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Abstract

In this paper, the Adomian decomposition method for solving nonlinear partial
differential equations (NPDEs) is revisited. Then we show how this method can be
extended and used to solve under-determined systems of NPDEs. The examples of
Kompaneets, Novikov and Ginzburg-Landau equations are considered as illustration.
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1 Introduction

The description of an important number of phenomena and dynamic processes in physics,
mechanics, chemistry, biology and in other life sciences requires the use of nonlinear par-
tial differential equations. In most cases, finding analytic solutions to these equations re-
mains a very difficult task. Commonly used analytic approaches linearize the equations by
assuming that the nonlinearities are relatively insignificant. Such procedures change the
actual problem to make it tractable by conventional methods. The solutions obtained in this
way sometimes seriously and drastically influence the comprehension of described phe-
nomena. In other side, the numerical methods are based on discretization techniques and
require intensive computer time to solve the identified equations. Moreover, these methods
only permit to obtain approximate solutions for some finite values of independent variables
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and sometimes overlook some important phenomena. All these aspects justify the need to
search for alternative techniques to solve nonlinear differential equations, such as the ho-
motopy perturbation method, the iteration variational method [1, 2, 3, 4] and the Adomian
decomposition method [5, 6, 7].

The Adomian decomposition method consists of: (7) splitting the given equation into
linear and nonlinear parts, (ii) identifying the initial and/or boundary conditions and the
terms involving the independent variables alone as initial approximation, (iii) decomposing
the unknown function into a series whose components are to be determined, (iv) decompos-
ing the nonlinear function in terms of special polynomials called Adomian polynomials, and
(v) finding the successive terms of the series solution by recurrent relation. It was shown
in [8] that the Adomian decomposition method is a special case of the homotopy analysis
method. In addition the criteria for the convergence of the homotopy analysis method was
shown to be the same criteria for the convergence of the Adomian decomposition method
and that one has a variety of choices for the linear operator and therefore a variety of choices
for the initial estimation to start the Adomian decomposition iteration process.

It was formally shown by many researchers that if an exact solution exists for a given
problem, then the obtained series converges very rapidly to that solution. The convergence
concept of the decomposition series was thoroughly investigated by many researchers to
confirm the rapid convergence of the resulting series. Cherruault examined the convergence
of the Adomian method in [9]. In addition, Cherruault and Adomian presented a new proof
of convergence of the same method in [10]. For more details about the proofs on the rapid
convergence, see the above mentioned references and references therein. However, for
concrete problems, where a closed form solution is not obtainable, a truncated number of
terms is usually used for numerical purposes. It was also shown by many authors that the
series obtained by evaluating a few terms gives an approximation of high degree of accuracy
if compared with other numerical techniques [11].

Although the Adomian decomposition method has been intensively used to solve non-
linear problems, to our best knowledge of the literature, it is not still tested to handle
under-determined systems of nonlinear partial differential equations. The present work is
an attempt to give a mathematical formulation to this purpose. After setting some useful
notations in section 2, we describe in the third and fourth sections the general principle
of the Adomian decomposition method for nonlinear differential equations and systems of
nonlinear differential equations. Finally, we perform, in the last section, an extension of the
Adomian method to under-determined systems of differential equations.

2 Principle of the Adomian method

The Adomian decomposition method allows the resolution of various functional equations
of algebraic, integral, differential, integro-differential and partial differential types. It is
adapted as well to linear as to nonlinear problems. Let E be a functional Banach space.
Consider the problem of finding a function u € E which satisfies the functional equation
(written into the canonical form [12])

u—Nu=f, 2.1
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where N : E — E is a nonlinear operator and f € E is a known function. The Adomian
method consists of looking for a solution u as a series

U= Zun 2.2)

and in also decomposing the nonlinear term N u into a series

+00
Nu= ZA,,. 2.3)
n=0

The A, are called Adomian polynomials and are obtained by the following formula [13, 14,

15, 16]
" [
CWN[;A u,-” . (2.4)

=0

A, =—
n!

The substitution of (2.2)-(2.3) into (2.1) gives

+00 400
Zun :f+ZAn~ (2.5)
n=0 n=0
This yields by identification
up=f, ur=A~Ao, upr1=Ap,nx1. (2.6)

In practice, all terms of the series (2.2) cannot be determined, and the solution is approxi-
mated by the truncated series
n-1
0= ) i 27
i=0

However, one can ask the following question: Which conditions does the method converge
to? One deduces from the relation (2.5) that

+00 too
ZA,, <400 Zun < 400, (2.8)
n=0 n=0

Therefore, the convergence conditions are in connection with the nonlinear operator N from
which the Adomian polynomials A, are defined. In addition, an analysis of several results
concerning the convergence of the Adomian method [9, 10, 17, 18, 19, 20, 21] allows us to
conclude that the properties satisfied by the operator N so that there exists a solution to the
problem (2.1) also ensure the convergence of the series (2.3) and hence the convergence of
the series (2.2). In other words, the Adomian decomposition method converges whenever
a solution to the problem exists. Before describing the use of this method for the solution
investigation of partial differential equations, we define some important notations used in
the sequel.



76 M. N. Hounkonnou and P. A. Dkengne Sielenou

3 Basic notations

Consider X, an n-dimensional independent variable space, and U, an m-dimensional depen-
dent variable space. Let x = (xl,m ,x") eXand u = (ul,m ,um) € U. We define the space

U®, seN as:
m S .
U® =u® : u® = ®[® u{k)} , (3.1

j=1 \ k=0

where u is the

()
Dk :( n+llz—1 )—tuple (3.2)

of all distinct k-order partial derivatives of u/. The u{k) vector components are recursively
obtained as follows:

o J
i) u(o)_u andu(l) (u U “,uxn).

ii) Assume that i’ is known.

(k)

— Form the tuples 7’ 7 )(l) as follows

(k+1
9 9 9 :
Tl (D= (axl “aollh gzt ’@wﬂ)’ l= 12 pi

where u{k)[l] is the /-th component of the vector u{k)
— Form, by iteration, the tuples i u(k 1)(l) following the scheme u u(k . 1)(1) (k . 1)(1)
and for [ =2,3,---, px, the vector ”(k+1)(l? is nothing but the tuple ”(k+1)(l) in
which all components already present in 'ﬁ(k . 1)(i), i=1,2,---,1—1, are excluded.

