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Abstract

This paper continues to carry out a foundational study of Banyaga’s topologies of
a closed symplectic manifold (M, w) [4]. Our intention in writing this paper is to work
out several “symplectic analogues of some results found in the study of Hamiltonian
dynamics. By symplectic analogue, we mean if the first de Rham’s group (with real
coefficients) of the manifold is trivial, then the results of this paper reduce to some
results found in the study of Hamiltonian dynamics. Especially, without appealing to
the positivity of the symplectic displacement energy, we point out an impact of the
L™ —version of Hofer-like length in the investigation of the symplectic nature of the
CO—limit of a sequence of symplectic maps. This yields a symplectic analogue of a
result that was proved by Hofer-Zehnder [10] (for compactly supported Hamiltonian
diffeomorphisms on RZ”); then reformulated by Oh-Miiller [14] for Hamiltonian dif-
feomorphisms in general. Furthermore, we show that Polterovich’s regularization pro-
cess for Hamiltonian paths extends over the whole group of symplectic isotopies, and
then use it to prove the equality between the two versions of Hofer-like norms. This
yields the symplectic analogue of the uniqueness result of Hofer’s geometry proved by
Polterovich [13]. Our results also include the symplectic analogues of some approxi-
mation lemmas found by Oh-Miiller [14]. As a consequence of a result of this paper,
we prove by other method a result found by McDuff-Salamon [12].
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1 Introduction

The Hofer geometry originated with the remarkable paper of Hofer [9] that introduced the
Hofer topologies on the group of Hamiltonian diffeomorphisms of a symplectic manifold
(so-called Hofer metrics, [9]). In particular, Hofer-Zehnder [10] elaborated almost all the
basic formulae and some perspectives for the subsequent development of Hamiltonian dy-
namics based on Hofer’s metrics.

Recently, Banyaga [4] showed that on a closed symplectic manifold (M, w), each Hofer’s
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metric generalizes over the whole group of time-one maps of all symplectic isotopies (so-
called Hofer-like metric, [4]). By generalization we mean, if the first de Rham cohomology
group (with real coefficients) of a closed symplectic manifold is trivial, then the Hofer-like
metrics reduce to Hofer’s metrics [4].

Furthermore, when the above de Rham’s group is non-trivial, then the restriction of the
L) _version of Banyaga’s norm to the group of all Hamiltonian diffeomorphisms is
equivalent to Hofer’s norm (see [15] and [17]).

However, we have some thorough discussions based on Hofer’s topologies whose symplec-
tic analogues with respect to Banyaga’s topologies are still unknown (see [10], [11], [14],
and [13]). These facts seem to attest that to better understand the Hofer-like geometry, it is
judicious to do further investigations based on Banyaga’s topologies. This is the main goal
of the present paper.

We organize this paper as follows. In Section 2, we recall some fundamental notions
concerning symplectic diffeomorphisms and isotopies: Subsection 2.4 deals with the de-
scription of symplectic isotopies introduced in [5]; Subsection 2.5 illustrates some implica-
tions of Hopf-Rinow’s theorem from Riemannian geometry in the study of Hofer geometry,
while in Subsection 2.10, we use Hodge’s theory to prove that Polterovich’s regularization
method for Hamiltonian isotopies admits a natural symplectic analogue.

The main results are presented in Section 3: The first main result Theorem 3.3 shows that
without appealing to the positivity of the symplectic displacement energy [6] one can use
the L®—version of Hofer-like length to investigate the symplectic nature of the C’~limit of
a sequence of symplectic diffeomorphisms.

A key ingredient in the proof of Theorem 3.3 is the fact that: if a sequence H; of smooth
families of smooth harmonic 1-forms converges uniformly to a smooth family # of har-
monic 1-forms, then the sequence of symplectic paths generated by H; converges in both
C%—metric and L* —metric to the symplectic path generated by  (Lemma 3.4). This fol-
lows as a simultaneous application of Hodge’s theory, ODE’s continuity theorem together
with a result found in Subsection 2.5.

The second main result Theorem 3.8 shows that the Hofer like-geometry is independent to
the choice of the Hofer-like norm. The main idea behind the proof of Theorem 3.8 is the
deformation of any non-trivial symplectic isotopy @ into a regular symplectic isotopy ¥ so
that the L*—Hofer-like length of ¥ is bounded from above by the L{*)—Hofer-like length
of @ up to an additive positive €, and both paths ® and ¥ have the same extremities (Lemma
3.9). This is based on the general regularization method of symplectic paths introduced in
Subsections 2.10 and Lemma 3.10.

Section 4 deals with the symplectic analogues of some approximation lemmas found by
Oh-Miiller [14]. Finally, in Section 5 we give an alternative prove of a result from flux
geometry found by McDuff-Salamon [12].

2 Preliminaries

Let M be a smooth closed manifold of dimension 2#. In brief, a 2—form w on M is called a
symplectic form if it is closed and non-degenerate. Then, a symplectic manifold is a mani-
fold which can be equipped with a symplectic form. In particular, note that any symplectic
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manifold is oriented, and not all even dimensional manifold can be equipped with a sym-
plectic form.

In the rest of this paper, we shall always assume that M is a closed manifold that admits a
symplectic form w, and we shall fix a Riemannian metric g on M (any differentiable mani-
fold M can be equipped with a Riemannian metric). Furthermore, we shall write d to denote
the distance induced on M by the Riemannian metric g. The metric topology induced by d
on M coincides with the underlying topological structure of M.

2.1 Symplectic vector fields

The symplectic structure w on M being non-degenerate, it induces an isomorphism between
vector fields and 1-forms on M. This isomorphism is given by: to each vector field ¥ on
M, one assigns the 1-form «(Y)w := w(Y,.), where ¢ is the usual interior product. A vector
field Y on M is symplectic if the 1-form «(Y)w is closed, and in particular, a symplectic
vector field Y is said to be a Hamiltonian vector field if the 1—form «(Y)w is exact. For
instance, any harmonic 1-form @ on M determines a unique symplectic vector field Y such
that «(Y)w = a (so-called harmonic vector field, [4]). It follows from the definition of sym-
plectic vector fields that if the first de Rham’s cohomology group of M is trivial, then any
symplectic vector field on M is Hamiltonian.

According to Hodge’s theory, a sufficient condition that guarantees the existence of
non-trivial harmonic vector fields on a symplectic manifold is the non-triviality of its first
de Rham cohomology group (with real coefficients). Note that the first de Rham’s group is
a topological invariant, i.e. it does not depend on the differentiable structure on M and only
depends on the underlying topological structure of M [8].

2.2 Symplectic diffeomorphisms and symplectic isotopies

A diffeomorphism ¢ : M — M, is called symplectic if it preserves the symplectic form w,
i.e. ¢*(w) = w. We denote by S ymp(M, w), the group of all symplectic diffeomorphisms of
(M, w).

An isotopy {¢;} of a symplectic manifold (M, w) is said to be symplectic if ¢, € S ymp(M, w)

for each ¢, or equivalently, the vector field ¢, := % o ¢! is symplectic for each 7. In par-

ticular, a symplectic isotopy {i,;} is a Hamiltonian isotopy if for each ¢, the vector field

. d
/e % o Wt_l is Hamiltonian, i.e. there exists a smooth function F : [0,1]x M — R, called

generating Hamiltonian such that «(¢/,)w = dF,, for each . Any Hamiltonian isotopy de-
termines its generating Hamiltonian up to an additive constant. Throughout this paper we
assume that every generating Hamiltonian F : [0,1] X M — R is normalized, i.e. we require
that f " Fw" =0, for all . Let N([0,1]x M ,R) denote the vector space of all smooth nor-
malized Hamiltonians. In addition, note that a symplectic isotopy {6,} is said to be harmonic
if for each ¢, the vector field 6, is harmonic.

