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1. Introduction

The most classical Biacklund theorem is the Biacklund theorem for surfaces in Eu-
clidean space

Theorem 1. Ler f, f: M — R3, be a pair of surfaces in the Euclidean space R3
satisfying the following conditions

~ ~

i) foreveryp € M f(p) # f(p), the vector f(p) — f(p) is tangent to f(M) at
f(p) and is tangent to ]?(M ) at f(p)

~ ~

ii) the length L :=|f(p) — f(p)| of f(p) — f(p) is independent of p

iil) the angle o between the Euclidean normals n and n (of f(M) and f(M)
respectively) is constant and sin o # (.

.2
. . ~ S~ o
Then both surfaces are of constant negative Gaussian curvature kK = K = — Iz

The second fundamental forms h and h of f and fare proportional.

In this article we will present analogues of Bicklund theorem in affine differential
geometry of surfaces. We recall Chern—Terng theorem and prove some other affine
Bicklund theorem, concerning surfaces with locally symmetric induced connec-
tion.

Our aim was to generalize Bécklund theorem to the situation, when in ambient
space there is only the volume form, and we cannot measure length or angle. The
volume form is parallel with respect to the standard linear connection D in R3.
We study two immersions f and f, which are focal surfaces of a rectilinear con-
gruence. Each of them is endowed with an equiaffine transversal vector field, &
and fA respectively. Unlike the Euclidean normals, those transversal fields are not
determined by the immersions. Of course, one may use the affine normal, and this
particular case will be also considered. We will impose on (f, ) and (f, 3 ) some
conditions which guarantee that both induced connections V and V are locally
symmetric. Our idea was to consider the volume of the parallelepiped spanned by
f— f and both transversal fields. In Euclidean case this volume is a non-zero con-
stant. The conjecture that condition of constant volume together with some other
conditions about the values of conormal map enforce both Blaschke connections
to be locally symmetric turned out to be true. Some partial result, with Blaschke
normal of f tangent to annd vice versa, is contained in [7]. However, in case of
arbitrary equiaffine transversal fields £ and 5 one should admit also non-constant
volume det(]?— f,{,g).
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Our result seems to be a common generalization of the classical Backlund theorem
(see for example [2] or [9]) and Minkowski space Béacklund theorem ( [1], [7]). It
also includes the case of non-metrizable connections with dimimR = 1, studied
by Opozda in [6]. The theorem is complementary to Chern and Terng analogue of
Backlund s theorem in affine geometry [2], because in [2] the affine normals R¢
and R¢ were assumed to be parallel, hence det( f— 1€ §) =0.

2. Preliminaries

We recall the basic notions of affine differential geometry. More details can be
found in [5]. Here we consider only two-dimensional manifolds immersed into
affine space R3. The standard connection in R? is denoted by D.

Let f : M — R? be an immersion of a two-dimensional manifold M into R3.
Let £ : M — R be a transversal vector field. For each p € M we have the
decomposition R?* = f,(T,M) & RE,. The induced connection V, the affine
Sfundamental form h (relative to the transversal vector field &), the affine shape
operator S and the transversal connection form T are defined by the following
Gauss and Weingarten formulae

Dxf(Y) = fu(VxY) + MX,Y)E, Dx&=—fu(SX)+7(X)& (D
The volume element induced by (f, &) on M is
0(X,Y) = det(f. X, .Y€). 2)

The determinant detyh of a symmetric covariant tensor i of degree 2 relative to
6 is, by definition, equal to det[h;;], where h;; = h(X;, X;) and X;, X» is a
unimodular basis for 8: (X1, X3) = 1. Let (R?)* be the dual space of the vector
space R3. For immersion f : M — R? with transversal vector field £ : M — R3
the conormal map v : M — (R3)* is defined as follows

Up(f«(Xp)) :==0 and 1,(&) =1 for pe M, X, € T,M. 3)

The rank of the affine fundamental form is independent of the choice of transversal
vector field. If A is nondegenerate, then we say that the surface is nondegenerate.
If f is nondegenerate, then for each point p € M there exists a transversal vector
field defined in a neighbourhood of p satisfying the conditions

) Ve=0
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II) 6 coincides with the volume element of the nondegenerate metric h.

Such a transversal vector field is unique up to a sign and is called the affine normal
field or Blaschke normal field. The connection induced by the affine normal vector
field is called the Blaschke connection and h is called the affine metric. The condi-
tion I) is equivalent to 7 = 0 and the condition II) is equivalent to |detgh| = 1. An
equiaffine transversal field is a transversal field satisfying the condition 7 = 0.

Bicklund theorem is usually formulated for two focal surfaces of some rectilinear
congruence. A rectilinear congruence is a two-parametric family of straight lines.
Under some additional assumption about the congruence one can find two families
of ruled developable surfaces with rulings belonging to the congruence. Each line
of the congruence is contained in one developable surface of each family and is
tangent to the edge of regression of this developable surface at the point which is
called the focal point. Except of some particular degenerate cases the set of all
focal points forms two focal surfaces. We parametrize the focal surfaces in such
a way that f(p) and f(p) belong to the same straight line of congruence. We may
consider the mapping f(p) — ]/”\(p) between the two focal surfaces. If this mapping
preserves the asymptotic lines, a rectilinear congruence is called a W-congruence.

More details about rectilinear congruences one can find for example in [3].

3. A Necessary and Sufficient Condition for Rectilinear Congruence
with Non-Degenerate Focal Surfaces to be a W-congruence

In this section we will study the condition that the affine fundamental forms /s and
h, of (f,€) and (f, 3 ) respectively, are proportional. In Euclidean or Minkowski
space Bicklund theorem this condition is a part of the assertion, whereas in affine
case it is an assumption.

Proposition 2. Let f : M — R3 and f: M — R3 be non-degenerate immersions
of a two-dimensional manifold M into affine space R> such that for every p € M

o~ A~

f(p) # f(p), the vector f(p) — f(p) is tangent to f(M) at f(p) and is tangent to

f(M) at f(p).

