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Abstract
This paper is concerned with the boundary-value problem for the steady incom-
pressible Navier-Stokes equations with damping. Two cases are considered here:
1) the Dirichlet’s boundary condition; 2) the nonhomogeneous boundary condition.
we obtain the existence and uniqueness of the weak solutions for the steady incom-
pressible Navier-Stokes equations with damping using different methods for the above
cases.
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1 Introduction

The boundary-value problem for the steady incompressible flows is written as
—yAu+u-vu+vp=f, xeQ
vV-u=0, x€eQ
u=g, x€0Q

*Li is supported in part by National Natural Sciences Foundation of China (No.11071057), Applied Math-
ematics Provincial-Level key Discipline of Henan Province and Young Foundation of Henan Polytechnic Uni-
versity (N0.Q2011-15). E-mail address: Liwum®626@126 . com

TE-mail address: 991ilacs@163.com

*Jiu is supported in part by National Natural Sciences Foundation of China (No.10871133) and project of
Beijing Education Committee. E-mail address: jiuqs@mail.cnu.edu.cn



58 Wuming Li, Xinxia Wang and Quansen Jiu

Here u, p stand for the velocity field and the pressure of the flows respectively, f is the
external force, Q is a bounded open domain of R”, n is the dimension of the space, y > 0 is
the constant.

Many mathematical studies have been made for the above boundary value problem. In
the early 1930, F. K. G. Odqvist and Leray (see [7]) proved the existence of the solutions
with restrictions on the Reynolds numbers. G. P. Galdi [4] also proved the existence of the
solutions on the domains with many connected bifurcations.

Youdovich (1967) firstly obtained the uniqueness of the solutions for the steady-state
Navier-Stokes problem in a bounded domain in [12]. R. Teman in [11] also had some re-
searches. Especially, Galdi in [4] obtained existence, uniqueness and regularity of solutions
for the steady Navier-Stokes equations in bounded domain, unbounded domain and exte-
rior domain for spatial dimension n=2, 3, 4, respectively. Struwe (1995) have shown the
existence of regular solutions in dimension n > 5 without restrictions on the size of the data
in [10].

Damping is very common in nature, which rises from the motion of flows and can
describe many physical phenomena, such as porous media flow, drag, or friction effects, and
some dissipative mechanisms. The boundary-value problem for the steady incompressible
Navier-Stokes equations with damping can be written as

—yau+u-vu+aluflu+vp=f, xeQ, (1.1)
(x1) vV-u=0, xeQ, (1.2)
u=a¢, xe€dQ, (1.3)

where @ > 0 and 8 > 1 are both positive constants.

Cai and Jiu in [3] studied the Cauchy problem of Navier-Stokes equations with damp-
ing and obtained the existence of the global strong solutions for g > 5 1 and existence and
uniqueness of the strong solutions for Z 5 <B <5. In the present paper, we broaden the cor-
responding results of existence and uniqueness of the weak solutions in W!?(Q) for steady
Navier-Stokes equations to Navier-Stokes equations with damping.

Before ending this section, we introduce some notations of function spaces. let {2 be an
arbitrary domain in R", n > 1. If |||, := (fQ | p(x) | dx)% <oo,1 <r<oco,wesay ¢ e L(Q),
under the norm defined above, L"(2) be a Banach space. If r = co, we define ||¢||lo =
ess supld| < oo. Let C° (€2) denotes the set of all C*™ real vector-valued functions ¢ =
(@', ...,¢") with compact support in Q such that divg = 0. Then the function space L] (L),
0 < r < o0, is defined as the closure of C°° (Q) with respect to || - ||,. H, l’r is the closure of
Coo,(Q) with the norm [|gl| 1. = [I¢ll, + IIV¢|Ir Helmholtz decomposmon can be defined as
L'=L &G", 1 <r<oo, where G" ={VpelL';pe Ll’OC(Q)}, P:L"(Q) — L (Q) denotes
Helmholtz Projector decomposition. We define W*?(Q) as the usual Sobolev space with
the norm || - [, and Wg:ﬁ (Q) is the closure of CSTU(Q) with respect to || - [l . If p =2, we