We let Iso(M, w) denote the group of all symplectic isotopies of (M, w), and let S ympo(M, w)
denote the group of time-one maps of all symplectic isotopies.
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2.3 Harmonics 1-forms

Let H'(M,R) denote the first de Rham cohomology group (with real coefficients) of M, and
let H'(M,g) denote the space of harmonic 1—forms on M with respect to the Riemannian
metric g. The set H' (M, g) forms a finite dimensional vector space over R which is isomor-
phic to H 1(M,R), and whose dimension is denoted b;(M), and called the first Betti number
of the manifold M [8]. Taking (%;)1<i<s,(m) as a basis of the vector space H '(M, g), we equip
H'(M,g) with the norm |.| defined as follows: for all H € H'(M, g) with H = Zle(lM) Aih;,
its norm is defined as

b1 (M)
H|:= > 1A, (2.1)
i=1

We denote by PH' (M, g) the space of all smooth mappings H : [0,1] — H' (M, g).

2.3.1 Comparison of norms

To avoid some heavy computations throughout the paper, we have found necessary to com-
pare the above norm |[.| with the well-known uniform sup norm of differential 1-forms. For
this purpose, let us recall the definition of the uniform sup norm of differential 1—forms.
Consider a to be a differential 1—form on M: for each x € M, we know that « induces a
linear map a, : TxM — R, whose norm is given by

llaxll® = sup{lax(X)] : X € TxM,[IXllg = 1} (2.2

where ||.||, is the norm induced on each tangent space T, M (at the point x) by the Rieman-
nian metric g. Therefore, the uniform sup norm of a, say |.|p is defined as

lrlo = sup [la.ll*. (2.3)
xeM

In particular, if @ is a harmonic 1—form, i.e.

b1 (M)
a= Z Aih;,
=1

then we obtain

by (M)
lalo < [illAilo < Elal (2.4)
i=1
where
E = max |hl. (2.5
1<i<b;(M)

If the basis (4;)1<i<p, (M) 18 such that £>1, then one can always normalize such a basis so that
E equals 1. So, without loss of generality, instead of (2.4), we shall often use the following
inequality,

lrlo < |al. (2.6)
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2.4 A description of symplectic isotopies [5]

We now recall the description of symplectic isotopies introduced in [5]. Given any symplec-
tic isotopy @ = {¢,}, one derives from Hodge’s theory that the closed 1—form ¢(¢;)w decom-
poses in a unique way as the sum of an exact 1—form dU and a harmonic 1—form H;? [8].
Denote by U the normalized Hamiltonian of U® = (U?), and by H the smooth family of
harmonic 1-forms H® = (H;?). In [5], the Cartesian product N'([0, 11X M,R)x PH' (M, g)
is denoted T(M, w, g), and equipped with a group structure which makes the bijection

A: Iso(M,w) > T(M,w,g),0 — (UH) 2.7

a group isomorphism. Under this identification, any symplectic isotopy @ is denoted by
dw.#) to mean that A maps ® onto (U, H), and the pair (U, H) is called the “generator” of
the symplectic isotopy ®. For instance, a symplectic isotopy ¢ ¢, is a harmonic isotopy,
and a symplectic isotopy ¢(0), is a Hamiltonian isotopy.

2.4.1 Group structure on T(M,w,g) [5]
The product rule in T(M, w, g) is given by,
(UH) = (V,K) = (U +V 0+ DK G 40 H +K). (2.8)

The inverse of (U, H), say (U, H) is given by
(U,H) = (~U o gy = MH, pw70)), —H). (2.9)

In (2.8) and (2.9) the quantity A is defined as follows: for any symplectic isotopy ¥ = {y/'},

and for any smooth family of closed 1-forms a = (;), we have
Jyy A, P)w"
fM W

A, ¥) = Af(a,P) —

where A/(a,P) = fot (%) oyds, for all ¢ (see [5]).

Here is a consequence of (2.7) and (2.8).

Corollary 2.1. Every symplectic isotopy decomposes into the composition of a harmonic
isotopy and a Hamiltonian isotopy, and this decomposition is unique, or equivalently, every
generator (U, H) decomposes in a unique way as:

(U, H) = (0,H) > (U © (0,41, 0). (2.10)

Since the proof of the above corollary is easy, we leave it to readers and refer them to
[4, 5] for more convenience.

2.5 Scholium

So far, we have introduced the function A($H,®) whenever & is a smooth family of closed
1—forms, and @ = {¢} is an isotopy of a compact manifold M with ¢g = idys, but have not
produced any of its algebraic, geometric or analytic properties, so one might be wondering
if they are plentiful or rare.
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2.5.1 Boundedness properties of A($, D)

Here, we use Hopf-Rinow’s theorem to point out some boundedness properties of Hofer’s
norms of the functions A($, ®). Firstly, recall that for any smooth family of closed p—forms
{Q;}, and for any isotopy @ = {¢,} of a compact manifold, it is well-known that

f
61(Q)~ s = d fo ¢ (g ds) @.11)

for each ¢, where d stands for the usual differential operator (see [4] for a quick proof). In
particular, when {€,} is a smooth family of closed 1—forms £ = (£;), it follows from (2.11)
that

¢r (D) = D = d{A(D, D)} (2.12)

for each . Now fix a point xy € M, and for all x € M pick a curve y, from xgy to x, then
define a smooth function by setting

iy (x) := f CAGHER ) (2.13)

Yx

for each t. The function & defined in (2.13) does not depend on the choice of the curve y,
from x( to x, and it follows from (2.12) that for each (z, x), we have

i(x) = (A(H, D)) (x) = (A(D, D)) (x0),

i.e. both functions # and A($, @) have the same Hofer norms. By Hopf-Rinow’s theorem,
for each x € M, one can choose the path y, to be a geodesic, and its length

I(yx) = fol l7(5)llgd's satisfies
I(yx) < diam(M) (2.14)

where diam(M) stands for the diameter of M with respect to the Riemannian metric g. For
instance, for each ¢, consider yy to be any point of M that realizes the supremum of the
function x — |it,(x)|, and derive from the triangle inequality that,

suplit(OI<T [ Did+1 | ¢7(D0)

Y30 Y50

1 1
< |55t|0f 7yo ($)llgds + SuP|D¢v(7yo(S))”55t|Of 7y ($llgds,
0 V,§ 0
< diam(M)(1 + sup |De,(yy,($)DIDilo,
S,V
for each ¢, and where D¢, is the tangent map of ¢,. So, we obtain

sup it (x)| < diam(M)(1 + sup | Dey,(yy,(5)DIDilo (2.15)

for each ¢, and since we always have,

08c(A(9, D)) = osc(it;) < 2 sup ity (x)| (2.16)
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for each ¢, then we deduce from (2.15) together with (2.16) that

1 1
f 0sc(A(D, D))dt < 2diam(M)(1 +sup |Dey, (yy, (s))]) f 1D:lodt, (2.17)
0 s,V 0

and
max 0sc(A(H, P)) < 2diam(M)(1 + sup |De,(yy,(5))]) max |$H;]o.m (2.18)
1€[0,1] v 1€[0,1]

Notice that (2.17) and (2.18) are useful in the rest of this paper.

