Functiones et Approximatio
52.1 (2015), 83-107
doi: 10.7169/facm/2015.52.1.7

LINEAR RELATIONS AND ARITHMETIC ON ABELIAN
SCHEMES

P10TR RZONSOWSKI

Abstract: We investigate linear relations in Mordell-Weil groups of abelian varieties over finitely
generated fields over Q. Based on important and classical results for abelian varieties over these
fields and on lifts of abelian varieties to suitable abelian schemes, we prove theorems concerning
the reduction maps on torsion and non-torsion elements in Mordell-Weil groups of these varieties.
These theorems and the arithmetic of abelian schemes and their endomorphism algebras are our
key tools in the solutions of linear relation problems we work with in the last chapter of this
paper.
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1. Introduction

Let A/K be an abelian variety over finitely generated field extension K/Q. The
abelian variety A/K extends to an abelian group scheme A/S over an inte-
gral scheme S = Spec R such that S — SpecZ is a smooth morphism (cf [F2,
p. 204]). The smoothness of S — SpecZ implies that S is normal scheme [ST,
Lemma 33.14.2]. Hence, restricting to an open subset of S (cf. [Co] Rem 20.9 p. 148
and Remark 2.1 below), we observe that A/ K extends to a projective abelian group
scheme A/S over an integral scheme S = Spec R such that S — SpecZ is smooth.
The ring R is a finitely generated Z-algebra, K is its field of fractions and A/K
is the generic fiber of A/S. Since A(K) is finitely generated we can choose S
(restricting to an open subset) such that the natural map A(S) — A(K) is surjec-
tive. This map is also injective since A/S is proper, hence separated.

For every point s € S there is a well defined reduction map r; : A(S) —
A (k(s)). In this paper we investigate linear relations among nontorsion points
in the Mordell-Weil group A(K) by use of the reduction map r, : A(S) — A, (k,)
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for the closed points v € S. Let us present below our main results of this paper
and recall the origins of the problems we investigate. In 1975 A. Schinzel proved
the following theorem.

Theorem ([Sch]). Let F be a number field and let v,71,..., 7 € Opg, for
some finite set Sy of primes of Op. Suppose that for every v ¢ Sy the following

congruence holds v = 'y;”"’ ... mod v for some N1,y Npy € Z. Then the
exist ny,...,ny € Z such that v =7 ... 4" in F*.

In 2002 C. Khare proved the theorem of Schinzel by different methods [Kh] and
used this to investigate [-adic representations. Based on this in 2002 W. Gajda
asked the following question:

Question. Let F' be a number field. Let A/F be an abelian variety and P € A(F).
Let A be a subgroup of A(F). Suppose that for almost all v € Spec Op the
following condition holds

ry(P) € ry(A).
Does it imply that P € A?

This question has recently attracted attention of a number of mathematicians
and many results were obtained in the direction of solving this question: ([B],
[BGK1], [BGK2|, [BK], [GG], []], [K], [Pel]), [We]. Nevertheless this question
does not have a positive solution in full generality and explicit counterexamples
to this question were presented in [BK], Section 6 and [JP].

In our paper we extend this question to abelian varieties over finitely generated
field extensions K/Q and we prove the following theorem:

Theorem (Thm 7.2). Let A be an abelian variety over K and P,Py,..., P,
be nontorsion points in A(K). Let Py,...P,. be linearly independent over R :=
Endg (A) and A be a Z-submodule generated by Py, Pa, ..., P.. Assume that

ro(P) € 1y (A)
for all closed points v in U where U C S is an open subset. Then P € A.

Theorem 7.2 in the case of a number field F' with some extra assumption that
RP is a free R-module has been proven by G. Banaszak [B]. In the number field
case this assumption was removed by P. Perruca.

The original inspiration of my next results is the following question formulated
in 1988 by Paul Erdos. This question is called the support problem:

Question. Let Supp(n) denote the support of a natural number n, i.e. the set
of all prime numbers dividing n. Suppose that for some positive integers x, y the
following condition holds

Supp(z™ — 1) = Supp(y" — 1)

for every natural number n. Does then z = y?
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This question and its analogues for number fields and for elliptic curves over
number fields has been solved by Corrales-Rodriganez and Schoof [C-RS]. The
support problem for abelian varieties over number fields has been recently inten-
sively investigated in many papers [BGK3|, [KP], [Bar|, [GG], [Lar|, [Pel]. The
most general result was obtained by M. Larsen [Lar|. We prove that Larsen’s
result holds in the general case of abelian varieties over finitely generated fields.

Theorem (Cor 8.5). Let A/K be an abelian variety defined over K. Let P,Q €
A(K) be two given points. Suppose that there is an open subset U C S such that
for all m € Z and all closed points v € U, the following condition holds

nry(P) = 0= nr,(Q) = 0.

Then there exist a positive integer k and an endomorphism
© € Endg A\ {0} such that

¢(P) = kQ.
In adition we also prove in this general case the following theorem which is
a vast generalization of a problem suggested to G. Banaszak by A. Schinzel in
1998 in the number field case. This theorem for abelian varieties over number
fields, with commutative endomorphism ring that is a domain, was proved by S.
Baranczuk [Bar].

Theorem. Let A/K be an abelian variety defined over K.
Let Py, Py,..., Py, Qo,Q1,...,Qn € A(K) be the points of infinite order. Assume
that the following condition holds:

There is an open set U C S such that for every set of nonnegative integers
mi,...,my and for all closed points v € U, the following condition holds.

ro(Po) = Zmirv(Pi) implies r(Qo) = Zmirv(Qi)
i=1 i=1

Then there exist oy € Endi(A) \ {0} and k; € N\ {0} such that o; P, = k;Q; for
alli=0,1,...,n.