— Finally, form the vector

J -
Uks) = ( (k+1)(1) (k+1)(2)’ " ’”(k+1)(pk))‘
As a matter of clarity, let us immediately illustrate this construction by the following

Example 3.1. e Forn=2,x= (xl,xz) and we have:

P (i
Uiy = (”xl’”xz)’

8 . .
(2)(1) = (8 1 (1)[1] Ox 2 (1)[1]) ( 2x l’uilxz)’
w,(2) = (8 [21, [2]) (1] )
) Ol Uy 8 22 2x?

ﬁgz)(l) (2)(1) ( w, 2) (2)(2):(”v’ile’”éxz):(”éxz)’

”(2) ( (2)(1) ”(2)(2)) ( le’”i xz’uéxz)
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e Forn=3,x= (xl,xz,x3) and the same scheme leads to
i, ) j i j
M(z) - (MZ)Cl ’ ux1x2 ’ ux1x3 ’ u2x2 ’ ux2x3 ’ u2x3) >

Jo_{,J J J J J J J J J J
u(3) - (M3xl > u2x1x2 > u2x1x3 > ux12x2 > ux1x2x3 > uxl 2x3° u3x2 > u2x2x3 > ux22x3 ’ u3x3) ’

for k = 2 and k = 3, respectively.

An element #*, in the space U ) is the

n+s
qx=m(1+P1+P2+“‘+Ps)=m( s )'tuPle 3.3)
defined by
sy _ (1 1 1.2 2 2
u = (M(O),M(l)"“ S U5y Uy Uy ™ > Uigys ™ S UGy Uy ’”’(ﬁ))‘ 34

We denote by X x U, the total space whose coordinates are denoted by (x,u')), encom-
passing the independent variables x and the dependent variables with their derivatives up to
order s, globally denoted by u'®.

In the sequel, a gs-uple u'® is referred to (3.4), whereas the integers p; and ¢, are
defined by (3.2) and (3.3), respectively.

4 Adomian method for differential equations

In this section, we briefly review the Adomian method and apply it to solve the Kompaneets
and Novikov equations.

4.1 General scheme

Consider the partial differential equation
G (xu W) = f(x) @.1)

where the nonzero positive integer s is the order of equation, x = (xl e ,x") are indepen-
dent variables, u = u(x) is the dependent variable, f is a continuous function and G is a
differentiable function with respect to its arguments. Suppose that (4.1) can be written into
the form

Uk [ho](X) + F (X, 1y [P 1(X), i) [21(X), -+ uey [ 1(X)) = f(x), 4.2)

where r,k;,h; € N with max{k;, i =0,---,r} = s, b € {1,2,---,pt,} and F is a differential
function with respect to its r arguments. Let L be the linear differential operator such that
Lu= U (k) [h()] and

ko

I =
(@) (@) - (90
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with 1 <ij <ip <--<ig<m li+l+---+13 =ko and [; # 0. In order to minimize the
number of operations to perform in practice, it is suitable that L be the smallest order linear
differential operator in G. Set I = {i},iz,--- ,is,}. Define L', the inverse of the operator L

by
io i
Zl 2ly-1 21
N T Y [
X7 xg
Zlv 1 Zl
e
50
Y5
(dzil g dg" )( Az dz? -+ dz? )( dzixo dzixo dzim )
0“1 1 -1 0 <1 -1 0 %1 Iy=1)°
where yj = zé if jeland yj = x/ otherwise. The constants x};, k=1,2,---,l; as well as the

order of integration are closely related to the choice of boundary conditions in such a way
that L™'(Lu) = u(x) + g(x). Here, g is a function completely determined by the boundary
conditions. Thus, applying L™! to both sides of (4.2) yields

u(x)=-g(x)+L' f(x)-L7'F. 4.3)

The Adomian decomposition method consists in searching for the function u as an infinite
series

+00
u(0) = )" ur(x), (4.4)
=0
where the u, are functions to determine. Express the differential function F as a series

F= ioAT, 4.5)

where the A; are multivariate polynomials also called Adomian polynomials

aar [ Z“wko[’“ Z“wkzﬂhz Zﬂ”’(k)[h}
=0

Notice that for a linear term, i.e. F' = uy[h], its Adomian polynomials are A; = ur y)[h].
The substitution in (4.3) of the expressions (4.4) and (4.5) along with (4.6) yields

A=

(4.6)

+00 +0oo
e =—g+ L7 f-L7! [Z ATJ. @7
=0 =0
The functions u, can be obtained using the following recurrence relation
up=—g)+L7" f(x), urp1=-L"A;, 720 (4.8)
since the A; depend only on ug,uy,--- ,u;. If the functions u, are determined for all 7 € N,

then a solution u of equation (4.2) is immediately formed using the series (4.4). Otherwise,
if only a finite number, says v, of the functions u, is found, one can use the partial sum

v—1

(0 = ) ur(x) (4.9)

=0
as an analytical expression of an approximate solution to equation (4.2).
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4.2 Application to the Kompaneets equation

The Kompaneets equation [22], also known as the photon diffusion equation, is written as

ou 1 0| 4(0u 2
— === —+u+ , 4.10
or xZax[x (ax ! ”) (4.10)

where u = u(t, x). The expanded form of equation (4.10) is
Uy :xzuxx+(4x+x2)ux+4xu+2x2uux+4xu2. “4.11)

Using Adomian decomposition method, we solve this Kompaneets equation subject to the
initial condition