2.5.2 Algebraic properties of A(H, D)

Proposition 2.2. Let ® = {¢'} and ¥ = {y/'} be two isotopies. Let H = (H;) be a smooth
family of closed 1—forms. Then, for each t, there exists a constant n which depends only on
O, ¥, and H such that,

A(H, Do F)(x) = A(H, P)(x) + A(H, D) o' (x) +17,
forall x e M.
Proof. Using (2.11) we derive that,

AA(H, DoY) = (o) H —H,
= Y@/ (H))-H,
= Y;(H+dA(H, D)) —H,
= Y (H)+dA(H, D) oy) —H,
= Hy+dA(H,Y)+dA(H, D)o yy,) —H,
= dA(H, YY) +d(A(H, D) oy,),

for each ¢t € [0,1]. Since M is connected, it follows from the above equalities that there
exists a constant 7 such that:

A(H, Do W)(x) = A(H, W) (x) + A(H, @) oy (x) +1,

for all x € M. Note that 7 depends only on @, ¢, ¥, and H, but not on x. This achieves the
proof. [

For further survey of the class of functions A(H,®), let us consider the following
Poincaré’s scalar product :

(p: H' (MR)x H*"'(M,R) - R,

(lal.[8]) f a A,
M
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where H*(M,R) represents the *—th de Rham cohomology group with real coefficients, and
[a] stands for the de Rham cohomology class of a closed differential form a.

We have the following fact.

Proposition 2.3. Let H = (H;) be a smooth family of closed 1—forms, and let ® = {¢,} be a
symplectic isotopy. Then for each t € [0,1], we have

f A(H, D" = n{Flux(d,), [H; A" D) p (2.19)
M

where ®; is the isotopy s+ ¢, and Flux stands for the flux homomorphism. In particular,
if ® is a Hamiltonian isotopy then the right hand side in (2.19) vanishes.

Proof. For each fixed t € [0, 1], since the differential form H; A " is of degree 2n+ 1)
over a 2n—dimensional manifold, we derive that H; A " = 0. This implies that

H(ps)w" —nu(dg)w ANH, AP =0,
for each s € [0,7]. Composing the above equality in both sides by ¢} yields,
8% (Hilds)) " = n% (1)) A @3 (H) AP = 0 (2.20)
for each s € [0,7]. Using (2.12), we derive that for each s € [0, 7], we have
¢s(H) = Hi+dfy, 4, 2.21)
where s
for = fo Hy(u) 0 pudu.
Relations (2.20) and (2.21) immediately imply that,
¢: (Hi(9)) " = ng; (1d)w) AH A"V +ngl (b)) AdfSy 4 A™D (222)

for each s € [0,7]. That is,

f ( f t¢f; (?{,(gbs))ds)w" =n f ( f t¢j§ (L(q'ss)w)ds)M{,Aw("-” (2.23)
M\JO M\JO
! * y X (n—1)
+nj1;[(j(; (ng(L(gbs)w)/\df{@}’(Ht)ds)/\w .

On the other hand, since the differential forms ¢} (L(q'ﬁs)w), and w1 are closed, we
compute

! !

and since the manifold M is without boundary, we derive from Stokes’ theorem that

al s, (s =D :f ft o405 (Us (=Dds=0 (225
L [jo‘ Jionr,®: (L(¢ )a))/\w 5] o Tisnn® (L(¢ )w)/\w s (2.25)
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for each . We combine (2.23), (2.24), and (2.25) to obtain

f f [¢j (Hi(y)dsw" =n f ( f t¢§ (L((iﬁs)w)ds)/\?(,/\w("_l). (2.26)
M J0 M 0

Observe that for each ¢, the de Rham cohomology class of the 1-form fot o (L(d)s)a)) ds is
exactly the flux of the isotopy ®;, i.e. (2.26) can be written as

f A(H, D))" = n{Flux(®,), [H, A w" P]p. (2.27)
M

In particular, if the isotopy @ is Hamiltonian, then so is ®, for each ¢, and in this case, a
result found in [2] implies that Flux(®,) = 0, for each ¢, i.e. for each time ¢, the right hand
side in (2.27) is zero. This completes the proof. [

2.6 A geometric interpretation of the functions A(«a, ®)

d
Given a smooth family of diffeomorphisms ® = {¢,}, by setting X;(x) = d—(¢s(x))|xzr, for
s

each ¢ and for all x € M, one defines a family of tangent vector fields (X;) on M: X;(x) is
the tangent vector to the curve s — ¢,(x) at the time ¢ and we have ¢, = X, o ¢5t‘1 for each ¢
(see page 5 in [3] for more convenience). In particular, for each fixed (z,x) € [0,1] X M, if
we consider the curve y,; : s = ¢4 (x), then

d d
Vxa(s) = d—(¢sz(X)) =1——(u(X)},_,, = Xu(X)),_,, (2.28)
S du

for all s. Now, assume @ is a symplectic isotopy, and « is a closed 1-form. We have

1 1 ;
f a=f0 By Vaa($)dds = fo & (@) (0)ds = fo o, (@) Wdu.  (2.29)
Vit

On the other hand, if {¢} is the symplectic flow generated by «, then we derive as in [12]

that
1 . 1 1 )
f o= f ( f L<0“>wdu)= f f 0y o @ Cras( ) Faa()duds  (2.30)
Yxit Yxit 0 0 0
i.e.
f = f ©, )w 2.31)
Yt [0,1]x[0,1] ’
where

0,.,:[0,11x[0,1] = M, (u,5) - 6"(¢" (x)).

Geometrically, the equalities (2.29) and (2.31) tell us that for each ¢, the real number
Ay(a, ®)(x) can be interpreted as the algebraic value of the symplectic area of the 2—chain
{0"(¢*'(x))|0 < u,s < 1}. In particular, each zero of the function A;(a,®) gives rise to a
2—chain with vanishing symplectic area. The following consequence of Proposition 2.3
gives a sufficient condition that guarantees the existence of at least one zero for such a
function.
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Lemma 2.4. If a is a smooth family of closed 1—forms on M and © is a Hamiltonian
isotopy, then for each t, the function x — A(a, ®)(x) has at least one vanishing point on M.

Proof. Assume « is a smooth family of closed 1-forms and @ is a Hamiltonian isotopy.
For each fixed ¢ € [0, 1], we have a smooth function x — A,(a,®P)(x) from the compact M
into the set of real numbers. Thus, the latter function achieves its bounds; and this implies
that

minA,(oz,(D)(x)f a)"sfA,(a,(D)w”SmaxA,(oz,(I))(x)fw”,
xeM M M xeM M

i.e. minyep A, ®)(x) <0, and 0 < max,ep Ai(a, D)(x) since by Proposition 2.3 we have
[y Arler, @) = 0. C

2.7 Reparameterization of symplectic isotopies [5, 14]

We shall need the following basic formula for the generators of reparameterized symplectic
isotopies. If ® = {¢,} is a symplectic isotopy generated by (U, H), and & : [0,1] — [0, 1] is
a smooth function, then the reparameterized path ¢ — ¢4, denoted ¢, is generated by the
element (U, H)¢ defined as

(U, H)* := (U*, HE) (2.32)

where H¢ is the smooth family of harmonic 1—forms ¢ — &(f)Hg(,); U* is the smooth family
of smooth functions (x,7) - &(r)Ug)(x); while £(2) is the derivative of the function £ at the
point ¢. The inverse element of (U, H)? is given by

(U, H)E = (~UE 0 ®F — A(HE, F), —~HE) (2.33)
with
A(HE, @) = ) ! ENHew(Pu) © pudu = E0)Ag(H, D) (2.34)
for each 1, i.e.
A(HE,0%) = A (H, D). (2.35)

Definition 2.5. ([14]). Given a smooth function & : [0,1] — R, its norm [|£]|pam is defined
by
1€ llnam = €llco +11€1L;

with ]|z, = fol é(Dldt,and  [|€llco = sup, IE(?)].

