in Figure 7) in an annulus
S with one boundary on JA, and each curve will intersect S in three points. The
corresponding degree 3 cover from S to A shows that A itself is an annulus and will
contain a circle (homotopic to a circumference) which consists of planes which miss
L but still intersect a fixed compact subset of T*L. Indeed, the curves which touch
only the boundary of a small tubular neighborhood of L generically will correspond
to a union of embedded circles in N and one of the circles must separate the two
boundary components. As in Proposition 31, planes in these S' families converge, as
we stretch along the boundary of a tubular neighborhood Z of L, to a nonrigid plane
in T*L and, in W \ Z, a cylinder covering the limits of Ey and F7 and a plane equal
to the limit of Fs. Therefore for N sufficiently large we have that the curves in the
family will intersect U transversally in two families of circles, one homotopic to 2xg
and the other to xg. The first family will foliate a torus I enclosing (Eo U E1) N U
and the second will foliate a torus enclosing Fo N U.

We define vector fields on each Ay C U looking exactly as described in the previous
section, but not necessarily corresponding to the intersections of the Ay with finite
energy planes. The integral curves of our vector field converging to the intersection of
a particular curve C' with QU will form a surface ¥ diffeomorphic to a sphere with
four disks removed. The four boundary components are the intersections of U with
C, Ey, Fh and F,. Now, it is easy to adjust our vector field such that each of these
surfaces intersect the torus I in the boundary of one of the finite energy planes in our
St family.

REMARK 35. There are different choices of these surfaces which are not homo-
topic relative to the U N E;. Indeed, there are different homotopy classes of singular
foliations in a cross-section Ag. This will be important in the next section when we
consider Lagrangian isotopies rather than global symplectomorphisms. The following
arguments in this section apply to any choice of surfaces fulfilling our condition on
their intersection with I, but we remark that this condition does impose a constraint
on the homotopy class. To see this, observe that I N Ag will be a circle enclosing
(EgyUE1)N Ag and a finite energy plane intersecting I will meet TN Ag in two points.
Looking at integral curves of our vector field converging to a C N OAgp (which consists
of three points) generically we will see three distinct curves with the other endpoints
at the E; N Ag. Our condition requires that exactly two of the curves intersect I, and
do so in the intersection with a single finite energy plane. This property of the curves
is not preserved, even up to homotopy, after, for instance, a Dehn twist along a circle
enclosing Eqg U Eo. Figure 9 gives shows good and bad choices of paths in Ag which
define the surface Yc. The first path intersects I N Ag correctly, the second, deformed
by a Dehn twist, does not.
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good paths in A g bad paths in A g

F1a. 9. Different paths defining X¢

Next we use the theory of filling by holomorphic disks, see [6], [2], [8], [14] (The-
orem 1 in [14] unifies alot of the previous work) to singularly foliate each of the
surfaces ¥ above by boundaries of holomorphic disks in V. The theorem we need
is the following. This is a simplified version of Theorem 1 in [14] valid only in the
strictly pseudoconvex case. The theorem stated there accounts for more complicated
behaviour when the boundary is only weakly pseudoconvex. We are free to assume
that our complex structure is integrable near 0V, and will make this assumption
whenever convenient in the remainder of this section.

Recall that a surface ¥ in OV has a characteristic foliation n = TS N & where
¢ is the 2-plane field T(0V) N JT(OV) of complex tangencies. (In our situation &
on U is a small perturbation of the tangents to the cross-sections.) On our X¢ the
characteristic foliation 7 is a line field away from two hyperbolic points (where X
is tangent to £). For the proof of our theorem the intersections of the planes C' and
E; with V| whose boundaries are the boundary components of ¥, act exactly like
elliptic tangencies.

