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ON PSEUDO-EFFECTIVITY OF THE SECOND CHERN CLASSES
FOR TERMINAL THREEFOLDS*

QIHONG XIEf

Abstract. We give a reduction of the conjecture that for terminal projective threefolds whose
anticanonical divisors are nef, the second Chern classes are pseudo-effective. On the other hand,
some effective non-vanishing results are obtained as applications of the pseudo-effectivity of the
second Chern classes.
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1. Introduction. The second Chern class plays an essential role in the three-
dimensional birational geometry. For example, as a famous result, the Miyaoka the-
orem says that the second Chern class is pseudo-effective for a terminal projective
minimal threefold (cf. [Mi87]). Furthermore, by the pseudo-effectivity of the sec-
ond Chern class, we can prove the non-negativity of the Kodaira dimension and the
abundance theorem for a terminal projective minimal threefold.

In this paper, we consider the following:

CONJECTURE 1.1. Let X be a terminal projective threefold with —Kx nef. Then
the second Chern class co(X) is pseudo-effective.

The second Chern class of a terminal threefold X, as a 1-cycle, is defined as
follows: ca(X) := c2(Tx|v) € A%2(U) = A%(X), where U is the smooth locus of X and
Tx is the tangent sheaf on X. By definition, a 1-cycle is said to be pseudo-effective,
if its numerical equivalence class is contained in the Kleiman-Mori cone NE(X). For
Conjecture 1.1, we have the following known results (cf. [Xie04], Theorem 2.2 and
Proposition 2.4).

THEOREM 1.2. Let X be a terminal projective threefold with —K x nef. If the
numerical dimension v(—Kx) # 2, then ca(X) is pseudo-effective. If v(—Kx) = 2,
then ¢1(X).c2(X) > 0 and the irregularity ¢(X) < 1.

We say that an extremal contraction f : X — Y is good, if there exists an integer
n > 0 such that co(X) + nl is pseudo-effective, where R[] is the corresponding
extremal ray of f.

As for Conjecture 1.1, we have considered a simpler case when X is smooth
in [Xie04]. As a result, a proof has been given for the smooth case under a weak
assumption (ADypr). The main idea of the proof is to investigate the goodness of
all extremal contractions from X, which implies the pseudo-effectivity of co(X). If
¢(X) = 1, a nice classification is available, which guarantees a complete proof. The
case ¢(X) = 0 is more complicated, because not only a similar nice classification
is unavailable, but also in the subcase (Diyr), we cannot prove that f is good by
induction. Therefore, (ADyyr) is such an assumption that the subcase (Dr1) is good.

In order to rule out the assumption (ADyp), or say, to run the Minimal Model
Program in the subcase (Dirr), it is necessary to consider the class of Q-factorial
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terminal projective threefolds with almost nef anticanonical divisors, instead of the
class of smooth projective threefolds with nef anticanonical divisors. In other words,
it is better to start from the terminal case than the smooth case to prove Conjecture
1.1.

We use the same idea to extend the argument of smooth case to terminal case. It
is obvious that the terminal case is more delicate than the smooth case, since we have
to consider the flips when running the MMP. But it turns out that the flips behave
well in this new class. Unfortunately, since in general, it is difficult to bound the
terminal singularities when running the MMP, we cannot obtain a complete proof of
the terminal case without an assumption on the non-negativity of ¢y .cs.

DEFINITION 1.3. Let X be a Q-factorial terminal projective threefold. A
threefold Y is in the class A(X), if there is a composition of birational maps:
X =Xg--» X7 --» -+ —-» X, =Y, where --» is either a divisorial contraction
or a flip.

The following is the main theorem in this paper.

THEOREM 1.4. Let X be a terminal projective threefold such that —Kx is nef
and v(—Kx) = 2.

(1) If ¢(X) = 1, then ca(X) is pseudo-effective;

(2) If ¢(X) = 0, then ca(X) is pseudo-effective provided that ¢1(Y).c2(Y) > 0
holds for any Y € A(XQ), where p: X© — X is a Q-factorialization of X.

In §2, we give a complete proof of Conjecture 1.1 when ¢(X) = 1. In §3, a
reduction of Conjecture 1.1 is proved when ¢(X) = 0. In §4, we give some applications
to the Effective Non-vanishing Conjecture.