1
u(0,x) = —. 4.12)
X
In an operator form, equation (4.11) becomes
Lu=F(x,u, Uy, thyy) = XUy + (4x+ xz) Uy + dxu + 27 un, + 4xu?, 4.13)
where L is defined by
0
L=—. 4.14
o (4.14)
The inverse operator L~! is identified by
73
L™'v(t,x) = f v(s,x)ds. (4.15)
0
Applying L™! to both sides of (4.13) and using the initial condition (4.12), we obtain
Lo
ut,x) = —+L7 F(ru, iy, Uy
X
1
= —+L7! [xzuxx + (4x + xz) Uy +4dxu+ 2x2uux + 4xu2] . (4.16)
X
The Adomian decomposition method suggests that u(#, x) can be defined by
+00
u(t,x) = ) ur(t,%) 4.17)
=0
and the nonlinear term F (x,u, Uy, Uyy) by
+00
F=> A, (4.18)
=0

where the A; are Adomian polynomials obtained by the formula

dr T T T
G F[x, Z A'ujy[1], Z A'ui()y[21, Z A'uj ) [3]” 4.19)
i=0 i=0 i=0

=0

1
ol
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explicitly giving:
Ay = Axugy+4dxug+ 4xu(2) +x2 upx+ X2 Uy x+ 27 UQUQ, x»
A1 = Axuy+4xuy + 8xuguy +x2u1,2x+x2u1,x+2x2u1uo,x+2x2uou1,x,
Ay = Axupy+4xup+ 4xu% + 2x2uou2,x + xzuz,gx + 8xuguy
+ 2x2u2uo,x+x2u2,x+2x2u1u1,x,
Az = Axuzy+4xuz+8xuiuy +2x2u2u1,x+2x2u3uo,x+ 8xugus
+ 2x2u1u2,x+2x2uou3,x+x2u3,2x+x2u3,x,
Ay = Axugy+4xus+ 4xu§ +2x° Uplty x + X Ugoyx+ X Ugx+ 2% UQUQ x
+  8xujuz+ 2x2u1u3,x + 2x2uou4,x + 2x2u3u1,x + 8xuguy,
As = Axus,+4xus +8xurus +x2u5,2x+ 8xu1u4+2x2u5uo,x+2x2u1u4,x

+ 2x2u4u1,x + 2x2uou5,x + x2u5,x + 8xugus + 2x2u2u3,x + 2x2u3u2,x;

and so on. Using the above assumptions gives

Zuf_—+L [ZA} (4.20)

7=0

from which one derives the recursive relation
1
ug(t,) = =, urp1(t,x) =L A;, T20. (4.21)
X

The first components are determined by:

ui(t,x) = 3t,
w(t,x) = (9+6x)7%,
us(t,x) = (18+48x+10x2)t3
us(t,x) = (27+216x+155x2+15x3)t4
162 4 1
us(t,x) = (6 +1232x% + 356 1936 © +21x )
162 1 4242
ug(t,x) = (6 +1728x+ 9988xz+4874x3+ x4+28xs)t6

permitting to write an approximate solution to Kompaneets equation (4.11) under (4.12) as

o, x) = up(t,x)+ui(t,x)+ux(t,x)+us(t,x)+uq(t,x) +us(t,x) + ue(t, x)

1
- +3t+(9+6x)t2 +(18 +48x+ 10x2)t3 +(27 +216x+155x% + 15x3)t4

1 2 4 1
o (10210302 380, 19505 o1
5 5
+ (162 +1728x 9288 2 4 4874x +4242x4+28x5)t6

whose behavior is shown in the Figure 1.
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Function ¢ versus x and ¢ on the range #=-10..10, x =-35.35

Figure 1. Function ¢, approximate solution of the Kompaneets equation, versus x and .

4.3 Application to the Novikov equation

The Novikov equation is expressed as follows [23]:
Uy — Uy + 4P = Bty + U Uy, (4.22)

where u = u(t,x). Using Adomian decomposition method, we solve this equation subject to
the initial condition

u(0,x) = x. (4.23)

In an operator form, equation (4.22) becomes

Lu = F (X, U, Uy, Uy U xpy Unxx) = Uy — 4142 Uy + 33Ul Uy + u2 Uxxxs (4.24)
where L is defined by
0
L=—, 4.25
E (4.25)

with its inverse L~! given by
73
L™'v(t,x) = f v(s,x)ds. (4.26)
0

Applying L™! to both sides of (4.24) and using the initial condition (4.23), we find

-1
u(t,x) X+ L7 F (XU, Uy Uy, Unxry Unx)

x+L7! (uxx,—4u2ux+3uuxuxx+u2uxxx). “4.27)
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The Adomian polynomials A; are given by the formula

d/lT [ Z/lul o], Z/lul(l)[z] Z/lu, (2)[3]
Z Aui3)[3], Z ﬂi”i,@)[‘ﬂ” (4.28)
i=0 i=0

=0

from which are deduced the explicit expressions:

Ao = ug o —duguo,x + Jugto xUo 2y + UGUO 31,

Al = up e — Buguo ity + UGty 35+ 2uguo 31 — Auguy x + 3uolo xlt1 o
+ Buouy xuo2x + 3u1Uo U0 2,

Ar = uppn—dutug .+ 3uouy xity 2y — dudun .+ 2uouy 3,01 + 3uyuo U1 2x
= Buuy ity + 3uglo U 2x + 3uaUo xlto 25 + 2Uotto 3512 + 3uoUs U0 2y
— Sugug Uz + Ut 35+ UTH (U0 2+ UTUD 31,

Az = uzpxt3uguo U3y + 2uou 31 + 3wy Uyt 2x + 3uyttg xUn 25 — SuoUn xity
+ UG 3y — Augus .+ 20 U0 3t + 2uouy 3y + 3Utuy xiy 2+ SUoUs Ul 2y
- 8140141,)(142 - 414%141,)( + M%Mljx - 8140140,)(143 + 2140140,3)(143 + 3140141,)(142,2)(

+  Bugus 1o 2+ 3U3Uo U0 2x + 3UsUo UL 25 + SUUT U 2 — U1 U <UD;

and so on. Use the relation

ZuT:x+L {ZAJ (4.29)

=0

from which results the following recursive relation
up(t, ) =x, Uup1(t,x)=L A, 720 (4.30)
generating the functions:

ul(t,x) = —4x’t,
uy(t,x) 12x+32x )t — 81,

us(t, %) 400x2 —320x )z3 +224x12,

744x —9856x° +3584x )z4 + (864 - 4992x2) £
326688 ,

M4(I,X)

+214272x* — 43008 ) +(~73728x+101376x°)1* - —3O§08 £,

407328 16407808 e
5

us(t,x) = —4347904x° +540672x)

695616 1908224 ,
+——xt".