Let & and E be some transversal vector fields for f and ]?respectively. We denote by
h and h the corresponding affine fundamental forms, and by v and U the conormal
maps. Then
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i) Ifdet(f — f.6,€) =0, then 1 —v(§)D(€) = 0.

i) If 1 — V() D(&) = 0 at some point p and (T M) # f*(TpM), then
det(f(p) — f(p), &p: &p) =0

iii) If & and gare such that det(f— f,g,{) # 0 and 5 = X+ f.Z,
= u§+ ]/C;V, then

1—v(§)D(8)

S —det(f — £, ).
Apdet(F— 1,68 )

L-7(&)7(E) =

iv) If moreover det(f— f, £~, &) # 0, then

1@ ) 1 (1-v@5e 1
det(f — f,6,€) ) detzhdetzgh  \det(f — f,6,€) ) detoh detzh

~—

Proof: i) There exist nowhere vanishing vector fields X; and X 1 on M such that

f—f=rx 4)

and R R
f - f = f «X1- (5
Since f,X; and ¢ are linearly independent, from det( f &€ ) = 0 it follows

that§ = a fu Xy + B for some o and 5. Here 3 Zé 0, because f, X1 = f*Xl is
tangent to f. We have v(§) = (3 and from £ = « f,. X1+ 5 & we obtain 1 = SU(§).

ii) Conversely, if V(f) v(€) = 1, then 5 = filT + A and§ = f*U + 3 5 with
some A # 0. It follows that f,T 5 A = — f*(A U). Therefore f.T
is tangent to f and is tangent to f By assumption f,T,M # f*TpM , hence
FT,M O F.T,M = Rf. X1, and € € span{ f, X1,, &}

iii) Let W = det(f &, E) A = y(g) and A = v(§). For every p € M,
dim f,T,M = 2, dlmspan{fp,fp} = 2 and f,T,M # span{ép,fp} because
& ¢ foTpM. Therefore dim(f.1,M N span{fp,ﬁp}) = 1 and we can find the

vector Xo, € T),M such that f, Xo, € span{ﬁp,gp} and det(f, X1, fxXo2p,§p) =
1. In this way we define the vector field X5 such that

feXo=an€+anf (6)
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with some functions a1 and a9, and

det(fi X1, fxX2,§) = 1. (7)

Similarly we may define the vector field X5 such that
FuXo=ané+ant 3)

and

dwﬁﬁjxaazl ©)
From (7), (4) and (6) it follows that as; = — - and from (9), (5) and (8) we obtain
ajp = % Since, by (6), a11 + ao1 V(g) = 0, and by (8) a12 V(&) + age = 0, we
have a11 = % and a9 = — %A. It follows that

1— AA

FX1 = f.X1, [ Xo=AfXo+ ¢, E=-W . Xo+ AL (10)

We have N B L
=N+ fiZ, §=pué+ fiV. (11)

LetZ =2 X1+ 22 Xoand V = w! )?1 + w? )?2. Let W := det(f— f,E,E).
W =det(f — f, N+ 2! f. X1 + 2% . Xo, p€+w' fu X1+ 0? f.Xo)
=det(f — f, N+ 2% fu Xo, p&+w? [,X3)

:det<f—f,/\§+z2(%£—ig)7ug+w2<%§ f/f
:det(f—f, (/\+z2%)§ W? W& ( 2%))
:<(A+z2%)(ﬂ wQ%) z )detf 1,69

1 AA
= ApuW + 2% Ap — w2 AN + 2*w? :

To compute (£) we have to write £ in the basis f, X1, f. X2, E

E=pl+uw' f.X1+u’ X

1—Ag§>

(=W fiXo+ A +w' X1 + w? (ﬁf*X2+ 7

)5 + fs <w1X1 + (wZE— MW) X2>

(A+w
= (

A + w? AA)(Ag ~fZ )+f* (w1X1+(w2E—uW)X2).
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It follows that

-1 ,1— AA

Afw@fxom+w = ) (12)
Similarly we obtain

= 1 s ,1-AA

A_y(g)_;()\A—z = ) (13)
Consequently

. 1-AA
1—AA:4MW_W. (14)
iv) Since detgh = {5 detyh and detgh = % detgh [5], we obtain from i)
(1—1114)4 1 B (1—AE>4 Mpto (1—A2)4 1
W/ detzhdetgh N AW/ detohdetzh W/ detghdetzh

From iv) of Proposition 2 it follows that

~

A (1= v©v(§) \* 1
W) = (det(f— f,g,g)) detgh deté\ﬁ (1>

is a well defined function on M.

Throughout the paper we will make some assumption about the rank of the spher-

ical representation of f — f. The following lemma explains the technical signifi-

cance of this assumption: the forms w?, w? constitute a local frame of T* M.

Lemma 3. (cf [8] page 6 in the metric case) Let ¢ : M — GL(3,R). Forp €
M we denote by v1p, vap, V3, the columns of the matrix p(p). We consider the
mappings v1 : M — R3\ {0} and 7w o vy : M — P%(R), where 7 : R?\ {0} —
P2(R) denotes the canonical projection. The forms w', are defined by the equality

dvy = wll v + w21 Vo + w311}3. (16)
At each point of M the following conditions are equivalent
i) rank(movy) = 2

i) w3 Awd #0.
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Proof: Let (v}, v?,v?) be the coordinates of v;. Assume for example that v # 0.

1) 71
Then on P?(R) we use the chart (t! : t2 : #3) (%, i—i) The composi-
tion of 7 o vy with this chart is (%, Z—i) and its rank equals two if and only if
vy 1
d( 1) A d( ) # 0. Let Z(p) be the inverse matrix of ¢(p) and let Z =

det 2
d (232w21 - 222w31), d (Z—%) =

(2i;). Using (16) we easily obtain d (%) = )2
1

det
ﬁ (— 231w21 + 221w31) and

()5

_ (detyp)?
(Ul)

hence d ( )/\d ( ) # 0 is equivalent to w? Aw? # 0. If at some point v} = 0,

221 222

w21 A w31
Z31 232

dtZUl(JJl/\UJl—

then we have to use another chart and one of the equalities d ( ) Ad ( ) =
1

detyp v2 v3 dety
N0 e, d () Ad(5F) = @Y1

Theorem 4. Let f and fbe as in Proposition 2. Assume that the spherical repre-
sentation of f — f, M > p— n(f(p) — f(p)) € P*(R), has rank 2 at every point
of M. Then

i) f.T,M # f.T,M foreveryp € M
i) f(p) — f(p) is not an asymptotic vector
iii) the affine fundamental forms h and T are conformal to each other if and only

ifo(f. f) =1L

Proof: We choose transversal fields £ and E satisfying det(f— €, E ) # 0. We
retain the notation of Proposition 2 and Lemma 3. We take

Ul:/ﬁl:f—f, UQZf*XQ, 62:f*X2, Ug:fandi)\?,:f.