In the whole paper, we will use freely the results on the Minimal Model Theory
from [KMMS87] and [KM98]. For some necessary definitions and notation, we refer to
[Xie04].

We work over the field of complex numbers.

Acknowledgement. I am very grateful to Professor Yujiro Kawamata for his
valuable advice and warm encouragement. I would also like to thank Professors Keiji
Oguiso and Hiromichi Takagi, and Doctors Masayuki Kawakita, Yasunari Nagai and
Shunsuke Takagi for stimulating discussions.

2. Proof of the case ¢(X) = 1. First, we give a lemma, whose proof is similar
to that of Proposition 3.3 of [DPS93].

LEMMA 2.1. Let X be a Gorenstein Q-factorial terminal projective threefold with
—Kx nef. Let f: X —Y be an extremal contraction which contracts a divisor E to
a curve C. If —Ky is not nef, then C is a rational curve.

Proof. Tt follows from Lemmas 2 and 3 of [Cu88] that both X and Y are factorial,
and f is just the blow-up of Y along C, which is a local complete intersection. From
the formula Ky = f*Ky + F, we immediately see that —Ky.C’" > 0 for every curve
C'£CinY.

Let N¢jy = N be the normal bundle of C'to Y. Since NV is locally free, E = P(N*)
is a P'-bundle over C. Let 7 : E — C be the projection onto C, F the general fiber
of . Since F is Cartier, K = (Kx + E)|g. It follows from Kg.F = —2 that
Kx.F = E.F = —1. Since Pic(E) = 7* Pic(C) @ Z, there is a Cartier divisor C; on
E such that Pic(F) is numerically generated by C; and F', and C;.F = 1. Tt is easy
to see that Cy is irreducible and reduced, and 7|, : C1 — C is a birational surjective
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morphism. Assume that e = —C? and p,(C1) is the arithmetical genus of C; defined
by 2p.(C1) — 2 = C1.(C; + Kg). Since Kx.F = —1, we may assume that

_KX|E EOl+bF,
where b € Z. Since Og(E) = Og(—1), we may assume that
E|E' = _Ol + /LF,

where y € Z. Hence (—Ky.C) = (-Kx.C1) + (E.C1) = b+ p, so —Ky is nef if
b+ p > 0. It is easy to see that Kg = —2C) + (2pa(C1) — 2 — €)F, hence K% =
8(1 — pa(C1)). On the other hand, K% = (Kx|g + E|g)? = (—2C1 + (n — b)F)%
Hence b+ = 2b— e+ 2(p,(C1) — 1).

Since —K x|g is nef, we have that (—Kx|g)? > 0, which implies that b > e/2.
If po(C1) > 1, then —Ky is nef. Thus p,(Cy) = 0, namely C; is a smooth rational
curve. Hence C' is rational. O

PROPOSITION 2.2. Let X be a Q-factorial terminal projective threefold such that
—Kx isnef, v(—Kx) =2 and ¢(X)=1. Let f : X — Y be an extremal contraction.
Then (Y, f) is one of the following cases.

(F1) X is smooth, Y is a smooth elliptic curve and f is a del Pezzo fibration.

(Fir) Let a : X — A be the Albanese map of X. Then X is smooth, Y is a smooth
hyperelliptic surface or a P'-bundle over A with —Ky nef. f is a conic bundle.

(D) f: X =Y is a diwisorial contraction which contracts a divisor E to a curve
C. Both X andY are Gorenstein, —Ky is nef and v(—Ky) < 2. f is just the blow-up
of Y along C.

Proof. 1t is easy to see that dimY > 0. Since —Kx is nef but not big, and
x(Ox) =1—-¢(X) =0, we have that X is Gorenstein (cf. [KMMO04], Corollary 6.3),
hence factorial.

(2.2.1) If dimY = 1, then Y is a smooth elliptic curve since ¢(Y) = ¢(X) = 1,
and f is a del Pezzo fibration. The smoothness of X follows from Proposition 1.3 of
[PS98].

(2.2.2) If dimY = 2, then Y is a smooth surface and f is a conic bundle (cf.
[Cu88], Theorem 7). The explicit structure of Y is determined by Proposition 1.7 of
[PS98].