3

+

(-
(
(
us(t,x) = (
5
5

+3563520x% — 1955840x ) r
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which serve to express an approximate analytical solution to the Novikov equation (4.22)
with the initial condition (4.23) as follows:

o, x) = wup(t,x)+ui(t,x)+ux(t,x) +uz(t,x) +us(t,x) + us(t,x) + ue(t,x)
2761
x— (4x2 + 8) 1+ (32x3 + 212x) - (320x4 +4592x2% + %) £

1689272
(—x+91520x3 + 3584x5)t4

+

174 12 1
(—43008x6—1741568x4+ 12, 69% 6);

5 5

40732 16407
(_ 053 8o 10 05808x3—4347904x5+540672x7)r6.

See Figure 2 for its graphic representation.

6, % 1020

4, % 1040
2% 1020;

£
-3 % 1030-_
-4, % 1070

-6, % 1030
]

Function ¢ versus x and ¢ on the range ¢=-10..10, x =-20..20

Figure 2. Function ¢, approximate solution of the Novikov equation, versus x and .

5 Adomian method for systems of differential equations

We consider here the cases of both determined and under-determined systems of NPDEs.

5.1 Case of determined systems
Consider the system of partial differential equations
Gj(xuV@) = fi(0, j=12,-.m (5.1)

where the nonzero positive integer s is the order of the system, x = (xl,--- ,x") are inde-

pendent variables, u = u(x) = (ul(x), u*(x), - ,um(x)) are the dependent variables, the f; are
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continuous functions and the G; are differentiable functions with respect to their arguments.
Suppose that (5.1) can be written into the form

(k )[h]()](X)+F (x u(k )[hjl](x) u(k )[hJZ](x) z(jjrrjj)[hj,rj](x)) = fj(x)’ (52)

where rj’kj,i’hj,i erithmax{kj,,-j =1,2,---,m,i=0,--- ,Fj} =y, hj,,' € {1,2,”‘ ’pkj,i}’ aj; €
{1,2,---,m} and F; is a differential function with respect to its r; arguments. Let L; be the
linear differential operator such that L;v = Vikjo) [7;0] and

okio
(o) (o) (0 )

with 1 S,Bj’l <:3j,2 < e <,3j,xj <n, lj,l +lj,2 + - +lj,sj = kj,() and lj,,' # 0. As in the previous
case, it is suitable that L; be the smallest order linear differential operator in G;. Set I; =
{,3 B2, Bs j}. Define Lj_.l, the inverse of the operator L;, by

L) = L L
J xﬁj’l xﬁj’l xﬁj’z xﬁj’z
2 lj,l 2 lj,z
, Bjs; Bjs;
xﬁj,sj z, .f"j | Zl!‘/
BT 1.2 n .1 il i
Bis: | Bis; Bis: v(y DRI )(dzg dzf le-l—l)
x J X J x J J»
1 2 Lis;
o

2 2 2 Bijs; 4 Bis; Bjs;
(dz'g’ dzf’ mdz'lgjfz—) (dZO jd dz <, 1—1)’

JSj

where y' = zf) if i € I; and y' = x' otherwise. The constants x}; and the order of integration
are closely related to the choice of boundary conditions in such a way that L]‘.l(L iv) =
v(x)+g;(x). Here, g;is a function completely determined by the boundary conditions. Thus,
applying L]_.1 to both sides of (5.2) yields

w(x) = —gj(x0)+ L' fix)-L;' F;. (5.3)

Now as required in this case, the functions u/ can be derived as an infinite series:

u (x) = Z ui(x), (5.4)

=0

where the u/ are functions to determine. Express the differential functions F ; as series

Fi=> A, (5.5)

where the A j; are multivariate Adomian polynomials:

.
-
d/lT f[x DA i1 D A Tyl Zﬁl U iy, [ ” - 5:6)
i=0

=0

= T'
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The substitution in (5.3) of the expressions (5.4) and (5.5) along with (5.6) yields

Zui =—gj(®)+L;" fix-Lj' [ZA,;,}. (5.7)
=0 =0

The functions ui can be then obtained using the following recurrence relation

wy= =g +L; f(x), ul,=-Lj'Ajr, 720, j=12,,m (5.8)
since the A ;; depend only on il , uf yoee ,uf ,8=1,2,--- ,m. If the functions ui are determined
for all 7 € N, then a solution u of the system (5.2) is immediately formed using the series
(5.4). Otherwise, if only a finite number, says v, of the functions ui is found, one can use
the partial sums

y—1
Gl = uln) (5.9)
=0
and consider the function ¢, = (q)},,q)?,, .- ,¢'y) as an analytical approximate solution to the

system of differential equations (5.2).

5.2 Application to the Ginzburg-Landau equations
Consider the Ginzburg-Landau (GL) equation [24, 25]
: i 2
i (G +ikgw)+ (£V+A) -y +lylPy =0
(5.10)
m (% + V) +curl curl A + £ (Y Vy -y V) + [y PA = 0,

where
At,): R? — RS

(x3.2) > (ALx1.2),A%(1.2.7,2),43(t,x.,2))

is the real vector-valued magnetic potential;

() : R — C
(xy,2) — Ylt,xy2)+ip*(t,x,,2)

is the complex scalar-valued order parameter;

o, R — R
(xx,y,2) +— ¢, x,y,2)

is the real scalar-valued electric potential; 77; and 77, are some given relaxation parameters
and « is the Ginzburg-Landau parameter. Assume that ¢ = —div(A) = —(A}(+A§ +A§).