THEOREM 36. After perhaps a C? perturbation of the complex structure J near
the families of hyperbolic points, each Xc has a singular foliation by circles. The
foliation is smooth away from the hyperbolic points and includes the boundary circles.
Leaves passing through the hyperbolic points are not smooth and exactly two different
leaves intersect at each of these points. Fach circle is the boundary of a holomorphic
disk uw : (D,0D) — (V,X¢), and the boundary circles are the intersections of the
planes C and E; with V. The images of the disks are disjoint apart from the boundary
intersections at the hyperbolic points, and any holomorphic disk with boundary on ¢
is one of the disks in our foliation (up to reparameterization and multiple covers).

Uniqueness implies that our fillings include the intersection of the surfaces with
I. The filling looks as in Figure 10. In particular, since it includes the disk through
I, the arrangement of the singular (hyperbolic) points p and ¢ in relation to the E; is
as shown.

Disks in the fillings of different Y are either disjoint or coincide with the rigid
curves F;. To see this, suppose by contradiction that a disk D in the filling of ¢
and whose boundary is disjoint from the E; intersects a disk D’ in the filling of X¢v.
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F1a. 10. Holomorphic disks filling a surface

Now, D and D’ can each be added to at most two other such disks in their respective
fillings to form a surface, say {D;} or { D/}, cobordant through a subset of the filling
to C NV or C' NV respectively, see Figure 10. We know that C' and C’ are disjoint
as they form part of our original foliation, and therefore the sum of the intersection
numbers of the D; and D; is zero. But then by positivity of intersection, since the
boundaries of these disks are disjoint, this implies that the actual intersection must
also be zero.

We construct a plurisubharmonic function by following [8], see also [15], [16].
We start by defining a function g which is constant on the holomorphic disks in our
filling. We now fix J = Jy for NV suitably large. Recall that - is the circle in B along
which finite energy planes from our foliation are tangent to dV and let T3, T3 be tori
in U formed by the boundaries of holomorphic disks passing through the hyperbolic
points p and let S7, So be tori in U formed by the boundaries of holomorphic disks
passing through the points q. We label things so that the inside of 77 in U encloses
S1 and Ss, see again Figure 10. We define g to be a Morse function on v with a single
minimum at 0 and a single maximum at 1. As in [15] we define g to be constant on
families of holomorphic disks converging to points on . These families of disks can
be chosen to be parameterized either by an interval with the disks converging to the
points g~1(t) € v for t < % ort > % or alternatively by an interval with one end
converging to a point g~*(¢) € y for I <t < % and the other to a cusp-disk with
boundary on T UT5. This defines g on the disks passing through the complement of
the insides of T and T5.

Inside 75 we simply define g to be constant on 1-parameter families of disks
connecting the disks on which g = t. Inside 77 we again define g to be constant on
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families of disks connecting the disks on which ¢ = ¢ and % <t< % or % <t< %.
We also let g = ¢ on intervals of disks connecting disks with g =t € [z, g] on one side
and cusp-disks with boundary on S; U S5 on the other. Inside S; and Ss we extend
g to be constant on the 1-parameter families of disks connecting the disks on which
g = t as before. Altogether this defines a function g whose level-sets are foliated by
holomorphic disks. Note that g has no critical points in the interior of V.