(2.2.3) Assume that dimY = 3. By the structure theorem for f (cf. [Cu88)), f
could never be a small contraction. If f contracts a divisor E to a terminal point
p € Y, then —Ky is also nef, furthermore big through a simple computation. It
follows from the Kawamata-Viehweg vanishing theorem that ¢(X) = ¢(Y) = 0, it
is absurd. Hence f contracts a divisor E to a possibly singular curve C, which is a
locally complete intersection in Y. Note that f is just the blow-up of Y along C' and
that Y is also factorial.

Assume that — Ky is not nef, then C is a rational curve by Lemma 2.1. We may
repeat the same argument as in the proof of Theorem 3.3(3) of [PS98] to obtain that
C' is a multi-section of the Albanese map « : Y — Alb(Y), hence C' is a smooth elliptic
curve. This is a contradiction. Thus — Ky is nef. It is easy to see that v(—Ky) < 2.0

LEMMA 2.3. Let X be a terminal projective threefold, Ry [l] an extremal ray on
X, and « a positive number. Assume that co(X) + nl is pseudo-effective for some
n € N. Then we can take an ample Cartier divisor L on X, a sufficiently small € > 0,
and the cone decomposition NE(X) = Ry [l] + >, Ry[l;] + NE(X) such that for
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any decomposition c3(X) = al + 3, bil; + z, where b; > 0, z € NE.(X), we have
z(—Kx) < a
Proof. The proof is similar to that of Proposition 4.10 of [Xie04]. O

THEOREM 2.4. Let X be a terminal projective threefold such that —Kx is nef,
v(—Kx) =2 and ¢(X) =1. Then c2(X) is pseudo-effective.

Proof. First, we assume that X is Q-factorial. In cases (Fi) and (Fir), since X
is smooth, co(X) is pseudo-effective by Theorem 3.12 of [Xie04]. In case (D), we use
induction on the Picard number p(X) to prove the pseudo-effectivity of co(X).

With notation and assumptions as in case (D). Assume that c3(Y) is pseudo-
effective. Let S = {p € Y|f~1(p) contains some singular point of X}. Then S is a
finite set of points and f: X \ f~1(S) — Y \ S is a blow-up along a smooth curve C.
Let F be a general fiber of f|g : E — C. Then

co(X) = f*c2(Y)+ Cy + aF,

where C is the curve in E as in Lemma 2.1, and « is a rational number (cf. [Xie04],
Proposition 3.8). By the same reason, we have

ffC=C+yF

where y is a rational number.

Let ny (resp. ny) be 0 when z (resp. y) is non-negative, otherwise the small-
est integer not less than —z (resp. —y). Assume that c2(Y) = limgoo & =
limg oo (axC + Ry), where & are effective and C is not contained in the support
of Ry. Then there is a positive integer N such that sup,{ar} < N. Let H be a nef
Cartier divisor on X. Then f,H is nef except along C.

(c2(X) + (n1 +neN)F).H
= (f*c2(Y) + C1 +naNF + (ny + z)F).H
C( f«H +naNF.H

> ea(Y).

hm ( kC+Rk).f*H+7’L2NF.H
n (
o (

hm arpf*C.H + Ry..foH +noNF.H)
hm arC1.H + (aky—i-ngN)FH—i—Rk f+H) >

In other words, there exists a positive integer n such that ¢o(X)+nl is pseudo-effective.
Let K = {u > 0Jca(X) + ul is pseudo-effective}. If inf K = 0, then c2(X) is
pseudo-effective. Otherwise, let r = inf K > 0. Assume that Ry [l] is the extremal
ray with respect to f : X — Y. It follows from Lemma 2.3 that we can take an ample
Cartier divisor L on X, a sufficiently small € > 0 and the cone decomposition

NE(X) =Ry[l]+ Y Ri[li] + NE(X)
iel
(X)) =—rl+ ) bili+2 (1)
el

where {R4 [l;]}ier are extremal rays other than Ry [I] and b; > 0, such that z.(—Kx) <
r/2.
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If there exists some R [l;] such that the corresponding extremal contraction f; :
X — Y, is of type (F1) or (Fyp), then co(X) is pseudo-effective. Otherwise for each
i1 € I, there exists a positive integer n; such that co(X)+n;l; is pseudo-effective. Note
that ¢1(X).co(X) = 24x(Ox) = 0. Applying —Kx to each side of (1), we have

0=—rl.(~Kx)+ > bili.(—Kx) + 2.(—Kx),
iel

which implies that > b, > r/12 since I.(—Kx) > 1 and [;.(—Kx) < 6 (cf. [Ka91],
Theorem 1).
Let M = max;er{n;}. Consider the following pseudo-effective 1-cycle

i€l
i€l icl

= () _bi+ M)ea(X) + Mrl
i€l

Since Y, bi > /12 > 0, we have ca(X) + Mr/(M + r/12)l is pseudo-effective. It
contradicts the definition of r. Hence co(X) is pseudo-effective.