Adopting the following notation: ul =AY =A% P =A%t = 1//1, w = 1//2, and after
some computation and identification, equations (5.10) become a determined system

u = Fi(wuqpup). j=12345,... (5.11)
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where
F = —%[—nguéx—uéy—uéz+(l—772)(14)20,+u)3cz)—%(u4ui—u5ui)
o (£ ()
F, = —nl—z[—u%x—nzu%y—ugz+(l—nz)(u)lc},+uiz)—%(,ﬁuf—,—u%i)
; uz((u4)2+(u5)2)],
F; = —%[—u%x—u%—nzu;+(l—nz)(uiz+ufz)—%(u“u?—u%é)
; u3((u4)2+(u5)2)],
F__i_l444 s 0 s
b= o ) (o e (i)
- L) () () ) () -)
Fs = L —l( S Uy + 5)+ K 1 u4(ul+u2+u3)
5 = m K2 u2x u2y u2z m K X y Z
(et (o () ) () 0 1)
(5.12)
etc.

Using Adomian decomposition method, we solve this system subject to the initial con-
ditions

w(0,x,y,2) =x+y+z, j=1,2,3,4,5. (5.13)
Consider the differential operator L 5
L= % (5.14)
and define its inverse operator L~! by
'
L_lv(t,x,y,z) = fo v(s,x,y,z)ds. (5.15)

Applying L~! to both sides of (5.11) and using the initial condition (5.13), we find

uj(t,x,y,z) = x+y+z+L_1 Fji(u,uqy,uwo), Jj=1,2,3,4,5. (5.16)
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The Adomian decomposition method suggests that the functions u/ can be determined as

+00

wl(t,x,y,2) = Z wl(t,x,y,2) (5.17)

=0

while the differential functions F; are also given as a series:

+00
Fi=>Aje (5.18)
=0

where the Adomian polynomials A ;- are obtained by the formula

Ajﬂ- [d/l‘r [Z/l M,,Z/l Lt,(l),Z/l M,(z)” (519)

A=0

from which we get:

1 1
— 1 1 1 2 3 45 5 4
A = _77_2 _n2u0,2x_u0,2y_u0,2z+(1_UZ)(MO,X)’+MO,xz)_;(MOMOX_MOMOX)
2 2
n ug,((ug) + (i) )],
A _ i 2 w2 s(=m)(ud il Lias 54
20 = - Upox—T2Ug 2y — Ug 2, mI\Uo xy T Uy, )~ ”o”m Upltp
2 2
n ug((ug) +(u) )],
A __i_3_3_3+(1_)1+2 Loas 54
30 = - Uy oy = Up oy —T2Ug 2, mI\Up ;T Upyz) — ”o”oz Uplo,,
2 2
3((, 4 5
; uo((uo) +(u) )],
A __i__4+4+4+ _151+2+3
40 = TTa Uo,2x 7 o2y T Uo27) | KITL = o (Mo, T o,y T Ho
_Los + il
« \Hoto x ”o”m Upty
2 2 2 2 2
4f(1 2 3 4 5
n uo((uo) () + ()" + () + () _1)],
1 1 1
_ 5 5 5 4(,1 2 3
Asy = _77_1 _p(uo,zx"'”o,zy"'”o,zz)"' Km—; ”o(”o,x"‘”o,y"'”o,z)

1
1,4 24 3 4
- K(”o”()x"'”o”o)"'”o”oz)

+ o) ((u},)2 + (u(z))z + (u8)2 + (”3)2 * (”3)2 B 1)] ’
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1 2 2
1 1 1 2 3 1((,4 5
A = __77 [_772”1,2x_”1,2>~_”1,2z+(1_772)(”1,xy+”1,xz)+”1((”o) +(u0))
2

1
4.5 4.5 5 4 5 4 1(n, 4 4 55
- ;(uluo’x+uoul’x—uluo’x—uoul’x)+u0(2u0u1+2u0u1) ,

1 2 2
- 12 2 2 1 3 2((,4 5
Ayl = “m [—”1,2x—772”1,2>~—”1,2z+(1—772)(”1,xy+”1,yz)+”1((”0) +(”0))
1
415 45 5.4 _ 54 2(n, 4 4 A5 5
- ;(u luo’y+u0u1’y—uluo’y—uoul’y)+u0(2u0ul+2u0u1) ,

1 2 2
_ 3 3 3 1 2 3((, 4 5
Az = S _”1,2x_”1,2y_772”1,2z+(1_772)(”1,xz+”1,yz)+”1((”0) +(”0))

1
45 45 5 4 5 4 3(n 4 4 55
- ;(uluo’z+u0u1’z—uluo’z—uoul’z)+u0(2uoul+2u0u1) ,

1 1 1
_ 4 4 4 5(.1 2 3
Ay = _77_1 —p(ul’2x+ul’2y+ul’k)+ Km—; ”1(”0,x+”0,>~+”0,z)
4(n 1.1 33 2.2 55 4 .4
+ Uy (2u0u1 + 2upuy + 2uguy + 2uyuy +2u0u1)

1
+ (Km -= ug(u}x+ufy+u3l,z)
K ; ;

1
1,5 1.5 2.5 2.5 35 35
- ;( 1”o,x+”0”1,x+”1”o,y+”o”1,y+”1”o,z+”0”1,Z)

() )+ o) o 1)

1 1 1
— 5 5 5 4( 1 2 3
As) = __771 3 (”1,2x +uy H, + ”1,2z) + [ km - p uy (uo’x +itg , + ”o,z)
+ ug (214(1)14} + 2u(3)u:f + 2u(2)uf + 2u8u? + 2ugu?)