Now, as in [8], see also [15], [16], the level-sets of g are Levi flat (foliated by
holomorphic curves) but we can perturb g such that they become pseudoconvex. One
way to do this is to choose a function ¥ on W which satisfies ddy (X, JX) >> |dv|
for any unit vector X tangent to the foliation (with respect to a fixed metric). Then
we can replace g by g+ v. Recall that the level-sets of a function f are pseudoconvex
if —dd°f is positive on the complex tangencies ker(d°f) Nker(df). (Before the pertur-
bation —dd°g vanishes on this subspace.) We then have that dd®(g + 1) is positive
on the complex tangencies of the level-sets of g, but the tangencies to the level-sets
of g + 9 differ only by order hi—ﬁ (which we can assume to be arbitrarily small) and
so the same is true for these subspaces. Let us now denote the perturbation g + ¢
simply by ¢g. Next, composing ¢ with a sufficiently convex function ¢ on R with
¢"” >> ¢ > 0 it then becomes strictly plurisubharmonic. (To see this, we compute
—dd®(¢pog) = —d(¢'d°g) = —¢'dd°g + ¢"d°g A dg and observe that the first term is
positive on complex tangencies to the level sets of g while the second term vanishes,
but on sufficiently transverse complex planes the second term is positive and over-
whelms the first.) Finally set f = max(g, h) where h is a function increasing rapidly
towards OV. The function f can be smoothed to give a plurisubharmonic exhaustion,
see for example [13], Theorem 1.4.12. Investigating the pattern of holomorphic disks
as in [15], section 3, we see that it has three critical points. There is an index 0
critical point near the minimum of g on v and there are index 2 critical points near
the maxima of g on S; N .Se and 77 N T5. We call these points a and b respectively.
The construction ensures that f(b) > f(a). Furthermore f < f(b) on all disks lying
inside the hypersurface formed by the holomorphic disks intersecting I. Therefore L is
disjoint from the unstable manifold of b as required, as it lies inside this hypersurface.
d

5.3. Symplectomorphisms. The plurisubharmonic function f from the previ-
ous section gives a symplectic form w = —dd°f on W where d°f = df o J (as they
are diffeomorphic we will now replace V by our original W). This in turn gives us a
vector field v = gradf defined by v]w = d°f. By a suitable choice of f = h near OV
we may assume that v is complete in the sense that its positive integral flow exists
for all time.

Further, as it is a plurisubharmonic exhaustion for an almost-complex structure
Stein homotopic to a standard one on W, we can adjust f such that the stable
manifolds of the two critical points are embedded Lagrangian spheres with respect to
the form w, which intersect transversally at the minimum. By Weinstein’s Lagrangian
neighborhood theorem applied to a pair of transversally intersecting Lagrangians, a
neighborhood of these two stable manifolds is symplectomorphic to a neighborhood of
L1 ULy C (W,wp). We then use [10], see Proposition 1.8.4.A to imply the following.

LEMMA 37. (W,wp) and (W,w) are symplectomorphic via a symplectomorphism
1 taking the stable manifolds of the critical points a and b of f onto L1 and Lo
respectively.

After perhaps adjusting f the following is also true. As above L denotes the
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Lagrangian sphere homotopic to L.

LEMMA 38. There exists a symplectomorphism ¢ from (W wp) to (W,w) taking
L onto a Lagrangian sphere disjoint from the unstable manifold of the critical point b

of f.

Lemmas 37 and 38 together imply our Theorem 4. To see this, note that the
one-parameter group of diffeomorphisms D; generated by —v = —gradf satisfy
Djw = e 'w so the spheres D;(¢(L)) are all Lagrangian. But a Lagrangian isotopy of
spheres is also a Hamiltonian isotopy, and therefore we get a Hamiltonian isotopy of
spheres from ¢(L) to a Lagrangian sphere L’ in a tubular neighborhood of the stable
manifold of the critical point a. Since this tubular neighborhood can be taken to be
symplectomorphic to a unit cotangent bundle of S?, Theorem 1 implies that a further
Hamiltonian diffeomorphism maps L’ onto the stable manifold of a itself. We denote
the Hamiltonian diffeomorphism mapping ¢(L) onto the stable manifold of a by x.
Then, with ¢ as in Lemma 37, ¥~ o x o ¢ is the symplectomorphism required by
Theorem 4.

Proof of Lemma 38. By choosing f = h carefully near dV, now identified with
the noncompact end of W, we may assume that w = wg outside of a compact subset
of W. In fact, both forms are exact and we can write w — wy = da where the 1-form
« is identically zero outside of a compact set. Furthermore, since w and wgy tame the
same almost-complex structure, wy = (1 — t)wp + tw is a symplectic form on W for all
t.

Using Moser’s method, we observe that the compactly supported time-dependent
vector field X; defined by X; |w; = « satisfies Lx,w; = %wt and so its flow generates
a symplectomorphism from (W, wp) to (W, w).