The main technical results of the paper are Theorems 2.3, 6.3 and 6.4, which
allow us to control images of torsion and nontorsion points via reduction maps.
These theorems, based on numerous results concerning the arithmetic of abelian
schemes and the properties of endomorphism rings End g (A4) are very useful tools
in this paper. Moreover these theorems make the proofs of our main results very
straightforward and in some cases even simpler then the corresponding results in
the number field case.
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thank J.P. Serre, D. Ulmer and Y. Zarhin who shared with my thesis advisor
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information was very crucial for my thesis. The research was financed by a grant
of Polish Ministry of Science and Education no. 5289/B/H03/2010/38.
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Notation

l is a prime number

F is a number field

K is finitely generated fields over Q

C = Uk>1 C[I*] the I-primary part of an abelian group C

S is a base scheme

R is finitely generated Z — algebra such that K is fraction field
A = A X g Speck(s)

Ti(A) Tate module

Kix = K(A[I*]), for any k >0
K~ = K(A[l*])

Hloc = G(E/Kloo)

Hlk = G(K/Klk)

Gk =G(K/K)

G =G(Kp/K)

G =G(Ki~/K)

9s = Gi(s) = G(k(s)/k(s))

2. Galois and Kummer theory of abelian schemes

Let A/S be an abelian scheme over a base scheme S (see [FC|] Chap. I, [Mil]
Chap. 20). If s € S is a point, not necessarily closed then A, := A xg Spec k(s)
denotes the fibre of A/S at s. By the properties of abelian schemes and universality
of fibre product we get the reduction map homomorphism

rs t A(S) = As(k(s))

Take a point P € A(S). It is given by a section P : S — A of the map A — S.
Let [ be prime to the residue characteristics of S. The multiplication by i* on A/S
is an étale map [Mi2, Prop. 20.7]. Hence the pull back of the 1F-multiplication
map by the map P :

#P —— 8

l lﬁ' (2.1)

A —Ta
gives a finite scheme likp which is étale over S. In particular if ¢ := § — A
is the the unit section then A[I*] := & is a finite group scheme, étale over
S, of order [29%. So if the base scheme S is integral by the universality of fiber
product one can also check that for any point s € S there is a natural isomorphism
likp X g Speck(s) = likrs(p). Hence if K is the function field of S and A/K
is the generic fibre of A/S then A[l*] xg Spec K = A[l*]. Let S be a normal
integral scheme. Consider all finite extensions of L/K and L C K such that the
normalization S’ of S in L gives an extension of schemes S’/S, unramified at all
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points of S. If K" denotes the union of all such fields L in K then by [Mil] I,
Example 5.2 (b) m1(S) := m1(S,n) = G(K*"/K). In particular if S = Spec R is an
affinie scheme with R normal in K and L is such that the integral closure R’ of R
in L gives an affine scheme S’ = Spec R’ unramified over S we can define R*" to
be the union of all the rings R’. Then S := Spec R*" will be called the universal

cover of S.

Put for simplicity G := G(K/K) and gy := Gy

the following commutative diagram:

G(k(s)/k(s)). There is

A(K) i A(S): I
lim, A(K)/IF " Jim A(S)/1F —

As(k(s))l

lim, A, (k(s))/1*

HY Gk, Ti(A))y ——— H'(m(5), Ti(A)),

Hl(Qs,ﬂ(As))l

HO (G, All])/ Div " HO(m (), AlI®])/ Div —2 HO (g, A,[i1%])/Div

where Div denotes the maximal divisible subgroup in an appropriate group. We
also used often in the diagram the notation C; for the [-torsion part of an abelian
group C (see the Notation at the end of the introduction).

Remark 2.1. If A/K is an abelian variety over a field K then A is projective, say
A C P™. If K is the function field of an integral noetherian scheme S then we can
take the Zariski closure of A in P™/S to get a projective scheme A/S. Over some
open subset U C S the scheme A/U will become a projective abelian scheme (see
[Mil] Remark 20.9.)

Remark 2.2. If A/S is an abelian scheme over an integral base scheme S, and
S — S is the normalization of S we can change the base to get an abelian scheme
A := A xg S over a normal base scheme S. Hence we can find an open subset
U c S such that A/ U is a projective abelian scheme over an integral normal base
scheme U.

Theorem 2.3 (Banaszak). Let A/S be an abelian scheme over an integral,
normal base scheme S with generic fibre A/K. Let l be prime to the residue
characteristics of S. Let s € S be a point of S. Assume that H%(gs, As[1*°]) is
finite. Then the natural map

75t A(S) — As(k(s))
is a monomorphism.

Proof. Since the finite group scheme A[I¥] = A[l*] is étale over S for all k > 1
then the action of Gx on A[l*] factors through the action of 7 (S) = G(K*"/K).
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Since A[I*]/S is a finite étale scheme over S for every k > 1, then G(K (A[l*°])/K)
is a quotient of m1(S) and G(ks(A4[1°°])/ks) is a quotient of G(K (A[I*°])/K). For
every s € S we have Div = 0 in H%(gs, As[l>°]) by finiteness assumption. Hence
the bottom right horizontal arrow in the diagram above is an embedding. In
the diagram above the upper vertical arrows are monomorphism by the appropri-
ate cohomology long exact sequences application. The bottom vertical maps are
equalities by the Theorem of Tate [T, Proposition 2.3 p. 261]. |

Let S := Spec R. Assume that S is an integral, normal base scheme. Let
A/S be an abelian scheme whose generic fibre is abelian variety A/K. We put
A(R) := A(S). Assume that S is such that all points of A(K) lift to A(S). In
other words we assume that the natural map

A(S) = A(K) (2.2)

is surjective. This map is also injective since A/S is proper, hence separated.
Hence the reduction map can be written as follows:

re t A(K) = As(k(s)).

Taking further R to be a finitely generated Z-algebra its field of fractions K
is a finitely generated field over Q. Since in this case A(K) is finitely generated
by Mordell-Weil and Lang-Néron (see Theorem 5.1 ) we can find an open subset
U C S such that the natural map

A(U) — A(K) (2.3)

is surjective. Since base change transforms proper maps into proper maps, without
loss of generality in this paper, we will always assume that S is such that the nat-
ural map (2.3) is an isomorphism. Let v be a closed point of S which corresponds
to a maximal ideal of R denoted also by v. Let k, := k(v) = R/v. In this case the
reduction map has the following form:

ro t ACK) = Ay (ky). (2.4)

Corollary 2.4. Let R be a finitely generated Z-algebra such that

S = Spec R is an integral and normal scheme. Let A/S be an abelian scheme with
generic fibre AJK. Let 1 be prime to the residue characteristics of S. Let v € S
be a closed point. Then the natural map

Ty 2 A(K)l — Av(kv)l;
s a monomorphism.