2.8 Boundary flat symplectic isotopies [5, 14]

Definition 2.6. ([5]). Given (U, H) € T(M, w, g), we say that (U, H) is boundary flat if there
exists ¢ €]0, 1] such that (U,, H;) = (0,0), for all ¢ in [0,5[U]1 -6, 1].

In other words, a symplectic path {¢,} is boundary flat if there exists a constant
0<0<1 such that ¢, = idys for all 0 < t<6, and ¢; = ¢ forall 1 —o<r < 1.
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2.9 The C'—topology

Let Homeo(M) be the group of all homeomorphisms of M equipped with the C°— compact-
open topology [1]. This is the metric topology induced by the following distance

do(f,h) = max(dco(f.h).deo(f 1) (2.36)
where
dco(f. ) = supd(h(x).f () (2.37)

On the space of all continuous paths 4 : [0, 1] = Homeo(M) such that A(0) = idy;, we con-
sider the C’~topology as the metric topology induced by the following metric

d(d,p) = max do(A(1), u(2)). (2.38)

2.10 Regularization of symplectic isotopies

Definition 2.7. A symplectic path {¢,} is said to be regular if for every ¢, the vector field ¢,
does not vanish.

First of all, note that a regularization method (in the sense of Definition 2.7) for Hamil-

tonian paths is due to Polterovich [13]. As far as I know, when H'(M,R) # {0}, a general
regularization method (in the sense of Definition 2.7) for the whole group of symplec-
tic isotopies is unknown. The goal of this subsection is to provide such a result for non-
Hamiltonian symplectic paths.
Given a symplectic isotopy @ generated by (U, H); in view of Proposition 5.2.A found in
[13], for the above Hamiltonian U, there exists a Hamiltonian loop ¢(,.o) which is close to
the constant loop identity (in the C*—sense), and in particular, its generating function r is
arbitrarily small in the L{!"*)—version of Hofer’s norm so that

osc(-r;+U,)#0 (2.39)

for all t. Now consider (V, %) to be the product (r,0) » (U, H), which can be written imme-
diately as

(V,5) = (=10 dr0) + U © dr0) + MH, b)), H). (2.40)

We claim that the isotopy generated by the element (V, K) defined in (2.40) is regular in the
sense of Definition 2.7. The proof of this claim relies on Hodge’s theory and Proposition
5.2.A found in [13]. Arguing indirectly, we assume that there exists a time s for which the
vector field X = q'bfm() vanishes identically, i.e.

(X)w=dV,+%K;=0. (2.41)
Inserting (2.40) in (2.41) gives

d(=r50 85,0+ Us 0 85,0 + A(H. b0)) +H, = 0. (2.42)
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From (2.42), we see that the harmonic 1-form H is exact, and the latter 1—form must be
trivial because of Hodge’s theory: any exact harmonic form of a compact oriented Rieman-
nian manifold is trivial [8], i.e. H = 0. This implies that

Ay(H. ¢r0) = f(; H($(r,0)) © By.0)du = 0,

i.e. the function —ro ¢fr ot Uso ¢(Sr 0) is constant since M is connected. The latter argument
contradicts (2.39), and the claim follows. [ |

As a consequence of the above regularization method, we derive as in [13] that using
any regular symplectic path ¢, we can define a function ¢ : [0,1] — [0,1] to be the
inverse of the map,

|5 (0sc(Vy) + 1% dt
H

s ; . (2.43)
Jy (osc(V) +19G 1
The derivative of £ is given explicitly by :
[l ese(Vy+ 19Dt
{(s)= (2.44)

OSC(Vg(S)) + |‘7(§(_v)|

for each s. If £ is only C!, then we can approximate ¢ in the C'—topology by a smooth
diffeomorphism « : [0, 1] — [0, 1], that fixes O and 1 [1].

Later in the next section, we will understand the role that plays the above regularization
method in the comparison of the infima of Banyaga’s lengths relatively to each fixed ¢ €
Sympo(M, w).

3 Main results

Throughout this section, we introduce the main results of this paper. We shall start by re-
calling the notions of lengths for symplectic isotopies introduced by [4].

According to [4], given a symplectic isotopy ® generated by (U, H), the L{*—version
and the L*—version of Hofer-like lengths of a @ are defined respectively by

1
(1)) = f (osc(U,) + |H,)) dt, (3.1)
0
(@) = tgggﬁ(osc(Ut) +[H). (3.2)

In the case that H'(M,R) vanishes, the above lengths are called Hofer’s lengths. It is clear
that if ® is a Hamiltonian isotopy generated by (U,0), then its inverse ®~! is generated by
(=U o ®,0); and we have [(L°)(®) = [(1L*)(@~1), and [°(D) = [*(D~!) (symmetry). On the
other hand, for non-Hamiltonian symplectic isotopies we do not know whether the above
Hofer-like lengths are symmetric or not. Indeed, for such a symplectic isotopy @ generated



Symplectic Dynamical Systems and Flux Geometry 81

by (U, H), the formula for inversion of generators tells us that ®~! is generated
by (=Uo® —Z(W ,®),—H), and the gap of symmetry in each of the above lengths seems to
come from the appearance of the function A(H,®) in the generator of ®~!. This does not
mean that the appearance of A(H,®) in the generator of ®~! justifies the non-symmetry of
the lengths of ®. In fact, the following example exhibits the existence of a larger number of
non-Hamiltonian symplectic isotopies whose Hofer-like lengths are symmetric.

Example 3.1. (Non-Hamiltonian symplectic isotopies with symmetric lengths). Let o
be a non-trivial harmonic 1-form. It is clear that the symplectic flow {p,} generated by
(0, @) is non-Hamiltonian since its flux is non-trivial. Next, consider Y to be the smooth
autonomic vector field such that «(Y)w = @, and for each ¢t compute

t

A (o) = fo PHa(p ) ()ds = fo oY) 0 py(x)ds = fo WY, V) opy(0ds =0 (3.3)

for~ all x € M because w(Y,Y) = 0. On the other hand, since {p,}‘1 is generated by
(—A(a,{p:}), —@), one derives from (3.3) that

l —_—
=(4py" = fo |osc(=Ada.{ph) + led|dt = a1 = I"({p,}), (3.4)
and .
(o™ = max osc (=i, (o) +lal| = lal = (o). (35)

Remark 3.2. Given a symplectic isotopy ® and a smooth function ¢ : [0,1] — [0,1] that
fixes O and 1, one can derive Subsection 2.7 that

i.e. the L) —length is invariant under reparameterization via smooth curves ¢ that fix 0
and 1.