Together with f and fwe consider moving frames F' and F from M to ASL(3,R),

1 0 ~ 1 0
F= (f <v1,v2,v3>>’ F= (f @1,@,@,))'
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We can now rewrite (4) and (10) as F = Fa with
10 O 0
11 0 0
““loo A -w
00534 4
The pull-back of the Maurer-Cartan form ¢ on ASL(3,R) by F'is
0 0 0 O
1,1 1 1
Fo—Flar=| Y, Y1 @2 @s
V7w wh why
93w W Wi
Then
df = 9t U1 +192’U2 +193 V3, dvy :wll U1 +w21 Vg —|—w31 VU3
dvy = w12 vy + w22 vy + w32 v3, dvs = w13 vy + w23 Vg + w33 V3.
Since d o d = 0, the one-forms ¥* and wjk satisfy the structure equations
3
d0* ==Y wi A, 5=1,2,3 17)
k=1
and
dw'’j = = > Wi AWk, ij=1,2,3. (18)
k=1
Similar equalities one can write for the dashed one-forms 9 and @jk.
From R R
FldF =a Y (F7'dF)a+ a 'da (19)
we obtain
P =AP + WP + Aw? + W w?, (20)
1— AA . 1-AA ~
93 = _ 92+ A9 — o w4+ Aw?,. 1)

Since the frames (v1, v, v3) and (v1, V2, v3) are adapted to f and f respectively,

we have 93 = 0 and 92 = 0. From (21) we obtain

_1—A2

0=
w

(9% +w?) + Au.

(22)
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Suppose that 1 — AA = 0. Then (22) and w? A w¥ # 0 imply A = 0, which

contradicts 1 — AA = 0. Therefore 1 — AA # 0 and from (10) we obtain 1).
From (22) and (20) it follows that

%4 w
9 =—uw? ~ w3, P = (23)
1—AA 1—AA
From (19) we obtain also
1— AA ~
&% = At + W, &= — T w? + Aud. (24)

Comparing (23) with (24) yields

W 3
— W 25
v (25)

192

Our next goal is to check that X; and X 1 are at each point linearly independent.
We only need to show that 992 A 992 # 0 and it suffices to use (23) to obtain

We may now find the matrices of A and T in the basis X 1 X 1. Since for k € {1, 2}
h(Y,Xg) = w3 (V) and h(Y X)) =0 @3.(Y), we obtain from (23) and (25)

X1, X1)=0 and h(Xy,X;)=0. (26)

It follows that A (X7, X1) # 0 and B()?l, )2'1) = 0, for otherwise f or fwould be
degenerate. We thus get ii).
Let hij = h(Xi,Xj) and ﬁi]’ = /H(Xl,)?]) Let X1 = c¢11 X1 + co1 Xo. Here

C :'192)? = = W X = Ah
n =0 (X) =77 1—AA

and consequently

U . . wWh .
h(X1, X1) = h(X1,c11 X1 4 c21 X2) = co1 h(X1, Xo) = . /L% wh(X1).
In a similar way we obtain
~ Whip
h(X1,X1) = ——= 0% (X1).
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Since h(X7, X 1) = 0and ﬁ(X 1 X 1) = 0, the affine fundamental form T is confor-
mal to h if and only if there exists a function A such that h( X1, X1) = A h(X1, X1)
and (X1, X1) = Ah(X1, X1), which is equivalent to

Whiy ~3
1_A1/1§Aw2(X1) hu -, on
hi1 KZ%WQ'Q(XI)
The left-hand side of (27) equals O if and only if
W )2/\3 3,5
=) WH(X7)wH(X1) =1 (28)
(= 57) @b wh(E

because hi1 7111 # 0. Let H := detgh and H:= detgﬁ. We have
HY' A 192(X1,X2) = H = hi1 haa — hi1a hia
= w’ (X1) wh(X2) — w’ (Xo) wh(X1) = ¥ Awh (X1, Xo)

hence
Wi Aw?y = HIt A92 (29)

Similarly R
&% NG, = HI' A 92 (30)

Using (23) and (25) we obtain

o o 1-AA o - 1—AA 4, -
wh Awh (X1, Xs) = P At (X, Xo) = — wh(X1) (31)
w w
. 1—AA , 1— AA
&% N H(X1, Xo) = PEADH(X, Xp) = = = OB(X). ()
Combining (31) with (29) and (32) with (30) gives
~ WH ~ -~
w32(X1) = —mﬁl/\ﬂz(Xl,XQ) (33)
and R
~ WH
%( 1>:_1—AE31M§2(X1’X2)' (34)
Condition (28) now becomes
4 ~
(1 WAE) HH 9 A02(X1, Xo) 01 A 92(X1, Xs) = 1. (35)
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But 9! A 192(X1,X2) D' A 92(X1, X3) = 1, because the matrix (792(X )) is the
inverse of (9%(X;)). We thus get ii).

As a supplement we give here another similar criterion, applicable when we want
to use parallel transversal fields & and €. The equality in iii) corresponds to (3.22)
in [2].

Theorem 5. Let f, fbe as in Proposition 2 and let X;, X 1 satisfy (4) and (5).
Assume that £ and &, transversal fields for f and f respectively, are parallel.

We choose arbitrary Xs such that X1, Xs is a local frame unimodular with re-
spect to O¢. Let X3 be defined by the following two conditions: for every p € M
[«(TpyM) Nspan{ f.(X2p), &} =R fu(Xap) and Qg(Xla Xo) = 1. Then

i) ﬁ()?g) =\ f(X2) + B¢, fA: %ffor some functions )\, [3
ii) A\, B do not depend on X, ()? 5 does)

iii) if the spherical representation T o (J?f f) of ff f has rank 2 at every point
of M, then aﬂ?ne Sfundamental forms h and h are proportional if and only if
detgh - detAh B4,

Proof: By assumptlon f*(Xg) =\ f«(X2) 4+ 5 and 5 w & for some functions
A, i and 8. From 0~ (Xl, XQ) = 1 we obtain - A = 1 and i) follows.