Proof. By the proper and smooth base change theorem [Mi2, Chap. VI, Sec. 4,
Cor 4.2] applied to the constant sheaves Z/I* on A, for each k > 1 we have a nat-
ural isomomorphism H1(A4,Z/I*) = H'(A,,Z/I*) of g, := G(k,/k,)-modules for
every k > 1. Taking inverse limit on k and passing to Z; duals we get a natural
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isomorphism T;(A4) = T;(A,) of Z; and g,-modules. Tensoring with Q;/Z; gives an
isomorphism A[I*°] 2 A, [I1°°] of g,-modules. The group g, acts on these modules
by its quotient G(k,(A,[l°])/k,). Since k, is a finite field, we know by the Weil
conjecture proven by Deligne that H%(g,, A, [1°°]) is finite. Hence H (G, A[l*])
and HO(m(9), A[l*°]) are also finite. Hence the Corollary follows from Theo-

rem 2.3. | |

From now on, when working with reduction map, we always consider abelian
scheme A/S such that the assumptions of corollary 2.4 hold. Moreover we can
take S — SpecZ to be a smooth morphism (cf [F2, p. 204]). The smoothness of
S — SpecZ implies that S is normal scheme [ST, Lemma 33.14.2] . Tensoring the
reduction map (2.4) by Z; gives the following reduction map

Tyt A(K) ® Zy — Ay(ky )i

which we are going to use later in this paper.

3. Homorphisms of abelian schemes

Theorem 3.1 (Raynaud). Let S be noetherian integral scheme and G, H be two
abelian schemes over S. Assume that there exists a dense open subscheme U of
the scheme S and there exists a homomorphism ¢y : H|ly — G|y. Then there is
the unique extension of Yy to homomorphism ¢ : H — G over S.

Proof. See [FC, Prop 2.7, p. 9| |

Let A/S and B/S be two projective abelian schemes with respective generic
fibers A/K and B/K. Then by [FC, Prop 2.7, p. 9] we have

Homg (A, B) = Homg (A, B)

because every homomorphism ¢ € Hompg(A,B) extends to an element of
Homy (Ajy, Bjy) for an open subset U C S. In particular Endg(A) = Ends(A).
For an abelian scheme .A/ S there is a finite field extension L/K such that there
is an isogeny ¢ : A — [[,_; A;" over L where A; is a simple abelian variety over
L. If L/K is separable, S normal and S is the normalization of S in L then we
can choose an open subset U C S such that U/S is étale, hence smooth [Mi2] T,
Theorem 3.21. Put A := A xg S. By remark 2.1 we can require that UcSis
such that A; gives rise to an abelian projective scheme A; over U. We will assume
without loss of generality in our work that U = S. Since

t

HomL(A,HAf") = Homg(.j,Hfl?L
i=1 i

the isogeny ¢ lifts to a homomorphism ¢ € Homg(fl, IL A If S — SpecZ is

smooth then S — SpecZ is also smooth since smoothness is preserved by compo-
sition.
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4. Homomorphisms of abelian varieties and nontorsion points of Mordell-
‘Weil groups

In this section K will denote any field.

Let V and W be algebraic varieties over K. For any field extension L/K the
symbol Homp,(V, W) denotes the set of all morphisms from V to W defined over L.
The Galois group G(K/K) acts on Homz(V,W) (see eg. [Sil, p. 15| ) as follows.
For ¢ € Hom#(V,W) and 0 € G(K/K) and any P € V we define o(¢)(P) := 0o
poa H(P) = o(¢(c7 ' P)). We have Homz(V, W)GE/K) = Hom (V,W) cf., [Sil,
p. 20]. Hence for any Galois extension L/K, L C K the group G(K/K) acts on
Homyp (V,W) via its quotient G(L/K) and Homp (V,W)“E/K) = Hom g (V,W).

In particular, for two abelian varieties A and B defined over K and for any
finite Galois extension L/K there is a well defined trace homomorphism between
the groups:

Try i : Homp (A, B) — Homg (A, B)

Tri i (9) = Z a().

o€G(L/K)

Consider the natural imbedding;:
Homp (A, B) ® Zi — Homg g, 1, (Ti(A), Ti(B)).

Then the image of o(¢) via this map equals o;0¢; oafl7 where ¢; is the image of ¢
and o; denotes the action of & on both Tj(A) and Tj(B). Let T : End%(A) —-Q
be the trace see [Mil, p. 125]. Then by [Mil, Prop 12.9] we get Tr(o(¢)) =
Tr(oiogroo; ) = Tr(¢) = Tr(¢). The bilinear form (a, B) — Tr(af3) is positive
definite [Mil, Theorem 17.3]. In particular, if 8 # 0 then Tr(8*3) > 0 where * is
the Rosati involution.

Theorem 4.1 (Ribet [Ri, Prop 1.5]). Let A be an abelian variety over K.
Let R := Endg(A) and for any field extension L/K let Ry := Endp(A). Let
Py,...,P. € AK) and let L/K be a finite, separable field extension. Then
Py, ..., P, are independent over R if and only if Py, ..., P, are independent over R .

Proof. If P,..., P, are independent over Ry, then it is clear that they are inde-
pendent over R. Asume that P, ..., P. are independent over R. We can assume
that L/K is Galois. Let f1,...,08, € Ry, not all equal to zero, be such that
> iz BiPy = 0. If B; # 0 we can find a scalar b € N such that Trp,k (b353:) € N.
Multiplying out by b3* and applying T'ry /x we get

> Triy(b8;B:i) P =0 (4.1)

i=1

because P; € A(K) for all 1 < ¢ < r. By the discussion before this Lemma we note
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that

Tr(Tryx®8;8) = >, Tr(o(b8;B))) (4.2)
ceG(L/K)
= [L: K|Tr(bB;B;) > 0.

Hence T'rp (b3} B;) # 0. But equation (4.1) gives a linear dependence of points
Py, ..., P over R with coefficient T'rp/x (b8 3;) # 0. A contradiction. [ ]

Below we collect three elementary lemmas that will be usefull in our proofs in
Section 6.

Lemma 4.2. Let A be an abelian variety A = Ay x --- x A, where A;/K is an
abelian variety for each 1 <i < s. Let Q1,...,Q, € A(K). Write Q; = [Q]]1<j<s
with Q) € A;(K) for each 1 < j < s.

1. IfQq,...,Q. € A(K) are linearly independent over Endy (A) then Q{, ...Ql
are linearly independent over Endy (A;) for every 1 < j <.