We are interested in the image of L under such a symplectomorphism, we recall
that L is initially disjoint from the unstable manifold of b and we want to ensure that
this remains the case under the flow of X;. We will adjust f so that this will be the
case.

Assume that a fixed tubular neighborhood Z of L is disjoint from the unstable
manifold of . Given the construction in Theorem 34 we may assume that f > 0 and
Z C f71([0,r]) for some r < f(b).

The composition of f with an increasing function s : [0,00) — [0,00) remains
plurisubharmonic provided that ‘(’S—l/l >> 1. We choose s (and its derivatives) to be
very small on [0,7] but then to increase rapidly on (r,00). Thus we can replace f
by another nonnegative plurisubharmonic exhaustion, still denoted by f, and having
the property that f|z < 1. Further we arrange that w(X,JX) << wo(X,JX) on
F71([0,1]) for all tangent vectors X, while w(X,JX) >> wo(X,JX) on f~1([2,3])
for all X and now f(b) > 3. We observe that for reasonable choices of functions s the
Moser flow will still exist for all time. Alternatively we can adjust wy near 9V also
such that the flow still has compact support.

On the tubular neighborhood Z we have that w and d°f are now uniformly small.
Thus the length of X; (relative to the Riemannian metric defined by wg and J) remains
bounded on this neighborhood for ¢ < % say. Therefore there exists a uniform e
(depending only upon wy, J and Z) such that the flow of L remains in Z for ¢t < e. But
for t > € we can suppose that on f~1([2, 3]) the vector field X} is closely approximated
by —+tgradf. Hence the flow of L remains in f~1([0,3]) for all 0 < ¢ < 1 and so the
symplectomorphism generated by X; can indeed be arranged to leave L disjoint from
the unstable manifold of b as required. O
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6. Lagrangian isotopies and Dehn twists. In this section we use the analysis
of section 5 to deduce Theorem 5.

First of all, by Weinstein’s Theorem a Lagrangian 2-sphere has self-intersection
—2, thus Lagrangian spheres in W are homologous to either L1, Lo or Li#L,. Up to
Hamiltonian isotopy LiLo = 71,(L1) and so it suffices to prove the result assuming
that L is homologous to L.

6.1. Section 5 revisited. Using the notation from the previous section, we
recall that Theorem 30 constructed a finite energy foliation of (W, J) with respect to
any tame almost-complex structure J which is standard outside of a compact set. In
fact the finite energy foliation is described quite explicitly, in particular in terms of
the intersection of the finite energy planes with a level {R} x M, for R large. The
rigid planes E; intersect { R} X M transversally in a certain tubular neighborhood U
of the Reeb orbit zy. The boundary of U is foliated by circles in an S'-family of finite
energy planes and this family divides W into two pieces. We assume that the piece
foliated by planes disjoint from U is disjoint from all of the Lagrangian spheres, and
when we vary J it will always be fixed in this region.

In section 5.2, the finite energy foliation with respect to particular choices of J
was used as the starting point to construct a plurisubharmonic exhaustion function f
on a Stein domain V' C W with 0V = BUU, see Theorem 34. The plurisubharmonic
function has three critical points, one of index 0 and two of index 2. With respect to
the Kahler structure associated to a well chosen plurisubharmonic function the two
stable manifolds form Lagrangian spheres intersecting in a single point.

Such a plurisubharmonic exhaustion function can in fact be constructed for any
of the almost-complex structures we consider, provided we neglect the requirement
in Theorem 34 of unstable submanifolds avoiding a Lagrangian. Furthermore, the
construction is essentially canonical given a choice of embedded curve in a cross-
section A of U traveling from E; to Es through Ey. This is the content of the
following lemma.

LEMMA 39. Given an almost-complex structure J on W and a path v between
the E; N A, we can construct a plurisubharmonic exhaustion function f on W whose
stable manifolds form two Lagrangian spheres intersecting transversally at a single
point.