usually write H*(Q) = Wr2(Q). Let Wkp (Q) be the homogeneous Sobolev space such that
1 —
|ulg,p = (fQ >, 10%ulPdx)r < oo, W’S’p(Q) is the closure of C8°(Q) with the norm [uly .
o=k
The rest of the paper is organized as follows. In Section 2, we give the definition of the

weak solutions and the main results of this paper. In Section 3, we obtain the existence and
uniqueness of the weak solutions in H}() N I#*1(Q) to equations (x1) for homogeneous
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problem (¢ = 0). In Section 4, we prove the weak solutions in WI’Z(Q) to equation (x1) for
nonhomogeneous problem exists and is unique.

2 Main results

Before stating the main results, we firstly give the definition of the weak solutions to (1.1)-

(1.3).

Definition 2.1. Let Q be a bounded domain in R”, n > 2. If there exists u : Q — R”" satisfying
@)

ue WHQ)n A (Q;
(i)

v-u=0;

(iii) u satisfies the boundary condition (1.3) in the sense of trace; If ¢ =0, then u € Wé’z(Q).
(iv) For Yy € C7°_, we have

0,0
YU, V) + (Vi @) + (@l u.¢) = (£.9), @2.1)
then u is a weak solution to (1.1)-(1.3) in H}(Q) N LF*1(Q).

Remark. If Q is a bounded domain, we have Wé’q(g) = Wé’q(Q); Furthermore, if
Q is locally Lipschitz, then wla (Q) and WH(Q) is homeomorphic. If ¢ = 0, we obtain
ue Wé’z(Q) in (i) identically. If ¢ # 0 and Q is locally Lipschitz, we identically have
ue Wh2(Q) in ().

Theorem 2.2. Let Q be a bounded domain in R" (n > ?2), f € W& 1’2(Q) is an given exterior
Sfunction. If $ =0and 1 < < 11, then there exists at least a weak solution to BVP (1.1)-(1.3)
satisfying

Pl 2 +adlully ) < cllfllg, (2.2)

Ipll2 < c(Ufl-12 +luli 2 +ulf 5 + lullgs). (2.3)
Theorem 2.3. Let Q be a bounded domain in R? and locally Lipschitz, ¢ =0, f € W(; 1’Z(Q).

If v is big enough and % < B <5, then the weak solution to BVP (1.1)-(1.3) is unique.

Theorem 2.4. Suppose that ¢ = curl { and ¢ € H*(Q), 8; € L¥(Q), L e L*(Q). If 1 <B <5,
then there exists at least a weak solution u € H*(Q) to BVP (1.1)-(1.3).

Theorem 2.5. Let Q be a bounded domain in R3 and locally Lipschitz, f € W™2(Q). If y
is big enough and % <B <5, then the weak solution to BVP (1.1)-(1.3) is unique.
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3 Existence and Uniqueness with Homogeneous Boundary Data

§3.1. Existence of weak solutions

In this part , we consider the existence of the weak solutions for problem (1.1)-(1.3) with
Dirichlet’s boundary condition, here Q is a bounded domain in R3. The following Lemma
will be needed later, of which proof is referred to [9].

Lemma 3.1. Let Q be a bounded locally Lipschitzian domain in R", n > 2, Qo C Q, Qy # 0.
Iffor any F € W4 (Q), v € Wy (),

[F,v] =< F,u>=0,

where
1<q<00,q = L,
qg—1

then there exists a unique P € LY (Q) satisfying

[F,v] =< F,v>=deivvdx
Q

and fQ Pdx=0.

Lemma 3.2. Let Q be an arbitrary domain in R", n =2,3, and let f € Wal’z(Q’), for any

bounded domain Q' , with Q' ¢ Q. Then a vector field V € Wllo’f(Q) satisfies (2.1) for all
@€ Cy (Q) ifand only if there is P € L7 (Q) satisfying the identity

YOOV, 9 +(V -9V + (@ VP V) = (BV )+ < fop > 3.1)
Jor all y € C3(Q) . If, moreover, Q is bounded and lipschitzian and
feW; Q). veW (),

then
P € L2(Q) with f Pdx =0,
Q
and (3.1) holds for all y € Wy*(Q).