To put the above lengths into further perspective, note that Hofer-Zehnder [10] showed
that one can use the Hofer lengths to investigate the Hamiltonian nature of the C*—limit
of a sequence of Hamiltonian diffeomorphisms (see Theorem 6, [10]). Since the Hofer-
like lengths generalize the Hofer lengths, it is natural to investigate whether one can use
the Hofer-like lengths to elaborate the symplectic analogues of Theorem 6—[10] or not. Of
course, by analogy with the Hamiltonian case, in presence of a positive symplectic displace-
ment energy, such symplectic analogues can be provided (see [6]). The worst imaginable
scenario is to think of the above symplectic analogues of Theorem 6—[10] in the lack of a
positive symplectic displacement energy. However, the following result shows that using
exclusively the L™ —Hofer-like length, we can provide a symplectic analogue of Theorem
6—[10] without appealing to the positivity of the symplectic displacement energy.
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Theorem 3.3. Let (M, w) be a closed symplectic manifold. Let {¢} be a sequence of sym-
plectic isotopies, let {Y'} be another symplectic isotopy, and let ¢ - M — M be a map such
that

° (¢3) converges uniformly to ¢, and
o I°({y') ' ofgl)) - 0,i > oo
Then we must have ¢ =y

The choice of the L*—length in the statement of Theorem 3.3 is technically supported
by the following facts.

Lemma 3.4. (Naturality of the uniform sup norm) Let {p!} be a sequence of harmonic
isotopies generated by (0,H") and let {p'} be another harmonic isotopy generated by (0, )
such that maxqeo,1)|H! — H;| = 0,i — co. Then, the following properties hold

L 2({p"y o {pl) = 0,i —> oo, and
2. {p} converges uniformly to {p'}.

Proof. For (2), we define a sequence (Zf) of smooth families of harmonic vector fields
such that L(Zf)w = 7{;, for each i and for all 7. Likewise, we define a smooth family (Z;) of
harmonic vector fields such that «(Z;)w = H;, for all ¢. Since by assumption the sequence
(H') converges uniformly to 9, it turns out that the sequence (Z) converges uniformly
to (Z;). Therefore, it follows from the standard continuity theorem of ODE for Lipschitz
vector fields that the sequence of paths generated by (Z!) converges uniformly to the path
generated by (Z,), i.e. {0}} converges uniformly to {o'}. For (1), compute

(0.H) ¢ (0,H") = (ACH' = H, {p'). H' = H),
for each i, and derive from (2.18) that

max osc(A(H' —H,{p'})) < 2diam(M)(1 + sup [Dp' (y,(s))]) max |H, — H| (3.7)
te[0,1] t,s te[0,1]

where Dp' stands for the tangent map of p’, yo € M and 1y, is a geodesic (see Subsection
2.5). The right hand side in (3.7) tends to zero when i goes at infinity since the quantity
(1 +sup, |Dp'(7vy,(s5))]) is bounded, and by assumption we have

Maxye(o,1] Iﬂf —H,| — 0,i — oo. This completes the proof. [ |

Remark 3.5. It is clear from Lemma 3.4 that if {o}} is a sequence of harmonic isotopies
generated by (0,%") and {p'} is another harmonic isotopy generated by (0, ), then the
convergence [*({p'} ' o {0!}) = 0,i — oo, is equivalent to the convergence

maxejo.1]|H! — H,| — 0,i — oo.

The following fact is a consequence of Lemma 3.4.
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Corollary 3.6. Let @; be a sequence of symplectic isotopies and let ® be another symplectic
isotopy such that 1°(®~ o ®;) = 0,i — co. If for each i, y; is the Hamiltonian isotopy in the
Hodge decomposition of ©;, and u is the Hamiltonian isotopy in the Hodge decomposition
of ®, then we have I”(u™" oy;) = 0,i — co.

Proof. Let ®@ be a symplectic isotopy generated by (U, H), and ®; be a sequence of
symplectic isotopies generated by (U’, H"). Then, by Corollary 2.1, the Hamiltonian part y
in the Hodge decomposition of ¥ is generated by (U o ¢ 41),0), and for each 7, the Hamil-
tonian part y; in the Hodge decomposition of ®; is generated by (U’ o b(0.44),0). For each i,
compute

osc(U'o Bogey~ Uroblg40) < osc(Ul = U,) +osc(Uy o Blog0~ Uro b0 (3.8)

for all ¢, and derive from the uniform continuity of the map (¢,x) — U;(x) together with
Lemma 3.4 that max;(osc(U; o ¢EO iy~ U;o ¢EO ﬂ))) — 0,i — oo, while by assumption we

have max,(osc(U! — U;)) — 0,i — oo. Hence,

mlax(osc(U," o ¢ZO,H") —U,o ¢EO,‘H))) —0,i — . (3.9)

This completes the proof. |

Proof of Theorem 3.3. Firstly, note that we do not use the positivity of the symplectic
displacement energy; and this renders the proof rather delicate. So, we shall proceed in
several steps.

e Step (1). (Convergence of symplectic isotopies). For each i, let {p; } (resp. {p'}) be
the harmonic isotopy arising in the Hodge decomposition of the isotopy {¢!} (resp.
{¥'}). From the convergence [*({i/' Vo {¢§}) — 0,i — oo, we derive by the mean of
Lemma 3.4 that

L I°({p"} o fpl}) = 0,i —> o0, and

2. {p!} converges uniformly to {o'}.

e Step (2). (Decomposition of the map ¢ = limo (qﬁl.l)). For each i, let {u!} (resp. {u'})
denote the Hamiltonian isotopy arising in the Hodge decomposition of the isotopy
{¢}} (resp. {y'}). One derives from the assumption that the sequence of time-one
maps (({)l.l) converges uniformly to ¢, and according to step (1) the sequence of time-
one maps (p} ) converges uniformly to the time-one map p'. The preceding arguments
imply that the sequence of time-one maps (,ul.l) converges uniformly to a continuous
map o : M — M because ,ul.1 = (p})‘1 o ¢l.1 for each i, and each factor of the compo-
sition converges in the C’—metric. Note that at this level, we have no guarantee that
the maps o and ¢ are invertible. Since the composition of maps is continuous with
respect to the C?—metric, it follows from the above C®—convergences that the map ¢
decomposes as follows:

p=p'oo. (3.10)
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e Step (3). (The Hamiltonian nature of the map o). To achieve the proof, all we
have to show is that o = u!, where u! is the time-one map of the Hamiltonian isotopy
(). Arguing indirectly, i.e. assuming that o # u', we derive that there exists a small
non-empty open ball B ¢ M such that B is completely displaced by (u')"! oo, i.e.
BN [(u") ' oo](B) = 0. Since B is compact and the convergence ,ul.1 — 0 is uniform,

we must have BN [(u!)~™! o ul1(B) = 0, for i large enough. The above arguments tell
us that we can apply the energy-capacity inequality theorem [11] to obtain

0<C(B)/2 < I°({u'} " o ('} (3.11)

for i large enough, where C(B) represents the Gromov area of the ball B. But, Corol-
lary 3.6 implies that the right hand side in (3.11) tends to zero for i large enough, and
this contradicts the positivity of the Gromov area C(B). Hence, we have proved that

o=u. (3.12)

e Step (4). Finally, (3.10) together with (3.12) implies that,
p=ploc=plou =y (3.13)

This completes the proof. [

The following result is an immediate consequence of Theorem 3.3, and it can justify
the definition of strong symplectic isotopies in the L™ —context [7, 16].