1
+ (Km - = ug(u}x+ufy+u3l,z)
K , \

1
1 4 1 4 2 4 2.4 3.4 3.4
- ;(”1”o,x+”o”1,x+”1”o,y+”o”1,y+”1”o,z+”o”1,z)

e () )" () )

and so on. Then, from

+00 +00

Zui:x+y+z+L_l ZAj’T (5.20)

=0 =0

we find the recursive relation

w=x+y+z, uw =LA, 120, j=1,2,3,45. (5.21)

T+1
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The first components of the latter are determined in the form, setting X = x+y+z:

10 2 2 12 6 18X
@:@:@:K_mhﬂﬁ+t___ 4_%ﬁ——%ﬁ
mm o, mm 1Mk 12 mn

45 6 12 7 21 57 9
Uy =uy = [(—2+—)X5+(— ——2+—K—T+—K)X3
2y mm mMmK my Mmook M

27 6 3k 9%* 1 18 )
MK mk Mmoo 20 20 m

12 36 72 140 4 28
=id=id = p_ﬂ_L y{__r_vjﬁw
. M Rk 3mny 3my  mm

8k 16 248 4 123 52 12 )4

+ - 5+ - 5~ +— 55 |X
MM mkny M 3mny M2 m; Ko
16 116 48« 24k 4 40

+ ( e Rl o e Z—)Xs]t3’
mmy 1K mm 7 mn MKm

(58 8 235
wy=uy = (——z—z———a)x7
mny Mmoo 2
+ _——_—

10k 291k 12 10 97 137« 240 426) s
2 > T3 tto 3 + st X
o 2m0 mykmi mony 2 TR MKy MK

267 45¢* 35 20 89 231 204 35« 105«

+ —— Tt + -
n Mmoo 6y, mknt Mk Mk mmo npp 2m

24 15K)3 {27K 117 72 318 9P
- +— X+ —+— +

mKAr moomk qEsm mk mK 2

+

— —+
om my 2 mkd 2m gk m

118 3k 396 9 39 1_8/()Xlt3.

Therefore, an analytical approximate solution to the Ginzburg-Landau equations (5.10) un-
der the assumption ¢ = —div(A) = —(A)lc +A§ +A§) with the initial condition (5.13) is ex-
pressed as

1 _ 42 _ 431, 1, 1,1 1_ 2 4, 4, 4, 4
A=A =A" 2uy+tu; +uy+uy, =Y =ug+u) +u, +us.

For fixed parameters n; = 17, = 1 and x = 107>, the graphic representation is shown in the
Figure 3.
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Function 4" =42 =43 versus Xand 1°."

-2, x 10¥—

-4, % 10—

Function w] :wz versus X and ¢.

Figure 3. Approximate solution of the Ginzburg-Landau system (5.11) versus X = x+y+z
and 7.
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5.3 Extension of the Adomian decomposition method to under-determined
systems

Consider the system of partial differential equations
Gi(xuP@.7V@) = fix). j=12,.m (5.22)

where the nonzero positive integer s is the order of the system, x = (xl,“

pendent variables, u = u(x) = (ul(x),uz(x),m ,um(x)), u=ulx) = (ﬁl(x),ﬁz(x),m ,I[’%(x))
are the dependent variables, the f; are continuous functions and the G; are differentiable

functions with respect to their arguments. Suppose that (5.22) can be written into the form
(5.23)form<m

. ,x") are inde-

fi = M{kj’o)[hj,o]+ﬁ(kj’0)[hj,0]
a;, ‘.E- - -~ jr
+ Fj(X,M(kjj’ll)[hj,l], (k )[ ]rj] (kjl)[hjl] U (k ! [ ]rj])
j=12,--.m, (5.23)
o=l Tyl F el Tha e Ty LB T i i),
Ti = g plhjol + Fi\ xoug Thjil, ey, )i ds (k) H u~,r) i

j=m+1lm+2,---.m

or into the form (5.24) for m > m

fi = ”{k,-,o) (0] +Fb7fkj’0) [h0]
+ F( T REEIR TGN 7O Krul 3o RO [7i~~.1),
(k) J (kjptri (k) Ji &) I
j=1,2,--- ,m—1, (5.24)
m -~
Fuo =y o)+ D W Tl

Jj=m

@y Qjr:
+ Fm (X, u(kjj’l)[hj’l]"” 5u(kj’rjj)[hj»rj]

“"/l 27
& )[h“] (,,)[ ”f])

where rj’kj,i,hj,i,?j,kj,i,hj,i € N with max{kj,,-, kj’,'} =5, hj’,' (S {1,2, N ’pkj,i} , hj’,' (S {1,2, N ,p;j’i} ,

aj; €{1,2,--- ,m}, a;; € {1,2,--- ,m} and F; is a differential function with respect to its r;

arguments. Let L; be the linear differential operator such that L;v = Vikjo) [;0] and

akio
- (3 Bil )lf" (3 B2 )lﬁz .. (3 Bis ,-)lf~‘j

with 1 S,Bj’l <:3j,2 < e <,8j,xj <n, lj,l +lj,2 + - +lj,xj = kj,() and lj,,' # 0. As required, Lj
has to be the smallest order linear differential operator in G;. Set I; = {,8 B2 B j,xj}~
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Define as previously Lj_.l, the inverse of the operator L; by

Wil le | zfﬁl Wiz zfﬁil zfﬁz
_1 = . j’ o
Lj v = f fﬁjl fﬁj,l f fﬁj,z fﬁj,z
e R2) Yo
! Zl 1 ZTLW
)i 1.2 Al Al i
fﬁf,xj fﬁj,xjj .”fﬁj,xj V(y ’y T ’yn) (dzgj dzfj ‘”dzlj',l_l)
x| x, X
. . . ﬁ S ﬁ v ﬁ V
o) fad el i)

where y' = zf) if i € I; and y' = x' otherwise. The constants x}; together with the order
of integration are closely related to the choice of boundary conditions in such a way that
L]‘.l(L V) = v(x)+g;(x). Here, g; is a function completely determined by the boundary con-
ditions. Thus, applying L]‘.1 to both sides of (5.23) yields

W (xX) + 7 (x)

u (x)

~8/(0) -2+ L; fi0)-L;' Fj,  j=1.2,-,m
~gi+L; [0 =L; Fj. j=m+lm+2, . m (5.25)

and applying L]_.1 to both sides of (5.24) gives

W@+ () = —gi(0) - +L; fi0)-L;' Fj,  j=1,2,--,m—1,
W@+ D W) = —gu() = Y g + Lyl fu0) = Ly Fo. (5.26)
= =

The Adomian decomposition method allows to represent the functions «/ and %/ as infinite
series, i.e.