In general, we may take a Q-factorialization 1 : X© — X of X, namely X is
Q-factorial terminal, and p is a projective birational morphism isomorphic in codimen-
sion one (cf. [Ka88], Corollary 4.5). It is easy to see that —K xq is nef, v(—Kyo) = 2
and ¢(X@) = 1, then c2(X©) is pseudo-effective, hence so is co(X) = pco(X?). O

REMARK 2.5. If ¢(X) = 0, then X is not necessarily Gorenstein. Provided that
every extremal contraction from X is good and ¢;(X).co(X) > 0 holds, then the
above method is also valid for the case ¢(X) = 0. Indeed, let rx be the Gorenstein
index of X, then [.(—Kx) > 1/rx. If we take € to be sufficiently small such that
z.(=Kx) < r/(2rx), then similar arguments work.

3. Reduction of the case ¢(X) = 0. In order to apply the MMP in the case
q(X) = 0, we should introduce the notion of almost nef divisors, which has been first
defined in [PS98].

DEFINITION 3.1. Let X be a normal variety. A Q-Cartier divisor D on X is said
to be almost nef, if D.C' > 0 for any irreducible curve C' on X, except a finite number
of rational curves. Such rational curves are said to be exceptional for D.

The following proposition describes the structure of extremal contractions from
such regular threefolds whose anticanonical divisors are almost nef.

PRrROPOSITION 3.2. Let X be a Q-factorial terminal projective threefold such that
—Kx is almost nef, K(X) = —oo and ¢(X) = 0. Let f : X — Y be an extremal
contraction. Then (Y, f) is one of the following cases.

(Fo) X is a Fano threefold with p(X) = 1.

(F1) f is a del Pezzo fibration, and Y = P*.

(Fu) f is a conic bundle with discriminant locus A = (), and Y is a canonical
surface with Ky = 0.

(Frr) f is a conic bundle with discriminant locus A, such that —(4Ky + A) is
almost nef, and 'Y is a rational log terminal surface.
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(D) f is a divisorial contraction, and —Ky is almost nef.
(S) f is a small contraction. Let ¢ : X --+ X1 be the flip of f. Then —Kx+ is
almost nef.

Proof. (3.2.1) If dimY < 1, these are (Fg) and (Fy).

(3.2.2) Assume that dimY = 2. Then Y has only quotient singularities, hence
is log terminal. Let S = SingX, S’ = f(S) C Y, Yo =Y \ 5, and Xy = f~1(Yp).
Then fy: Xg — Y is a usual conic bundle since X is smooth. Let Ag C Yy be the
discriminant locus of fy and A = Ay C Y. It follows from Lemma 1.6 of [PS98] that
—(4Ky + A) is almost nef. We divide into two subcases by the emptyness of A.

(3.2.2.1) A £ 0

We claim that £(Y) = —oco. Otherwise, there exists an ample Cartier divisor H on
Y such that Ky.H > 0. Since —(4Ky + A) is almost nef, we have (4Ky + A).H <0,
hence 0 < A.H < —4Ky.H < 0. This is absurd. Thus p2(Y) = ¢(Y) = 0 implies
that Y is rational. This is case (Fi).

(3.2.2.2) A =0

Then — Ky is almost nef. Let g : Z — Y be the minimal resolution of Y. We may
write Kz = ¢*Ky + . a; E;, where F; are exceptional curves, —1 < a; < 0. Let Cy
be any curve on Z such that Cy # E; and g.(Cp) is not exceptional for —Ky. Then
(—K2).Co = (—Ky).9:(Co) + > (—a;)E;.Cy > 0. Thus —K is almost nef.