If we replace X7 by X5 + ¢ X7, then X o should be replaced by X2 +AX 1. We
have then f,.(Xo + Mt X1) = M fu (X2 +t X1) 4+ SE.

Note that 3 # 0, because 3 = 0 would imply w® = 0, which contradicts the
non-degeneracy of f.

Proof of iii) is similar to the proof of iii) in Theorem 4. We have now F=Fa

1000
itha = 1100 and from (19) we obtain in particular
witha= | oy ¢ w p u
0083 1
~ 1

A
The rest of the proof runs as before, with replaced by S.
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We may also compute v( f, J?) using ¢ and € = f«(X2) = %f*()?g) — BE as lin-
early independent transversal fields for fand f respectively, and apply Theorem 4.
Note that V(EA ) =0 and detgﬁ = 6—14 detﬁ.

4. Chern-Terng Theorem

Theorem 6. [2] Letdim M = 2 and f, ]/‘\: M — R3, be a pair of non-degenerate
immersions, satisfying the following conditions

i) foreveryp € M: f(p) # f(p), the vector f(p) — f(p) is tangent to f(M)
at f(p) and is tangent to ]?(M ) at f(p)

i) the affine fundamental forms of f and fare conformal to each other

iii) the affine normals of both surfaces at corresponding points f(p) and ]?(p)
are parallel.

Then the surfaces are both affine minimal.

Proof: We give here a proof which in some details will be different from that
in [2], because we want to use local frames with the last vector field equal to
corresponding affine normal vector field.

At first we consider the set of points where the rank of the spherical representation
of f f equals 2. We use the same local frame as in Theorem 5 From assumption
ii) and from Theorem 5 we have H - H= B4, Since ¢ and f are afﬁne normal
vector fields, |[H| = 1 and |H| = 1. It follows that | 3| = 1. If we replace Eby — &,
then X2 should be replaced by — Xo, A by — A and 8 by — . Therefore without
loss of generality we may assume that 5 = 1. Moreover, H = H=: €n, because
H-H>0.

From (19) we obtain 0% = — 0% — fw? + Aw? and 0% = — ¥ w} — @ Then
93 =0, 0% = 0 together with 3 = 1 give

92+ =Awd, A 4+wi =0 (37)

which corresponds to v = 0 and S = 0 in (3.8) of [2]. We will next assume that
en + A% # 0 and prove the equality corresponding to o = 0, that is

M+l = -2 (38)
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Application of (19) gives
I =9 +wl, D% = =AM+ 2 wh— BBwi+dA) +Ad8 = Awl +A%wd
Let o = 9! + wh + Aw?,. We have
Then
02631 /\’1/9\1 "‘@32/\’1/9\2 :192/\(@—)\6032) +)\(§0_791)/\W31
=0 A A AW A Fwh AY?) = (9% - Awd) Ap

and

0= A% —en 0" A2 =0 AX(p— 9 —ep (0 — Aw’) Aw?

= AP +enwd) ApFepAen? A2 — P Awd) = A9 +epwd) Ap.

If e, + A2 # 0, then the one-forms 92 — Aw? and A9? + e, w$ are linearly
independent, because (92— A w3 )A (NI +ep, w?) = (ep+A2) 92 Aw?, # 0 (recall

that in the considered case hq1 # 0). Consequently the equalities (92— w? )Ap =
0 and (A 92 + e w}) A = 0 imply = 0.

It follows that

~ ~ . . N 1 1
0:dw33 = —w31/\w13—w32 /\CL)23: —’192/\ )\w13+>\191/\pw23
1
= X(—I92/\w13—|—191/\w23)
which implies tr S = 0, and
. . : N 1 ~

A= 2 ADY + 0" ADY)

hence also tr § =0.

We thus get tr S = 0 and tr S = 0 on the set of points where rank (7 o (f— f) =2
and ej, + A\? # 0, and also on its closure, by continuity.

Assume now that €5, + A2 = 0 on some open set, contained in the set where
rank (7 o (f — f)) = 2 holds. In this case d\ = 0, hence w% = 0. We have

0=dw} =—-wd Awy —wiAwl = —wd AWy



On Analogues of Backlund Theorem in Affine Differential Geometry of Surfaces 93

and it follows that
AWy =AWy =P AW = (—wd FAW) AW =0 39)
and

1 1

Finally, we consider the interior of the set where rank (7 o (f— f)) < 2. Since
w3 # 0, rank (7o (f — f)) # 0. By Lemma 3, w% A w® = 0. We will show that
also in this case proportionality of h and h implies |3| = 1, d\ = 0 and w% = 0
as in the preceding case.

From (19) we get 89? + Bw? = Aw?. Then w} Aw® = 0and B # 0 imply
w3 A 9% =0, in particular h1; = h(X1, X1) = w? A9?(X1, X2) = 0. Since ¢ is
an affine normal vector field
_ _ 2 _ 2
1 = [H| = [h11 haa — hia| = [h12]
hence h(X1, X2) = h1a = &1 € {1, —1} and we see that
Wy =1 9% and WP =1 9 + hog 92 (41)

From (41) and (19) we have ¢; 92 = w31 =0 9?2 and it follows that )?1 =c11 X1
for some function ¢11. Then
hi1 = h(X1, X)) = ¢ h(X1, X1) =0,
because hi; = 0 and R is proportional to . Now from \I;T | = 1 we easily obtain
% = e 07 (42)
and consequently

192:&‘1(,0312815{9\2261,362@312816252192

hence | 3| = 1 and £ = e2. Without loss of generality we may assume that 5 = 1.

Differentiating both sides of w® = &1 92, using fundamental equations and the

equality w?% = — w!; we obtain
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‘We have also

Wi A =W A (=W +Awd) =0 (44)
UJQ/\(.Ul (51'[9 +h22192)/\w1——61w1/\191 (45)
Comparing (43) with (45) we see that w21 A 9' = 0, which together with (44)

implies w% = 0. We have now 92 = \w? and ¥? = g1 w3, therefore A = &1 =
const.