W@ =Y ul, W= . (5.27)
=0 =0

where the u/ and %! are functions to determine. Express the differential functions F ; as
series

+00
Fi=> Ajs (5.28)
=0
where the A j; are multivariate polynomials also called Adomian polynomials
aji
Air = 4 [df ’[x Z e il Zﬂl U, )[hm

(fk‘ i Za’ [h7, NH. (5.29)

i=0
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The substitution in (5.25) of the expressions (5.27) and (5.28) along with (5.29) yields

+00 +o0 too
Dul+ Y = —gi(0-gi+L; fix)- L' [ZA,;T}, j=12,.m,
=0 =0 =0
(5.30)
oo too
Dul = —giw+L; fin-L; [ZA,;T}, j=m+1,m+2,,m.
=0 =0
Now substituting in (5.26) the expressions (5.27) and (5.28) along with (5.29) gives
+00 ) +00 ) +00
Dl E = =g (0-ZW+L; fi(0)-L]! [ZA,;TJ,
=0 7=0 =0
j:1’2""5m_1, (531)
+00 +oo [ m - m +00
D+ S UN A = —gn- > T +L, ) - Ly [Z A ,J
=0 =0 \G=p TJ=m =0
The functions ui and ﬁ{. can be obtained using the following recursive relations.
e Form<m,if j=1,2,---,m
W) = —g+L fi0, W = g,
ui+l = _L]_'1 (B??T)’ ﬁiﬂ = _L]_'1 (B;ﬂ')’ (5.32)
>0, B) +Bj =Aj
andif j=m+1,m+2,---,m
Wy, = —g;+L;' f0), ul, = -L;'Aj 120, (5.33)
e Form>m,if j=1,2,--- ,m—1
W) = —g+L [0, W = g,
J _ -1(p0 ~  _ _y-1(p!
w,, = -Lj'(BY,). w,, =-L;'(B},) (5.34)
0 1 _
720, B, +B; . =Aj:
andif j=mm+1,--- i
m  _ -1 ~7 o~
ug = —gm(O)+Ly, fu(x), Uy = —g5%),
W'y o= -L)(BY.). T, =L (B,f;;ﬁ“l), (5.35)

m-m+1
t20, B+ > B, =Au
i=1
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since the A j; depend only on ug,ﬁg,uf,ﬁf,m ,uf,'ﬁf,ﬁ =1,2,--- ,m,E: 1,2,---,m.
If the functions ui and 'Lﬂ are determined for all 7 € N, then a solution (u, %) of the system
(5.23) or (5.24) is immediately formed using the series (5.27). Otherwise, if only a finite

number, says v, of the functions ui and ﬁ{. is found, one can use the partial sums

y—1 _ v=1 _
Gl =D ulv), F =) W (5.36)
=0 =0
and consider the function ¢, = (q)},,q)?,, e, ’;1,5,1,,?])?,, e ,5_’;1) as an approximate solution to

the system of differential equations (5.23) or (5.24).

5.4 Application to Ginzburg-Landau equations

Consider again the Ginzburg-Landau equations (5.10) but without any assumption on the
function ¢. Adopting the following notation: u' = A', u? = A%, u? = A3, u* =y, u’ = y?,
u = ¢. After some computation and identification, the equations (5.10) generate the under
determined system

4

u, +ﬁt = Fg(u,u(l),ﬁ(l),u(g))+Fi(u,ﬁ,u(l),u(g)),
w = Fs(uiua,up), (5.37)
M{ = Fj(u,u(l),ﬁ(l),u(g)), j=1,2,3,
where
FO = —i - 'ﬁ—l(lf' +ul +u4)
4 m muy K2 2x 2y 2z
; u4((u1)2+(u2)2+(u3)2+(u4)2+(u5)2_1)],
Fl - —%[—nlkﬁus—%us(ui+u§+u§)— %(ului+u2u;+u3u§)],
1 L5 5 5 Logri, 2,3 ~ 4
Fs = _E[_p(”2x+”2y+”2z)_;” (ux+uy+uz)—mkuu
(et e () () ) () 0 1)
1], 1 1 3 ligs 54 ~ (42 5\2
F, = —n—z_uxy—uzy—uk+uxz—;(u u,—u ux)+n2ux+u ((u) +(u ) ) ,
L 5 1 lias 54 ~ |, of( 4\? 5\2
F, = _77_2 _u),Z—MZZ—u2x+uxy—;(u uy—uouy)+nguy+u ((u) +(u ) )_,
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1 1 — 2 2
F; = —— uiz—ugx—ug}&uiz——(u4u§—u5u§)+n2uz+u3((u4) +(u5) ) .
m K

Using the Adomian decomposition method, we solve this system with the initial conditions
w0,x,y,2) =/ (0,x,y,2) = x+y+z, j=1,2,3,4,5. (5.38)

For that, consider the differential operator L

0
L=— 5.39
o (5.39)
and define its inverse operator L™! by
!
L' v(t,x,,2) = f v(s,x,y,z)ds. (5.40)
0

Applying L~! to both sides of (5.37) and using the initial conditions (5.38), we find

u4+ﬁ = 2(x+y+z)+L_1 Fg(u,u(l),ﬁ(l),u(g))+L_l Fi (u,ﬁ,u(l),u(g)),
MS = x+y+z+L_1 F5 (u,ﬁ,u(l),u(g)), (5.41)
w = x+y+z+L_1 Fj(u,u(l),ﬁ(l),u(g)), j= 1,2,3.