Let hy : Z — W1 be a contraction of a (—1)-curve Fy. Then Kz = hiKw, + Fi.
Let C7 be any curve on Wi such that hf*l (C1) is not exceptional for —K, then
(—Kw,).C1 = (—=Kz).hi}(C1) + F1.h}(C1) > 0, namely, —Kyy, is almost nef. If
k(Y) = k(Z) = —o0, then this is case (Frr1). Otherwise, there is a birational morphism
h: Z — W, which contracts all (—1)-curves such that Ky is nef. Let L be an ample
Cartier divisor on W, then — Ky .L > 0 since — Ky is almost nef. But Ky is nef,
we only have Ky = 0. Therefore Kz = h*Kw + ., Fj = >, ; Fj. By a similar
argument, since — Kz is almost nef, we have that J =) and Kz = 0.

Let C be any curve on Y. Then Ky.C = ¢*Ky.g;'C = Y. (~a;)E;.g,1C > 0,
namely Ky is nef. Since —Ky is almost nef, then Ky = 0. Furthermore, we have
a; = 0 for all 4, which implies that Y is canonical. This is case (Fip).

(3.2.3) If dim Y = 3, then f is birational. When f is divisorial, — Ky is almost nef
by Proposition 2.1 of [PS98]. When f is small, —K x+ is almost nef by Proposition
2.2 of [PS98]. O

For convenience, we give some definitions.

DEFINITION 3.3. Let Z:{Q—factorial terminal projective threefold Xy | —Kx, is
nef, v(—Kx,) = 2 and ¢(Xo) = 0}.

A threefold X is in the class A, if there is a composition of birational maps
between some Xg € 7 and X: Xy --+ X7 --» -+ --» X, = X, where --» is either a
divisorial contraction or a flip.

Note that for any X € A, X is a Q-factorial terminal projective threefold such
that —Kx is almost nef, k(X) = —oo and h*(Ox) =0 for i > 1.

We fix the following notation until otherwise stated. Let f : X — Y be the
extremal contraction induced by an extremal ray R [l] of X. The following lemmas
show that such extremal contractions are good in some sense.

LEMMA 3.4. Assume that we are in case (Fr1) or (Fur). Then there exists a
positive integer n such that c2(X) + nl is pseudo-effective.

Proof. With the same notation as in the proof of Proposition 3.2. Note that
fo : Xo — Yy is a usual conic bundle between smooth quasi-projective varieties,
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X \ Xy is numerically equivalent to some multiple of [, and Y \ Y} is a finite number
of points. We have the following exact sequence:

0— fSQYo — Qx, — OXo(KXO/YO) — Op, — 0
where I’y is defined as in Lemma 3.6 of [Xie04]. Then

c2(Xo) = foe2(Qyy) + foer(Ryvy)-Kxo /v, + o
= fo(c2(Yo) — &1 (Y0)) + fie1(Yo).c1(Xo) + To.

Therefore c2(X) = f*(c2(Y) — 2 (Y)) + f*e1(Y).c1(X) + T + al, where T' = Ty, and
a is a rational number.

(Fr1) There exists a positive integer n such that ca(X) + nl is pseudo-effective,
since Ky = 0.

(Frir) We rewrite the above formula as follows:

ca(X) +nl =nol + (1/4) f*(-4Ky — A).(—Kx) + (1/) f*A(=Kx)+T (2)

where n € N, and ny € QF. For an ample Cartier divisor H on X, assume that
mH is very ample for some m € N. Since —(4Ky + A) and —Kx are almost nef,
we may choose a general member M € |mH| such that M contains no exceptional
curves for —Kx and contains no curves in Uy Supp f*C\.(—Kx), where {C)} is the
set of exceptional curves for —(4Ky + A). It is easy to show that co(X) + nl is
pseudo-effective by applying M to each side of (2). O

LEMMA 3.5. Assume that we are in case (D). Furthermore, assume that c2(Y)
is pseudo-effective. Then there exists a positive integer n such that ca(X) + nl is
pseudo-effective.

Proof. (3.5.1) f contracts a divisor F to a point p € Y.

Because f : X\ E — Y\ {p} is an isomorphism, and both X and Y are of terminal
singularities, we have co(X \ E) = f*ca(Y \ {p}) = f*c2(Y). Thus c3(X) and f*ca(Y)
differ by a 1-cycle whose support is contained in E. We may write

CQ(X):f*CQ(Y)—FZOAiZi, aiEQ,liCE.

Since f«(l;) C f«(E) = p, some positive multiple of each [; is numerically equivalent to
[. Since c2(Y") is pseudo-effective, there exists a positive integer n such that ca(X)+nl
is pseudo-effective.