Corollary 3.7. Let ®; = {¢}} be a sequence of symplectic isotopies, ¥ = {;} be another
symplectic isotopy, and let ) : t ¥ 1, be a family of maps n, : M — M, such that the sequence
®; converges uniformly to n and [®* (¥~ o ®;) — 0,i — co. Thenn="¥.

Proof. Assume the contrary i.e. assume that ¥ # 5. This is equivalent to say that there
exists 7 €]0, 1] such that i, # ;. Therefore, the sequence of symplectic paths =; : s — ¢l.s’
contradicts Theorem 3.3. This completes the proof. [

In order to introduce the second main result of this paper, we need to recall the following
definitions.

3.1 Banyaga’s Hofer-like norms

Let ¢ € Sympo(M,w). Using the lengths introduced in (3.1) and (3.2), Banyaga [4] defined
respectively the LU*°)—energy and the L™ —energy of ¢ by

eo(¢) = inf(I-(D)), (3.14)

and
eg (¢) = inf(I™ (D)) 3.15)

where each infimum is taken over the set of all symplectic isotopies ® with time-one map
equal to ¢.
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Therefore, the L*—version and the L*—version of the Hofer-like norms of ¢ are respec-
tively defined by

I = (eo(¢) +eo(¢p™1))/2, (3.16)

and

gl = (€5 (@) + ey (™ 1))/2. (3.17)

The norms ||.||7;, and ||. ||( ) are the symplectic analogues of the Hofer norms for Hamilto-
nian diffeomorphisms in the following sense: if H 1(M,R) vanishes, then the norm ||. 5y, is
called the L*—version of Hofer’s norm, and the norm ||. ||( ) is called the L(*)—version
of Hofer’s norm [9]. In [13] it is proved that the two versions of Hofer’s norms are equal,
i.e. the two norms ||.||5;, and ||. ||(1 ) are equal whenever H'(M,R) vanishes (see Lemma
5.1.C found in [13]). However, the following main result shows that the two norms ||.[|3;,
and ||.||2’L°°) continue to coincide regardless of whether H'(M,R) is trivial or not, i.e. the
Hofer-like geometry is independent to the choice of the Hofer-like norm.

Theorem 3.8. Let (M, w) be a closed symplectic manifold. For every ¢ € Sympo(M,w), we
have

1,00
Igllss, = Il

Theorem 3.8 was announced in [5], it yields the symplectic analogue of Lemma 5.1.C
found in [13]. Its proof appeals to the following refined version of a result found in [5].

Lemma 3.9. (Fundamental Lemma of Hofer-like Geometry) Let ® be a symplectic iso-
topy. For any positive real number €, there exists a regular symplectic isotopy ¥ with the
same extremities than ® such that

I°(P)<I)(D) + €. (3.18)

Proof of Theorem 3.8. 1t is clear from the definition of the Hofer-like energies that
I]. ||(1 ) < IIl.ll;;- For the converse, consider ¢ € Sympo(M,w), and derive from the char-
acterlzation of the infimum that for each positive real number e, there exists a symplectic
isotopy @, with time-one map equals to ¢ such that [1°)(®,) < e(¢) + €. By Lemma 3.9,
there exists another symplectic isotopy ¥ with the same extremities than @, such that
I°(Y)<IT=)/(D,) + €. This yields, e (¢) < I®(We)<eo(d) + 2, ie.

e (B)<eo() + 2. (3.19)

In a similar way we use once more the Lemma 3.9 to deduce that for each positive real
number €, we have

ey (¢~ <eo(¢™) +2€. (3.20)
Therefore, adding (3.19) and (3.20) member to member leads to

Igll5y, = (e5’ (@) + €5 () /2<(eo(@) + eo(@™") +4€)/2 = lIgllyy; ™ +2e. (3.2

Since (3.21) holds for any arbitrary positive €, we conclude that [|¢||7;, < ||¢||(l ) This com-
pletes the proof. [ |
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3.2 Proof of Lemma 3.9

In this subsection, we will always denote by r(g) the injectivity radius of the Riemannian
metric g. We shall need the following fact.

Lemma 3.10. Let (M, g) be a closed oriented Riemannian manifold, and let H = (H;) be a
smooth family of closed 1—forms. The following facts hold:

1. If'¥Y = {y} is an isotopy, and &; : [0,1] — [0,1], j = 1,2 are two smooth monotonic
functions that fix 0, then there exists a constant By which depends only on H and ¥
such that

1
fo 0SC(A(H, W) — A(H, W*2))dt < Bollér — Enllnam- (3.22)

2. If ® = {¢;} and ¥ = {y,} are two isotopies such that d(®, V) < r(g)/2, then

max o0sc(A(H, ®) — A(H, P)) < 4 max [H,]od(D, ). (3.23)
te[0,1] te[0,1]

Proof. For each j = 1,2, differentiating the reparameterized path W</ in the variable ¢
yields Pi(r) = {;‘ ,(t)(/}gj(,), for all ¢ € [0, 1]. Now, compute

! !
Af(H, W) = fo H (¥4 (s)) o Wi (5)ds = fo Ei()H (e (5)) 0 Y () (3.24)

for each ¢, and we use a suitable variable change to see that the right hand side in (3.24) can

be written as
&(1)

!
f(; Ei(H Wz 5) 0 W y9yds = ; Hi () o udu. (3.25)
Relation (3.24 ) together with (3.25) yields

1 1 max{£;(1),&2(1)} ]
f 0SC(A(H, P4 — Af(H, PE2))dt = f osc( f 7—(,(1//u)oz//udu)dt, (3.26)
0 0 min{&, (1),62(1)}

< 2sup|H ()€1 = Exllcos

5,t,X

< 2sup | Hi () ()IlIEr = Exllam-

S,0,X
Therefore, the last inequality in (3.26) suggests that the desired B, can be chosen as

By :=2sup;,, |H,(1rs)(x)|<o0. For (2), as in Subsection 2.5, fix a point m € M, and for all x
in M, pick any curve vy, from m to x, and therefore define a smooth function ji; by

fi(x) = (7 (H) = (HD) (3.27)

Yx
for each . Now, let yy be any point of M that realizes the supremum of the function x —
(0, i.e.

sup (9] = | f G Hy - H) =1 [ H,- f H. (328
x YioYy,

Vyo s Vyo
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In the what follows, for each fixed ¢, we shall express the quantity ( f¢ o H, - fw o H,) as
1°Yyo °Yyo

a difference between two integrals of the closed 1—form H, over two minimizing geodesics,
and next we shall combine it with a well-known result from Riemannian geometry to
achieve the proof. For this purpose, using the topological assumption d(®,¥) < r(g)/2, we
derive that for each fixed ¢ € [0, 1], and for all z € M, the points ¢,(z) and ¥,(z) can be con-
nected through a minimizing geodesic y,. This induces a homotopy H' : [0,1]1X[0,1] > M
between the curves s — (¢ 0¥y,)(s) and s = (i, 0 vy, )(s), i.e. we have H'(0,5) = ¢1(y,(s))
and H'(1,s) = ¢ (yy,(s)) for all s €[0,1]. We may define H(u, s) to be the unique mini-
mizing geodesic Xy () that connects ¢;(yy,(s)) to ¥(yy,(s)) for all s € [0,1]. On the other
hand, put

B = {H'(u,5) | (u,5) € [0,1]x [0, 1]} (3.29)
and derive from Stokes’ theorem that f(?EE, H; = 0, where d&' represents the boundary of the
set @, i.e.

f 7—{1 - Wt = f 7—{t - 7—(t (330)
¢l 07)‘0 l//I Oyy() X Y0 Xm

for each t. In (3.30), each of the integrals fx H; and fx H; is bounded from above by
- Y0 m
|Hlod(®, V) because the speed is constant and equals to the distance between the end points.