Proof. Clearly, (3.1) implies (2.1). Thus assume that Q is locally lipschitzian, the
functional
F) = y(VV,v) +(V-IV ) + (@ VP Vo) - < fg > (3:2)
is linear and bounded in s € WS’Z(Q) and vanishes when ¢ € V’i\/&’i(Q). By virtue of Corollary
3.5.1in [4] and Lemma 3.1, there exists P € L2(Q) such that

F(y) =PV -y), (3.3)
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for all y € Wy*(Q)(= W,?(Q)), thus satisfying (3.1). If Q is an arbitrary domain, we
use Corollary 3.5.2 in [4] to deduce the existence of P € lem,(Q) satisfying (3.3) for all
¥ € C7(€). The proof is complete.

Lemma 3.3. Let F be a continuous function of R™, m > 1, into itself such that some k >0
F&)-£>0
for all £ € R™ with |€| = k. Then there exists &y € R™ with | &y |< k such that F(&y) = 0.

Proof. The proof of this Lemma is referred to [4].

Proof of Theorem 2.2. We employ the Galerkin method to prove the theorem and it is
divided into the following three steps.

Step 1. Approximate Solutions
Since Wé’(zr(Q) is separable and C_(Q) is dense in Wé’(zr(Q), there exists a sequence

{yi} C CS" () be the basis of Wéﬁ(Q) and

Nea

Lk=k,

For each m € N, we define the approximate solutions u,, as follows:

= ) i (34)
k=1
and
YTty V) + (i Vit 1) + @lttP ey 1) = (f00). (3.5)

the equations (3.5) form a nonlinear differential system for the coefficients &, k=1,2,...m.
Since u,, € Cg’(r(Q) , by virtue of Lemma 8.2.1 in [4], we have

Z(um : vumaé‘:kmwk) = (um Vi, um) = 0, (36)
k=1
and .
| > o imtid)] < 1f1- 2t 2. (3.7)
k=1

Multiplying &, on both sides of (3.5), k = 1,2,...m and summing over the resulting equa-
tions, due to (3.6) and (3.7), we obtain

1
YV |3 + it ﬁil = (fsum) <N fllp-111V tmll2s (3.8)

and
1
yl”m|1,2+a””m|ﬁil <cllfllg-1- (3.9
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Step 2. Existence of Approximate Solutions
Let

LF (ttms )] 2= V(g Vi) + @t sy ) = (14,
Correspondingly, one has

1
LF Gt )] 2 YT 1l + il =1l 119 2l

1
= NV il = 1F L -ON Y thimll2 +a”um|‘3:1
when || Vupll = lumhi2 = K,.K > %llfllel, by Lemma 3.3, there exist the approximate
solutions to (3.5) for m € N. Since {u,,} are uniformly bounded by (3.9), there exist a

subsequence of {u,,}( without loss of generality, we denote them by {u,,}) and a field
u € Wy (Q) N I*1(Q) such that

un =, in WyZ(Q)(= Hy(Q) NP (3.10)

Nea

It follows from Sobolev embedding theorem that
Uy - u, in L% (3.11)

where £ > 0 is some constant. Now we consider the convergence of the four terms in (3.5).
For the first term on the left, as m — oo, one has

(Vitm, Vipie) = (Vu, Vip). (3.12)
For the second term in (3.5), we have

|(um Vi, l//k) - (u -Vu, l//k)l
< [t — 1) » Vg, el + (- V (g — 1), )
e

furthermore,

1
1P < 1ellsllll 7 ot — ull3
< cllrll g el 21t — ull3,

by (3.11), we obtain
lim 1V = 0;

m—o0

and for I,(n2 ) we have

2
I < (- Vit — )|
< Nlullsll 7 il 2l — ull3
< )|V wellallit — ull,

therefore,
lim 1% =0,

nm—o0
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we obtain
|(um'vum9wk)_(u'vuawk)l _>0’ m— oo (313)