The function is well defined given our data up to a homotopy through plurisub-
harmonic exhaustions with the same properties.

Proof. The rigid planes F; and the finite energy foliation are determined by a given
almost-complex structure J. However there are still ambiguities in the construction
of the plurisubharmonic function in Theorem 34. First we must choose families of
surfaces in U diffeomorphic to a sphere with four disks removed. One boundary of
such a surface should coincide with the intersection of a finite energy plane with the
boundary of U and the other three boundaries with the intersections of the E; with
U. It can be seen that U can be singularly foliated by such surfaces, the foliation
being smooth away from the F;. Now, the surfaces themselves can be chosen in
an essentially canonical way (so that they intersect cross-sections as in Figure 7)
given the position of the E; N U and a choice of embedded curve in a cross-section A
traveling from F; to Ey through Ey. To do this, we simply map the cross-section to
the model picture in Figure 7, mapping rigid planes to the special points in the figure
and the curve to the corresponding curve in the figure, and pull-back the foliation
there. This is well-defined up to a homotopy fixing the rigid planes and the path (but
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not necessarily the boundary). It will be a consequence of the existence of different
homotopy classes of such paths that there exist different Hamiltonian isotopy classes
of Lagrangian spheres, see also Remark 35. Anyway, after the foliating surfaces are
chosen we can construct a plurisubharmonic function with the required properties as
follows, and do this canonically modulo a contractible set of choices.

This is done in a similar manner to Theorem 34. We first fill each of the surfaces
by holomorphic disks, however for a general choice of almost-complex structure J we
no longer have a torus I dividing the families of filling disks. Therefore the pattern
of holomorphic disks in the filling is no longer necessarily that of Figure 10, that
is, starting with a boundary in QU, the family may reach the hyperbolic complex
tangency ¢ before reaching p. Nevertheless we can construct a plurisubharmonic
exhaustion in a canonical way by perturbing a function g constant on the holomorphic
disks filling V. We define g as before on disks with boundary on B. To extend g to
U we proceed as follows. Parameterize the boundaries of holomorphic disks on U
by ¢ € S* and thus the foliating surfaces starting from these boundaries. On each of
the surfaces we can find a smooth function hy which is constant on the boundaries
of holomorphic disks, is equal to 1 on OU, and is equal to 0 on OF;, i = 0,1,2.
The hy can be chosen to vary continuously with v and such that hy has critical
points only at the hyperbolic points of the surfaces. Then we can define a map
P :U — D? = {22 + y? < 1} by assigning to a point in U the point in D? with
polar coordinates (hy,). By adjusting the parameterization we may assume that
glov = P*L where L = % and thus extend g to U by the same formula. After
taking the maximum f of g and a function h increasing rapidly towards OV and
smoothing appropriately, exactly as in Theorem 34, we see that as before f will have
only three critical points, a minimum on the circle of complex tangencies in B and
two index 2 critical points close to the hyperbolic points on the surface extending the
maximum circle of g on 9U. O

6.2. Symplectomorphisms of (W, wy). We will identify our symplectic struc-
ture wy on W with the Kéhler structure coming from a Jy-plurisubharmonic function,
where Jy is a fixed almost-complex structure and the plurisubharmonic function is
constructed as above. Then the stable manifolds of the index 2 critical points corre-
spond to L; and Ls. Suppose that J is another almost-complex structure tamed by
wp. Let w; be the symplectic form corresponding to a J-plurisubharmonic function
constructed as above with 3 critical points. Then there are two natural symplectomor-
phisms from (W, wyp) to (W,w1). Since both wy and w; tame the same almost-complex
structure, convex linear combinations of the two forms are also symplectic and so
by Moser’s theorem we can generate a symplectomorphism ¢ between them. The
flow used to define the symplectomorphism is well defined provided our exhaustion
functions have sufficiently fast growth towards the boundary. On the other hand,
as in Lemma 37, given a plurisubharmonic exhaustion its gradient flow is confor-
mally symplectic with respect to the corresponding symplectic form. Therefore we
get another symplectomorphism by first identifying neighborhoods of the stable man-
ifolds using Weinstein’s Theorem and extending this to a global symplectomorphism
1 using the gradient flows (see [10] section 1.8.4.A for these ideas). Composing the
inverse of this symplectomorphism with the Moser diffeomorphism gives a symplec-
tomorphism ® = ¢~ 0 ¢ of (W, wp) determined by a tame almost-complex structure
J and corresponding plurisubharmonic function (that is, up to isotopy by J and the
path v of Lemma 39). If J = Jy and -~y is chosen as for the definition of wy (with the
identification above) then this map is the identity. In summary we have the following.