2. If in addition Hom(A;, Aj) = {0} for all j # i, then the following conditions
are equivalent

(a) Q1,...,Qr € A(K) are linearly independent over Endg(A)

(b) QI,...Qi are linearly independent over Endg (A;) ¥igj<r.
Proof. (1) Follows from the following inclusion:
Endg (A1) X -+ X Endg(At) C Endg(Ap X -+ X Ay).
(2) Follows from the following isomorphism:
Endg (A1) X -+ x Endg(As) = Endg (A X -+ X Ay). [ |

Lemma 4.3. Let A be a simple abelian variety over K and let e € N. Let
Ql,’ .. .7Q7« S AS(K) = A(K)e W’I’it@ Qz = [Q‘Z]lﬁj{m U)Zth
Q! € A(K). The following conditions are equivalent

L Q1,...,Qr € A(K) are linearly independent over Endy (A°)
2. the points Q),Vi<i<ri<j<e are linearly independent over Endk (A).

Proof. Follows from simple observation that:
. all' - ale Q} 0
i=1 a'el .. ace Qe 0
1

if and only if 37, >75_, a¥1Q7 = 0 for every 1 < k <e. [ |
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nd A;

Lemma 4.4. Let A = Hle AS where A; /K is simple for each 1 <i <t a
= [Q@i<i<t

is not isogenous to A; for alli # j. Let Q1,...,Q, € A(K). Write Q;
with Q] € A7 (K), and write Q] = [QM1<hee, for QFF € A;(K).
The following conditions are equivalent
1. Q1,...,Q, € A(K) are linearly independent over Endg(A),

2. For every 1 < j < t the points (ij

T 1<i<r1<k<e; are linearly independent
over Endg (A;).

Proof. Follows immediately from Lemmas 4.2 and 4.3. |

5. l-adic representations for abelian varieties over finitely generated
fields

In this section we collect some classical results about abelian varieties A/K for K
a finitely generated field over Q. As explained at the beginning of the introduction
A/K extends to a projective, abelian group scheme A/S over an integral scheme
S = Spec R such that S — SpecZ is smooth and such that:

A(S) =5 A(K).

Let K, denote a separable closure of K. Let v € S be a closed point an let
Fr, € G(K4/K) be any element of the conjugacy class of the canonical generator
of G(ky/ky) C m1(S). The elements will be called Frobenius elements for v.

Theorem 5.1 (Mordell-Weil, Lang-Néron). Let A be an abelian variety
over K. Then A(K) is a finitely generated abelian group.

Proof. See [L] Theorem 4.1 and Theorem 4.2 and Corollary 4.3 p. 27-28. |

Theorem 5.2 (Chebotarev). Let A/K be an abelian variety. The set {Fr, :
v closed point of S} is dense in w1 (S).

Proof. See [FW, pp. 206-207], [Se3, pp. 91]. |

Theorem 5.3 (Faltings). For any abelian variety A/K and any prime number l:

(i) End(A) ®zZ — Endg,, (T;(A)) is an isomorphism,
(ii) Vi(A) is a semisimple QiG] module.

Proof. See [FW, Theorem 1, p. 204]. |

Theorem 5.4 (Zarhin). For any abelian variety A/K and for any prime num-
ber l:

(i) Endg(A) ® Z/l = Endg, (A[l]) is an isomorphism,

(i1) A[l] is semisimple Z/1[G] module for 1> 0

Proof. See [S-Z, Prop. 3.4] [ |
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Theorem 5.5 (Serre). Let A/K be abelian variety and let
pi: Gk — GL(Ti(A))
be the l-adic representation associated with A. Then the index
e = [ZXIdTl(A) . pi(Gx) meIdTZ(A)}

is bounded independently of I.

The Theorem 5.5 in the case when K is a number field is proven in [Sel| and it
was suggested in loc. cit. that the Theorem holds for A/K over a finitely generated
field K/Q. Since the proof for finitely generated fields is not in the literature we
will give two proofs of this theorem below. Proof 1 was explained to G. Banaszak
by J-P. Serre.

Proof 1 (Serre). The proof goes by induction on n = tr.deg .K. If n > 0, we may
view K as the function field of a smooth curve C over a field Ky with tr. deg Ko
equal to n — 1. The abelian variety A/K defines an abelian group scheme A over
an open dense subset U of C. Choose a closed point P in U and let v be the
discrete valuation of K defined by P; its residue field k, is a finite extension of
Ky. If m is any integer > 0, the field extension K(A[m])/K is unramified at v.
The corresponding Galois group G(K(A[m])/K) has a decomposition group at v
which is isomorphic to G(ky(A,[m])/k,) where A, is the fiber of A at v. This
shows, by taking a projective limit on m, that the image of

Gal(K/K) = [[ GL(Ti(A))
l

contains the image of

Gal(ky/k.) = [[ GL(Tu(A)),
l

where GL(Tj(A)) = GL(TZ(.ZU)) = (GLyy(Z;). By induction the image of
Gal(ky/ky) — T1, GL(Tl(VZv)) contains the e-powers of homotheties for some

e > 0. Hence the image of Gal(K /K) — [[, GL(T1(A)) contains also the e-powers
of homotheties. |

Proof 2 (Banaszak). The proof is done in four steps.

Step 1. There is a smooth, geometrically irreducible scheme S over L (= the
algebraic closure of Q in K) with generic point 7 = Spec K such that A is the
generic fibre of A — S, an abelian scheme (= proper, smooth morphism with
geometrically connected fibers) [F1, p. 1] Moreover there is a closed point P €
S(L) [F2, p. 212]. So we have A = A xgn. Put Ap := A xg P.



94 Piotr Rzonsowski

Step 2. Put Gk = G(K/K) and Gy, := G(L/L). The natural map G —
m1(S) is surjective and the decomposition group Dp C 7¢*(S) is isomorphic to
G1, where m§!(S) := 7§*(S,n). Moreover G acts on T;(A) via its quotient 7¢*(S)
[F2, p. 212]

Step 3. By [Se2] the index

e = [Z;(IdTl(Ap) : pL’l(Dp) ﬂZlXIdTl(AP)]
is bounded as [ varies where
PL, - GL — GL(T[(AP))

Step 4. By proper and smooth base change theorem [Mi2, Chap. VI, Sec. 4,
Cor 4.2] applied to the constant sheaves Z/I* on A, for each k& > 1, we have
a natural isomorphism T;(A) = T;(Ap) of Z;[Dp] modules such that Dp acts on
T(A) as a subgroup of 7¢*(S). Hence ¢; < ¢;. [ ]

Corollary 5.6 (Bogomolov). Let A/K be abelian variety and let | be a prime
number. Let p; : Gg — GL (Tl (A)) be the l-adic representation associated with A.
Then pi(Gx) N Z) Idg, 4y is open in Z; Idr,(a)
Proof. Follows immediately from Theorem 5.5. |
Theorem 5.7 (Serre). For any abelian variety over K and for any prime num-
ber l:

(i) H™ (G ; Vi(A)) =0

(ii) H™ (G~ ; Ti(A)) is finite
Proof. See [Se2| Corollaire and Remarque 2 p. 734. |

Theorem 5.8. Let A be an abelian variety over K and let | be a prime number.
Then:

(i) H"(Gur; A[lF]) =0 for 1>>0 and K >k>1

(i) H"(Groe; Ty(A)) =0 for1>0
Proof. By Theorem 5.5 there is e € N such that ¢; < e for all [. Take [ > 0
such that [ > e 4 1. Because Z; = (Z/l)X X (1 +1Zy) there is h = cldg,a) €
(ZJ1) " Idgyay C 2 Idgy(ay, ¢Z 1 mod .