For the third term on the left in (3.5), we have

|t P s ) = QP )|
= (et~ s i) = (a1, 00) + QP 01 = (P~ )|
< et Wty — 1), 01|+ 12t~ = [P~ Yty )

=17 +15.
It follows from Holder inequality and Sobolev embedding theorem that

3 _
1" < Csuplglllunt®"lg e, — ule

< Csuplyl -l lttr, = wll o,
which satisfies the equality % + é =1,ie.,B8=11-2e. When 1 <8< 11, one has

I,(,? ) 0, m— oo,
After a complicated computation, we deduce that

15D = (P~ = 1Py, 0|
< Cl(ulP™ (= ), 1)

-1
< Clutyy = ullo-ellulyy 1l

where é+§%+% =1, let r = oo, one has é =ﬁ%,i.e.,,6= 11-2&. When 1 <8< 11,
one has
I,(:)—>O, m — oo.

Therefore,
Tim [l st g10) = (™ )| = 0. (3.14)

By (3.12), (3.13) and (3.14), it follows that the field u (belongs to H(l)(Q) ) satisfies the
equation

Y(Vu, Vi) + (- V) + (lul~ u i) = (F ) (3.15)

for all k = 1,2,.... However, any ¢ € H'(Q) can be approximated by linear combinations
of Y through suitable coefficients. Since every term in (3.15) defines a bounded linear
functional in ¢, € H'(Q), we may conclude from (3.15) that the field « satisfies (1.4) for all
Yo € H'(Q). Existence is then established.

By (3.9), we also obtain

+1
Huli 2+ alufl) < Cllfllg,

we have proved (2.2).
Step 3. Existence of pressure field
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Assuming € is locally lipschitzian, from Lemma 3.2 follows the existence of a pressure
field p € L*(Q) satisfying (3.1) and

fpdsz. (3.16)
Q
Consider the problem
v-¥Y=p,
¥ e W), (3.17)
I*1l2 < Clipll.

Since P is in L*(Q) and satisfies (3.16), Problem (3.17) is solvable by virtue of Theorem
3.3.1 in [4]. By the inequality |(u - Vv,w)| < cluli 2|v]1 2[w]1 2 (see Lemma 8.1.1 in [4]), let
¥ =Y in (3.1), after a straight computation, we obtain

2
Ipllz < CAfl-12 + luli 2 + llullger + luli 2Pl

where C = C(n,Q), which shows (2.3). Theorem 2.2 is therefore proved.
§3.2. Uniqueness of weak solutions

Proof of Theorem 2.3. Assume that under the same data, there exist two weak solutions
uy, up of the equations satisfying

V(VMI,V‘P) + (M] : VHI’SO) + (alullﬂ_lulatp) = (f’ 90),

and
Y(Vuz, Vo) + (2 - Viz, @) + (luaP uz, @) = (f, ).

Then we have
V(Y1 = 12), V) + (11 - Vuy — g - Vg, @) + (@lur P~ uy — @l uz, ) = 0.
Let ¢ = u; —uy, we obtain
YV (1 = u2), ¥y = u2)) + (1 = u) - Vuy,ur = u2) + (@ P~y = sl ™ o, uy = u2) = 0.
Furthermore, we have
YNV (ur — w3 + (1 — ua) - Vuy, ug — un)

+(alu P~ g = ua), (w1 = u2)) + (P~ = o™z, uy = u2) = 0.
Therefore,
YNV (w1 —u)l3 = —((u1 — u2) - Vuuy,uy — ua)

—(alur P~ (1 = u2), (u1 — u2))
—a((jur P~ = lual~ MYz, uy — up). (3.18)
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For the first term on the right in (3.18),
| = (w1 —u2) - Vur, ur —up)|
<|IVurll-lluy ~ ol

Cl 2
< ;”f”H—lllul —uolg

c
< 71I|fIIH—1IIV(u1 —w)ll3. (3.19)
For the second term on the right in (3.18),
| = (@lur P~y = up), (1 — u))|