32 R. HIND

LEMMA 40. An almost-complex structure J on W and a path -~y between the
intersections of the rigid planes with a cross-section A of U determine up to isotopy
a symplectomorphism ® of (W,wqo). If J = Jo and v is a particular path o then
b =9y =id.

Now let L be a Lagrangian sphere in W homologous to L;. It was shown in
Lemma 34 that there exists an almost-complex structure J and plurisubharmonic
function constructed as above generating a symplectic form w; such that the corre-
sponding unstable manifold of one of the index 2 critical points is disjoint from L.
Furthermore, under the Moser map ¢ from (W,wy) — (W, w1), Lemma 38 implies
that the Lagrangian L can be arranged to stay disjoint from this unstable mani-
fold. Therefore by Theorem 1, composing with a Hamiltonian diffeomorphism we
may assume that the Moser map takes L to one of the stable manifolds. Thus the
symplectomorphism ® = ®; of (W, wg) maps L onto Lj.

This all gives a method of constructing a Lagrangian isotopy of L;. Namely we
start with the almost-complex structure J; and path v; generating the map ®; above
and look at a family of almost-complex structures J; connecting Jy and J;. The rigid
planes vary continuously with ¢ and so we can find a corresponding family of paths
v and hence symplectomorphisms ®;. Things are chosen such that ®;(L) = Ly and
so ®,(L) gives a Lagrangian isotopy starting from L;. However ~; is determined up
to homotopy by 1 and so may not equal o up to a homotopy fixing the rigid planes
E; N A. In particular we cannot guarantee that vy together with Jy generate the
identity symplectomorphism, and thus an isotopy from L; to L. In the next section
we examine the effect of carrying out exactly the same construction starting with 7(L)
rather than L, where 7 is a symplectic Dehn twist.

6.3. Symplectic Dehn twists. In section 6.2 we described how a Lagrangian
sphere L homologous to L; enables us to construct a Lagrangian isotopy from L,
to a Lagrangian sphere ®(L) where ® is the symplectomorphism from Lemma 40
determined by Jy and a path vy between the rigid planes. To find 7 one starts with an
almost-complex structure J; and path ; generating a plurisubharmonic function with
the properties of Lemma 34. Then we choose a family of almost-complex structures J;
connecting Jy and J, these define a family of rigid planes E; and we can then define,
uniquely up to homotopy, a continuous family of compatible paths v;. So v¢ depends
not just on the Jy-holomorphic rigid planes but on the path of Jy;-holomorphic rigid
planes, in particular their intersection with the cross-section A. Here we examine how
those intersections change if we repeat the whole construction with 7(L) instead of
L, where 7 is an even power of the symplectic Dehn twist about L; or Ls. Since
7 is an even power it is smoothly isotopic to the identity, in particular 7(L) is still
homologous to L;.

First note that as 7 has compact support the almost-complex structure 7(J) is
a compatible almost-complex structure with a cylindrical end on (W, wg) whenever
J is. Furthermore, the new foliation is the image of the J-holomorphic one under 7
and in particular the intersection of the rigid planes with our cross-section A will be
identical. Thus if J; and y; generate a plurisubharmonic function f with an unstable
manifold disjoint from L then 7(J7) and 71 generate a plurisubharmonic function 7(f)
with an unstable manifold disjoint from 7(L).