Let A be the subgroup of G~ generated by cldr, (4, | A | ‘l — 1 Observe that

A maps isomorphicaly to its image Gj« — Gix Vi > 1. Note that A C Z(G)
and A C Z(Gx) for Vi>1. Consider the spectral sequence

Byl = H (le,//A;Hﬂ‘(A : A[Z’ﬂ)):‘ H™ (Gpo; AlIY])

Observe that H/(A : A[l*]) = 0 for all j > 0 because |Al|l — 1. Moreover by
definition of A it is clear that H°(A : A[l¥]) = A[l¥]® = 0. This implies that
H™(Gpo : A[l*]) = 0 for all n > 0,1 > e+ 1 and for all ¥ > k > 0. Hence
H"(Gr~: Ti(A)) = lim, lim,, H™(Gpurs A1) = 0 for I > e + 1. N
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6. Reduction of torsion and nontorsion points

In this section we apply all results of the previous sections to prove a theorem
on the reduction of nontorsion elements in A(K). This result is an extension of
Theorem 3.3 [BK]| and Proposition 11 [Pe2] to the case of finitely generated field
K. This section reminds Section 3 of [BK] but we include complete proofs for the
convenience of the reader.

Let A = Ay x --- x A; be a product of simple nonisogenous abelian varieties

A; defined over K. Let R; := Endg(A;). Let Py,..., Py, € A;(K) be linearly
independent over R; for each 1 < i < t. Put K := K(A[l*]), Gk = G(K/K),
Gl := G(K»/K), Hie := G(K/Kj) and Hpx := G(K/Kp.) for all k > 1. For
each 1 <i<tand 1 < j<r;let

Gij : Hiee — T1(A;)
denote the inverse limit over k£ of the Kummer maps:

o) Hp — A 1Y),

k 1 1
01y (0) = 05 Pyj) = 75 Pi.

Lemma 6.1. If a11,...,00p € R1®z2 Zy,...,041,...,0, € Ri®z Z; are such
that 22:1 Z;;l aijdi; =0, then o; =0 in R, for all 1 <i<t, 1 <5<y

Proof. Let ¥ be the composition of maps:
AK)®7Z) — H (Gg; T)(A)) — H' (Hj=; Ti(A)) = Hom (Hj; Ti(A)) .
Note that ¢;; = ¥(P;; ® 1). By Theorem 5.7 the group H' (Gj~;T;(A)) is finite

hence ker ¥ C (A(K) ®z Z;) Let ¢ := |A(K)ior|- Since ¥ is an R ®gz Z;-
homomorphism, we have:

tor*

t Tt t 7t
O:ZZQUQSU:\II ZZQW(PW@l)

i=1 j=1 i=1 j=1

Hence
t T+
¢y Y ai(Py©1)=0
i=1 j=1

in A(K) ®z 7. Since P;; ® 1,..., P, ® 1 are linearly independent over R; ®z Z;
in A;(K) ®z Z; we obtain ca;; = 0 hence a1 = -+ = g, = 0, because R;
is a free Z-module for each 1 <7 < ¢. [ |
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Define the following maps:

(I)f : Hlk — Al[lkrl

k(o) = (o) (0), .. 01 (0)
Then define the map ®* : Hyx — @§=1 A;[I¥]7i as follows

t
ok = Pk
i=1
Define the following maps:
D, : Hjeo — CZ—‘Z(AZ)”

(I)z(a) = (¢z1 (U)? s a¢iri (U))
Again define the map @ : Hj — @._, Ti(A;)™ as follows

t
P = @cpi.
=1

Lemma 6.2. The image of the map ® is open in @:Zl Ti(A;)".

Proof. Let T := @221 Ti(A;)" and let W =T ®z, Q; = @221 Vi where Vy :=
Ti(A;) ®z, Q. Denote by ® ® 1 the composition of ® with the obvious natural
inclusion T — W. Put M := Im(® ® 1) C W. Both M and W are Q;[Gj~]-
modules. It is enough to show that Im® has a finite index in T (cf, [Ri, Th. 1.2].
Hence it is enough to show that ® ® 1 is onto. Observe that V;; is a semisimple
Qi [G e ]-module for each 1 < 7 < t because it is a direct summand of the semisimple
Q1[G ]-module V;(A) = @Ezl Vi by results of Faltings and Zarhin (see Theorem
5.3 (ii)). Note that G acts on Vj; via the quotient G(L(A;[I*°])/L). If ? ® 1
is not onto we have a decomposition W = M @& M; of Q;[G~]-modules with M,
nontrivial.

Let mpr, : W — W be the projection onto M; and let m; : W — V;; be
a projection that maps M; nontrivially. Denote m; := m; o mpr,. Again it follows
by results of Faltings and Zarhin (see Theorem 5.3 (i)) that Homg,w (Vir; Vi) =
Homp(A;; Ay) @z, Qp = 0 for all ¢ # /. Hence

r;
Ti(vig) = > Bijvij,
j=1

for some f;; € R; ® ;. Since 7; is nontrivial on M;, we see that some (;; is
nonzero. On the other hand

Ti(®(h) ®1) = iﬁm(@j(h) ®1) =0,
j=1
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for all h € Hj~. Multiplying the last equality by a suitable power of [ we get:

0= Zaij(¢ij(h) ® 1),
j=1

for some «;; € R; ® Z;. Since the maps R; ® Z; — R; ® Q; and Hom(H, T}) —
Hom(H~, V) are imbeddings of R ® Z;-modules, we obtain Z§=1 ai;¢i; = 0. By
Lemma 6.1 we get ;1 = -+ = a4y, = 0, hence 81 = --- = S, = 0 because R is
torsion free. This contradiction shows that M; = 0. |

Theorem 6.3. Let A= szl A; be abelian variety over finitely generated field K
over Q such that Hom(A;, A;) =0 for all j # i. Let 1 be a prime number. Let
Qij € Ai(K) for 1 < j < r; be independent over R; for each 1 < i <t. Then for
every open subset U C S exists infinite many closed points v € U such such that
r(Qij) =0 in Ay (ky) for all1 < j<r; and 1 <1<t

Proof. Step 1. By lemma 6.2 there is an m € N such that

t

lm@Tl )"t C @ (Hie)) C P Ti(A:
i=1
Let T' be the R-submodule of A(K) generated by all the points Q;;. Hence
t Ti
-3 R0,
i=1 j=1

For k > m consider the following commutative diagram.