5. Backlund Theorem Concerning Locally Symmetric Surfaces

Theorem 7. Let f : M — R3 and f: M — R3 be non-degenerate immersions
of a two-dimensional connected manifold M into affine space R3, endowed with
equiaffine transversal vector fields & and £ respectively.

We denote by h and h the corresponding affine fundamental forms, and by v and U
the conormal maps.

Iff, f, & and 2 satisfy the following conditions
1° forevery p € M f(p) # f(p), the vector f(p) — f(p) is tangent to f(M) at

f(p) and is tangent to f(M) at f(p)

2° the spherical representation of]?— f. M >p—7n(f(p) — f(p) € P2(R),
has rank 2 at every point of M

3° det(f— f,f,é\) # 0 everywhere

4° the functions v(€) and (€) are constant and v(€) # 0 or H(£) # 0

~

5° (det(f — £,£,6))" - detgh - detzh = (1 - v(€) (€))"

o~

6° for every Y € TM det(f,(Y),&,€) = det(fo(Y), &, €)
d(det(f — £,£,€)) A d(detgh) =0

then affine fundamental forms h and h are conformal to each other, the connec-
tions V and ¥ induced by (f,€) and ( f £ ) respectively, are locally symmetric and
dimimR = dimimR.
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Proof: We continue analysis from the proof of Theorem 4 with the same notation.
From 3° and 5° we conclude that 1 — AA # 0 and

~ (1—A/T>4 1

¢(fvf): W HﬁZI (46)

hence h and h are conformal to each other, by Theorem 4.

It remains to prove that VR = 0 and VR =0.

From (19) with constant A, A we obtain in particular

R A(1— AA) (1— AA)2 ~
3 2 2 2. 3
0% = — W wh — 7 w4+ (A) 7wy )
Al —AA) 4, A(1- AA)
+ W (.U3 — W2 dW
. . A(l— AA ~ 1—AA
(333:(1—AA)w22—AWw32—(W)w23+AAw33+ dw.

For equiaffine vector fields & and £ we have w? = 0 and &% = 0, therefore (47)
yields

AW A dw
2 3 2
WYy = =Wy + — w3 — — (48)
2T AT wYs T w
and substituting (48) into (47) we obtain
R 1—AA

From (19) we have also
A dw AW
= —AW <W22 — WWZS + > — W2w32 = —Ame% — W2w32

and it follows that

_ W2

~2 3

W = = W. (50)
P AA 2

The structural equation (17) with 93 = 0 and d¥® = 0 becomes

0=uwi A9 +uwd A2 (51)



96 Maria Robaszewska

Let 9! = sw? +tw? and w¥, = uw? + vw? with some functions s, ¢, u and v.
Applying (51), (23) and w? A w?¥ # 0 yields

A
oo AWu L (52)
1—-AA
From (29) we obtain
A
Wi A (uw? Fowd) = H(swy +twd) A (— w? + 7WAw31)
1—-AA
which implies
AW 1 AW AW
- - (4 —Ju - v (53)
H 1-AA H  (1-A4A)72 1-

Consequently

+ ~— + =
H (1-44)2 1-AA

- () G i B o

We use now the assumption 6°. Since
F(Y) = fu(Y) = Dy(f = f) = Dy fu X1 = W (V) £ X1 + w3 (Y) fiXo
+ (V) € = whi (V) X + 4 (Y (* % )+W1

det(Fu(Y) = £u(¥),£,6) = W} (V) det(£u(X1).£,6) =}y (V) W
the equality ~ R ~
det(f+(Y),&,€) — det(fu(Y),&,£) =0
gives wh = 0 and consequently w% = 0, because differentiating the equality (7)
we obtain w!; + w? + w? = 0. Similarly from (9) we obtain &} + &% + 0% =0
and from (19) it follows that &% = w',, therefore @Y = 0, &% = 0 and V' = V'

Let &% = 7 w? +y w?, with some functions z, y. Then from the structural equation
0% N9t + @3 A 9% =0, (24), (54) and (23) we obtain

(1— AA)?
TS g v
Using (30) we obtain
y—l_AgX HW® o HW?

u — = u —~— U
WH (1—AA)3 (1—AA)?
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. - 1— AA)?
meHH:u—Am{wﬁmmmy:—<H%m)umd
R (1— AA)?
(.U32 = — W (.U32. (55)
Comparing (55) with (49) we obtain
1—AA
wh = = w, (56)
and from (48) with w22 =0
AW? A(l — AA
d ::(1”‘4%T ( - )>w%. (57)

It follows that w% A w% = 0. From the fundamental equation
0=dwl =-wi Awh —wi AWl — Wi AW
we obtain w3 A w', = 0, which means that
wh =aw? (58)
for some function cv. Similarly w’; = Bw?, which follows from
0=dw® = —wd Awl —wd AWl — Wi AW

In the same way we obtain &4 A &%, = 0. From (19) we have

-~ 1— AA
oY = Aw, + W wh, DL =—-Wwh+ Awk. (59)
Using (24) and (59) we obtain
~ 1—AA
A(l— AA (©0)
1— ~
== <(VI/) 6 — AWQ>W21 A w31.
At first we consider the case A # 0. It follows that
AW?
p=—""=u0a (61)

~A(1— AA)
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and -
A
wh = _aAW” W (62)
A(l — AA)
We have now R
A
Wy =7 ab] (63)
and )
~1 alW= 3
Wa = —~ W, (64)
TV

We can already find the curvature tensors of V and V. We have
Vy X1 =wh (V) X1+ w3 (V)Xo =w?i (V) X2 (65)

and
VyXo = wh(Y) X1 +w%H(Y) Xy = aw?d (V) X;. (66)