(3.5.2) f contracts a divisor F to a curve C'in Y.

Let S = SingX, S’ = f(S) C Y, Yy =Y\ Y, and Xo = f~1(Yy). Then
fo : Xo — Yo is a blow-up along a smooth curve C. By a similar argument to that in
Theorem 2.4, we can prove that there exists a positive integer n such that co(X) + nl
is pseudo-effective. O

LEMMA 3.6. Assume that we are in case (S). Then c2(Y) is pseudo-effective if
and only if co(X) + nl is pseudo-effective for some n € N.

Proof. Since f is small, the exceptional locus E consists of finitely many rational
curves, and f(E) is a finite set of points. Since f : X\ F — Y\ f(F) is an isomorphism,
we have fica(X \ E) = c2(Y \ f(E)) = c2(Y). On the other hand, c2(X \ E) =
c2(X) + ol for some o € Q. Then we have f.co(X) = c2(Y).

For the “if” part: fi(ca(X) +nl) = fica(X) = c2(Y) is pseudo-effective.
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For the “only if” part: c2(Y) is pseudo-effective, so is co(X \ E), hence so is
c2(X) + nl for some n € N. O

LEMMA 3.7. Assume that we are in case (F1). Then co(X) is pseudo-effective
provided that ¢1(X).ca(X) > 0 holds.

Proof. Let X = f~1(&) for a general point £ € Y = P! Since Pic(X) =
f* Pic(PY) @ Z, for any ample Cartier divisor M on X, we may write M = a(—Kx )+
bX¢ for some a,b € Q. Hence M.l = a(—Kx).l > 0, which shows that a > 0.

(3.7.1) If —Kx is nef and v(—Kx) = 1 or 3, then c2(X) is pseudo-effective by
Theorem 2.2 of [Xie04].

(3.7.2) If —Kx is nef and v(—=Kx) = 2, then (=Kx)® = 0. Hence 0 <
M.(-Kx)? =bX¢.(—Kx)? = b(—Kx,)?, which shows that b > 0.

(3.7.3) If there exists an exceptional curve C for —Kx, then f(C) is not a point
since f is an extremal contraction. Therefore f : C'— P is surjective, hence X¢.C' >
0. We have bX¢.C' = M.C + aKx.C > 0, which shows that b > 0.

Thus it is sufficient to prove that ¢1(X).ca(X) > 0 and X¢.co(X) > 0 for verifying
the pseudo-effectivity of c2(X). X¢.ca(X) = c2(Xe¢) > 0since X¢ is a smooth del Pezzo
surface. In the subcase (3.7.2), since —Kx is nef, we always have ¢;(X).co(X) >0
(cf. [Xie04], Theorem 2.2). In the subcase (3.7.3), this follows from the assumption. O

It is natural to put forward the following problem, and we will make some dis-
cussions on this problem in the end of this section.

PROBLEM 3.8. Does ¢1(X).ca(X) > 0 hold for any X € A?
We may reduce the case ¢(X) = 0 to Problem 3.8 by the following:

THEOREM 3.9. c2(X) is pseudo-effective for any X € A provided that Problem
3.8 is true. In particular, let Xo be a terminal projective threefold such that —Kx,
is nef, v(—Kx,) = 2 and ¢(Xo) = 0. Then co(Xo) is pseudo-effective provided that
ca1(Y).ca(Y) >0 for any Y € A(XY), where p : Xé? — Xo 1s a Q-factorialization of
Xo.

Proof. We use induction on the Picard number p(X).
It is easy to see that co(X) is pseudo-effective when p(X) = 1, since only (Fo)
occurs. Assume that the conclusion holds for p(X) < p. Let p(X) = p > 2.

We recall the definition of difficulty (cf. [Sh85]). Let g : X — X be a resolution
of X. We may write K s =9 Kx + > a;F;, where E; are the exceptional divisors
of g. The difficulty of X is defined to be d(X) = #{i | a; < 1}. Note that d(X) is
independent of the choice of the resolution g, hence is well-defined. In fact, d(X) has
been introduced to prove the termination of the flips.