G(Ki (1) /Kie)  —2— @, To(A)™ /1" @, T(A,)"™
G (Ko (D) K ) s @0, (A1) /i @l (A1)
GKr(ED)/Kp)  —2s @ (A" /im @, (AiF)"

The maps ® and &, for all k > 1, are induced naturally by Kummer maps.
For k > 0 the images of the middle and bottom horizontal arrows in this diagram
are isomorphic. Hence G(Kjr1(7xD)/Kpes1) maps onto G(Kpu(7T)/Kp) via
the left bottom vertical arrow in the diagram because the map ®* is injective for
each k > 1. Consider the following tower of field
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Kot (75T)

1
Klk+1 lT“

/\

Kkt

i \ /

It is clear that we have the following equality:

K

1
Klk(lk

F) N Klk+1 = Klk fOI' k‘ > 0 (61)

Step 2. Let Uy := Spec Ry C S be an open affine subset where Ry is a lo-
calization of R. Let Ry (resp. Rz) be integral closure of Ry in Kt (75 T) (resp.
in Klk(l—i,l")). Let Uy := Spec Ry and Us := Spec Rs. We can choose Uy such
that A(U1) = A(Kpri(7%T)), A(Uz2) = A(Kp (1)) and A(Up) = A(K) (See
comment after Theorem 3.1).

By result of Bogomolov, Corollary 5.6, we can find & > 0 and h € G (K~ /K1)
which acts on T} A as a homothety 1+ {*u for and some u € Z) . Let h also denote,
by a slight abuse of notation, the projection of h onto G (Kjx+1/Kjx). By (6) we
can choose 0 € G (K (7% )/K) such that ox (41) = =id and ok, ,, = h. By
Chebotarev density theorem, (see Theorem (5.2)) there is a infinite set of closed
points v € Uy such that there is a closed point v; € Uy over v whose Frobenius in
Kpen (1) /K equals to 0.

Let %4 be the order of the element r,(Q;;) in the group A;,(k,);, for some
cij 2 0. Let va be a closed point of Us below v;. Consider the following commu-
tative diagram:

A’L(K) 7—1/) Al’t)<k’l})l

!

A (K (D)) —2 Ai(kuy)i (6.2)

! l

Ai (Klk-#l(likr)) L) Aiv(km)l

Observe that all vertical arrows in the diagram (6.2) are injective. Let R;; :=
#Qij € A(Kp(75T)) € A (Kpes1(7%T)). The element r,, (R;;) has order (¥+< in
the group A;y, (ky, )i because

My, (Rig) = 19974(Qy) = 0.
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By the choice of v, we have k, = k,, hence r,, (R;;) comes from an element of
Ai’t)<k’l))l' If Cij 2 1 then

h(19 7 vy, (Rij)) = (14 Fu)l®9 e, (Riy)

since 1971 r, (R;j) € Aiy(ky) [Zk“}. On the other hand, by the choice of v,
Frobenius at vy acts on (%~ r,, (R;;) via h. So h (1% ry, (Ri;)) = 19971y, (Ryj)
because 1y, (Ri;j) € Aip(ky)i. Hence, (%~ ur, (Qi;) = 0 but this is impossible
since the order of r,, (Q;;) = 0 is {°4. Hence we must have ¢;; = 0. |

Theorem 6.4. Let A = Hle A; be abelian variety over finitely generated field
over Q such that Homy(A;, A;) =0 for all j # i. Letl be a prime number. Let
m € NU{0} for all1 < j <r; and 1 < i < t. Let P;j € A;(K) be independent
over R; and let T;; € A; [I™] be aribitrary torsion elements for all1 < j<r; and
1< i<t Let R be integral closure of R in K(A[l™]). Let w' be a closed point in
U’ over v where U’ := v~Y(U) and = is natural map v : Spec R’ — Spec R. Then
exists infinitely many closed points v € U such that

rw (Tij) = ro(Pij)indi o (ko)
foralll1 <j<r; and1 <i<s, where
rw : Ai (L(A[I™])) = Aiw (Fur)
is the corresponding reduction map.
Proof. It follows immediately from Theorem 6.3 taking L (A[l™]) for L and

putting Q;; := Pj; —T;; forall 1 <j<r;and 1 <7< 1. |

7. Proof of Theorem A

By Poincare Irreducibility Theorem there is a finite extension L/K and isogeny
p: A— AT' x - x Af* over L where A;/L is a simple for every 1 < i < ¢ and
A; is not isogenous to A; for all ¢ # j. We can always assume that L/K is Galois.
We will use the field L introduced above in the following lemma.

Lemma 7.1. Let A be an abelian variety over K and P, Py, ..., P, be nontorsion
points in A(K). Let Py,...P, be linearly independent over Ry := Endp(A),
R := Endg(A) and A be an Z-submodule generated by Py, Ps, ... P.. Assume that

ro(P) € o(A) (7.1)

for all closed points v in an open subset U C S. Then aP € Y.;_| RP; for some
positive integer a.

Proof. Case 1. A a simple abelian variety. We first proof that P, Py,..., P, are
not linearly independent over R. Indeed, if P, Py,..., P, are independent over R
then by theorems 6.3 and 6.4 there is closed point v in U s.t. r,(P) has big order
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and
ry(P;) =0 in A,(k,) but this contradicts (7.1). Hence there are a, a1, ..., € R
and « # 0 such that

aP=o1P+ -+ a.P. € A(F)
Since A is simple there is an isogeny & such that aa = a € N. Then
aaP = ao1 Py + - -+ + aa,. P

Hence aP € Y ;_, RP;.
Case 2. A = Ay x --- X Ag product of arbitrary simple abelian varieties (We
do not assume that A;’s are not pairwise isogenous).