Finally, we see that inserting (3.28) in (3.30) implies

max osc(A(H, D) — A(H,¥)) <4 max |H,lod(D,P).
te[0,1] t€[0,1]

This completes the proof. u

Proof of Lemma 3.9. Let ® be a symplectic isotopy generated by (U, H), and let € be
a positive real number. Consider = to be the isotopy obtained by regularizing the isotopy
® as explained in Subsection 2.10. It follows from Subsection 2.10 that the isotopy E is
generated by the element (V,K) defined in (2.40) so that

1

1 1
[12)(Z) = f (0sc(Vy) + |5 dt < 1)) + f osc(ry)dt + f 0sc(A(H, d0)))dt,
0 0 0

where ¢,y is a Hamiltonian loop such that fol osc(ry)dt<e/2 (see Subsection 2.10). Since
Polterovich’s arguments provided in Subsection 2.10 state that the path ¢(,.q) is arbitrarily
close to the constant path identity (in the C*—topology), we derive from Lemma 3.10 that

one can assume fol osc(A(H, ¢0)))dt<e/2. Hence,
[19)(Z2)<[1)(D) + €. (3.31)

Now we use the isotopy E to define a curve ¢ as in Subsection 2.10 (see (2.43)), and we let
Z¢ to be the path obtained by a reparameterization of Z via curve . Next, consider

Q, = () 05c(V(s)) + | Kys)Ds
for each s, and derive from (2.44) that Q, = [1°)(2), i.e.

I°(E) = m;dXQS = [(L)(E), (3.32)
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Relations (3.31) and (3.32) imply that
1°(ES)<I1)(D) + €.

Therefore, to complete the proof, it suffices to take ¥ = Z¢. [

Remark 3.11. As in [14], we have [1-°)()) <I®(.) in general, where the former is invariant
under reparameterization, while the latter is far from being invariant. Actually, it is clear
from the proof of Lemma 3.9 that any regular symplectic path @ can be reparameterized to
obtain another path ¥ with the same extremities than @ so that [(L®)(¥) = [*(P).

4 Some auxiliary results

The goal of this section is to elaborate the symplectic analogues of some approximation
lemmas found in [14].

Definition 4.1. ([4]) The L("*)—version of Hofer-like topology on the group Iso(M,w) is
the topology induced by the following metric:

Do((U,H),(V,K)) + Do((U, H), (V,K))

D'(U,H),(V, %)) = 5

4.1

where .
Do((U,H),(V,K)) = f osc(U; = Vi) +H; = Kildt. (4.2)
0
We will need the following lemma.

Lemma 4.2. (Reparameterization Lemma) Ler (M, g) be a closed oriented Riemannian
manifold. Let H € PH'(M,g), and let ® = {¢;} € Iso(M,w). Ifé; 10,11 - [0,1], j=1,2
are two smooth functions such that €| is monotonic, then there exists a constant By which
depends on H and ® such that

1
f 0SC(A(HE, ) — A(H®, D))dt < Billé1 — Enllnam-
0

Proof. From the equality,
A(HE, @) — AHE, @) = A(H? - HE D),

we derive by the mean of (2.17) that

1 1
f 0sC(A(HE, ®) = A(H™ D))t < 2diam(M)(1 +sup|Di(yy,(s))) f IH; —H\de
0 t,s 0

4.3)
where D¢, is the tangent map of ¢, and vy, is a geodesic (see Subsection 2.5). Since we
always have

[HE —HE| < V& (O He, 1) — €10 Hey ] + 11 () Hiy ) — E2 () Heyo,
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we use the Lipschitz nature of the map ¢ — H; to derive the existence of a constant cy>0
(which depends on H) such that,

[H = HE | < max|HlE ()~ &0+ collér — Elleokér (0] (4.4)

for each t. Therefore, integrating (4.4) between 0 and 1 with respect to ¢ gives

1 1
fo [Hy' ~H;|di < max|H) fo €10~ &(Dld1 + collér ~ Ealleo (4.5)

< 2max(co, max [H:DIET = E2llham-

Finally, (4.3) together with (4.5) yields

1
f 05C(AHE, ) — A(HE, O)dr < Bi Il —Exllnam,
0

where B = 4diam(M) max(co, max; |H;)(1+ sup, ;1D¢:(yy,(s))])<co. This completes the proof.m
Lemma 4.3. If (U,H) € T(M,w,g), and &; :[0,1] — [0,1], j = 1,2 are two smooth mono-
tonic functions, then there exists a constant C which depends on (U, H) such that,

D'((U,H)* (U, H)*2) < Clié1 — Eallnam-

We shall give a complete proof of Lemma 4.3 later on. The following result is an
immediate consequence of Lemma 4.3.

Lemma 4.4. Let (U, H") be a Cauchy sequence in D', and & :[0,1] — [0,1], 1= 1,2 be two
monotonic smooth functions. Given €>0, there exists a positive constant 6 = 6(U',H")), and
a larger positive integer jo = jo((Ui,Wi)) such that if the inequality ||&1 — &llham <0 holds,
then

D' (U, HY ' (U, H)*)<e,
foralli> jy.

Proof. Since (U',H") is Cauchy in D', one can choose an integer j, large enough
such that D'((U!, H)&, (U, HI0)é1)<e/3 for all i > jo. Assume this is done. Now we
apply Lemma 4.3 with (U0, H/0), &, and &, to derive that there exists a constant C which
depends on (U/°, H/0) such that,

D (U7 HIW (UP, H)2) < Cliér = Eallham: (4.6)
Taking 0 = €/3C, we compute
DY (U, HY, (U, H)?) < DN (U, HO L, (UR, HPNY)
+D' (U, HOP (U, HINE) + DU, HON™, (U, H)
<e€/3+€/3+¢€/3,
as long as ||€1 — &2lnam <0, and i > jo. This completes the proof. [ |
The following result is the symplectic analogue of a slight variation of the L(1:*)— ap-
proximation lemma found in [14]. It implies that a symplectic isotopy @ can be approx-

imated in each of the metrics D! and d by a boundary flat symplectic path with the same
extremities than .
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Lemma 4.5. Let ® be a symplectic isotopy generated by (U, H), and let € be a positive
real number. Then, there exists a boundary flat symplectic isotopy ¥ = Yy, with the same
extremities than ® such that D' (U, H),(V,K))<e, and d(¥, D)<e.