If J; is a family of almost-complex structures interpolating between Jy and Jy
then 7(.J;) interpolates between 7(Jy) and 7(J1). We observe that the intersection of
7(J¢)-holomorphic finite energy planes with U are exactly the same as the intersections
of the Ji-holomorphic finite energy planes. Therefore to understand the new family
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of intersections F; N U it suffices to understand the intersections E; N U for a family
of tame almost-complex structures connecting 7(Jy) and Jp.

Case of T*S2. Before this, we first consider 7*S? with its standard symplectic
form. This again can be thought of as a Stein manifold with open end symplecto-
morphic to [0,00) x N where N = RP? with its standard contact form. The Reeb
flow here can be identified with the geodesic flow on S? with a fixed round metric.
We also fix a tame almost-complex structure Jy invariant under the natural action of
Isom(S?). Then as described in [15], and used in [16] and [18], T*S? admits a finite
energy foliation with all planes asymptotic to multiples of a Reeb orbit yy correspond-
ing to, say, the equator on S2. The foliation now contains two rigid planes Fy and F
asymptotic to the single orbit yg and all other finite energy planes in the foliation are
asymptotic to 2yg. Let 742 denote the square of the symplectic Dehn twist about the
zero section in T*S?, which we may assume is supported in a neighborhood of the
zero section. Denote by T7S? the cotangent vectors of length r in the round metric.

LEMMA 41. Let Jy be a family of almost-complex structures interpolating between
Jo and 752(Jo). Let R be very large, V a neighborhood of yo in TTS? and B a cross-
section of V' transverse to the Reeb flow. Then the intersections of the Ji-holomorphic
rigid planes F; with B rotate their positions exactly once in the interval 0 <t < 1.

We recall that the Jj-holomorphic planes are just the images of the Jp-
holomorphic planes under 752, and so their intersections with B are identical.

Proof. We begin with a few remarks. The rigid planes project to opposite hemi-
spheres on the S2. Now rotation about the axis perpendicular to the equator preserves
yo and Jy and so also the rigid finite energy planes. It follows that each intersects
the zero-section at either the north or south pole and intersects the tubes of radius r,
denoted T"S?, in circles projecting to parallels on S?. The square g of the symplec-
tic Dehn twist about the zero-section can be thought of as the Hamiltonian flow of
H = }|p|? if the cotangent vector has length [p| < 27 and the identity if [p| > 27. (In
other words, the tubes are preserved and for » < 2 the diffeomorphism of 7752 is the
time-r geodesic flow.) This map 7g2 is isotopic to the identity through (non-compactly
supported) symplectomorphisms 7;, where 7; is equal to the Hamiltonian flow of H (tp)
for |p| < 2% and the identity for [p| > 2%. We observe that 7(Jo) for 0 < ¢ < 1 give
a family of tame almost-complex structures converging to Jy as ¢ — 0. In fact, for
R sufficiently large, 7:(Jy)|r=rg2 is approximately equal to Jy for all ¢ since 7 acts
as the geodesic flow on a fixed level (which we can assume to preserve the relevent
CR structure) and is approximately translation invariant for R large. Therefore after
a small adjustment we will think of 7¢(Jy) as a compactly supported variation of Jy.
In a level T1S? let us choose coordinates (x,y) in the cross-section B transverse to
our Reeb orbit at (0,0) such that our rigid Jp-holomorphic planes intersect in points
(£€,0). Then we observe that for 0 < ¢ < 1 the positions of 7(F;) N B perform one
complete rotation. Since the space of almost-complex structures is contractible, any
family connecting 7g2(Jy) and Jo will have the same effect on the intersections. O

Case of planes in W. Returning to our original situation, consider first the
case when 7 is the square of the symplectic Dehn twist about L;. Then a family of
almost-complex structures J; on W connecting 7(Jy) and Jy can be chosen to be fixed
away from a neighborhood of Lq, and we can derive the following from Lemma 41.