P! Pl

Now by lemma 4.2 we know that {Pf tigigr are linearly independent over R; :=
End(A;) for every 1 < j < s. By assumption (7.1) we get 7,(P?) € 3.1_, Zr,(P})
for every 1 < j < s. By Case 1 for every 1 < j < s there exist o} € Endg(A;)
and a; € N such that a; P/ = 3%, o) P/. Putting a := LCM{a; : 1 < j < s} this
gives P/ =37 | BgPij for some BZ € R;. Hence we get

- g 0

p! S I R E p}

a : :Z : 65 : :

pe =t S 153
Y

SoaP e . | RP
Case 3. A an arbitrary abelian variety. By Poincare irreducibility theorem
there is a finite extension L/K and isogeny ¢ : A — A" x --- x AS™ over L where
A; is simple for every 1 < 4 < m and A; is not isogenous to A; for all i # j. We
can work over L since A(K) C A(L) and A,(k,) C A,(ky) for every closed point
w over v in Uy, (See comment after theorem 3.1 concerning the choice of Ur). To
make notation easier put B := A7 X --- x A%, By (7.1) we get the following

property for A/L :
Tw(P) € 1y (A) (7.2)

for all closed points w in Ug. The points ¢(P),p(P1),...,¢(P.) are nontorsion
in B(L) and ¢(P1),...,o(P) are linearly independent over R := End(B) by
asumption. Now by Case 2 we get ap(P) € Y., R'¢(P;) in B(L) for some a € N.
There is an isogeny @ : B — A over L such that pop = a’ € N. Hence we get that
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a'aP € RpP'+ T for some and T € A(L)o,. By Theorem 6.3 there are infinitely
many w € Up, such that r,(P;) = 0 in A,(ky); for every 1 < i < r. Hence by
property (7.2) we get r,(T) = 0 for infinitely many w. But r,, is injection for
torsion points (Theorem 2.3) so T' = 0. Put b = a’a. We have bP = Y_ 3;P;
with 8; € Rr := Endr(A). Recall that we assume that L/K is Galois. Note
that since P, Py,...,P. € A(K) we get b|G(L/K)|P = > ;_ Trp,x(Bi)P;. But
Trr/x(Bi) € R for every 1 <i < r |

Theorem 7.2. Let A be an abelian variety over K and P, Py, ..., P, be nontorsion
points in A(K). Let Py,...P, be linearly independent over Ry := Endp(A) and
A be a Z-submodule generated by Py, Ps, ..., P.. Assume that

Ty (P) € 1y (A) (7.3)
for all closed points v in an open subset U C S. Then P € A.

Proof. By Lemma (7.1) there is a € N and a; € R for 1 < < r such that

aP = ZT: OéiPi
i=1

Now we use an argument similar to an argument of [B].

Step 1. If a; € Z for every 1 < i < r then using Theorem 6.3 the same
arguments as of Step 1 of the proof of [B, Theorem 1.1] shows P € A.

Step 2. Assume that a; ¢ Z for some 1 < i < r. For any prime number [
consider the action of a; on T;(A4). By [Mil, Proposition 12.9] we have P,,(n) =
deg(a; —n) for every n € Z, where P,, (t) is the characteristic polynomial of a; on
T,(A) and deg : End(A) — Z is the degree function. Hence P,, (t) € Z[t] and P,, (t)
is monic. Let K be the splitting field of P,,(¢). For any [ that splits completely
in K we can treat O as a subring of Z;. If P,,(t) has at least two different roots
then we can easily find a vector u € T;(A) which is not an eigenvector of «;,
simply take a sum of two eigenvectors corresponding to different eigenvalues. If
P,,(t) has only one root A € Ok then P,,(t) = (t — A\)?9 and since 2g\ € Z we
have A € Ox N Q = Z. By Theorem 5.3 we observe that a; # Al dr,(4) so the
minimal polynomial for a; on T;(A) has form (¢ — A\)* for some 1 < k < 2g. Hence
also in this case we can find a vector u € T;(A) which is not an eigenvector of
a;. Rescaling if necessary, we can assume that u ¢ I7;(A). Hence for m € N and
m big enough we can see that the coset u + I™T;(A) is not an eigenvector of «;
acting on T;(A)/I™T;(A) see [B] proof of Theorem 1. We put T € A[l™] to be
the image of the coset u + I"™T;(A) via the natural isomorphism of Galois and R
modules T;(A)/I™T;(A) = A[l™]. Put L := F(A[I™]). We can work in A(L). By
Theorem 6.3 we choose a closed point w in Uy, such that r,,(P;) = 0 for all j # ¢
and 7, (P;) = r(T) in Ay (ky)i. Hence ary,(P) = a;7,(T). By assumption (7.3)
there is d € Z, such that ary,(P) = adr,(P;) = adr,,(T). Since r,, is injective, we
get:

o;T = adT in A[l™].
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But this contradicts the fact that T is not an eigenvector of a; acting on A[l™].
Hence we must have «; € Z for all 1 < ¢ < r, which is the step 1 of the proof. W

Proposition 7.3. Let A be an abelian variety over K. Let Py,..., P, be elements
of A(F) lineraly independent over R := Endg (A). Let P be a point of A(F) such
that RP is a free R module. The following conditions are equivalent:

1. Pe> ! | RP,
2. ry(P) € Zl L Rro(P;) for all closed points v in an open subset U C S

Proof. The proof is similar as in [B, Prop 2.8]. |

8. Support Problem

Theorem 8.1. Let A/K be an abelian variety defined over a fnitely generated feld
K over Q. As before A is the generic fiber of the abelian scheme A/S. Assume that
A is isogeneous to AT x -+ x Aft with A; simple, pairwise nonisogenous abelian
varieties. Let P,Q € A(K) be two given points. Suppose that there is an open
subset U C S such that for all n € Z and all closed points v € U, the following
condition holds.

nry(P) =0= nr,(Q) =0

Then there exist a positive integer k and an endomorphism
¢ € Endg A\ {0} such that

e(P) = kQ
Proof. Let
P=(P,...,P,) € AK) and Q=(Q1,...,Q:) € A(K)
with P;,Q; € AT (K) for each 1 < i < t. We can write P; := (P/)1<jce,, Qi ==
Q! )léjéel with PJ Qg € A;(K) for all 1 <i<tand1l < j < e;. Recall that