We use induction on d(X). If d(X) = 0, then case (S) cannot occur. Otherwise,
the existence of the flip ¢ : X --» X yields d(XT) < d(X) = 0, this is absurd.
In the other cases, ca(X) 4+ nl is pseudo-effective for some n € N by the preceding
lemmas, and ¢1(X).c2(X) > 0 by Problem 3.8. Hence by a similar argument to that
of Theorem 2.4 (cf. Remark 2.5), we can prove that c2(X) is pseudo-effective.

Assume that co(X) is pseudo-effective for d(X) < d. Let d(X) = d. In case (S),
note that X € A, p(X1) = p(X) = p, and d(X ) < d(X) = d, so co(X 1) is pseudo-
effective by induction hypothesis. Therefore c2(Y) = flrea(X ) is pseudo-effective
since fT : X* — Y contracts several rational curves to points. It follows from Lemma
3.6 that co(X) + nl is pseudo-effective for some n € N. By the same argument, we
can prove that cy(X) is pseudo-effective. O
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As a special case, we give the following:

COROLLARY 3.10. Let X € A. If X is factorial and p(X) < 3, then co(X) is
pseudo-effective.

Proof. (3.10.1) If p(X) = 1, then the pseudo-effectivity of c¢o(X) is obvious.
(3.10.2) If p(X) = 2, then we can prove a stronger statement.

CLAM. Let X € A. Assume that p(X) = 2 and that X has at most one cyclic
quotient singularity of type %(1, 1,1) and the other singular points are Gorenstein.
Then co(X) is pseudo-effective.

Proof of the Claim. We use induction on the difficulty d(X). If d(X) = 0, then
case (S) cannot occur. In the other cases, it is easy to show that co(X) or co(X) 4+ nl
is pseudo-effective for some n € N. Since ¢;(X).c2(X) > 0, we can prove that co(X) is
pseudo-effective. Assume that co(X) is pseudo-effective for d(X) < d. Let d(X) = d.
It is sufficient to show that in case (S), Xt also satisfies the assumption of the Claim.
Indeed, let ¢ € X be a terminal singular point of index » > 1. If ¢ is not contained
in the exceptional locus of f*: X* — Y, then ¢ € X7 is a cyclic quotient singularity
of type %(1, 1,1). Otherwise, let X be a common resolution of X and X+. Then
there is an exceptional divisor E on X such that a(E, X ) = 1/r (cf. [Ka92]). By
Lemma 3.38 of [KM98], we have 1/2 < a(F, X) < a(E, X ") =1/r, hence r < 2. The
contradiction completes the proof of the Claim.

(3.10.3) If p(X) = 3, then case (S) cannot occur since X is factorial. In case
(D), note that Y satisfies the conditions of the Claim (cf. [Cu88]), so c2(Y) is pseudo-
effective. Since ¢1(X).c2(X) > 0, we can prove that cz(X) is pseudo-effective. O

It follows from the singular Riemann-Roch formula (cf. [Re87], Corollary 10.3)
that

1=x(0x) = gra1(X).ea(X) + 52 Y (i = )

K2

where {Tii(ai, —ai, 1), (a;, ;) = 1}; are the fictitious cyclic quotient singularities for
X.

Define F(X) =) ,(ri — 1/r;) to be the fictitious number of X. Let f: X — Y
be a divisorial contraction. If f contracts a divisor to a point (resp. a curve), we say
that f is of type O (resp. I). If ¢ : X --+» X is a flip, we say that ¢ is of type F.

In general, when we run the MMP, the latter variety should have better singu-
larities than the former one. For a terminal threefold X, F(X) may reflect some
information of its singularities. We expect that F'(X) decreases in type I and F. In
type O, there is an example to show that F'(X) may increase strictly.

ExaMPLE 3.11. Let p € Y be a germ of cyclic quotient singularity of type
%(a, —a, 1), where (r,a) = 1,r > 1. Let f: X — Y be the weighted blow-up along
p with weight %(a, r —a,1). Then X has two cyclic quotient singular points of type
L(r,—r,1) and —L-(a, —a, 1) respectively. It is easy to see that F(X) < F(Y).

In order to work out Problem 3.8, it is helpful to consider the following:

PROBLEM 3.12. Let X be a Q-factorial terminal projective threefold, and ¢ :
X --» Xt a flip. Does F(X) > F(X™) hold?

PROBLEM 3.13. Let X be a Q-factorial terminal projective threefold, and f :
X =Y a divisorial contraction of type I. Does F(X) > F(Y) hold?
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We give an example as an evidence of Problem 3.12.