The Gauss equation
dowf + WP AWl + b Aw? = - AWd ke {1,2}

now leads to

R(X,Y)X) = —wi Aw’(X,Y) Xy (67)
and

R(X, V)Xo = —wh Aw(X,Y) X1, (68)
In particular

R(X1,X2) X1 =(1—AA) Xy (69)
and R
AW?H
R(X1,X0) Xo=—a— Xj. (70)
(%1, X2) Xz A(l— AA)
The Ricci tensor is
. ~ , o AW?H
RlC(Xl,Xl) = — (1 —AA), RlC(Xl,XQ) = O, R,IC(XQ,XQ) = — m
Applying (65), (66), (69) and (70) we obtain
~ AW?2H )
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and

(VyR) (X1, X2) Xo

AW?2H AW?2H
= -V (2 )X - (1 - Ad)a( — 1) (V) X
A(l — AA) A(l — AA)?
For ¥ we obtain
PN e N PN A\aAQ .
VyXl = w 1(Y) XQ, VyXQ = 70.) 1(Y) X1
R(X1,X2)X NG (X1, X2) X AU 0% N2 (X1, Xo) X
, =—Ww w ) =, W w J
1, X2 3 (X1, Xo (1—AA)32 1(X1, Xo) Xo
4 A~
- WOHH & 0~ Ad) %,
(1— AA)3
3T AT ~1 o —aW? 5 3 o o
R(Xl,XQ)XQ = —Wj /\WQ(Xl,XQ) X; = . AA\(,L) 1 /\wz(Xl,XQ) X1
B —aW?H - B a(l—AA)? o
T1—aa ' w2 Y
—a(1—AApP

Ric(X1, X1) = — (1-A44), Ric(X1,X2) =0, Ric(Xy, X3) =

e se ono a(l—AAP [ AWH 9
(VyR)(X1, X2) X1 = (WQH) < A1 AA)? +1>w21(Y)X1

)%

1—AA AW2H R ~
+1 ] @%(Y) X,
A l—AA

(Vy R) (X1, X2)Xo = 1—AA3Y(

Next we want to use the assumption 7°: dW AdH = 0.

Diferentiating (56) we obtain

1— AA 1— AA
I dH A w?, + dw?,.
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From the fundamental equations and from (58) and (62) we get

AW?

dw? = —wi AWl = — A(Oi Aﬁ) Wi AW, dwd = —wi Al = aw? AWd.
It follows that

dH = 5 AW?H s 3

H/\w2—a(A(1_Ag)2+1>w1/\w1 (71)
and consequently, by (57)

~ AW?2H 2
dH A AW = A(1 — AA) a(w + 1) Wl Awh. (72)

IfA=0 (and still A # 0), then (72) and dH A dW = 0 imply a = 0.

If A # 0 we may compute dc in the following way.
Differentiating (58) and (62) we obtain

dw'y = da Aw? + adw?

AW? 20 AW AW?
dw13 = Lda/\w?} +(X7AdW/\w31+a7Adw31
A(1 — AA) A(1 — AA) A(1 — AA)

and next, after using the fundamental equations, (57) and w?, = uw? + vw?

AW?H 1- AA
danw? =« = 1 ww? Aw
! (A(1—AA)2 ) H e
AW?2H 1—AA /24  A(1— AA)
da A wsy a<A(1—AA)2+ ) I7i (Wu—i- e v)wl w7

It follows that

-~

AW?2H 1—AA /24  A(l—AA) \ , 5
do a<A(1—AA)2+ ) i% ((Wu+ e v)wl—i-uwl)
(73)
From (72) and dH A dW = 0 it follows that « (% + 1) = 0on M. Then

from (73) we conclude that « is constant, because M is connected.

Now we consider the case A = 0. Then, by assumption 4°, A # 0. We return to
(60) and obtain o« = 0.
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Thus in each case o = const.

If o = 0, then imR, = R (X2)ps 1me = R(Xg)p, dimimR = dimimR = 1
and sign Ric = sign Ric = — sign(1 — AA)

AW?2H _ C g .
Let o # 0. Then A0_AA)? + 1 = 0, which implies

A(1 — AA)?
AW?
From (57) it follows that W is constant. This clearly forces H to be constant.

In both cases (e = 0, & # 0) we obtain VR = 0 and VR=0.

We shall show that the case of «: 0 corresponds to the situation described in the
classical Bicklund theorem or in the Béicklund theorem for surfaces in Minkowski
space.

Theorem 8. If f f & § satisfy the assumptions of Theorem 7 and the induced
connections V, V satisfy the condition dlm imR = dimimR = 2, then det( f —
1€, §) and detyh are constant, RE and R§ are the corresponding affine normals
and there exists a scalar or pseudoscalar product on R3 such that € and 5 are or-
thogonal to the corresponding surfaces with constant, non-zero, length. Moreover
the length of f f is constant, the angle between £ and 5 is constant and f and f
have the same constant sectional curvature.

Proof: We define G, € (R3)* by the equalities

~

Col (X0l £ (X)) = = 01— AD),  Gyln6y) = Do’y W
Gp(f*(Xl)pv f*(X2)p)
Gp(f+(X2)p, fo(X2)y) :=6a<1 —AA),  Gpl(fXp, &) =0
with some ¢ € {1, —1}. We have
SY = —wh(Y) X1 — wi(Y) X,

=——wi(Y)X1 — wH(Y) X
A1 AD) 1(Y) Xy 7 waY) Xz
a AW? AW?
= — 7/\6031(Y)X1 + 7AW3Q(Y> X2
A1 — AA) A(1 — AA)
AW?

=i oag e Kb ) Xo)
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and
A2
<xﬁXJﬁyyzﬂf?MDG@%quxn+w%XUme
- aw31(Y)f*(X1) + Wgz(y) f*(XZ))
:% (W (X)W (V) + (X)) (Y)) ad (1 — AA)
A(1 — AA)

~

= % W2h(Y, X).