—1 2
= |alus P~y — ual?|

-1 2
< alllur P~ g ey = 2Pl

—1 2
< allullfs,l, lus — woll2
2

—1 2
< callu 111V (= up)ll3

< el fllg- 1V (ur —u)ll3 (3.20)

For the above estimate, we have used 1 < @ <B+1,1ie., % < B <5. For the third term
on the right in (3.18), after a tedious computation we obtain

—a((ur P! = o PV, uy — u)
< e30BI Al 11V iy — u)ll3 (3.21)

Here we also have used 1 < @ <B+1,1ie, % < B <5. Substituting (3.19), (3.20) and
(3.21) into (3.18), we obtain

Cl
YV (1 —u)ll3 - <7||f||H71 +c2l fllg-1 + 30l fllg-DIl ¥ (y —up)ll5 < 0.

When 7 is big enough, one has u; = uy, a.e.. The Proof of Theorem 2.3 is complete.

4 Existence and Uniqueness with Nonhomogeneous Boundary
Data

§4.1. Existence of weak solutions

In this part, we consider the existence of the weak solutions for problem (1.1)-(1.3) with
nonhomogeneous boundary condition (¢ # 0). Here we assume that Q € C2 is a bounded
open domain in R3, f € H™! is a given exterior function. For the given boundary function
@, let

¢ =curll, 4.1)

where
e HX(Q), 8i € LS(Q), ¢ € L¥(Q). 4.2)
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In R3, curl is the rotation operator. When n = 3, curl is a linear differential operator and
div(curl ) =0.

Proof of Theorem 2.4. The proof is divided into the following three steps.

Step 1. Transform nonhomogeneous problem into homogeneous problem.
Assume that y is any vector field in H'(Q) and satisfying

Wy e HY(Q),divy = 0, = p(x € 6Q) (4.3)
Letu = u—, substitute u =u+y into (1.1) , one has
Yy AU+ AU+ TV Y+ VT +a(T+ P YT +y) +Vp = f, (4.4)
where f:z f+yAy—y V. Since f+yvy e H ', yvy e H', we have fe H~!'. Taking
inner product between (4.4) and v over €, where v € CS?(T, we can obtain
YT, VV) + @Y E V) + @YY 0) + (@ VD) + @@+ )P @+9),0) = (f,v).
We transform (1) into the following systems

vy(Vu, Vv) + vV u,v) + v, v)
WY VEY) + (@@ PP G = (Fy), xe Q
Vu=0, xe Q,
u=0, X €0Q,

(*2)

Therefore solving nonhomogeneous problem (1.1)-(1.3) is equivalent to solving the homo-
geneous problem (x2), the approaches to solving (x2) are same to those in Section 3.

Step 2. The weak solutions to homogeneous problem (x2).
By Lemma 3.3, we define

[F@, )] := y(Vi, Vid) + @V U, 0) + @V 4, 10) + (b Vi, 1)
Hafa+y P @+ - (.0 ~
=y VUl + @V ¥, ) + (@i + P~ @ +y),u) - (f,0).

We hope

(F@@] = Vil - 21 - call vl = 17l 97l
= 219313 ~ call &l = 1l 1 Vil
= IVl ~ ca=I|fily-)I vl > 0.

2ca+Ifll,-1)

if only there exists a constant K, such that K > So when

IVl <K, 4.5
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by Lemma 3.3, the nonhomogeneous problem (1.1)-(1.3) is solvable. Now we begin to
prove (4.5). Taking inner product between (4.4) and u, we can obtain

Y(Vii, Vi) + @V W) + @V 1) + (6 Vi) + (@l + P @+ v),0) = (f, 1),

therefore, we have

YIVER +@v g, 1) + @i+ yf ' @+ v),w) = () < 1l V.

If
@V g + i+ P~ @+ ), D) < cllfllg | VL, (4.6)

we can obtain that || V]|, is uniformly bounded, and (4.5) holds.
Step 3. Control the two terms on the left in (4.6) by || Vul[,.