EXAMPLE 3.14. With the same notation as in Problem 3.12. If ¢ : X --» X
has a deformation consisting of toric flips, then F((X) > F(X ™) holds. Indeed, since
F(X) is additive under the deformations, we may assume that ¢ : X --» X1 is a
toric flip. By the structure theorem for toric morphisms (cf. [Re83al), a toric flip is
given by the following formula and diagram:

aje1 + ages = ages + aqéy,

€1 €1

X: eg eq --» Xt es e4

€2 €2

It follows from the White-Frumkin theorem (cf. [Da83]) that there are only two
types of toric flips in dimension three.

Let {e1,e2,e3} be a basis of the lattice N = Z3.

(i) aer + (r — a)ea = re3 + eq, where (r,a) = 1,7 > a. X has one cyclic quotient
singular point of type %(a, —a, 1), XT has two cyclic quotient singular points of type
Tia (a,1,—a) and %(1, r, —r) respectively.

(ii) ae; +eo = rez+eq, where (r,a) = 1,7 > a. X has one cyclic quotient singular
point of type %(a, —a, 1), Xt has one cyclic quotient singular point of type %(1, r,—T).
It is easy to see that F'(X) > F(X™) holds for each case.

4. Applications. The following Effective Non-vanishing Conjecture has been
put forward by Ambro and Kawamata (cf. [Am99, Ka00]).

CONJECTURE 4.1. Let X be a complete normal variety, B an effective R-divisor
on X such that the pair (X, B) is Kawamata log terminal (KLT, for short), and D a
Cartier divisor on X. Assume that D is nef and that D — (Kx + B) is nef and big.
Then H°(X, D) # 0.

REMARK 4.2. (4.2.1) By the Kawamata-Viehweg vanishing theorem, we have
Hi(X,D) = 0 for any positive integer i. Thus H°(X,D) # 0 is equivalent to
xX(X, D) #0.

(4.2.2) When dim X = 1, the effective non-vanishing follows easily from the
Riemann-Roch theorem. When dim X = 2, Conjecture 4.1 has been proven by Kawa-
mata by means of the semipositivity theorem (cf. [Ka00]). For higher dimensional
cases, Conjecture 4.1 is still open.

(4.2.3) If X is a toric variety, then Conjecture 4.1 is trivial. Indeed, any nef
invariant Cartier divisor is base point free (cf. [Mu02], Theorem 3.1), hence is non-
vanishing.

In fact, we can prove that co(X) being pseudo-effective is a sufficient condition
such that the Effective Non-vanishing Conjecture holds for terminal projective three-
folds with B = 0.



ON PSEUDO-EFFECTIVITY OF THE SECOND CHERN CLASSES 131

PROPOSITION 4.3. Let X be a terminal projective threefold such that co(X) is
pseudo-effective. Let D be a Cartier divisor on X such that D is nef and D — Kx is
nef and big. Then H°(X, D) # 0.

Proof. 1f v(D) < 2, then by Theorem 2.2 of [Ka00], we may reduce this case
to the log surface case. So we may assume that D is nef and big. By the singular
Riemann-Roch formula, we have

h’(Ox (D))
1—12D(D - Kx)(2D - Kx) + 11—2D-C2(X) + x(Ox)

1 1 1
> —_D*(D-— —D(D - Kx)*+ —(2D — Kx). .
> 5D (D = Kx) + 75 D(D = Kx)? + 37(2D = Kx).c2(X) > 0. O

We have the following two applications, where Corollary 4.4 was first proved by
Kawamata (cf. [Ka00], Proposition 4.1).

COROLLARY 4.4. Let X be a canonical projective minimal threefold. Then the
effective non-vanishing holds on X.

COROLLARY 4.5. Let X be a canonical projective threefold such that —K x is nef
and either

(1) V(_KX) 7é 2, or

(i) ¥(—Kx) =2 and ¢(X) = 1.
Then the effective non-vanishing holds on X.

Proof. Tt follows from the main theorem of [Re83b] that there exists a partial
resolution g : X’ — X such that X’ is terminal and Ky = ¢*Kx. Thus we may
replace X by X’ for proving such non-vanishings. For Corollary 4.4, the rest is due
to the Miyaoka theorem (cf. [Mi87]). For Corollary 4.5, the rest is due to Theorems
1.2 and 2.4. O
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