R := End A and R = End A;. Note that D = EndA ® Q is a division algebra.
Hence for each 1 < i <t we can choose a maxunal hnearly 1ndependent over R;
subset {PJ', ..., Pf }C{P!,...,Pf}. Then for every 1 <i < t,1<j <e; there
exists ¢; ; € N such that

i P =Y puPl (8.1)
k=1
Let ¢ := LC’M{CH 1 <1 <t,1 <j < e} Assume that for some ¢ and j the
points Q7 and P7*, Pfi are linearly independent over R;. Then by Theorem
6.4 we can choose v € U such that ordr,(P/*) = 0 and ordr,(Q7) has prder lc.
Then we see that cr,(P) = 0 so it implies by our assumption that cr,(Q) = 0.
But this is a contradiction since the order of r,(Q) is lc by the choice of v € U.
So for every 1 < ¢ < t,1 < j < ¢;. There exists o] ,...,5J” € R; with
ol # 0 such that

Si
olQl =3 p Pl

k=1
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For each 1 < i < t put B; := diagla},...,a] € M, (R;). Hence equality (8.1)
gives the following equality:

B, 0 - 0
0 B 0

? L Q=P
0 0 B

— —_

for some ¢ € R. But for every ozg there exists ozf such that af o ozz =alo ozg = dz
for some d? € N. For each 1 < i < t put B; = diaglal,...,af'] € M,,(R;) and
D; = diagld},...,d{'] € M.,(Z). Hence multiplying the equality by the block

diagonal matrix

B, 0 --- 0

0 By - 0

0 --- 0 /B\t
we get equality

for some 1 € R, where D := diag[Dy,...,D;] € R. Since dg % 0 for all 4,j
then there are diagonal matrices D := diag[d}’,...,d;"] € M.,(Z) such that
D.D; = dI.,. So multiplying the equality (8.2) by the matrix

D0 - 0
0 Dy . 0
0 - 0 D
we get
dQ = p2(P)
for d € N and some 3 € R. |

Remark 8.2. Let ¢ : A — B be an isogeny and let ¢ : B — A be the dual isogeny.
Let n := deg ¢ = ¥ op. There exist lifts g : A — B, ¢ : B — A to homomorphisms
of abelian schemes by [FC] and Theorem Raynaud (see also Section 3) such that
n=1o0@. Since n: A— Ais an isogeny (quasi-finite S-map of abelian schemes
over S) then ¢ and 1/; are also quasi-finite hence they are isogenies. The map
d:S — N, d(s) = deg s is locally constant. In particular | ker 5| = deg(ep) for
every s € S. For this reason one defines deg(@) := deg(ip).
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Remark 8.3. Let ¢ : A — B be an isogeny. Let P,Q € A(K) any two given
points and U C S be an open subset such that the following condition holds

nry(P) =0= nr,(Q) =0 for all n and all closed point v € U. (8.3)
By remark 8.2 it follows that there is c € N
nry(p(P)) =0 = nry(p(c@)) =0 for all n and all closed point v € U. (8.4)

Remark 8.4. Let ¢ : A — B be an isogeny and let P,Q) € A(K). Assume
the support theorem holds for the abelian variety B which means that for any P’,
Q' € B(K) the condition

nry(P') =0= nr,(Q") =0 for all n and all closed point v € U. (8.5)
implies that there is b € N and 8 € End g (B) such that
bQ' = BP'. (8.6)
Hence by Remark 8.3 we have
bp(cQ) = Bp(P) for same 8 € Endg(B) and b€ N (8.7)
Hence

[deg ¢]be@ = DBy (P),

so the support theorem holds for the abelian variety A.

Corollary 8.5. Let A/K be an abelian variety defined over K. Let P,Q € A(K)
be two given points. Suppose that there is an open subset U C S such that for all
n € Z and all closed points v € U, the following condition holds

nr,(P) =0 = nr,(Q) = 0.

Then there exist a positive integer k and an endomorphism
v € Endg A\ {0} such that

o(P) =kQ

Proof. There exist field L/K such that the isogeny
p: A— AT" x - x A7 is defined. Let ¢ € N be such that the following condition
holds

nry(p(P)) =0 = nry,(cQ) =0

for same w € U’ over v where U’ is preimage of U for the map Spec R' — Spec R
such that R’ is integral closure of R in L. Let B = H:Zl Aft. Now from Theo-
rem 8.1 there exists C' € Z and endomorphism 5 € Endy,(B) such that

Co(cQ) = Bp(P).
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Let ¢ be a dual isogeny such that
[degp]CcQ = GBp(P).
Now using method from the proof of Theorem 8.1 we get
kQ = aP
for same k € Z \ {0} and a € Endg(A4) \ {0}. |

Theorem 8.6. Let A/K be an abelian variety defined over K. Let Py, Py, ..., Py,
Qo,Q1,...,Qn € A(K) be the points of infinite order. Assume that the following
condition holds:

There is an open set U C S such that for every set of nonnegative integers
mi, ..., My and for all closed points v € U, the following condition holds.

ro(Po) = Z m;ry (P;) implies r,(Qo) = Z m;ry (Q:)
i=1 1=1
Then there exist a;; € Endg (A) \ {0} and k € N\ {0} such that o, P; = k;Q; for

alli=0,1,...,n.

Proof. Assume that A = AT* x --- x Af* where A; is simple and not isogenous to
Aj for all j # i. We use the same notation as in the proof of Theorem 8.1.

Poz{P{a...,Pg’t} : Qoz[ {g...,Qg’t} :

1<ii<er, 1<y e<er 1<ii<er, 1<y eser

and R := Endg A, R; := Endg A;. Because m; is any nonnegative integer we can
take m; = 0 for all 7. Then we have

ro(Py) =0=1,(Qo) =0
Using the same method as in proof of Theorem 8.1 we get
koQo = ap Py, for kg € N\ {0}, ag € R\ {0}.
Now fix m; =1 and m; = 0 for all j # i. We get
ro(Pi) =1y (Po) = 1o(Qs) = ry(Qo).

Let I 1 k9. We show that P; and Q; are linearly dependent in A(K). Assume that
P; and @Q; are linearly independent in A(K) over R. By the Theorem 6.3 there
exists v € U such that r,(P;) = 0 and r,(Q;) # 0 in A,(k,);. But the point Py
and g are linearly dependent, hence

0=ry(P) =ry(P) =ry(Qo) = ru(Qs) #0

So the point P; and @Q; are linearly dependent. Again we use methods from proof
of Theorem 8.1 and Corollary 8.5. This finishes the proof. |
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