The Adomian decomposition method suggests that the functions «/, % can be sought as

+00 too
w(t,x,y,2) = Z ul(t, x,y,z), Wt x,y,z) = Z'ﬁr(t,x, ¥,2) (5.42)
=0 =0

while the differential functions F;, Fg, F i can be developed in a series:

+00 +00 +00
Fi=> A Fj=)B. Fi=) B, (5.43)
=0 =0 =0
where the A, BZ . Bi . are Adomian polynomials obtained by the formula
1 [ dr T T T T T ]
Ajr = p d_/FFj [Z ﬂlui,z/1771',2/Vui,(l),zﬂ’%,(l),zﬂlui,(z)} , (5.44)
! i=0 i=0 i=0 i=0 i=0 li=0
1 [ dr T T T T T ]
k k j ~ j ~ '
B4’T = ; d/lTF4 [ZO /l’u,-,zo/l’u,-,zo/l’u,-,(l),zo/l’u,-,(l),zo/l’u,-,(g)} . (545)
L i= i= i= i= i= 11=0

The explicit expressions of the Adomian polynomials A -, Bg " Bi . for the nonlinear func-

tions F, Fg, F i can be now calculated using the formula (5.44)-(5.45). There results the
following:

1 1
0o _ — 4 4 4
Byy = - 77_1 U= 5 (”o,zx TUpoy T ”o,zz)

() (R e 7 1)
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+

1 1

1
_ 2~ 5 1 501 2 3Y_1(15 2.5 3.5
0 = - [ n1KUoUy K”o(”o,x"‘”o,y"'”o,z) K( OMO,x+uOuO,y+MOMO,z) ,

m

1 1
— 5 5 5 4(1 2 3 ~ 4
= - 77_1 [— 2 (”0,2x +Up oyt ”0,2z) - ;”0 (uo’x +up, + ”o,z) — 11KUQU

1 2 2 2 2 2
1,4 2.4 3.4 5((,1 2 3 4 5
< ( ot T Uplh MOMO,z) + uy ((”o) + (”0) + (”0) + (”0) + (”0) - 1) ,

1 1
2 | | 3 45 _ 54 ~
Ao = - |0 T Ho2y T o2 T T (MOMO,X - MOMO,X) RREEE:

vl ((ug)2+(ug)2)],

1 1
3 2 2 1 45 _ 54 —
Ao = - n Ho,ye = Ho00 T Hopx T U0y T (MOMO,y - ”o”o,y) +1muUoy

ug((ug)2+(ug)2)],

+

1
_ 1 3 3 2 45 _ 54 —
Az = - n Ho,xz ™ Mo 2x ™ Moy T MO T (”o”o,z - uouo’z) + 12U,

n ug((ug)2+(ug)2)],

_ ‘an [—mm,f i ((ug))z () + () + (il + () - 1)

1
4 4 4 4(n 11 3.3 2.2 55 4 4
-3 (u1’2x+u1’2y +u1’2Z) +Lt0(2uou1 + 2upuy + 2uguy + 2uguy +2u0u1) ,

{1 1
_ A Esen o0 o3y Loson 0 3y~ s~ 5
= - ”1(”0,x+”0,y+”0,z) uo(ul,x"‘”l,y"’”l,z) Tikuytt = Mkuoly
nl kK K
5

1.5 1.5 25 2
- ;( 1 U, T UGUY T U UG, T+ UGUY

35 35
tujup  + uoul,z)] ’

1 1 1
— 4 5 5 5 401 2 .3
oy | T 0- 2 (u1,2x+ul,2y+ul,2z)_;ul(uo,x+u0,)’+u0,z)
1
— 4 501 1 33 22 555 5 44 4(1 2 .3
niKuouy + g (2u0ul + 2uguy + 2uguy + 2uguy +2u0u1) — o (Ltl’x+ul’y +u1’z)

1
1,4 1,4 2.4 24 3.4 34
_(uluo,x"‘”o”l,x"'”l”o,y+”0”1,y+”1”0,z+”0”1,z)

(00 (63 + ) ) () 1)
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A __i2_1_1+3_145+45_54_54
L= Uy ™ M 2y T M 27 T U e ™ MM i T Uy T H M T Mot
20t 208503 + ot it (A + (3
ug |\ 2ugu| + 2uguy ) + nouy ,+uy (U uy) ||
A __i3_2_2+1_1(45_'_45_54_54)
2,1 = - Wy ye = U oz U oy TUL xy P Uyl T Uglty \, = Uyl — Ul
220t 208505 + i+ 2 (A + (5
Ug\clolty T 2Ugly ) T 12Uy T Uy | (Hg o) )1
A __i1_3_3+2_1(45+45_54_54)
31 = - b R e b L g L R
v B3 02utt 2050 0T+ 13 42+ 5\2
up |\ 2ugu} + 2uguy ) +nauy o+ uy || U uy) )|
and so on. Using the above assumptions, we have
+00o +00 +00 +o00
ut+ Y U o= 2x+y+)+L7H Y B [+L7Y ) B!
T T - y+z BT it
=0 =0 =0 =0
+00 +00
ZM] = )C+y+Z+L_1 [ZA]"T}, j:1,2,3,5
=0 =0
which induces the recursive relation
ug=x+y+z, ui'H:L_l(BZT), >0, (5.46)
Uo=x+y+z. Ur=L"'(Bj,). 720, (5.47)
wy=x+y+z, ul, =L"(A;), 720, j=1235 (5.48)

The first components are then determined (we have set x+y+z = X) as:

3 3
u‘l‘:(—£+£)t, w = [(i+i)X+KX2—£]t,

m m mk m m
2Xx3 _ [6X
u{zufzuiz(—l——)t, ulz(—+KX2)t,
m kK
6X° 3x%> (30 12 3
EHSRE: YR
m; m mm Un mk 12
4 5 X 2x2 (6 15 3
T L e e
n, 2m mm 1M m, 2m 2 mkK

— X4 16« 20 9x2 ( 6 2 2
uz=[—K—+(— +K——T)X3+—+ 2——5+T X-—|¢F
m K 2k 2m \me® 2 mx N1k
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4 5 x4 6 1 2x?2 (6 15 2 3
(A e L) 2 (6 I8 3]s
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Therefore, we deduce an approximate solution to the Ginzburg-Landau equations (5.10)
subject to the initial condition (5.38) as follows:

U_ A2 _p3 0 1, 1, 1 - = =
A=A =A ~uy+u; +uy+tus, ¢ =uyg+up+uy+us,

1,4, 4, 4 4 2 0555 1S
V=gt uy Uy Uy, YT =y +uy +us +us.

The corresponding graphic is shown in the Figure 4 for fixed parameters ; =1, = 1 and

k=1073.

In this work, we have shown that the Adomian decomposition method is also adaptable
to provide approximate solution to under-determined systems of NPDE:s.
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Figure 4. Approximate solution of the Ginzburg-Landau system (5.37) versus X = x+y+z
and 7.
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