Proof. Let € be a positive real number, and consider ¢ : [0,1] — [0,1] to be any
smooth and increasing function which is constant on the intervals [0,6] and [1 -6, 1] where
0<8<1/13. Therefore, define (V,%) to be the element (U, H)¢ obtained by a reparameteri-
zation of (U, H) via the curve & as explained in Subsection 2.7. It follows from the definition
of the curve ¢ that the symplectic isotopy ¥ generated by (V,K) is boundary flat and it has
the same extremities than ®. Applying Lemma 4.3 with & = idj,1; and & = &, we derive
from the above arguments that

D'((U,H),(V,K)) < ClIi¢ - ido.1llnams

where C is the constant in Lemma 4.3 which only depends on (U, H). On the other hand,
since the maps (¢, x) — ¢E U’W)(x) and (z,x) — ¢(‘l’]’w)(x) are Lipschitz continuous, it turns out
that there exists a constant /o>0 which depends only on (U, H) such that

d(bw.r), Yvao) < bllE —idio,nllco<lollé — idjo,1)llnam-
Finally, to conclude, it suffices to choose the function ¢ so that

1€ = idjo,17llnam < min{e/C; €/lp; €}. This completes the proof. [ |

Remark 4.6. Notice that the proof of Lemma 4.5 will still hold for any choice of ¢ such that
[0,6]N[1—=06,1] = 0. This means that in Lemma 4.5 the choice of § less than 1/13 has no
particular meaning than to satisfy the condition [0,6]N[1—-6,1] = 0.

Proof of Lemma 4.3. Let @ to be a symplectic isotopy generated by (U, H).

e Step (1). Consider the normalized function V = U¢! — U#?, and compute

Vil = 1E1 (O Ug, 1) — E20) Uy )| < IE1DNUg 1) — Uyl + €1 () = E(DN Uy 1) 4.7

for each ¢. Since the map (¢, x) — U,(x) is smooth on a compact set, it is Lipschitz, i.e. there
exists a positive constant kg which depends on U such that max ey |U,(x) — Us(x)| < kolt — s|
for all ¢, s € [0, 1]. This together with (4.7) yields

0 < max V(x) < kolé 1 (D)lIE1(1) = Ex(0)] + me(Uz(X))léfl (1) = &(0)l. (4.8)
Similarly, one can check that
0<-minV,(x) < kol&1(0)I1€1 (1) = éx(0)] = rrl)jn(Uz(X))lfl (1) =&(0)l. 4.9)

Adding (4.8) and (4.9) member to member, and integrating the resulting inequality in the
variable ¢ gives

1 1
f osc(Vy)dt < 2kgmax |£1(t) — & (8)] + max(osc(Uy)) f IE1() - f'z(t)ldt. (4.10)
0 ! ! 0



Symplectic Dynamical Systems and Flux Geometry 91

e Step (2). Put K = H¢' — H®2, and compute

15| = €1 (OHe, (1) — E2OHey )| < [Hey 1) — Hero 1O+ €1 (D) — E(DN[He (1] 4.11)

for each ¢. The Lipschitz nature of the smooth map ¢ — 7, implies that there exists a positive
constant ¢o such that |H; — H| < colt — s| for all s,¢ € [0, 1]. This tells us that (4.11) implies

171 < colér (1) = (DN D]+ IE1(1) = EONH gy o) (4.12)

Integrating (4.12) in the variable ¢ yields,

1 1
| tar < comaxigr) - exot+ maxir) [ eo-oarn @3
0 0
Adding (4.10) and (4.13) member to member gives

Do((U,H)*',(U,H)*) < B3llEr = Ellnam (4.14)

where
B3 = 2max{2kq + ¢y, max |H;| + max osc(U,)}.
t t

e Step (3). On the other hand, for each j = 1,2, we compute

(U, H)Ei = (U o @51 — A(HEI, @), —HED,

with . —
A[(?’{gj, (ij) = fj(t)Ag,(t)(q'{, (D)’

for all ¢, and derive from the definition of Dy that

1 — —_—
Do((UH)1, (U, H)2) < f osc(A(HE, D) = A(HE,02)) dr (4.15)
0
1 1
+f 0sc(U> = Uy +|H —?{ledt+f osc(UE' o @22() — Uy 0 1 (1)) dt
0 0
1 — —
< f 0s¢(A(HE, @) — A(HE, %)) dt + Do(U, HY, (U, HY2) + ke lr = Eallnam-
0
Note that in (4.15), to obtain the quantity k1|1 — & lnam We have used the Lipschitz natures

of the maps (x,1) — Ui(x), (x,1) — O~ 1(#)(x) and (x,¢) — O(f)(x) to derive the existence of
a positive constant k; which depends on @ such that

1
fo osc(£1()Ug 0 @ (1) = £1(1) Ug, 1 0 D2(1)) dt < ki [1€1 = Enllam-

Since the map (x,t) — A(H,®)(x) is smooth and M is compact, we derive as in step (1)
that there exists a Lipschitz constant k, which depends on @ such that
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1 _ o
j; 05c(&1(DA: 1)(H, D) = E2(1) Ay (1) (H, ©))dt < 2Kz max I€1(1) = &) (4.16)

1
+max(osc(A(H, ©))) j(; 1(0) = &x(n)ldt.

Observe that max,(osc(A,(H,®D))) < Bo(H, D), where B, is the constant in Lemma 3.10,
and derive from (4.16) that

1 _ o
j(; 05c(€1(D)Ag, 1) (H, D) — E2(D)Agy (i) (H, D))dt < 2max{2ky, Bo}IEL = Eollpam-  (4.17)

e Step (4). Since,

DY (U, H)*, (U, H)®) = (Do(U,H)&1, (U, H)2) + Do(U, HF (U, H))) /2,
it follows from step (2) and step (3) that

D'((U,HY*' (U, H)*) < Cliér = Ellnams

where '
C=B3+ El +max{2ky, By }<oo.

This completes the proof. [

5 Final remark

McDuft-Salamon [12] proved that the orbits of Hamiltonian loops are null-homologous (see
Lemma 10.31, [12]). This is equivalent to the following result.

Proposition 5.1. ([12]) Let Y be any symplectic isotopy whose flux is non-trivial. Then any
loop y in the homotopy class of an orbit of any Hamiltonian loop (relatively to a fixed base
point) trivializes the flux of Y, i.e. Flux(\Y).[y] =0.

Here, we provide the following alternative proof of Proposition 5.1 based on Lemma
24.

Proof. Let ¥ be a symplectic isotopy with a non-trivial flux. Let H* denote the har-
monic representative in the de Rham cohomology class Flux(V). Consider a Hamiltonian
loop © = {¢,} in S ympo(M, w), and derive from (2.12) that dA; (HY, @) =0, i.e. the function
A(HY, @) is constant. In fact, we have Aj(HY,®)(x) = 0 for all x € M because Lemma
2.4 implies that the function x > A;(H¥,®)(x) has a vanishing point on M, and M is con-
nected. On the other hand, for each x € M, consider the loop ¢ : f — ¢:(x), and check by
the mean of (2.29) that

Flux(¥).[y 0] = f HY = Aj(HY, D) (x) = 0.

Yx,®
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In addition, if 8 is any representative in the homotopic class [y, e] (relatively to fix base
point), then Stokes’ theorem implies that fy o HY = fﬂ(H ¥, This completes the proof.

Proposition 5.1 tells us that on the 2—dimensional revolution torus T2 equipped with its
natural symplectic form w, no meridian circle of T? is an orbit of a Hamiltonian loop in
S ympo(T2, w) since a meridian of T? yields a non-trivial homology class. This tells us how
does an orbit of a Hamiltonian loop wind on T2.
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