(1). For the first term on the left in (4.6), we need the following lemma.
Lemma 4.1. For Y y > 0, there exists a function ¥ = y(y) satisfying
yeH' (Q),divg =0,y =, x€d Q
such that
vV g, ) < 2y Vv € HY(Q). 4.7)
To prove Lemma 4.1, we need the following two lemmas.

Lemma 4.2. Let p(x) = cﬂx, 0Q) denote the distance between x and Q. For Y € > 0, there
exists a function 0, € C*(Q) satisfying

Oe(x) =1, p(x) < 6(€),6(€) = exp(—1)
(+3) Oe(x) =0, p(x) >25(e),
[Dibe(x)| < =&,  p(x) <26(e),k=1,2...,n
p(x)
Proof. The proof of this Lemma is referred to [11].
We introduce a function 4 — &¢(1) satisfying

1, 1< 8(e)?
E(D) =1 elog(®D), 5()* <A< d(e)
0, 1> 5(e)

and let y(x) = &(p(x)).

Lemma 4.3. There exists a positive constant ¢ depending only Q such that

1
1=Vl < ilvlay ¥ € HYQ) 4.8)



68 Wuming Li, Xinxia Wang and Quansen Jiu

Proof. In term of the finite covering theorem and local coordinates near the boundary,
we transform the given problem into the same problem on Q = {x = (x,,,x ),x, > 0,x =
(X1,...;%n—1) € R"1}. For this case, p(x) = xn, we only prove

2
f M < f IDv(x)Pdx, Yve CT(Q). 4.9)
Q Q

Xn

First, we consider the Hardy inequality in R':
—+00 —+00
f |@|2ds <2 f v (s)Pds,Yv € C3 (0, +00). (4.10)
0 s 0

We assume that s = e¢?,t = ¢” and

| /
@ = —f w(t)dt, v =w,
s Jo

N

therefore we obtain

+00 2 +00 e’
f 'V(%' dx = f e ( f w(t)dr)dor
0 |s] —0 0
—+00 —+00
= f ( f Y(o —1)e” T 2w e 2dr)do,

here, Y denote Heaviside function and when o > 0, Y(0) = 1; when 0 < 0, Y(o) = 0. Using
convolution inequality, we can obtain

( f OoY(o')e_‘T/zdo')z- f Oolw(eT)IzerT:4 f Oolw(t)lzdt.
—o0 — 0

(%)

So we have proved (4.9). Consequently, (4.8) holds. The proof of the Lemma 4.3 is com-
plete.

Proof of Lemma 4.1. Let Y = ¢, when x € (p(x) < 6(€)), using (4.1) and (4.2), we can
deduce that (4.3) is solvable (for more details, please see [11]). Since

¥i(x) =0, (p(x)>25(e))

and

(0l < Cz(/%x)I{(X)I +|DZ(x0)]), (p(x) < 26(€)) (4.11)

n
here |D(x)| = ( ID,-g’j(x)lz)l/z, furthermore, we assume that for Vj € N, £; € L*(Q), then
ij=1

W (0] < e3(— +IDp()D),  (p(x) < 26(€)).
p(x)

So we have

.
v jli2 < calel =12 +( Vv ID¢Pdx)'?) (4.12)
Y p<26(€)
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Using Holder inequality, we can deduce

( VIDEPdx) 1 < p(e)lvil s,
Pp<26(€)

where 1/3=1/2=1/6, (€)= ([} 5, IPL)I°dx)/°. Since Digj € LQ), 1<i,j <3,
one has u(e) - 0 (e — 0). When n > 3, |ul; -2 (Q) < c(Q)llulng)(Q), by Lemma 4.3 and
(4.12), we can deduce

Vithjlr2q) < cs(evlig +p(e)lvips) < cele +pu(€)viie, 1<i,j<n. (4.13)

Now we investigate (4.7). Since for Yv € Ci’ , we have

(V : Vl//, V) = _(V -V, 1/1)7

(- I < W2 ) < es(e+p(e)M (4.14)

i,j=1

If € is small enough such that c7(e + u(€)) < %, then for ¥Yv € Cy,(Q), (4.7) holds. Since