Now it is easy to check that DG = 0, hence we have well defined scalar product
on R3, which also will be denoted by G. The Riemannian or pseudo-Riemannian
metric g induced on M by f, g(X,Y) = G(f«(X), f«(Y)), has the sectional
curvature

g(R(X1, X2) X2, X1)

K =
9(X1, X1) 9(X2, X2) — 9(X1, X2) g(X1, X2)
Cgla(l—AA) X1, X)) —da(l— AA)?
— 82 (1 — AA)? —aé?(1— AA)?

and the same curvature has the metric g induced by f

=5 S5 o ~( a(1-AAB T T
- G(R(X1, X2)Xs, X)) (- LR
/g\()?l?)?l)g()?%)?Q) - 5(21,22) g()/(tl’)’(:2) —ad? (1 _ A;{)Z%
= wﬁ(fh)ﬂ) = —Mau —AA) =6
AW?2H AW?2H
because

9(X1,X1) = G(f(X1), fu(X1)) = G(fo(X1), fo(X1)) = — 6 (1 — AA)

9%, %) = G(R.(%), F(%)) = G (f*om,ﬁ Fo(Xo) + 128 s) ~0

§(X2, Xa) = G(fu(X2), fr(X2))

. 1—AA 1— AA
—G<Af*(X2)+ W § A fu(Xa) + W €>
_ A2 Ca, (1A A, A
=A"da(l—AA)+ 2 5aAW =da(l AA)A



On Analogues of Backlund Theorem in Affine Differential Geometry of Surfaces 103

and w =—1.
AW?2H
We compute
G(f = £,F = f) = G(fu(X1), fo(X1)) = — 6(1 — AA)
G(E,E) = G(&,— Wf(X2) + A€) = AG(£,€) =5 a AW?
G(£,€) = G(=W fu(Xo) + A&, =W fu(Xs) + AE)

~ A
W25a(1—AA)+A25aZW2 =daW?

There are five possibilities and we will consider the corresponding cases separately.

1) Euclidean case

If0 < AA < 1 and o < 0, then we take § = — 1 and obtain positively definite G
Then the square of the length L of f f is equal to the positive constant 1 — AA
and the angle £(§, ¢ ) between & and § is constant too, with

cos 4(5,2) = signA\- V AA.

Note that
2 A _ 2 A AR
Csn(L(68) _ 1-eo?(£(&8) _ 1-4A_ o
L? L? 1— AA

ii) Lorentzian case with timelike congruence f — f and timelike focal surfaces f
and f

If0 < AA < 1and a > 0, then we take § = 1. WeobtalnG(f ff f) =
—(1— AA) — L. The plane spanned by &p and fp is spacelike, hence

cos&(&,g): G(&.€) — = signA - V AA.
G(& 6/ G(E€)
We obtain R
WLED) | 5

This case corresponds to (A) of Theorem 2.2 in [1].
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iii) Lorentzian case with spacelike congruence f — f and timelike focal surfaces f
and f

If AA > 1and a > 0, then we take § = 1 and obtain G(f— f,f— f) =
— (1 — AA) =: L2. Both &, and (SAp are spacelike, but the plane span{¢,, @,} =
span{ f«(X2p),&p} is timelike. The hyperbolic angle £(¢, E) between two space-
like vectors satisfies the equality

~ )
cosh?(£(¢,€)) = < ,>\ =
G(§,6G(E,€)
which follows from the definition given in [4]. We obtain cosh?(£ (¢, 3 ) =
and

1.2 2 2 A A
sinh (Léz(é,f)) _ cosh (&é@; ) —1 _ Afz;l B

This case corresponds to (B) of Theorem 2.2 in [1].

iv) Lorentzian case with spacelike congruence f— f and spacelike focal surfaces
fand f

If AA > 1and o < 0, then we take § = 1. We have G(f— L f - f) =
— (1 — AA) =: L? as before, the hyperbolic angle between two timelike vectors
satisfies the same equality as above and we obtain again

sinh?(£(¢, £))
1.2
This result is in contradiction with that of Theorem 2.1 in [1], where the curvature
was claimed to be negative. (It seems that in [1] there is a mistake in going from
(2.18) to (2.19), probably dwys and dws3 were incorrect. Moreover, (2.9) on page
43 is in contradiction with K = — deth;; on page 44.)

=1=0=kKk=Kk.

v) Lorentzian case with spacelike congruence ]?— f and focal surfaces f and fof
different kinds

If AA < 0, then we take § = — 1. Now G(f— £ f— fH=1- AA =: 2
is positive, whereas G(&,&) and G(é’\, é\) have opposite signs, because % < 0.
According to the definition of the hyperbolic angle between timelike vector and

spacelike vector, given in [4], £(&, & ) satisfies now the equality

sinh?(£(€,€)) = ( 2

G(£,OGEE)



On Analogues of Backlund Theorem in Affine Differential Geometry of Surfaces 105

We obtain sinh?(£(¢,&)) = — AA and

Ccosh’(£(6,8) _ 14snh’(£(68)  1-AA

—1=0=Kk=R&.

L? L?  1-AA
The Bécklund theorem for surfaces of different kinds in Minkowski space can be
found in [7].

Remark. In case when both u(g ) and (&) both equal zero we obtain W = const,
dW = 0, the assumption 7° is satisfied, but we get therefrom no information
about relation between « and 5. This case may be characterized by the following
proposition.

Proposition 9. Let f, }i & E satisfy assumptions 1°, 2°, 3°, 5° and 6° of Theorem
7 and let v(§) = 0 and v(§) = 0. Then there exist local coordinates x,y and
functions H = detgh, o, 8, v satisfying the system of equations

oa=W? H, e 2 Yy + WQH(e_27 Yy)y + (627 Vz)z

- 1 H,

B=—WHe™ )y — 7 7 )e + 567 % (74)
1

ay:(a+ﬁH)7ya B:r:_ﬁ(a_FﬁH)'yx

such that ", 3’ wjk and @jk have the following form

9t = 9! =dy =y dx + v, dy
¥? = e Vduz, 92 =e"dy

v v
w} = —e Tdu, w?’l:%dy, wh = —ae Vdz, w13=BWedy
3 2 2 e
wy =Hwy=HWe~ V*yyda:—wfywdy
e_’y 1 /Be’y

G =evdy, @ = A dez, © dy, oh=aWe 7dx

&% = HW*G% = — HW3e 2y, da + W e* v, dy.
Moreover, v, # 0, vy # 0and W = det(f— 1€, E ) is a non-zero constant.