COROLLARY 42. Up to isotopy, the intersections of the Ji-holomorphic rigid
planes Ey and E1 with A rotate their position once over the interval 0 < t < 1 while
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the intersection of E5 with A remains fized.

Proof. We will again follow the methods of section 5. Let M be a tubular
neighborhood of L;, symplectomorphic to a tubular neighborhood T<"S? of the zero-
section in T*S%. We suppose that the J, = Jy outside of M for all t. We denote by
JI' the result of stretching J; to length T along the boundary of M. Then, rather
than studying Ji;-holomorphic planes for 0 < ¢ < 1, it is enough to show that for
some N the intersections of the .J/N-holomorphic rigid planes Fy and F; with A
rotate their positions once. Indeed, as 7 has compact support, the intersections of
JI'-holomorphic and 7(J{ )-holomorphic rigid planes with A coincide on the interval
0 < T < N. Therefore, in a path from Jy to J; which first connects Jy to J, then
connects J& to 7(JY), and finally connects 7(J¥) to 7(Jo) = Ji, any rotations on
the first and last segments will cancel. By Lemma 32, for N sufficiently large Es is
disjoint from M and so remains fixed with respect to almost-complex structures in
the path from J& to 7(J&V).

We stretch the neck a length N — oo along the boundary of M. In the limit as
N — oo we have complex structures J; o, on T%S? and our JtN -holomorphic finite
energy foliations of W converge to .J; o-holomorphic finite energy foliations of 7*S2.
These foliations may be taken to be exactly those described in the model case of
Lemma 41 (we get uniqueness near the boundary from [19] and then globally by
regularity), in particular the limits of the rigid planes rotate positions once for 0 <
t < 1. We recall also that the limits of the rigid planes Ey and E; in the completion
of W\ M converge to the same finite energy cylinder, see Lemmas 32 and 33. We look
at the intersections of our F; with a 1-parameter family of surfaces intersecting this
cylinder transversally. The surfaces can be chosen to be tangent to a cross-section A
in U at one end and tangent to a tube 77S? at the other. Then for N sufficiently
large our finite energy planes F; will intersect these surfaces transversally and so their
relative rotation will be the same in each. But by uniform convergence away from the
punctures of J/N-holomorphic spheres to their limiting finite energy curves, see [3],
the rotation of the JN-holomorphic E; in a T"S? will be the same as that of the limits
with respect to the J; , in other words they rotate once. Our corollary follows. O

Exactly the same argument applies for a symplectic Dehn twist about Ls.

COROLLARY 43. Let J; be a family of almost-complex structures connecting Jy
and J1 = 12(Jy) where 1o is the square of the symplectic Dehn twist about Lo. Then,
up to isotopy, the intersections of the Ji-holomorphic rigid planes Ey and Eo with A
rotate their position once over the interval 0 < t < 1, while the intersection of the
rigid plane E1 remains fized.

6.4. Conclusion of the proof of Theorem 5. We have seen in Corollaries 42
and 43 that for a suitable composition of Dehn twists 7, a family of almost-complex
structures connecting 7(Jo) and Jy can produce any relative movement of the E; N U
up to homotopy. So given a Jy, we can find a 7 such that a family of almost-complex
structures J; connecting 7(J1) and Jy produces any relative movement of the F; NU.
Suppose that J; and 7; generate a symplectomorphism ® from Lemma 40 mapping
L onto Ly. Then 7(J1) and ;1 generate a symplectomorphism mapping 7(L) onto
Li. But 7 can be chosen such that given a family of almost-complex structures
interpolating between 7(J1) and Jy, the intersections of the rigid planes with A are
such that the corresponding family of paths +; between the E; end with a y9 which
is homotopic relative to the E; to o, the path generating the identity map in Lemma
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40. Thus the Lagrangian isotopy ®;(7(L)) is an isotopy between Ly and 7(L) and our
theorem is proved as required.

M.
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