=2 o
C () is dense in H (), (4.7) also holds for Yv € Hj(Q). The proof of the Lemma 4.1.
is complete. So we obtain |(u'V ¥, u)| < %ll V’Lﬂl% = %’ u % 5

(2). For the second term on the left in (4.6), we have
i+l G+ ), ) < i@+ Y Pl [l

< crall@+yllt, @l

< cra(|lgs1 + 1Wllg+1)° el
< cra(|lls + callwlle )Pl

< callulle < call VU,
here we have used 8+1<6,then 1 <S8 <5.
By (1) and (2), if
U +call Vil < el Y7L,

that is 3| ViR < c(lflly-1ll - @)l Vi, e, VTl < 2¢(lfllz-11l - @)/y. According to the
theory in Section 3, the equations (*2) is solvable. The proof of Theorem 2.4 is complete.

§4.2. Uniqueness of weak solutions

In this part, we consider the uniqueness of the weak solutions for problem (1.1)-(1.3) with
nonhomogeneous boundary condition (¢ # 0) in a bounded domain €.

Proof of Theorem 2.5. Assume that ug and u are the two weak solutions of the equations
(1), letug = ug — ¢, uy = uy — ¢, u =uy —uy, then we have

Y(Vaio, V) + (o - Vi, v) + (o - Véb,v) + (¢ - Vg, v) + a([iio + ¢1P~ @i + ), v) = (. v).
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V(i V) + @y - Vi, v) + @ - V6,v) + (¢ Vi, v) + e + P @+ ¢).v) = (FLv).
for Yve Cy, and ]T: f+ynrg—¢Ve. Let v=u=uy—uj, we obtain
YT , + (i Vo, 1) + b, ¢,10) + a(fiig + P~ Gio + ¢)— |10y + ¢ P~ @y +¢).w) = 0,

that is

?’rﬁliz = —b(, o, ) — b(, ¢, 1) — (o + P~ o + ¢) — [ + P~ @y + $), 1),

where b(u,v,w) = (u-Vv,w). By Lemma 4.1, one has
?’l”ﬂiz SC(”)Wol1,2@1,2+%/|7ﬂl,2+fl- (4.15)

Let J1 = a(luy + ¢If " Go + ¢) — [y + o~ (w1 + ¢), 1), we deduce that

Ji = a(lig + ¢ Gio + ¢) — [y + ¢~ (ay + ). 1)

= a(luy + ¢ Gio + @) — o + ¢~ (1 +¢)

+ido + P @y + ) — [y + o (@ + ¢), )

= a(lio + P~ -ww) + a((o + ¢~ — iy + oF )@y +¢).10)
= Jr+J5.

Now we begin to estimate J, and J3 respectively.

A1 —~ 2
Jo < alllug + @l 7 Jug —uy |||2
Bl s 2
< IGio +¢) 7 |13l
—1 2
<o +¢)H€(ﬂ—l) W)

2

12

< C(Wollswz—l) + ||¢||3(ﬁ2—1>)ﬁ [l
2

SC(|W0||6+||¢||3<ﬁ2—1))ﬁ [l

1Al +a .
Sc<HT+||¢||6>ﬁ m!2

1,2°

where @ < 6, we obtain 1 <8 < 5. After a tedious computation , we have

T3 = (o + ¢~ ity + ¢~ )@ty + ¢),70)
< caplliig + ¢~ + a1 + P~ 13 @113 + i Gao + )1l 1l

< cap(molls,’, +1IBI,",, + @I il

2 2 2

+a(|lioly, + 11613 NI
= cap(liolly, + 1, + el D 5.

2
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where we have used 1 < @ <6,i.e., § < B <5. Substituting the above results into (4.15),
we can obtain

A1l +

Y -1
VI 5 < el 2l 5 + STl 5 + e +lglly Dt

(mw +a

+caf +lole D .

Furthermore, we deduce that

-1 +a fllp-1 +

(% — c(m)ftioli 2 — c( +1IgIt ™) — cap( +llglle Vi, <0,

when v is big enough, we have u = 0,a.e.. The proof of Theorem 2.5 is complete.
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