The connection V is locally symmetric if and only in o is constant, and V is locally
symmetric if and only if (3 is constant.
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Note that from (74) we obtain
H
a+BH =W?2H,e ™ ~, + 7 © e?7 7. (75)

Proof: If we insert A = 0 and A = 0 into (22) — (25) and (49) — (59), then we
obtain

192+w21:(), '1/9\2:W(U31:@21, 192:W@31, W4Hﬁ:1

1
2 ~1 ~1

wh =awy, wiz=Ppw, W2:WW3’ Wy =—Wuwy

3 _ 3 ~2 _ W2 3 ~3 __ -1 3 2 _ 1 3
wWH =uwi tovwy, W3y=— Wy, w2_HW2w2’ w3—ﬁw2

U .
@:ﬂlsz%—ﬁw‘a, Wi =wh =04 =04 =0, dW =
From structural equations with w? = — 9?2 and w!, = aw? it follows that d9! =
1 2 1

0. Hence locally there exists function v such that 91 = d~. It is easy to check that
d(e7 %) = 0 and d(e~ 7 ¥2) = 0. Moreover (&7 ¥2) A (e~ 7 1?) # 0. Therefore
there exist local coordinates x, y such that € 92> = dz and e~ 7 92 = dy. Next
we find the basic one-forms w} = — 9% = —e~7dz and w?¥ = V1[,192 = f};dy.
Looking at 9! we may find and v, and the rest of one-forms is easy to obtain. The
system of differential equations for «, 3, v and H we get from the fundamental
equations. Since 9! A 92 # 0 and N # 0, we have v, # 0 and v, # 0.

‘We have also

R(X1,X2) X1 = Xo, R(X1,X9) Xy = -0 HX,
(VyR)(X1,X2) X1 = — (a+ BH)9*(Y) X,
(VYR)(X1,X2) =-Y(BH) X1+ (a+ BH)P*(Y) X,

and

~ o~ o~ A ~ ~ AN o~ A —a -~

R(X1,X2) X1 = Xo, R(X1,X9) Xy = WIH X1
e s oo a+BH oo
(VYR)(Xl,XQ)Xl = W?} (Y) Xl
S BT TN « = a+ [ H =
(VyR)(X1, Xo)Xo = Y (W2H> X1 = S PY) X,

If VR = Othen a+ S H = 0and S H = const, hence « = — 8 H is also
constant. Conversely, if a = const, then o, = 0 and from the system of differential
equations we obtain « + 3 H = 0, next 3 H = — «a = constand VR = (.

IfVR = 0, then o + 8 H = 0 and 3 is constant, and now 3 = —7. Conversely,
if 3 is constant, then from 3, = 0 we obtain o + 3 H = 0, hence 7 = — 3 is
constant and VR = 0.
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6. The Particular Case when Connections are Induced by Affine
Normal Vector Fields

Theorem 10. Let f : M — R> and f: M — R3 be non-degenerate immersions
of a two-dimensional real manifold M into affine space R,

We denote by & and §A the affine normal vector field for f and frespectively, by h
and h the corresponding affine fundamental forms, and by v and U the conormal
maps. Let ¢ = signdeth;; and € = sign deth;;.

Let f and fsatisfy the following conditions
i) for everyp € M f(p) # f(p) moreover the vector f(p) — f(p) is tangent
to f(M) at f(p) and is tangent to f(M) at f(p)

ii) the spherical representation of f — f, M 3 p 7(f(p) — f(p)) € P2(R),
has rank 2 at every point of M

iii) the functions v(€ ) and V(&) are constant

iv) det(f— 1€, E ) is a non-zero constant

v) |det(f — £,£,6)| = |1 — v(€) p(¢)|
vi) e = €.

Then affine fundamental forms h and h are conformal to each other.

If moreover
vii) D(€) +ev(€) =0

then the Blaschke connections V and @, of f and J/c\respectively, are locally sym-
metric.

Proof: Without loss of generality we may assume that det(]? f,f fA) =1-
1/(§A ) U(£), because affine normal vector field 3 may be replaced by — €. We retain
our previous notation, so we have now W = 1 — AA. The case A = A = 0is
described in Theorem 1.5 of [7]. We may also use (75) with constant H and next
use Proposition 9.

If A 0or A0, then (f,€) and (f, E) satisfy the assumptions 1° — 5° and 7° of
Theorem 7. It suffices to check whether they satisty 6°.
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We will show that the assumption At+eA=0 implies w!, = 0, which is equivalent
to 6°. We proceed as in the first part of the proof of Theorem 7 and obtain the
formulae corresponding to (47), (25), (49), (48) and (23), when W =1 — AA =

constant
632:_—1(4123, —wh :Ewgz—i-éwzg, 92 = —w? + Aud.
w w
If we bring together &% and — wY;, then we obtain
A 1
~3 3 1
Wy = —WHy+ — Wjy.
2 A 2 A 1

Note, that if A+cA=0and (A, j) #(0,0), then A # 0.
Substituting (76) and (77) into
A+ OLAP =0, AL =0 AP = AP

we obtain

1 A
(;,)11/\ (—192+A0J31> — (?91/\§2+AW31/\0.)32> :0
wh A —lﬁZ—Ewg + Ew?’/\191—§w3/\192 =0
1 A 1 1 A 2 .
A
But 1 = — ¢, therefore

A
191/\192+Zw31/\w32:&?(6191/\792—w31 Awh) =0

A
ew?’l/\ﬁl—zw%/\ﬁ?:a (w31A191+w32/\192) =0

and consequently

1 1

The one-forms

1 1—AA
— 792 + Z w31 = w21 A w31
1 1 AtcA 1
— 9?2 —ew? 1 w} —i:: w¥ 1 w}

are linearly independent, hence w'; = 0 and we may apply Theorem 7.

(76)

(77)
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7. Conclusion

It is possible to formulate the Bicklund theorem in R?® without using notions de-
pending on the metric. The conditions of constant length and constant angle may
be replaced by some conditions involving the volume form and the conormal map-
ping. If we impose such requirements on the affine normal vector fields, then both
induced connections are locally symmetric (Theorem 10). It seems to be a com-
mon generalization of Euclidean and Minkowski space Béacklund theorems. One
may also consider a pair of surfaces endowed with arbitrary equiaffine transversal
vector fields. Some sufficient conditions under which the induced connections are
locally symmetric are given in Theorem 7.
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